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and related generalized time‐frequency representations (GTFR’s) between 

Philipp Technologies 

Corporation 
in Bellevue, Wa., owned by Hal Philipp, and 

Multidimensional Systems 

Corporation 
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Y. Zhao, L.E. Atlas and R.J. Marks II “The use of cone-shaped kernels for 
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Transactions on Acoustics, Speech and Signal Processing, vol. 38, pp.1084-1091 
(1990). 
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Zamogram software is included in MATLAB, National Instruments Software and LabVIEW.  
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Robert J. Marks II “Method and Apparatus for Generating Sliding Tapered Win- 
dows and Sliding Window Transforms," (assigned to R.J. Marks II), U.S. Patent No. 
5,373,460, December 13, 1994. 
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1 Field of the Invention 

This invention relates to methods and architectures for generating spectro

grams, to methods and architectures for generating digital windows and 
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similar impulse and to corresponding applications of these methods and ar

chitectures. Spectrograms are a common representation for characterizing 

the frequency content of a temporal signal as a function of time. Windows 

are used in numerous digital signal processing (DSP) applications including 

architectures for spectrograms as well as for data smoothing and spectral 

estimation. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of 

the frequency content of a signal as a function of time is referred to as a 

time-frequency representation (TFR). Music, for example, is written as a 

TFR. Notes can be viewed as a frequency representation. The placement of 

these notes side by side then represents a temporal sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. The zamogram of Zhao, Atlas and Marks is a 

TFR with quite good resolution in both time and frequency that can be 

architectur~lly configured to use the spectrogram as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 
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This patent contains computationally efficient methods and corresponding 

architectures for generating spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 

w[k], is 
L 

S[n; u] = L w[k]x[n - k]e-i21rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S[n; u] j2 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes methods and corresponding architectures 

for generating sliding windows and similar impulse responses and their use 

in generating spectrograms. The sliding window, an impulse response of fi

nite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 
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twofilters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 

and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec

ified time, can be used to generate the composite window impulse response. 

Such is the case when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei

ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein, the spectrogram processor may be used to monitor a single frequency 

line of the spectrogram or generate •frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/or type can be changed from 

7 



frequency line to frequency line or can be changed in real time. In paral

lel embodiments, common circuitry such as delay lines and weightings may 

be factored from the array so that a single circuit, common to each of the 

processor lines, can serve the entire array thereby reducing the overall com

putational requirements of the processor. The specific embodiments wherein 

the spectrogram's frequency spacings are uniform and/ or integer multiples 

of the reciprocal of the window's duration require even less computationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 

window is evaluated using short time Fourier processing techniques some 
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embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imaginary 

part of the spectrogram. 

The spectrogram generation methods and corresponding architectures de

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology and biology. The spectrograms re

sulting from use of this method can also be used as templates for pattern 

recognition or as components in other signal processing architectures, such 

as architectures for computing zamograms. Use of the methods described 

herein for software simulations and hardware or firmware implementations 

of spectrograms or other processors using sliding windows can result in sim

plification of comp·utational and hardware requirements. 

4 Brief description of the drawings 
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Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary components of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 
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Figure 7 . Illustration of methods for generating a spectrogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 . Realization of a I< filter using a bank of A filters and the 

schematic representation of a I< filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 
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Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line. 

Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram iine. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without en_d 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 

12 



Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to a- = 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec

trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An arc?itecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 
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Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at Up= fr using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at up = fr using a disjoint 

unmodulated window and a single delay_ line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, Sq = sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen-
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tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series ( e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 (xi) filter and its schematic repre

sentation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 
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5 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

sponses of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of time. 

Methods of using such filtering in methods of generation of spectrogram are 

also presented. Architectures will be presented as specific embodiment ex

amples to illustrate the methods described. 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of arrows. A number, variable or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

(multiplied) by that quantity. One exception is the notation z-J which, from 

the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 

16 



combination, such as (1 + j)z-3
, where j is the square root of -1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected (i.e. multiplied by 1). The signal coming 

from a node (a point where two or·more signals meet) is equal to the sum of 

signals going into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation 

is denoted by a boxed ! N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block proces.sing 

elements. Portions of processors may be isolated using a dashed line closed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 

hereby deemed to refer not only the physical hardware associated with the 

computation, but the underlying method as well. 

Spectrograms Using Filtersan. 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] - e-i21rnu I: w[k]x[n - k ]ei21r(n-k)u 

k=-L 

- e-i21rnu X {(x[n]ei21rnu) * w[n]} (2) 
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where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L ::;; n ::;; L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-j21r(n-L)u{ (x[n]ej21rnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. (See, for example, Lim & Oppenheim). The input signal, 

x[n] 110, is multiplied 115 by a complex sinusiod 120. The product then 

serves as the input into a digital filter 140 with impulse response, w[n - L]. 

For reasons which will be made clear, we will refer to this impulse response as 

an unmodulated window. The filter output is multiplied 125 by a temporally 

varying complex sinusiod 130 to produce the spectrogram 135. Note that the 

term exp(j21r Lu) in the post complex sinusiod multiplication 125 term 130, 

exp(-j21r(n - L)u) could also by placed in the premultiplication 115 term 

120 or, for that matter, could be a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 (w[n - L]ei21r(n-i)u) * x[n] 12 (4) 

where, ifs= e + JK., and both e and K. are real, then I s 1
2 = e2 + K.

2
• The real 

number i is arbitrary. It's effect along with the post multiplying complex 
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sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. When only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response 

of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j211"nu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] 12=1 (w[n; u]ej211"iu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 
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magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows from Coherent IIR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 

duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

(or Kronecker delta), 8[n], is one for n = 0 and is zero otherwise. The re

sponse 209, y1 [n], to a Kronecker delta 205 input into a digital filter 207 with 

impulse response hi[n], is shown and, appropriately, is termed the filter's im

pulse response. We will sometimes refer to a filter by its impulse response or 

transfer function. If the filter's impulse response is not finite in duration, it 

is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n 2 6, 

Y2[n - 6] = Y1[n] (8) 

In other words, shifting y2 [n] six units to the right in discrete time yields 

an identical signal to yi[n] for n 2 6. \Ve can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of six 

units. The delay line, as shown, also inverts the signal. The result, then, is 
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a composite filter 220 whose response 230 to an impulse 218 is equal to yi[n] 

for n < 6 and is zero for n ~ 6. The response of h1 [n] has been coherently 

canceled by the delayed response of h2[n]. 

As an example, consider the impulse response of the following IIR filter. 

R 

hi[n] = L i.f'rntr esrnµ[n] (9) 
r==l 

where the 'Pr's and sr's are constants, possibly complex, the tr's are finite 

nonnegative integers and µ[n] is the unit step function ( =l for n ~ 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 

h2[n] = CL 'Pr( n + N)lresr(n+N) µ[n], (10) 
r==l 

where C is a given constant, can likewise be constructed. Indeed, some of 

the same circuitry used in Eq. 9 can be made common to both hi[n] and 

h2[n]. Both hi[n] and h2[n] are fed the same input. The output of h2[n] is 

placed into a delay line of duration N that is attenuated by a factor of C. 

The delay line output is subtracted from the output of h 1 [n] to produce a 

filter the composite impulse response of which is 

(11) 

The impulse response, h[n], is equal to that of h1 [n] for 0 ::s; n ::s; N - l and 

is zero thereafter. 
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Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

response for n 2: 4, we require a second filter, h2 [n], whose impulse response . . 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 

rectangular window) has been reported in the open literature. 

Since both the delay circuitry 24.6 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 
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Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 

response of h[n] = sin( ,rn/ N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro: · 

necker delta 306 is 

y[n] = y[n]esn (12) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 

Note then, that for n ~ 4, 

y[n - 4] = y[n]e- 43 ( 13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp(4s)y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 
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appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit_ 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 

vVe will generally denote the real part of s by -(7. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmet~y aspects of the desired impulse response are needed. 
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Consider, for example, the damped resonant circuit 342 m Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos( 1rn/2)e-"nµ[n]. (14) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

. which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of composite coherent 

cancellation circuits just described can be placed in cascade and/ or parallel 

to achieve even greater flexibility in the design of impulse responses. In 

certain instances common circuitry can be factored from such combinations 

to yield a reduction in overall computational requirements. vVe will show that 

windows expressed in a finite cosine series, for example, can be synthesized by 

a parallel co~bination of second order IIR filters and that the delay circuitry 

can be factored so that a single delay circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir

cuit consisting of two circuits, one with an impulse response that cancels the 
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other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (15) 
q=O 

where 

(16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (including inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, 'tq, uq, and O"q, There exists numerous computa

tional topologies for a given set of parameters. Such circuitry can be designed 
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straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n 2'. j\;Jq, 

we choose to define 

Clearly, wq[n] is zero for n 2'. ivlq and the composite IIR filter 

Q 

w[n] = L wq[n] 
q=O 

has a response that is finite in extent. 

(17) 

(18) 

(19) 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq 's are nonnegative integers. Window components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

(20) 
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The Hanning and Hamming windows require Q = 1 and the Blackman win

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n -L] = L(-lF,Bqcos(1l'nq/L)II[--] 

q=O 2L 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = I":(-l)q,Bqcos(1l'nq/L)µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] (23) 

A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. We rewrite Eq. 22 as 

Q 

h[n] = L hq[n] (24) 
q=O 
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where 

(25) 

where 0q = 1rq/2L and cq = (-l)q/3q• For q =J. 0, the z transform of this 

equation is 

n=O 

(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = Cq and 0 = 0q, Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, h0 [n] = c0 = /30 • This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /3o = /31 = 0.5. 

For Hamming windows, /30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 
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circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = l stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 

Blackman window for the case where end point correction is not used. Here, 

/30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, l and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally sta_ble. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

30 

--



can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-a-n). If we wish to keep 

the window shape as close to the a- = 0 case as possible, We choose a- to be 

a positive number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-<r(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

(28) 

We can therefore generate the damped window 

w[n - L] w[n - L]e-<r(n-L) 

_ h[n] - e-2<rLJi[n - 2L] + w[L]b[n - 2L] (29) 

where 

w[L] = w[L]e-<rL 
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is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end· 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735· of the input 705. The undamped case is a 

special case _of this processing procedure for the case where a = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 

can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
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shown 140 where, now, 

L 
S[n; u] = L w[k]x[n - k]e-J·21rku (31) 

k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31 . 

. We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

A Q A 

h[n] = L hq[n] (32) 
q=O 

where 

(33) 

For c = cqe(IL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. 'vVe denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input -S25 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-(l(n-L) µ[n]. 
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An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-a-) 

cascaded with a multiply of exp( a-L )c0• For c0 = /30 and Pq = (3qexp( a-L ), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = 1 damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is i:ealized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 

the n = 1 stage 925 (Pq = /3qexp( a-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the /3/s and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For such 

architectures, the complex sinusiondal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n; u] L x[n - k]w[k; u] 
k=-L 
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= x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] w[k]e-i 2rrnu 

Q 

- I: wq[n; u) (36) 
q=O 

and 

(37) 

In our discussions concerning modulated windows to follow, we will include 

both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for a- = 0. Motivated by causality, 

we write 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = I: hq[k; u] (39) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 
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Eq. 40 
00 

Hg(z; u) = L hg[k; u]z-k (41) 
k=O 

which gives 

where 

(43) 

Note that, for q = O, 

( 44) 

The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 43 as 

A(z; v) -

( 45) 
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where Ar(z;v) and Ai(z;v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 
• 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 

1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, (i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

· input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
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transfer functions 

K(z; u) H(z; u)e-i21ruL 

Q 1 
/30eo-LJ\(z;u) + I: 2(-l)q/3qAi(z;v)eaL 

q=l 

q q 
x [A(z; u - 2L) + J\(z; u + 2L)] (46) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = 1-: h[n; u]z-n 
n=O 

(47) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q -

½( -1 )q exp( O' L )/3q) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we will depict the J( 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the K 

filter is parameterized by the frequency u, damping coefficient a, filter order 

Q, and vector of Fourier coefficients iJ, The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I< filter 1440. From Eqs. 36, 37 and 39, we can establish 
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the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-2aL h[n - 2L; u] + w[L; u]8[n - 2L] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

D(z; u) = :Z w[n; u]z-n. (49) 
n=O 

The z transform of Eq. 48 is then 

D(z; u)z-L 

where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. so· is 

defined as 

(51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 
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1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the I( filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present 

example architectures whereby the squared magnitude of the spectrogram· 

is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a I< filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 
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of the circuitry (i.e. u, L, O', iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the K filter 1616 instead of directly. after. Indeed, if end point 

correction is not used, the K filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 

of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a J( 

filter 1710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] j2 , is desired· (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 
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Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a K filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

(without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 ::; p :S P, 

we propose an architecture for the transfer functions 

where O(z; up) is the z transform of w(z; up). The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

K filters 1915. For P spectral lines, there are P separate I( filters the pth 

of which is tuned to frequency up and is of order Qp with Fourier coefficient 

vector /3p• The input to each I( filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each I( filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 
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on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

K filters 2015. The output of each I< filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up= -

2L 
(53) 

then a computationally simplified parallel architecture can be realized. Equa

tion 42 becomes 

The q = 0 case warrants special statement. 

(55) 

For linear frequency spacing (and Q > 0), some of the same A filters required 

to generate the line at, say, '.Up, are also required to generate the frequency 

lines at Up±l• Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 
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Other computational aspects arise in this configuration.· The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21ruPL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

weighted 2140 by ( -1 )P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by ( -1 )P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q =. 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
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not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

(e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fan.outs from the bank of A filters 

are not shown. If, for example, there was to be a frequency line generated at 

u = P2j,
2

, then the A filter in the bank 2212 parameterized by fr would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line to output line as can the values in the iJP. This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
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unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ejZ1r(n-L)u{(x[n]ei21mu) * w[n - L]} (56) 

where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when a = 0. We can write the window expression in Eq. 29 as 

w[n - L] = h[n] * {b'[n] - e-Z<1Lb'[n - 2L]} + tv[n]b'[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = I: h[k]z-k (58) 
k=O 
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is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-j21r(n-L)u 

x[h[n] * {ej21mu(x[nj - e-2aLe-j41ruLx[n - 2L])}] (59) 

An architecture for generating a spectral line based on this expressi0n is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j27l' Lu) term in the post multiply 2425 term, exp[j27l'( n-L )u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the fI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the fI filter and the delay line) are not connected. 
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This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 ~ p ~ P, we can replicate Eq. 59 as 

S[n _ L; Up] = ul[L]e-j2ir(n-L)up + e-j2ir(n-L)up 
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where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, ul[n], 

and therefore corresponding impulse responses, hP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of fI filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 

of exp(±j21r(n± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen-
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tial term, exp(-20'L), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, fiP j 1 :s; p :s; P} 

which, in turn, are fed into a bank 27 40 of fI filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L ( i.e. up = fr). It follows that exp(-j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

S[n - L; Up] = (-l)P{ wP[L]x[n - 2L] 

+W
2
r,np[hP[n] * {lV2n[(x[n] - e- 211Lx[n - 2L])}]} (62) 

where we have used the common DSP notation 

W J _ ejrrJ/L 
2L - (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
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the delay circuitry 2810 the output of which services a number of pre

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of fI filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through fI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude.of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 
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rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.1 as 

L 

S[n - L; u] = L x[n - L - k]w[k]e-i21rku (65) 
k=-L 

where we write the window with a tilde to denote that it can be represented 

by the Szasz series 
Q 

w[k] = L Ciqe-sqk (66) 
k=-Q 

Where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { Ciq I Q $ 

q $ -Q} and { sq I Q $ q $ -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case 

of w[k]IT[A] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k]IT[A]. Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q O:q Sq 

1 1 j-rr/L 4 

0 1 0 2 

-1 1 -j-rr/ L 4 

Table 1: Hanning: r_p( k) = cos2 (;Z), Q = 1. 

q O:q Sq . 

1 0.23 j-rr/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: r_p(k) = 0.54 + 0.46cos(,,.£), Q = 1. 

I 

q O:q Sq 

2 0.04 j21r / L 

1 0.25 jrr/L 

0 b.42 0 

-1 0.25 -jrr/L 

-2 0.04 -j21r / L 

Table 3: Blackman: r_p( k) = 0.42 + 0.5 cos( 7) + 0.08 cos( 2lk ),Q = 2. 
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We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L aqSq[n - L; u] 
q==-Q 

L 

Sq[n - L; u] = L x[n - L - k]esqke-j21rku 

k==-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] - L x[n - L - N - k]esqke-i21rku 

k==-L 

L+N 
e-(sq-j2rruN) L x[n _ L _ k]esqke-j21rku (69) 

k==-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I:+ I: I: (70) 
k==-L k==-L+N k==-L 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

. Sq[n - L; u]e(sq-j21ru)N S[n - JV - L; u] + sMn] (71) 

where 
-L+N-1 L+N 

st[n] = { I: L }x[n - L - k]e(sq-j21rn)k_ (72) 
k==-L k==L+l 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-~;!;~£1-1 + ~f!f+i term in Eq. 72 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. vVe shall first describe evaluation of 

SMn] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for SMn] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(73) 

vVe denote a vector of these values by X· The sum of the right hand taps 

is generated 3040 ·and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around l N is the schematic notation for downsampling 
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by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of st[n] by an appropri

ately parameterized box 3050 inside of which is an encircled st. 

Two other architectures for computing SK,-[n] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

st(n] = s;t[n] - SN[n] (7 4) 

where 
-L+N-1 

St[n] = L x[n - L - k]e(sq-i21rn)k. (75) 
k=-L 

and 
L+N 

SN[n] = L x[n - L - k]e(sq-j21rn)k_ (76) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our case 

2r; 1 ) is an integer, we can straightforwardly establish from these equations 

the identity 

(77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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yield Sfi[n]. This signal, at a clock rate equal to 'Jv th that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of S;t[n] 

via Eq. 77. (The notation z;;/ denotes a delay of N time uni ts). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 

An IIR filter 3170 that is an alternate architecture to compute s;t[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of S;t[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute SMn] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sq[n-L-N; u], 

is made available through a delay 3220. This output is added to st[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output component 3215. \Ve schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = l ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is parameterized by a given u and Xq (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding o:q 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the o:q coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, O:q = CY-q• In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by o:q thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and Xq• The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As m previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = pt::.. where !::.. 

is the uniform spacing. Furthermore, let sq = -a-+ j21rq!::... As before, o- is a 

damping factor and can be set to zero for the undamped case. Under these 
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conditions, Eq. 71 becomes 

L 
Sq[n - L; u] - L x[n - L - k]e-<7ke-i21r(p-q)kti 

k=-L 

S[n - L;p- q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a S (xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

S[n - L; p] = e-<7N e-i21rvNLiS[n - L - N; p] + St[n; p] (79) 

where 
L L+N 

st[n;pJ = { I: L }x[n - L - k]e-<7ke-i21rpkti (80) 
k=-L k=L+1 

An architecture for generating the recursion for the S filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st.filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

(81) 

The output of the st filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a S written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 2 filter so that a single delay line feeds the 

entire bank. 

A bank of 2 filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = p!:i uses 2Q + 1 of the 2 filters parametered 

by p on the interval -Q _::; p :s; Q. The frequency line at u = (p+ l)t:i uses 2 

filters in the interval -Q + 1 :s; p :s; Q + 1. There is only one 2 filter that was 

not used in u = p!:i spectrogram line that is not used here. As illustrated 

in Fig. 36 for Q = 2, a single 2 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 2 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect cir~uitry 

3615 can be placed before the 2 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. aq = a-q· This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 
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3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3· 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, l stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = l stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 
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resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as •is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response· 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /3q 's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight (30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of (31 in the q = l stage is replaced by /3i/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ /30 • The output 530 would then 

be changed from y[n] to y[n]/ (30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]/ /30 instead of S[n - L; u] 135 and I S[ri - L; u]/ (30 1
2 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_1 . 

Therefore, replacing both a±1 by 1 and a 0 by a 0 / a 1 will yield an output 

of S[n - L : u]/a1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) (82) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + jSs[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similary, using a Hartley transform, 

L 

Sa[n; u] = L w[k]x[n - k]cas(21rku) 
k=-L 

where 

cas(g) = cos(g)sin(g). 

Clearly, 

Sa[n; u] = Sc[n; u] + Ss[n; u] 

(85) 

(86) 

(87) 

can also be generated by combining the real and imaginary outputs of any 

spectrogram processor thusfar described. Any person skilled in the art can 

straightforwardly apply the methods described herein to generate these closely 

related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows descibed 

thusfar can be extended to windows in higher dimensions by those skilled in 

the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAIMS. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows; 

1. The method for realizing sliding windows and similar finite du

ration impulse responses wherein two infinite impulse response 

filters with causal impulse responses other than a constant or sin

gle exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero thereafter. 

2. Use of spectrograms computed using windows of the type in 

Claim 1 as a means of representing, displaying, monitoring or oth

erwise characterizing signals originating from waves including but 

not limited to electromagnetic, acoustic, electronic and biologi

cal waves. Acoustic waves include but are not limited to speech, 

sonar and seismic waves as well as other mechanical waves such 
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as those due to mechanical vibration. Electromagnetic waves in

clude those in the visible spectrum used, for example, in fiber op

tics communication. Other electromagnetic waves include those 

used in radar and lidar as well as the outputs from electromag

netic imaging systems, such as microscopes or imaging systems 

found in cameras. Signals originating from biological waves in

clude, but are not limited to, those from the cardiovascular and 

neurological systems of man and animal. 

3. Use of spectrograms computed using windows of the type in 

Claim 1 as components in more general signal processing methods 

including but not limited to ( a) as a method of signal representa

tion in pattern recognition procedures such as fault monitoring, 

(b) as a template for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network; and ( c) for use in other time-frequency 

displays such as zamograms. 

4. The me~hod for realizing sliding windows and similar finite dura

tion impulse responses, other than those with a triangular shape, 

wherein two or more of the windows of the type described in 

Claim 1 are cascaded. 
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5. Computation of spectrograms and sliding windows in software, 

hard ware of firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein two 

infinite impulse response filters with causal impulse responses 

other than a constant or single exponential, the delayed response 

of one being proportional to _the response of the second after a 

given time, are used in a composite filter with the first being con

nected in cascade with an inverted weighted delay line equal in 

duration to the given time whereupon this cascade connection is 

joined in parallel with the second filter in such a manner that the 

second filter's impulse response is coherently canceled by that of 

the cascade connection at and beyond the given time thereby pro

ducing a composite impulse response that is equal to the impulse 

response of the second filter up to but not including the given 

time and is zero thereafter. 

6. The method for computing sliding windows and similar finite du

ration impulse responses wherein a resonant circuit with com

posite causal impulse response, possibly damped and other than 

a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 
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additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coher

ent cancellation of the filter's response beyond a specified time 

is achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction. 

7. The method of realizing the windows and similar finite dura

tion impulse responses in Claim 6 wherein the resonant circuit 

is synthesized as the parallel combination of two or more infinite 

impulse response filters each of which has the response of a speci

fied f7 2: 0 damped Fourier cosine series component of the desired 

impulse response. 

8. Unmodulated windows formulated on the basis of the method in 

Claim 7 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 

spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a complex sinusoid and is then fed into a window 

of the type in Claim 7. 

9. Modulated windows formulated by the method in Claim 7 for use 
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in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 

a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 7. 

10. Modulated windows formulated by the method in Claim 7 for use 

in generation of windows and similar impulse responses of the 

type in Claim 7 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

11. Disjoint unmodulated windows formulated by the method in Claim 7 

for use in generation of the squared magnitude or real and imag-
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mary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 

wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 7 and either post comple-x conjugate 

multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

12. Disjoint unmodulated windows formulated type by the method 

in Claim 11 for use in the generation of the squared magnitude 

or real and imaginary components of one or more frequency lines 

of a spectrogram at frequencies that are integer proportional to 

the reciprocal of the window's duration prior to end point cor

rection, wherein the delay circuitry that feeds the bank of pro

cessors is computationally simplified at these frequencies and the 

pre weightings required in the more general case of Claim 11 are 

no longer present. 
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13. The method described in Claim 6 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 

time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis processor techniques either known or to be discovered. 

14. The method of realizing the windows and similar finite duration 

impulse responses in Claim 13 wherein the resonant circuit is 

synthesized as the parallel combination of two or more infinite 

impulse response filters each of which has the response of a spec

ified Szasz series component of the desired impulse response. 

15. The method described in Claim 13 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 

16. The method described in Claim 13 for use in generating the 

squared magnitude or real and imaginary components of one 

or more frequency lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different wm-
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dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 13. 

17. The methoddescribed in Claim 13 for use in generating the squared 

magnitude or real and imaginary components of two or more fre

quency lines of a spectrogram at equally spaced frequency in

tervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 2 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank 

18. The computational method of the type described in Claim 17 

where the Szasz series expansion coefficients are even funotions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the Szasz coefficients thereby reducing the number of required 

multiplications. 

19. The short time Fourier analysis computational method required 

in Claim 13 whereby the cumulative contribution of new data 
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to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 

the spectrogram. 

20. Use of spectrograms computed usmg windows of the type in 

Claim 6 as a means of representing, displaying, monitoring or 

ot.herwise characterizing signals originating from waves includ

ing but not limited to electromagnetic, acoustic, electronic and 

biological waves. 

21. Use of spectrograms computed using the method of Claim 6 as 

components in more general signal processing methods includ

ing but not limited to ( a) as a signal representation in pattern 

recognition procedures ·such as fault monitoring, (b) as a tem

plate for matched filtering or as training data in a classification 

or regression machine such as a layered perceptron artificial neu

ral network; and ( c) for use in other time-frequency displays such 

as zamograms. 

22. Computation of spectrograms and sliding windows in software, 

hard ware or firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein a res-
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onant circuit with composite causal impulse response, possibly 

damped and other than a constant or single exponential, is con

nected in cascade with weighted delay line circuitry consisting 

of a weighted delay line additively joined to the undelayed reso

nant circuit output, the multiplicative weight in the delay being 

chosen so that coherent cancellation of the filter's response be

yond a specified time is achieved and that the composite impulse 

response is equal to that of the resonant circuit up to but not 

including the duration of the delay line and is zero then on; also, 

the augmentation of this method to include end point correction. 
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1 Field of the Invention 

This invention relates to methods and architectures for generating spectro

grams, to methods and architectures for generating digital windows and 
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similar impulse and to corresponding applications of these methods and ar

chitectures. Spectrograms are a common representation for characterizing 

the frequency content of a temporal signal as a function of time. Windows 

are used in numerous digital signal processing (DSP) applications including 

architectures for spectrograms as well as for data smoothing and spectral 

estimation. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of 

the frequency content of a signal as a function of time is referred to as a 

time-frequency representation (TFR). Music, for example, is written as a 

TFR. Notes can be viewed as a frequency representation. The placement of 

these notes side by side then represents a temporal sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. The zamogram of Zhao, Atlas and Marks is a 

TFR with quite good resolution in both time and frequency that can be 

architecturally configured to use the spectrogram as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 
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This patent contains computationally efficient methods and corresponding 

architectures for generating spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 

w[k], is 
L 

S[n; u] = L w[k]x[n - k]e-jZ1rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S[n; u] 1
2 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes methods and corresponding architectures 

for generating sliding windows and similar impulse responses and their use 

in generating spectrograms. The sliding window, an impulse response of fi

nite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 
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two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 

and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec

ified time, can be used to genera.te the composite window impulse response. 

Such is the case when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei

ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein, the spectrogram processor may be used to monitor a single frequency 

line of the spectrogram or generate •frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/or type can be changed from 
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frequency line to frequency line or can be changed in real time. In paral

lel embodiments, common circuitry such as delay lines and weightings may 

be factored from the array so that a single circuit, common to each of the 

processor lines, can serve the entire array thereby reducing the overall com

putational requirements of the processor. The specific embodiments wherein 

the spectrogram's frequency spacings are uniform and/ or integer multiples 

of the reciprocal of the window's duration require even less computationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 

window is evaluated using short time Fourier processing techniques some 
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embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imaginary 

part of the spectrogram. 

The spectrogram generation methods and corresponding architectures de

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology and biology. The spectrograms re

sulting from use of this method can also be used as templates for pattern 

recognition or as components in other signal processing architectures, such 

as architectures for computing zamograms. Use of the methods described 

herein for software simulations and hardware or firmware implementations 

of spectrograms or other processors using sliding windows can result in sim

plification of comp.utational and hardware requirements. 

4 Brief description of the drawings 
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Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary components of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 
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Figure 7 . Illustration of methods for generating a spectrogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrograrri line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 . Realization of a J( filter using a bank of A filters and the 

schematic representation of a J{ filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 
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Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line. 

Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without er:i-? 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . :r:>arallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 
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Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to O' = 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec

trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 
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Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at Up= fr using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at up = fr using a disjoint 

unmodulated window and a single delay_ line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, Sq = sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen-
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· tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series ( e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 (xi) filter and its schematic repre

sentation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 
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5 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

sponses of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of time. 

Methods of using such filtering in methods of generation of spectrogram are 

also presented. Architectures will be presented as specific embodiment ex

amples to illustrate the methods described. 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of arrows. A number, variable or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

(multiplied) by that quantity. One exception is the notation z-J which, from 

the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 
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combination, such as (1 + j)z-3
, where j is the square root of -1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected (i.e. multiplied by 1). The signal coming 

from a node (a point where two or more signals meet) is equal to the sum of 

signals going into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation 

is denoted by a boxed ! N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block proces_sing 

elements. Portions of processors may be isolated using a dashed line closed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 

hereby deemed to refer not only the physical hardware associated with the 

computation, but the underlying method as well. 

Spectrograms Using Filtersan. 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] - e-j21rnu L w[k]x[n - k]ej21r(n-k)u 

k=-L 

- e-J21rnu X {(x[n]ej21rnu) * w[n]} (2) 
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where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L ::; n ::; L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-j21r(n-L)u{ (x[n]ei21rnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. (See, for example, Lim & Oppenheim). The input signal, 

x[n] 110, is multiplied 115 by a complex sinusiod 120. The product then 

serves as the input into a digital filter 140 with impulse response, w[n - L]. 

For reasons which will be made clear, we will refer to this impulse resp_onse as 

an unmodulated window. The filter output is multiplied 125 by a temporally 

varying complex sinusiod 130 to produce the spectrogram 135. Note that the 

term exp(j21r Lu) in the post complex sinusiod multiplication 125 term 130, 

exp(-j21r( n - L )u) could also by placed in the premultiplication 115 term 

120 or, for that matter, could be a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, ifs = (2 + j "', and both (2 and "' are real, then I s 12= (22 + K
2. The real 

number i is arbitrary. It's effect along with the post multiplying complex 
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sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. When only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response 

of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-i21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] 12 =1 (w[n; u]ei2
1riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 
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magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows from Coherent IIR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 

duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

( or Kronecker delta), 8[n], is one for n = 0 and is zero otherwise. The re

sponse 209, y1 [ n ], to a Kronecker delta 205 input into a digital filter 207 with 

impulse response hi[n], is shown and, appropriately, is termed the filter's im

pulse response. We will sometimes refer to a filter by its impulse response or 

transfer function. If the filter's impulse response is not finite in duration, it 

is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n 2 6, 

(8) 

In other words, shifting y2[n] six units to the right in discrete time yields 

an identical signal to yi[n] for n 2 6. vVe can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of six 

units. The delay line, as shown, also inverts the signal. The result, then, is 
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a composite filter 220 whose response 230 to an impulse 218 is equal to y1 [n] 

for n < 6 and is zero for n ~ 6. The response of h1 [n] has been coherently 

canceled by the delayed response of h2 [n]. 

As an example, consider the impulse response of the following IIR filter. 

R 

h1[n] = I:<prntresrnµ[n] (9) 
r=l 

where the ip/s and sr's are constants, possibly complex, the tr's are finite 

nonnegative integers and µ[n] is the unit step function (=1 for n ~ 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 

h2[n] = CI: 'Pr( n + Nyr esr(n+N) µ[n], (10) 
r=l 

where C is a given constant, can likewise be constructed. Indeed, some of 

the same circuitry used in Eq. 9 can be made common to both h1[n] and 

h2[n]. Both hi[n] and h2[n] are fed the same input. The output of h2[n] is 

placed into a delay line of duration N that is attenuated by a factor of C. 

The delay line output is subtracted from the output of hi[n] to produce a 

filter the composite impulse response of which is 

h[ l - h [ ] h2[n - N] n- 1n- C . (11) 

The impulse response, h[n], is equal to that of h1 [n] for 0 s; n s; N - l and 

is zero thereafter. 
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Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

re~ponse for n 2: 4, we require a second filter, h2 [n], whose impulse response 

is y[n - 4) 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant (corresponding to a 

rectangular window) has been reported in the open literature. 

Since both the delay circuitry 24.6 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composjte impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 
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Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 

response of h[n] = sin(7rn/ N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro-· 

necker delta 306 is 

y[n] = y[n]esn (12) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 

Note then, that for n 2: 4, 

y[n - 4] = y[n]e- 48 (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4 ]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 
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appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circui_t_ 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case when s = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 

vVe will generally denote the real part of s by -a-. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

When dealing· with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 
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Consider, for example, the damped resonant circuit 342 m Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(1rn/2)e-<1nµ[n]. (14) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of composite coherent 

cancellation circuits just described can be placed in cascade and/ or parallel 

to achieve even greater flexibility in the design of impulse responses. In 

certain instances common circuitry can be factored from such combinations 

to yield a reduction in overall computational requirements. 'vVe will show that 

windows expressed in a finite cosine series, for example, can be synthesized by 

a parallel combination of second order IIR filters and that the delay circuitry 

can be factored so that a single delay circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir

cuit consisting of two circuits, one with an impulse response that cancels the 
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other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a P arzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h(n] = L h9 [n] (15) 
q==O 

where 

(16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (inclu~ing inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, "/q, u9 , and 0"9 • There exists numerous computa

tional topologies for a given set of parameters. Such circuitry can be designed 
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straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n 2: j\lfq, 

we choose to define 

Clearly, wq[n] is zero for n 2: Jvlq and the composite IIR filter 

Q 

w[n] = I: wq[n] 
q:O 

has a response that is finite in extent. 

(17) 

(18) 

(19) 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq's are nonnegative integers. vVindow components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

(20) 
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The Hanning and Hamming windows require Q = 1 and the Blackman win

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n - L] = L(-l)q ,Bqcos( 7l'nq/ L )II[--] 

q=O 2L 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = L(-l)q,Bqcos(7rnq/ L)µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]o[n - 2L] (23) 

A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. We rewrite Eq. 22 as 

Q 

h[n] = L hq[n] (24) 
q=O 
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where 

(25) 

where 0q = 1rq/2L and cq = (-l)q,Bq. For q =I= 0, the z transform of this 

equation is 

(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = cq and 0 = 0q, Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, h0 [n] = c0 = ,80 . This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, ,80 = ,81 = 0.5. 

For Hamming windows, ,80 = 0.54 and ,81 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 
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circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = 1 stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 

Blackman window for the case where end point correction is not used. Here, 

(30 = 0.42, (31 = 0.5 and /32 = 0.08. The architecture in Fig~ 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, 1 and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 
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can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-an). If we wish to keep 

the window shape as close to the a = 0 case as possible, We choose a to be 

a positive number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-u(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

(28) 

We can therefore generate the damped window 

w[n - L] w[n - L]e-u(n-L) 

h[n] - e-ZuLh[n - 2L] + w[L]b'[n - 2L] (29) 

where 

w[L] = w[L]e-uL 
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is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 ·of the input 705. The undamped case is a 

special case 9f this processing procedure for the case where O" = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 

can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

( with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
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shown 140 where, now, 

L 
S[n; u] = L w[k]x[n - k]e-jZ1rku (31) 

k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. 

. We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

Q 

h[n] = L hq[n] (32) 
q=O 

where 

(33) 

For c = cqeuL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input -825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-u(n-L) µ[n]. 
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An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-o-) 

cascaded with a multiply of exp( a- L )c0 . For c0 = /30 and pq = f]qexp( a- L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = l damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is ~ealized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 

the n = l stage 925 (Pq = /Jqexp( a-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, l, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the /3q's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For such 

architectures, the complex sinusiondal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n; u] L x[n - k]w[k; u] 
k=-L 
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= x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] 

and 

w[k]e-i21rnu 

Q 

L wq[n; u] 
q=O 

(36) 

(37) 

In our discussions concerning modulated windows to follow, we will include 

both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for O' = 0. Motivated by causality, 

we write 

vVe therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k;u] = Lhg[k;u] (39) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 
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Eq. 40 
00 

Hq(z; u) = L hq[k; u]z-k (41) 
k=O 

which gives 

where 

(43) 

Note that, for q = 0, 

( 44) 

The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 43 as 

A(z;v) 
1 - 2e-<1 cos(2?Tv )z-1 + e-2<1 z- 2 

Ar(z; v)° + jAi(z; v) 
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where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 
11 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 

1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, (i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
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transfer functions 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = I: h[n; u]z-n 
n=O 

(47) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (/3q -

½(-l)qexp(o-L),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we will depict the J{ 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the J{ 

filter is parameterized by the frequency u, damping coefficient a-, filter order 

Q, and vector of Fourier coefficients iJ, The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the J{ filter 1440. From Eqs. 36, 37 and 39, we can establish 
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the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-2crLh[n - 2L; u] + w[L; u]t5[n - 2L] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

D(z; u) = I: w[n; u]z-n. (49) 
n=O 

The z transform of Eq. 48 is then 

where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 50'is 

defined as 

(51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 
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1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the I( filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present 

example architectures whereby the squared magnitude of the spectrogram· 

is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a I( filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 
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of the circuitry ( i.e. u, L, a-, iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the I{ filter 1616 instead of directly. after. Indeed, if end point 

correction is not used, the I( filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 

of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a I( 

filter 1 710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

( without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] j2 , is desired' (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 
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Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a K filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

( without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 ~ p ~ P, 

we propose an architecture for the transfer functions 

where !t(z; up) is the z transform of w(z; up)- The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

K filters 1915. For P spectral lines, there are P separate K filters the pth 

of which is tuned to frequency Up and is of order Qp with Fourier coefficient 

vector /Jp• The input to each K filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each K filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 
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on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

K filters 2015. The output of each I< filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(53) 

then a computationally simplified parallel architecture can be realized. Equa

tion 42 becomes 

The q = 0 case warrants special statement. 

(55) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l: Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 
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Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j271'upL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = l, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = l to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
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not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

( e. q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fanouts from the bank of A filters 

are not shown. If, for example, there was to be a frequency line generated at 

u = P2j,
2

, then the A filter in the bank 2212 parameterized by fr would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line-to output line as can the values in the iJv, This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
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unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ej211"(n-L)u{(x[n]ej211"nu) * w[n - L]} (56) 

where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when u = 0. We can write the window expression in Eq. 29 as 

w[n - L] = h[n] * {b'[n] - e-20-Lb'[n - 2L]} + w[n]b'[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = L h[k]z-k (58) 
k=O 
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is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j2ir(n-L)u + e-j2ir(n-L)u 

X [h[n] * { ej21rnu( x[nj - e- 2t7£e-j41ruLx[n - 2L])}] (59) 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21r Lu) term in the post multiply 2425 term, exp[j21r(n-L )u], 

can alternately be generated by a multiply at a number of other locations 

including bef~re or after the fI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does-not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the fI filter and the delay line) are not connected. 
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This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

where the effects of the arbitrarily cho~en positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a singl'e line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 ::; p::; P, we can replicate Eq. 59 as 

S[ L ] W
A P[L]e-j21r(n-L)up + e-j21r(n-L)up n- ;up = 
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where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, ul[n], 

and therefore corresponding impulse responses, hP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of fI filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 

of exp(±j27r(n± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j271'Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen-
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tial term, exp(-2aL), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, {ip I 1 ~ p ~ P} 

which, in turn, are fed into a bank 27 40 of iI filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. Up = fz;). It follows that exp( - j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp( ±j21r Lup) = ( -1 )P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

S[n-L;up] = (-l)P{uiP[L]x[n-2L] 

+W
2
r,np[hP[n] * fW2n[(x[n] - e-2uLx[n - 2L])}]} (62) 

where we have used the common DSP notation 

W J _ efrrJ/L 
2£ - (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
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the delay circuitry 2810 the output of which services a number of pre

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of H filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through iI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude· of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 
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rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.1 as 

L 

S[n - L; u] = L x[n - L - k]w[kJe-iZ1rku (65) 
k=-L 

where we write the window with a tilde to denote that it can be represented 

by the Szasz series 
Q 

w[k] = L CXqe-sqk (66) 
k=-Q 

Where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { cxq I Q :s; 

q :s; -Q} and {sq I Q :s; q :s; -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case 

of w[k]II[A] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k)II[
2
~). Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q O'.q Sq 

1 1 j1r/L 4 

0 !. 0 2 

-1 1 -j1r/L 4 

Table 1: Hanning: <p(k) = cos2(;2), Q = 1. 

q O'.q Sq . 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: <p(k) = 0.54+0.46cos(f), Q = 1. 

q O'.q Sq 

2 0.04 j21r / L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r/ L 

Table 3: Blackman: <p( k) = 0.42 + 0.5 cos(1r{) + 0.08 cos(2t) ,Q = 2. 
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We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L aqSq[n - L; u] 
q=-Q 

L 

Sq[n - L; u] = L x[n - L - k]esqke-j21rku 

k=-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-j 21rku 

k=-L 

L+N 
- e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (69) 

k=-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I:+ I: I: (70) 
k=-L k=-L+N k=-L k=L+I 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-i21ru)N S[n - N - L; u] + St(n] (71) 

where 
-L+N-1 L+N 

st[n] = { L L }x[n - L - k]e(sq-j21rn)k. (72) 
k=-L k=L+l 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data ( i.e. the 

-~~~f-1 + ~f1f+1 term in Eq. 72 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. vVe shall first describe evaluation of 

SMn] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for SMn] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(73) 

vVe denote a vector of these values by x_. The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around L N is the schematic notation for downsampling 
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by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of S~[n] by an appropri

ately parameterized box 3050 inside of which is an encircled S~. 

Two other architectures for computing SMn] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

S~[n] = st[n] - SN[n] (74) 

where 
-L+N-l 

st[n] = L x[n - L - k]e(sq-jZ1rn)k_ (75) 
k=-L 

and 
L+N 

SN[n] = L x[n - L - k]e(sq-jZ1rn)k_ (-76) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our case 

2r;1 ) is an integer, we can straightforwardly establish from these equations 

the identity 

(77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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yield Sfi[n]. This signal, at a clock rate equal to ~ th that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of s;t[n] 

via Eq. 77. (The notation z·;/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 

An IIR filter 3170 that is an alternate architecture to compute s_t[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of Sfi[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute SK,[n] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sq[n-L-N; u], 

is made available through a delay 3220. This output is added to st[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output component 3215. \Ve schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed 5. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = 1, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, aq = a-q• In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by aq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and X.q• The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As m previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

. sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p.6. where 6. 

is the uniform spacing. Furthermore, let sq = -<7 + j21rq6.. As before, u is a 

damping factor and can be set to zero for the undamped case. Under these 
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conditions, Eq. 71 becomes 

L 

Sq[n - L; u] - L x[n - L - k]e-o-ke-i21r(p-q)k6. 
k=-L 

3[n - L;p- q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a 3 ( xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

3[n - L; p] = e-o-N e-i21rpN6.3[n - L - N; p] + 3t[n; p] (79) 

where 
L L+N 

3Mn;pJ = { I: L }x[n - L - k]e-uke-i21rpk6. (80) 
k=-L k=L+l 

An architecture for generating the recursion for the 3 filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized 3t_filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

(81) 

The output of the 3t filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a 3 written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 3 filter so that a single delay line feeds the 

entire bank. 

A bank of 3 filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = p!:i uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q ::; p::; Q. The frequency line at u = (p+ 1)/:i uses 3 

filters in the interval -Q + 1 ::; p ::; Q + 1. There is only one 3 filter that was 

not used in u = p!:i spectrogram line that is not used here. As illustrated 

in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 3 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the o:q coefficients are even functions of q, i.e. o:q = o:-q• This 

is illustrated in Fig. 3-7 for Q = 1. The input 3605 is again applied to the 

62 



3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by o:1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by o:2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 
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resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n) followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response· 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /Jg's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight /30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = l stage is replaced by /3i/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ /3o. The output 530 would then 

be changed from y[n] to y[n]/ /30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]/ ,80 instead of S[n - L; u] 135 and I S[n - L; u]/ ,80 1
2 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry o:1 = o:_1 , 

Therefore, replacing both 0'.±1 by 1 and o:0 by o:0 / 0:1 will yield an output 

of S[n - L : u]/o:1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) (82) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + j Ss[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similary, using a Hartley transform, 

L 

SH[n; u] = L w[k]x[n - k)cas(2?rku) 
k=-L 

where 

cas(g) = cos(g)sin(g). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(85) 

(86) 

(87) 

can also be generated by combining the real and imaginary outputs of any 

spectrogram processor thusfar described. Any person skilled in the art can 

straightforwardly apply the methods described herein to generate these closely 

related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows descibed 

thusfar can be extended to windows in higher dimensions by those skilled in 

the art. 

Applications._ Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAIMS. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows: 

1. The method for realizing sliding windows and similar finite du

ration impulse responses wherein two infinite impulse response 

filters with causal impulse responses other than a constant or sin

gle exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero thereafter. 

2. Use of spectrograms computed using windows of the type in 

Claim 1 as a means of representing, displaying, monitoring or oth

erwise characterizing signals originating from waves including but 

not limited to electromagnetic, acoustic, electronic and biologi

cal waves. Acoustic waves include but are not limited to speech, 

sonar and seismic waves as well as other mechanical waves such 
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as those due to mechanical vibration. Electromagnetic waves in

clude those in the visible spectrum used, for example, in fiber op

tics communication. Other electromagnetic waves include those 

used in radar and lidar as well as the outputs from electromag

netic imaging systems, such as microscopes or imaging systems 

found in cameras. Signals originating from biological waves in

clude, but are not limited to, those from the cardiovascular and 

neurological systems of man and animal. 

3. Use of spectrograms computed using windows of the type in 

Claim 1 as components in more general signal processing methods 

including but not limited to ( a) as a method of signal representa

tion in pattern recognition procedures such as fault monitoring, 

(b) as a template for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network; and (c) for use in other time-frequency 

displays such as zamograms. 

4. The method for realizing sliding windows and similar finite dura

tion impulse responses, other than those with a triangular shape, 

wherein two or more of the windows of the type described m 

Claim 1 are cascaded. 
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5. Computation of spectrograms and sliding windows in software, 

hard ware of firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein two 

infinite impulse response filters with causal impulse responses 

other than a constant or single exponential, the delayed response 

of one being proportional to the response of the second after a 

given time, are used in a composite filter with the first being con

nected in cascade with an inverted weighted delay line equal in 

duration to the given time whereupon this cascade connection is 

joined in parallel with the second filter in such a manner that the 

second filter's impulse response is coherently canceled by that of 

the cascade connection at and beyond the given time thereby pro

ducing a composite impulse response that is equal to the impulse 

response of the second filter up to but not including the given 

time and is zero thereafter. 

6. The method for computing sliding windows and similar finite du

ration impulse responses wherein a resonant circuit with com

posite causal impulse response, possibly damped and other than 

a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 
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additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coher

ent cancellation of the filter's response beyond a specified time 

is achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction. 

7. The method of realizing the windows and similar finite dura

tion impulse responses in Claim 6 wherein the resonant circuit 

is synthesized as the parallel combination of two or more infinite 

impulse response filters each of which has the response of a speci

fied a 2: 0 damped Fourier cosine series component of the desired 

impulse response. 

8. Unmodulated windows formulated on the basis of the method in 

Claim 7 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 

spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a complex sinusoid and is then fed into a window 

of the type in Claim 7. 

9. Modulated windows formulated by the method in Claim 7 for use 
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in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 

a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 7. 

10. Modulated windows formulated by the method in Claim 7 for use 

in generation of windows and similar impulse responses of the 

type in Claim 7 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

11. Disjoint unmodulated windows formulated by the method in Claim 7 

for use in generation of the squared magnitude or real and imag-
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inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 

wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 7 and either post complex conjugate 

multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

12. Disjoint unmodulated windows formulated type by the method 

in Claim 11 for use in the generation of the squared magnitude 

or real and imaginary components of one or more frequency lines 

of a spectrogram at frequencies that are integer proportional to 

the reciprocal of the window's duration prior to end point cor

rection, wherein the delay circuitry that feeds the bank of pro

cessors is computationally simplified at these frequencies and the 

pre weightings required in the more general case of Claim 11 are 

no longer present. 
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13. The method described in Claim 6 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 

time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis processor techniques either known or to be discovered. 

14. The method of realizing the windows and similar finite duration 

impulse responses in Claim 13 wherein the resonant circuit is 

synthesized as the parallel combination of two or more infinite 

impulse response filters each of which has the response of a spec

ified Szasz series component of the desired impulse response. 

15. The method described in Claim 13 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 

16. The method described in Claim 13 for use m generating the 

squared magnitude or real and imaginary components of one 

or more frequency lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different win-
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dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 13. 

17. The methoddescribed in Claim 13 for use in generating the squared 

magnitude or real and imaginary components of two or more fre

quency lines of a spectrogram at equally spaced frequency in

tervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

18. The computational method of the type described in Claim 17 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the s·zasz coefficients thereby reducing the number of required 

multiplications. 

19. The short time Fourier analysis computational method required 

in Claim 13 whereby the cumulative contribution of new data 
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to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 

the spectrogram. 

20. Use of spectrograms computed usmg windows of the type in 

Claim 6 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from waves includ

ing but not limited to electromagnetic, acoustic, electronic and 

biological waves. 

21. Use of spectrograms computed using the method of Claim 6 as 

components in more general signal processing methods includ

ing but not limited to ( a) as a signal representation in pattern 

rec~gnition procedures such as fault monitoring, (b) as a tem

plate for matched filtering or as training data in a classification 

or regression machine such as a layered perceptron artificial neu

ral network; and ( c) for use in other time-frequency displays such 

as zamograms. 

22. Computation of spectrograms and sliding windows in software, 

hardware or firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein a res-
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onant circuit with composite causal impulse response, possibly 

damped and other than a constant or single exponential, is con

nected in cascade with weighted delay line circuitry consisting 

of a weighted delay line additively joined to the undelayed reso

nant circuit output, the multiplicative weight in the delay being 

chosen so that coherent cancellation of the filter's response be

yond a specified time is achieved and that the composite impulse 

response is equal to that of the resonant circuit up to but not 

including the duration of the delay line and is zero then on; also, 

the augmentation of this method to include end point correction. 
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Field of the Invention 

The present invention relates to digital and analog computational methods 

and apparatus whereby certain time-frequency representations, can be gen

erated. The architectures rely on bilinear combinations of sliding window 

Fourier transforms and spectrograms. 

Background of the Invention 

Background Description 

The theory of transformation of a temporal signal into a frequency spec

tral representation is fundamental to many undergraduate engineering and 

science curricula. The Fourier transform is a mathematical method of do

ing so. Consider a time function represented by x( t) where t depicts time 

( e.g. in seconds). If u represents the corresponding frequency variable, with 

units of cycles per second or Hertz, then X(u) is the representation of x(t) 

in the frequency domain. The most common way to obtain X(u) from x(t) 

is by the process of Fourier transformation. In human speech, for example, 

the Fourier transform of a man's voice will typically contain lower frequency 

components than a woman's voice. Thus, the Fourier transform of a man's 

voice as represented, for example, by an electronic signal from a microphone 
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would generally have a larger magnitude at lower frequencies than that of 

a child's voice. The concept of frequency applies to numerous other types 

of signals also. Electromagnetic waves in the visible spectrum have different 

colors corresponding to the frequency of the electromagnetic wave frequency 

(vibration). Thus, the magnitude of the Fourier transform of the temporal 

electromagnetic vibrations will, in the visible range, result in a plot of the 

color components of the signal. 

As explained by Leon Cohen in "Time-frequency distributions - a review", 

Proceedings of the IEEE, vol.77, pp.941-981 (1989), there are many instances 

,vhere the monitoring of the frequency components, or the Fourier transform, 

of a signal with respect to time is desirable. This is especially important 

when the character of the signal is changing with respect to time. Such 

signals are referred to as nonstationary signals. Common speech and music 

are both examples of nonstationary signals. A sound which does not change 

in time, such as an elongated tone or the roar from a waterfall, are examples 

of stationary signals. The changing of colors during a sun set is an example 

of an electromagnetic stationary signal. The fundamental Fourier transform 

does not allow for the generation of time-frequency analysis for nonstationary 

signals. Other techniques, collectively called time-frequency representations 

(hereinafter TFR's), are required. 
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Note that humans perceive sound in both time and frequency. Music, for 

example, is written as a TFR. Notes can be viewed as a frequency represen

tation. The placement of these notes side by side then represents a temporal 

sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. They display, however, a tradeoff in time and 

frequency resolution. Using the musical example, good frequency resolution 

corresponds to high precision knowledge of the music's tones ( as measured in 

cycles per second). Using spectrograms, however, good frequency resolution 

can be achieved only at the sacrifice of time resolution. Good time resolu

tion, for example, allows one to specify the time that a note changes from 

one frequency to another. Using spectrograms, high time resolution typi

cally requires a sacrifice in frequency resolution. Conversely, high frequency 

resolution requires a sacrifice in time resolution. 

In 1966, Leon Cohen introduced a class of bilinear generalized TFR's 

(hereinafter GTFR's) in a paper entitled "Generalized phase-space distribu

tion functions" J. }/lath. Physics, vol.7, pp.781-786 (1966). A number of 

important TFR's are subsumed in Cohen's GTFR. The Wigner-Ville dis

tribution, subsumed in Cohen's class, is not constrained by the frequency 

resolution versus time resolution tradeoff characteristic of the spectrogram. 
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Due to the bilinear nature of the transformation, however, the Wigner-Ville 

distribution contains significant interference artifacts. The double diamond 

kernel GTFR introduced in the paper S.Oh and R.J. Marks II, "Performance 

attributes of generalized time-frequency representations with double diamond 

and cone-shaped kernels", Proceedings of the 24th Asilomar Conference on 

Signals1 Systems and Computers, Asilomar, CA (5-7 Nov 1990), on the other 

hand, is a GTFR with quite good resolution in both time and frequency with 

low interference. 

The double diamond GTFR is a time-frequency representation which is 

subsumed in Cohen's class of generalized time-frequency representation. A 

GTFR between two continuous time signals, x(t) and y(t), can be written 

C;.(t;u) = ff J(t-e;T)x(e+ '!..)y*(e- '!..)e-j21rurdedT 
'f' J,,. Je 2 2 

(1) 

where the superscript * denotes complex conjugation, J( t; T) is the GTFR's 

kernel, u is the frequency variable. The auto-GTFR of a signal, x( t), is 

obtained by setting x(t) = y(t) in this expression. 

Similarly, for discrete signals x[n] and y[n], the discrete version of the 

GTFR is 

where J[n; k] is the kernel of the GTFR. The auto-GTFR of a discrete signal, 

x[n], is obtained by setting x[n] = y[n] in Eq. 2. Note that square brackets are 
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used for discrete signals ( e.g. x[n] ) and parenthesis are used for continuous 

signals ( e.g. x(t) ). 

In either the cross or auto form, the GTFR's in Eqs. 1 and 2 are generally 

complex. Two common techniques are used to make them real. The first is 

to take the real portion of of the GTFR 

(3) 

where CJ, can refer to the GTFR's either in Eqs. 1 and 2 either in cross or auto 

form, * denotes complex conjugation, and ?R denotes the real portion of (Here 

and henceforth, omission of time and frequency in an explicit expression 

allows abstraction of the description to either discrete or continuous time.) 

Note that performance of the dual '2fC J, can be acheived using Eq. 3 through 

an adjustment in the choice of window. 

The alternate technique is to perform a magnitude operation 

(4) 

Other combinations can also be performed on the GTFR's in Eqs. 1 or 

2. The log, for example, can be taken of either Eq. 3 or Eq. 4 to place the 

result in units of decibels. Alternately, either Eq. 3 or Eq. 4 may be raised 

to some positive integer power, e.g. 2. 

GTFR's evaluated at frequency u 

quadratic or bilinear filters. 
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Prior Art 

Direct evaluation of the GTFR in discrete time using summation and the 

fast Fourier transform (FFT) algorithm is apparent to anyone skilled in the 

art. A more sophisticated method for evaluation of GTFR's with cone ker

nels (called zamograms was proposed in a thesis by W.C. Kooiman, "Time

frequency speech displays that are an improvement over the spectrogram", 

A1.S. Thesis, Department of Electrical Engineering, University of Washington 

(1989). Kooiman represented the one dimensional temporal signal on a two 

dimensional plane and applied a boxcar accumulator to generate a composite 

function which was windowed and Fourier transformed using an FFT. 

The methods and architectures disclosed in this patent are all one dimen

sional. The methods and architectures are also more flexible and generally 

require significantly fewer floating point operations (FLOPS) than any other 

known GTFR computation technique. As discussed later, the method and 

corresponding architectures in certain embodiments also allow a greater class 

of G TFR generation, including kernel variation from frequency line to fre

quency line and nonlinear frequency bin spacing. 
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Summary of the Invention 

The present invention is directed to architectures for computationally effi

cient generation of various forms of cross- and auto- GTFR's. Also taught 

herein is use of cross and auto GTFR's computed using the method or archi

tecture described herein as a means of representing, displaying, monitoring 

or otherwise characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic and biological waves for pur

poses including but not limited to 

• diagnosis, analysis, and/ or synthesis of signals, 

• signal representation in pattern recognition, 

• template formation for matched filtering or as training data in a classi

fication or regression machine such as a layered perceptron artificial neural 

network, 

• use in modulation, demodulation and detection in communications. 

• acoustic waves include but are not limited to speech, sonar and seismic 

·waves as well as other mechanical waves such as those due to mechanical 

vibration. 
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Brief Description of the Drawings 

The foregoing and other features and advantages of the present invention will 

be more readily appreciated as the same becomes better understood from the 

detailed description when taken in conjunction with the following drawings, 

wherein: 

Figure 1 illustrates the parameterized schematic of a sliding window 

Fourier transform processor; 

Figure 2 illustrates an architecture for generating a cross-GTFR by 

multiplicative combination of the outputs of two sliding window 

Fourier transform processors; 

Figure 3 illustrates the parallelogram support of the GTFR kernel gen

erated by multiplying outputs of two continuous time sliding win

dow Fourier transform processors; 

Figure 4 illustrates the parallelogram support of the GTFR kernel gen

erated by multiplying outputs of two discrete time sliding window 

Fourier transform processors; 

Figure 5 illustrates the support of the GTFR kernel generated by the 

real part of the product of two discrete time sliding window 

Fourier transform processors when the parallelograms overlap; 
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Figure 6 illustrates the support of the GTFR kernel generated by the 

real part of the product of two discrete time sliding window 

Fourier transform processors when the parallelograms do not over

lap; 

Figure 7 illustrates the schematic for generation of a cross-GTFR; 

Figure 8 

Figure 9 illustrates an architecture for superimposing component cross

GTFR's into a composite GTFR; illustrates generation of an 

auto-GTFR and the corresponding schematic; 

Figure 10 illustrates an architecture for parallel combination of a num

ber of component auto-GTFR's into a composite auto-GTFR's; 

Figure 11 illustrates how two weighted sliding window Fourier trans

form processors can represent a single sliding window Fourier 

transform; 

Figure 12 illustrates an architecture for generating an auto-GTFR with 

a double diamond kernel; and 

Figure 13 illustrates an architecture for generating an auto-GTFR with 

a double diamond kernel using a delay line. 
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Detailed Description of the Invention 

Direct conventional evaluation of the cross-GTFR's express10ns in Eqs. 1 

and 2 requires computation of the summand and integrand, respectively, over 

a portion of a two dimensional plane for each point in time the cross-GTFR 

output is computed. This patent teaches construction of GTFR's through bi

linear combination of sliding window Fourier transforms, and superpositions 

thereof. 

Computational components of the description will be described as cir

cuitry or a circuit. These terms are used in their broadest sense referring 

not only to the physical hardware associated with the computation, but the 

underlying method as well. Similarly, the term architecture is used in the 

most general sense, referring not only hardware embodiment, but to the 

underlying method of computation. In certain instances, a particular archi

tecture embodiment is presented to illustrate a family of architectures whose 

generalization will be readily evident to one skilled in the art. 

Schematics for Signal Flow and Corresponding Circuitry. A num

ber of signal flow diagrams will be shown that use schematic representations 

that are standard for characterizing signal processing computational archi

tectures. Signals flow in the direction of arrows. The point where one or 

more arrows meet is referred to as a node. A signal coming from a node is 
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equal to the sum of the signals going into the node. A hollow arrow denotes 

a delay line. The amount of delay is written inside of the arrow. A trian

gle denotes signal weighting (i.e. amplification) by the factor written inside 

the hollow arrow. The name of the signals at a point in the circuit can be 

written over the signal flow there. This is especially true at the input and 

the output of the circuit. Other schematic generalizations will be defined as 

needed. The constant j denotes the square root of -1. 

Manners of implementation of these flow diagrams are well known to 

those well versed in the art. Two types of technology are applicable; discrete 

and continuous time. Hybrid approaches using both technologies are also 

possible. 

For discrete methodologies, arithmetic operations are straightforwardly 

performed on commercially available APU's (arithmetic processor units) and 

DSP ( digital signal processing) chips. Delay lines can be straightforwardly 

performed using digital shift registers, as is required in commonly used finite 

impulse response (FIR) and infinite impulse response (IIR) digital filters. 

Discrete time delay with analog values can be performed using charge cou

pled devices (CCD's). Custom digital VLSI (very large scale integration) 

integration chips can be designed to perform the operations taught by this 

patent. 
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The second technology applicable herein is temporally analog circuitry 

used to process continuous time signals. The operations of integration, in

version, weighting and signal summation can be implemented using commer

cially available operational amplifiers, capacitors and resistors in configura

tions well known to those versed in the art. Delay lines can be constructed 

through physical transmission of the analog signal through a channel. The 

speed of signal propagation and the channel's length dictate the delay. Ex

amples include surface acoustic wave devices and coaxial cable. 

SLIDING WINDOW FOURIER TRANSFORM DISCUSSION. 

The sliding window Fourier transform of a signal, x, corresponding to a 

window, w, can be written in the continuous case as 

Xw(t;u) = 1 w(t-r)x(r)e-j21rurdr (5) 

where w(t) is the continuous time window. Analogously, for the discrete 

signal, the sliding window Fourier transform becomes 

Xw[n; u] = L w[n - k]x[k]e-i21rku 
k 

where w[n] is the discrete time window. 

(6) 

Equations 5 and 6 are also referred to as short time Fourier transforms. 

The magnitude squared of the sliding window Fourier transform is the signal's 

spectrogram. 

(7) 
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(Again, omission of arguments implies that the relationship is applicable to 

both the continuous and descrete time cases. Thus, Eq. 7 applies to both the 

continuous time sliding window Fourier transform in Eq. 5 and the discrete 

time sliding window Fourier transform in Eq. 6.) 

The schematic representation for generating the sliding window Fourier 

transforms is shown in Figure 1. The input 100 is placed into a shadowed 

box 105 that represents the sliding window Fourier transform processor. The 

processor is tuned to a frequency 110 of u. The window 115, w, is assumed to 

have support parameterized 120 130 by endpoints (a, b). For the continous 

time signal, the window w( t) is assumed to be zero outside of the interval 

a :::; t:::; b. Similarly, the discrete window, w[n], is assumed to be zero outside 

of the interval a :::; n :::; b. Although this convention implies windows with 

support over a single interval, windows with support over a number of disjoint 

intervals can also be used. The ouput 140 of the processor in Figure 1, Xw, 

is the sliding window Fourier transform given either by Eq. 5 or Eq. 6. 

The sliding window Fourier transform is time invariant with respect to 

window shift. If, for example, for the discrete case, a signal x[n] has a sliding 

window Fourier transform of Xw[n; u] corresponding to a window of w[n], 

then use of a window v[n] = w[n - p] on the same signal will result in 

the sliding window Fourier transform, Xv[n; u] = Xw[n - p; u]. The shift 
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invariance is also applicable to the continuous time sliding window Fourier 

transform. 

CROSS-GTFR's. To introduce the methodology behind the technology 

presented in this patent, consider the GTFR 

(8) 

where, as illustrated in Fig. 2, Yw 225 is the sliding window Fourier transform 

of the signal y 235. The window, w 215, has endpoints ( a, /3) 240. The 

window, w 210, for the input, x 230, has endpoints 220 of (a, b). Both sliding 

window Fourier transform processors 245 246 are tuned to a frequency 250 

251 of u. The output 282 of the bottom processor is multiplicatively combined 

281 with the output of the top processor. To generate the GTRF in Eq. 8, 

the muliplicative combination 260 is a complex multiply of the top processor 

output 281 with the complex conjugate of the output 282 of the bottom 

processor and the output 265 is 

D= Cww 
' 

If the TFR in Eq. 3 is desired, then the multiplicative combination 260 of 

the top processor output 281, Xw, and the bottom processor output 282 Yw, 

lS 
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(9) 

Alternately, the multiplicative combination 260 can be chosen as a magnitude 

operation and the TFR in Eq. 4 is generated. The output 265 is then 

(10) 

Kernel Strucure. The GTFR kernel structures resulting from the ar

chitecture in Fig. 2 are now illustrated. Using Eq. 5, the continuous time 

expression for Cw,w in Eq. 8 is 

Cw,w(t, u) 1 i x(ry)y*(>..)w(t - ry)w*(t - >..)e-j21ru(>.- 71)dryd).. 

1 I w( t - e - '!.- )w* ( t - e + '!.-) 
rle 2 2 

T T .2 xx(e + -)y*(e- -)e-J 1rurdedr (11) 
2 2 

where the following variable substitution was used. 

(12) 

Comparing with the GTFR expression in Eq. 1, the kernel for the GTFR in 

Eq. 8 for continuous time is 

A T T 
¢>( t; T) = w( t - 2 )w* ( t + 2) (13) 
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A similar analysis applies to the discrete time equivalent of Eq. 8. Using 

Eq. 6, 

Cw,w[n, u] LL x[p]y*[q]w[n - p]w*[n - q]e-j21ru(p-q) 

p q 

k k 
LLw[n-m- -]w*[n-m+-] 

m k 2 2 
k k . 

xx[m + -]y*[m - -]e-J21rku 
2 2 

(14) 

where the following variable substitution was used. 

[: :l[:J [~J (15) 

Comparing with the GTFR expression in Eq. 2, the kernel for the GTFR in 

Eq. 8 for discrete time is 

~ k k 
</>[n; k] = w[n - -]w*[n + -] 

2 2 
(16) 

The cross-GTFR in Eq. 8 can be realized, either in discrete or continuous 

time, as illustrated in Fig. 2. The input 230 x is fed to a sliding window 

Fourier transform processor 245 tuned to frequency u 250 with window w 

that is zero outside an interval with endpoints 220 (a, b). Similarly, an input 

of y 235 is fed to a second sliding window Fourier transform processor 246 

tuned to frequency u 251 with frequency w that is zero outside of an interval 

with endpoints 240 ( a, /3). The output 281 of the top processor, Xw, and 
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the ouput of the bottom processor, Yw are combined 260 to yield the output 

Cw w 265. *********** ' 

The combination 260 is multiplicative. If the output Xw is combined 

260 through multiplipication by the complex conjugate of the output of the 

bottom processor 282, then Cw,w = Cw,w 265 given by Eq. 8. The combination 

can also be the real portion of one of the inputs times the conjugate of the 

other. Then the output 265 is 

is equivalent to the expression given by Eq. 3. Alternately, if the combination 

is the magnitude of the output of one processor times the conjugate of the 

other, then the output 265 is equivalent to the expression in Eq. 4. As 

discussed, other operations ( e.g. logs and powers) can caccompany these.· 

The support of the kernel in Eq. 8 will be a tilted parallelogram on the 

( t, T) plane for continuous time and the ( n, k) plane for discrete time. Con

tinuous time will be illustrated first. Since w( t) is zero outside of the interval 

a ::; t ::; b and w( t) is zero outside of the interval a ::; t ::; /3, the kernel in 

Eq. 13 is zero outside of intersection of the two intervals 

2(t - b) ::; T::; 2(t - a); 2(o: - t) ::; T::; (/3 - t) (17) 

This is illustrated in Fig. 3 on the T 310 t 315 plane where, as seen on the t 
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axis, 0 < a < a < b < (3 is assumed. The kernel in Eq. 13 is zero outside of 

the shaded parallelogram 305. 

A similar parallelogram support exists for the the discrete case. Since 

w[n] is zero outside of the interval a :S n :S b and w[n] is zero outside of the 

interval o: :S n :S (3, the kernel in Eq. 16 is zero outside of intersection of the 

two intervals 

2(n - b) :S k :S 2(n - a); 2( a - n) :S k :S (/3 - n) (18) 

This is illustrated in Fig. 4 in the k 410 n 415 plane. The dots 420, both 

hollow and solid, denote the locations of the sample points x[m+ ½Jy*(m- ½], 

Assuming that the relative values shown for a, b, a and (3, the discrete kernel 

in Eq. 16 is identically zero at all the hollow dot locations. Analagous to the 

continuous time case, the support of the kernel is here a parallelogram. 

The real portion of the GTFR in Eq. 3 can be, itself, a GTFR of the type 

in Eqs. 1 and 2. If, for example, x and y are real, then 3'?Cw,w in Eq. 3 has, 

for continuous time signels, a kernel of 

J(t· T) = ! [w(t- ~)w*(t + ~) + w(t - ~)w*(t + ~)] (19) 
' 2 2 2 2 2 

Analagously, for discrete time signals 

A 1[ k k k kl <fi[n; k] = 2 w[n - 2]w*[n + 2) + w[n - 2]w*[n + 2) (20) 
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An example of the kernel support for the discrete kernel in Eq. 20 when, 

as before, w[n] is zero outside of the interval a '.S n '.S b and w[n] is zero 

outside of the interval a '.S n '.S /3. Consider first the case where a < a < 

b < /3 as illustrated in Fig. 5. On the k 505 n 510 plane, the location of 

points is, again, denoted by dots 515, both hollow and solid. The points 

where the kernel in Eq. 20 are identically zero are shown by hollow dots. 

The parallelogram 520 defined by the points a and b have a kernel value 

of ½[w[n - ½Jw*[n + ½] + w[n - ½Jw*[n + ½]. Those solid points above this 

parallelogram have a value of ½w[n - ½Jw*[n + ½l- Those points below have 

a value of ½w[n - ½Jw*[n + ½]- If b- a= /3- a and a= b, then the kernel is 

said to have a double diamond kernel. 

A second example of the kernel support resulting from Eq. 20 is shown 

in Fig. 6 on the k 605 n 610 plane when a < /3 < a < b. The kernel's value 

on the solid dots on top 615 have a value of ½w[n - ½Jw*[n + ½], The value 

on the solid dots below have a value of ½w[n - ½Jw*[n + ½l- As before, at the 

hollow dot locations 625, the kernel is identically zero. 

GTFR Banks. A schematic for a cross-GTFR tuned to frequency u 770 

with a kernel of J 771 is illustrated in Fig. 7 as a diamond with an inscribed 

square 705. The GTFR output 765 corresponds to inputs 730 x and 735 y. 

One manifistation of this processor is the one shown within the dashed lines 
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299 in Fig. 2. 

The GTFR's in Eqs. 1 and 2 are time invariant with respect to their ker

nel. We illustrate with the continuous time GTFR, although the property is 

also applicable to the discrete time GTFR. If a GTFR of CJ,(t; u) corresponds 

to a kernel of J( t; r ), then, for a delay T, a kernel of J(t- T; r) would result 

a GTFR of CJ,(t - T; u). 

The GTFR is also linear with respect to its kernel in the sense that 

(21) 

Thus, for multipling the kernel by a (possibly complex) value of s is equava

lent to multiplying the resulting GTFR by s. Similarly, for a cross GTFR, 

multiplying the input x by rand the input y bys is equavalent to multiplying 

either the GTFR or the kernel by rs*. For an auto-GTFR, multiplying the 

input, x, by r is equivalent to multiplying the kernel or the GTFR output by 

lrl 2
• Such scaling variation can straightforwardly be incorporated into the 

GTFR architectures taught herein by those well skilled in the art. 

From Eq. 21, general time-frequency representations can be generated 

by connecting two or more of the processors 705 in Fig. 7 in parallel, as is 

shown in Fig. 8. The input x 830 and y 835 are fed into N processors 805 806 

807. All n processors are tuned to the same frequency, u, but may differ in 

window type and duration. The outputs of the processors are summed 810 
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to produce a composite TFR of c(N) If the nth processor is a GTFR with 

kernel Jn, then cN will be a GTFR with kernel 

(22) 
n=l 

AUTO-GTFR's. When x = y in Eqs. 1 and 2, then CJ is an auto

GTFR. The methods and apparatus thusfar taught are straightforwardly 

applied to generation of the auto-GTFR. To illustrate, the processor 799 in 

Fig. 7 is addended in Fig. 9 so that the same signal, x 930, provides both 

inputs to the processor. The output, Cw,w 965, is now an auto-GTFR. The 

composite processor is abstacted in a diamond 971 with an incircled u. For 

an input of of x 981, the output is the same auto-GTFR 982 as before 965. 

An architecture for auto-GTFR's corresponding to the one for cross

GTFR's in Fig. 8 is illustrated in Fig. 10. The input 1005 is fed to a parallel 

bank of N processors 1005 1006 1007. The outputs of the processors are 

summed 1010 to generate the time-frequency representation, c(N). If the 

nth processor generates an auto-GTFR with kernel Jn, then the composite 

auto-GTFR with a kernel given by Eq. 22. 

Sliding Window and GTFR Properties and Equivalence. Sliding 

window Fourier transforms are linear with respect to their windows in the 

sense that 

(23) 
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where r and s are (possibly complex) constants. An example of how the lin

earity can be utilized to generate a composite sliding window Fourier trans

form from components is illustrated in Fig. 11. An input 1105, x, is fed into 

the the top sliding window Fourier transform processor 1110 the output of 

which is weighted 1125 by the constant, s. The input 1105 is also weighted 

by the constant r 1120 prior to being input into the bottom sliding win

dow Fourier transform processor 1115. The output 1117 of this processor is 

r Xw2 = Xrw2 , This is added 1130 to the weighted output of the top processor 

to yield an output 1135 of Xw3 where W3 = rw1 + sw2. 

A Double Diamond Architecture. An N = 3 architecture that is 

a straightforward variation of that in Fig. 10 that uses the sliding window 

architecture shown in Fig. 11. The achitecture, shown in Fig. 12, is for a 

double diamond support auto-GTFR. The input 1205 is placed into two slid

ing window Fourier transform processors 1210 1215 that use multiplication 

for the combination. Both processors are tuned to frequency u and have a 

window w. The top processor 1210, though, has window endpoints (a,µ) 

and the bottom (µ, b). The outputs of the processors are added 1220 giving 

a sliding window Fourier transform 1225 that is tuned to u with window w 

that has endpoints (a, b). This is calculated this way in lieu of a third sliding 

window Fourier transform processor. This sliding window Fourier transform 

34 



is magnitude squared 1235. From it are subtracted 1238 1239 the magnitude 

squared of the outputs of the top 1230 and bottom 1235 processors. The re

sult of this superposition 1237 is a auto-GTFR 1240 with a double diamond 

kernel. (The double diamond corresponding to the the diamond generated 

by the long window minus the two smaller diamonds). 

When the window is rectangular, the shift invariance of the sliding window 

Fourier transform can be used to simplify the double diamond GTFR. This is 

illustrated in Fig. 13. The signal 1305 is input into a sliding window Fourier 

transform processor 1310. The output of the processor 1310 is fed to a delay 

line 1315 with T time delay units. The output of the delay line 1315 is 

added 1320 to the output of the processor. This is magnitude squared 1345. 

The undelayed and delayed processor outputs are magnitude squared 1330 

1335 and added 1340. This sum is subtracted 1350 from the squared sum to 

generate the GTFR output 1360. 

Time-frequency representations are used in a number of applications. 

Time-frequency representations computed using the methods described herein 

are applicable in many of these cases. They include use: 

1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur-

35 



rent and power) and biological waves; 

2. as a method of computing GTFR's or other signal processmg 

operations using sliding windows in software simulations and em

ulations; 

3. as a method of computing GTFR's or other signal processing op

erations that use sliding windows using computational hardware; 

and 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 
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Contents: 

ZAMOGRAMS™ 

♦ Q: What is a Zamogram™ ? 

A: A time-frequency representation with 

remarkable resolution attributes. 

♦ We will contrast Zamograms™ with 

Spectrograms, Choi-Williams displays & the 

Wigner Distribution. 

SZASZSERIES*WINDOWS 

♦ Can be used to generate spectrograms & 

zamograms™ without using FFT' s. 

♦ Q: . Why are Szasz series windows better? 

A: • Fewer FLOPS than FFT. 

• Modularity. 
• Window flexibility. 

· 
0 length need not be 2N. 
0 window can vary with frequency. 

• Nonlinear frequency bins (e.g. in decades) 

*E. Masry, "An extension of Szasz's theorem and its applications", IEEE Transactions 
on Information Theory, vol.lT-19, pp.184-187 (1973). 
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Q: What is a Zamogram™? 

A: A time-frequency display with high resolution in both 

time and frequency. 

Zamogram™: 

Z[n;u] = I, n+f112 
<f>[k] x[n-k12] x*[n+k12] exp(-j2nku) 

k=-L m=n-lkl12 

Spectrogram: 
L 

S[n;u] =- L w[k] x[n-k] exp(-j2nku) 
k=-L 

THE CLASSIC RESOLUTION PROBLEM: 

♦ High frequency resolution is achieved in a 

spectrogram by using a WIDE & FLAT sliding widow. 

PROBLEM: Poor time resolution. 

♦ Good time resolution is achieved in a spectrogram by 

using a NARROW & PEAKED sliding widow. 

PROBLEM: Poor frequency resolution. 

Multidimensional Systems Corporation 
proprietary & confidential technical information. ·· 
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THE SOLUTIONS: 

♦ CLASSIC SOLUTION: Compromise between poor 
frequency & time resolution. 

♦ A MORE RECENT SOLUTION: Use non-linear 
generalized time-frequency representations such as 
the Wigner-Ville Distribution and the Choi-Williams 

distribution. I 
♦ M-D SYSTEMS SOLUTION: Use a zamogram™2-4 

computed using a Szasz series window. 
• The zamo gram™ displays better time-frequency 

resolution of time-varying signals than any 
technique thusfar demonstrated. 

• Using Szasz series windows (instead of FFT's) 
1. reduces the flops by a factor of about l/2, 

2. uses a totally parallel architecture (no 
butterflies) and 

3. increases the flexibility of representation. 
-----------------------------------------------------------------
PUBLIC DoMAlN INFORMATION ON ZAMOGRAMS™ CAN BE FOUND IN TIIE FOLLOWING PUBLICATIONS. 

SOME OF TIIE FIGURES IN TIIIS PRESENTATION HA VE APPEARED IN TIIESE PAPERS. 

1. L. Cohen, "Time-fre-quency distributions - a review", Proceedings of the IEEE, 
vol.77, pp.941-981 (1989). 

2. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the generalized time-frequency 
representation to speech signal analysis", Proceedings of the IEEE Pacific Rim 
Conference on Communications, Computers and Signal Processing, pp.517-519, 
Victoria, B.C. Canada, June 4-5, 1987. 

3. Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 

4. W.C. Kooiman, "Time-frequency speech displays that are an improvement over the 
spectrogram", M.S. Thesis, Department of Electrical Engineering, University of 
Washington (1989). 

5. L.E. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 

6. L.E. Atlas, W.C. Kooiman and M. Stoermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



c:: 
II 

(l., • 
e: : .... 

-;.., 

-;.., 
cj 

(l., 

.s --
~ 
(J --~ 

-;.., 
~ . .... . ~-
Vl 

COMPUTING ZAMOGRAMSTM USING DIFFERENTIAL 

INCREMENTS: 

Choi-Williams, Wigner-Ville and, to date, the zamogram TM, require two

dimensional representation arrays. Zamogram TM implementation using the 

method of differential increments requires only one-dimensional FFf's. 

A 

x(n+2L +1) 

x(n+2L) 

x(n+2L-1) 

x(n+2) 

x(n+l) 

x<n> 

x(n-1) 

x(n-2) 

x<n-2L+l) 

x(n-2L) 

A I signal 
saMples 

Notes: 

-P<2L> 

-P<2L-1> 

-P<2L-2> 

-P<1) 

f<0)/2 

f<0)/2 

-P<1) 

-P<2) 

-P<2L-1> 

-P<2L> 

(T\ ' 
~ 

register 

♦ The above figure is in the MDSC Report, "Use of Szasz series windows in 
signal processing" by R.J. Marks II (26 Oct 89). 

♦ The method of differential increments is described in the MDSC Report, 
"Architectures for computing time-frequency representations" by R.J. 
Marks II (27 Dec 89). 

♦ Note the FFT based spectrogram component. Using Szasz series based 
spectrograms in this same architecture results in attributes for Szasz series 
zamograms ™ similar to Szasz series spectrograms. 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Sinusiodal Bursts (Note missed points) 
(a) Signal 
(b) Spectrogram 
( c) Wigner Distribution 
(d) Zamogram 

. .. ,,. . •,H 

r [ l 

r:::: :~ ·:~:~:-::·s-'.., 
r' ..... ; .· .. ···•• .. _::-, . .. .. -.. • < . 
) '❖:.. ":',-.::::; ;-: <'l 
~ ,.,.. -

)II 

.. 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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Proprietary Technical Information 



EXAMPLE: 

Instantaneous Frequency Change: 
(a) Signal 
(b) Spectrogram 
(c) Zamogram 

i,-..----------;-t"' 11/ 

"" ... 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Frequency - M adulated Signal 
(a) Signal 
(b) Spectrogram 
(c) Wigner Distribution 
(d) Zamogram 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 

Multidimensional Systems Corporation 
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EXAMPLE: 

Speech: The Stop-Plosive' de' from "Academic" 

(a) Time Waveform 

(b) Spectrogram 

( c) Zamogram 

L.E. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 

Multidimensional Systems Corporation 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Speech: "That You" spoken by female. 
(a) Signal 
(b) Spectrogram 
( c) Wigner Distribution 
( d) Zamogram 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 

Multidimensional Systems Corporation 
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EXAMPLE: 

Comparison with Choi-Williams' representation: 

{ 
sin[21t(n-101)/16] ; 100 < n ~ 350 

f(n) = sin[61t(n-351)/16] ; 350 < n ~ 600 
0 ; otherwise 

Zamogram ⇒ 

L.E. Atl~s, W.C. Kooiman and_ M. S_toermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 

Multidimensional Systems Corporation 
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SZASZ SERIES WINDOWS 

Background 

Box-car windows can be iteratively updated. For example: 

... 2 4 1 3 0 1 4 1 2 0 ... 
sum= 14 

Shift the window one to the right: 

... 2 4 1 3 0 1 4 1 2 0 ... 
new sum= sum - 4 + 2 = 12 

Note: This procedure can be extended to Fourier 
transformation of the signal within the window. 

Problem: Box-car widows are very leaky. 

M• Multidimensional Systems Corporation 
proprietary & confidential technical information. ·· 
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Exponential Windows 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 
X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Sum of Products: 

4x2°+tx21+3x22+0x23+1X24+4x25+lx26 = 226 

Shift the window one to the right: 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 
X X X X X 

Window⇒ 22 23 24 25 26 

Can compute the Sum of Products (SOP) in two ways: 

♦ Directly: 

New SOP=lx2° +3x21 +4x22B+lx23 +4x24+1x25 +2x26 =239 

♦ Using exponential update: 
New SOP= (Old SOP - 4x20)f2 + 2x26 = 239 

M• M ~ltidimen~ion~l .Sys~ems Corporation 
proprietary & confidential technical information. ·· 
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Notes: 
♦ The exponential update can be extended to Fourier 

transformation updating of the data within the 
exponential window. 

♦ Although there are no useful exponential windows, 
there are a number of useful windows that are 
weighted linear sums of exponentials. In general, 
within the window interval, let 

<I>( n) = Lil aq exp( Sqn) 

where there are Q terms in the sum. The aq's and the 
Sq' s can be complex. 

♦ Example Szasz windows: 

O:q Sq O:q Sq 
1 0 2 0.54 0 
l jrr/L 4 0.23 jrr/L 
1 -jrr/L :t 0.23 -jrr/L 

Hanning: cp(k) ·= cos2(;2), Q = 3. Han1ming: cp(k) = 0.54 + 0.46 cos(f ), Q = 3. 

O'.q Sq 

0.42 0 
0.25 jrr/L 
0.25 -jrr/L 
0.04 j2rr/L 
0.04 -j27r / L 

Blackman: cp(k) = 0.42 + 0.5 cos(1r{) + 0.08 c'?s(2t),Q = 5. 

M• Multidimensional Systems Corporation 
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Alternate Explanation: Truncated Resonant Circuitry 

~[n] ,------, y[n] 

.-tt--'-_,__-'-tlf---!...----1.._~t---L_____t__--L-41l---L-_l_-L....4!l---L-_j 

-----.-i> Resonant ► n 
Circuit 

l
y[n-4] 

••••• ir,. iI,. ir,. ir 
n 

t y[n]-y[n-4] 

• • i ! • • • • • • • • •n 

.L 
-4 -z 

-- ,. 

n 
Periodic 1 y[n}-y[n-4} - Resonant - - -~ , ,. --Circuit 

.L -4 -z --
n 

1 Periodic y[n}-y[n-4] - -- - Resonant -- - ,. --Circuit 

lli::":.1-----------------------------
M• Multidimensional Systems Corporation 
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Resonant Circuitry: 

hq[ n] = c cos(On) µ[n] 

y[n} 
-

Ji. "-cos(e) 

X [n] c z-1 z-1 - - -- - -

J, '' 2 cos(e) ,, 
-1 

li.:;:;:.ill_ --------------------------

M• Multidimensional Systems Corporation 
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♦ Placing a number of such circuits in parallel results, in 

this example, of a Fourier series synthesis for the 

desired window. 
♦ For Hanning & Hamming windows, only two stages 

are needed: 

-z-2L -,,_. 

x[n J 
1 f3o - 1 - -- - - --

-131 
y[n 

- 11 - - -1T - -
L 

1 

Multidimensional Systems Corporation 
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♦ A Blackman window requires three stages: 

x[n} - -- -
•It 

- -131 
- 'I( 1 -z-2L y[n} - ... - 1T - - -- , 

,I\ 

L 
1 
-

•I( 

/32 -
21T 
L 

M• Multidimensional Systems Corporation 
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M• 

Obtaining a Spectral Line: 
(unmodulated window) 

L 
S[n;u] = L w[k] x[n-k] exp(-j2rcku) 

k=-L 

= exp(-j2rcnu) [ { x[ n] exp(j2rcnu)} * w[ n] ] 

j2rrnu 
e 

Using a Szasz series window: 

-j2rrnu 
e 

-z-2L 

S{n,·u] 

S{n,·u] Periodic 1 
1-----.-i Resonant J--~-~-t__~ 

Circuit 

j2rrnu 
e 

-z-2L 

1 Periodic 
r---->'--~-L__~ Resonant 

Circuit 

j2rrnu 
e 

-J2rrnu 
e 

-j2rrnu 
e 

S{n,·u} 

Multidimensional Systems Corporation 
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Comparing the FLOPS For Hanning or Hamming 
windowed Spectrogram: 

For N output spectral lines: 
FFf requires (1 + 5 log2,N) N FLOPS* 
Szasz series window requires 21 N FLOPS.+ 

Therefore, the Szasz window has fewer FLOPS if N>2. 

*There are Nf2 log2N butterflies in an FFf that does a transfonn on N input points. Each butterfly requires 
one complex multipication and two complex adds. This gives a total of 10 FLOPS per butterfly. In 
addition, there are N multiplies required in the windowing operation. Thus, we require a total of 

(1 + 5 log:iN) N FLOPS per spectral line 

+In quadrature, the input is multiplied by cos(21t11u) and sin(21tnu) [2 FLOPS]. Each is sent to a Szasz 
window [2x6 = 12 FLOPS]. The delay line combination adds an additional FLOP. The output of each 
window is multiplied by cos(21tnu) and sin(21tnu) [4 FLOPS] and the quadrature components are added [2 
FLOPS]. This adds to 21 FLOPS per spectral line. Note: Computation of the cos's & sin's are not 
included in this number .. 

M• 
TM 
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Advantages of Szasz series windows for_spectrograms: 

♦ Fewer FLOPS than FFf's. 

♦ Shorter output lag time from the input to the output than 

is obtained using FFf' s or DFT' s. 
• FFT' s require O {log2N} time cycles. 
• Szasz series requires O { 6} cycles. 

♦ The ability to arbitrarily place frequency bins in, for 
example, log intervals, without the matrix-vector 

operations required by the DPT. 

♦ The ability to arbitrarily compute each spectral line in 
parallel without the cross butterfly connections required 
by FFT's. 

♦ Modularity that allows a straightforward increasing of 

the number of output frequency bins. 

♦ Each spectral line can have a different window duration 

and/or type. 

♦ Use in computation of zamograms™ using the technique 

of differential increments. All of the above attributes 

are applicable to the zamogram™ thus computed. 

M• Multidimensional Systems Corporation 
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The technology can also be implemented using analog 
circuitry for continuous time spectrograms. Advantages 

here include 

♦ The absence of high Q circuits. 

♦ Shorter output lag time from the input to the output. 

♦ Totally parallel computation of each spectral line. 

♦ The ability to arbitrarily place frequency bins in, for 
example, logarithmic intervals. 

♦ Each spectral line can have a different window duration 

and/or type. 

M• Multidimensional Systems Corporation 
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Time vs. Frequency Resolution Tradeoff 

Sliding window Fourier transforms: 

S(t;u) = f x(t-'t) w('t) exp(-j21tu't) d't 

THE CLASSIC RESOLUTION PROBLEM: 

♦ High frequency resolution 1s achieved in a 

spectrogram by using a WIDE & FLAT sliding widow. 

PROBLEM: Poor time resolution. 

♦ Good time resolution is achieved in a spectrogram by 

using a NARROW & PEAKED sliding widow. 

PROBLEM: Poor frequency resolution. 

Q: Can simultaneous high resolution be acheived in 
both time and frequency? 



t 

Sliding Window Fourier 
Transform Mechanics 

,x(t-'t) 

\ 

Fourier Transform 

- - - .... - - - - - .. - - - - - .. - .. - .. 
LI 



EXAMPLE: 
A Sinusiodal Pulse 

Long Window 
Spectrogram 

♦ Good Frequency Resolution 

♦ Poor Time Resolution 

Short Window 
Spectrogram 

♦ Good Time Resolution 

♦ Poor Frequency Resolution 

Courtesy of Blake Hannaford 

: >-. 
,0 
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time 
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EXAMPLE: 

Instantaneous Frequency Change: 
(a) Signal 
(b) Spectrogram 

( c) GTFR With Cone Kernel 

WNWWWWWWWWWWWll~~1\111\■l /lllllllllllllll)I 
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,.,., ,,, 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing · 



(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Sinusiodal Bursts (Note missed points) 
(a) Signal 
(b) Spectrogram 
(c) Wigner Distribution 
( d) GTFR With Cone Kernel 
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Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, 



(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Frequency - M adulated Signal 
(a) Signal 
(b) Spectrogram 
(c) Wigner Distribution 

( d) GTFR With Cone Kernel 

•, • ., • :1 " • ' /I I I 

Y. Zhao, L.B. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing .. 



(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Speech: "That You" spoken by female. 
(a) Signal 
(b) Spectrogram 
(c) Wigner Distribution 
( d) GTFR With Cone Kernel 

The too or the etac:tc 

.·. r,.,. 

Y. Zhao, L.E. Atlas and R.J. Iviarks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing 



Cohen's GTFR 
roo roo A T T . 

C(t; u) = lr=-oo lc,=-oo </>(t - ~; r)x(~ + 2)x*(~ - 2)e-J21rurd~dT 

The kernel in other domains: 



C amputation Mechanics: 

C(t; u) = rX) roo ¢(t - r r)x(~ + T)x*(C - T)e-j21rur dCdr 
lr=-oo J~=-oo ' 2 '-> 2 '-> 

T T 

¢ ( t - ( ,· T) X ( E: + ; ) X ( E: - ; ) 

T 

projection 

Fourier Transform 

== c(t,·u) 

¢(t-E:,· T) 

► 
► 
► 
► 



NOTES: 

Support for cone and double diamond kernels: 

---T-

t t 

1. The spectrogram has the support of a single diamond. 
Spectrograms have low mid frequency interference and high 
frequency resolution. 

2. The DD is subsumed in the cone of infinite extent. 
3. Both supports are parameterized by T. Both can be evaluated 

knowing the signal in intervals of 2T for each frequency line. 



ATTRIBUTES: 

1. Spectrogram relation: 

For the case of a superposition of a number of sinusoids, the 
DD and Cone GTFR' s asymtotically approach the spectrogram. 

Assume that 

x(t) = LXiej21rfit 

i 

If 0( u) is bounded and has finite energy} then 

where 

and 

A = 21: Pos{ Re[e(l\B)]}d/1 

Pos(x) = { ~ x>O 
X < 0. 



The DD and spectrogram interference plots are graphically 
indistinguishable: 
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Time resolution comparison: 
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Time resolution comparison: 
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Spectrogram Computation 

Sliding window Fourier transform: 

S[n;u] = Lm x[n-m] w[m] exp(-j2nfµ) 

Use ofFFf. Frequency bins are linearly spaced. 

X 
-1 1 z z 1 z 

>------r--ll~----.------->-••·-

t t t 
short time Fourier transform 



Spectrogram Computation 

1 a. Digital filter approach: 

S[n;u] = Lm x[n-m] w[m] exp(-j21tum) 

= { ( exp(j21tun) x[n] ) * w[n] } exp(-j21tun) 

x[n] 
1----~ w{n] \l----- S{n;u} 

J---► 

ej2rrun 

The window can be synthesized using either an FIR, IIR or 
delay filter. 



1 a. Digital filter approach: 

i. FIR Window 

z -1 z -1 

r---., 
'""'-, 

~ -+ 
I ~ 

I 
~ ~ 

ii. Boxcar Window (Dillard) 

The window length is 2L+ 1 

1 

(2L+ 1) -z 
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z -1 
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Spectrogram Computation 

1 b. Digital filter approach: 

S[n;u] = Lm x[n-m] w[m] exp(-j21tum) = x[n] * ro[n] 

where 

ro[n] = w[n] exp(-j2nun) 

1 -1 -1 
X z z z 

. . . 
E:: E:: 

E:: -, -, I 
~ I t--, 

_t--, i- i:::: 
i:::: 1-..i. ..____, 

..____, -
i:::: ..____, s . . . 

This is equivalent to a DPT. 



Calibration Diversity 

Using a filter nonlinear frequency bins and variable windows. (Common 

choices are log frequency bins and constant Q windows.) 

GTFR 

time 



Optical Implementation of GTFR' s 

Rooftop L4 
Prism L3 ,-\~= L2 Bragg 

Cell 
L1 BS L5 L6 L7 LB Kernel Lg 

Mask 
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Use of Szasz Series Windows in Signal 
Processing 

Robert J. Marks II 

October 26, 1989 

There exist a number of signal processing algorithms wherein a win
dow, cp( k), shifts across a signal to give an alternate representation of the 
signal. Included are weighted running averages, spectrograms and zamo
grams [1,2,3]. Conventionally, weighted running averages are computed 
using the equivalent of an finite impulse response (FIR) filter the taps of 
which correspond to the window samples. Digitally computed spectrograms 
are traditionally computed by weighting the signal samples in a interval by 
the window weights followed by a fast Fourier transform (FFT). Digital 
zamograms also require the use of FFT's for each point in time in which a 
spectral line is computed [3]. 

For windows and that are uniform (i.e. rectangular or boxcar windows), 
the value of a signal representation generated from a sliding window can be 
obtained by adding to the current representation new data introduced by 
the shift 3;,nd deleting data no longer included in the window. With non
rectangular windows, however, shifting alters the weights of all data and 
the procedure is no longer applicable. An approach with similar computa
tional advantages occurs when the window is of the form cp( k) = esk. Then, 
since cp( k ± l) = e±s esk, shifting from k to k ± l is equivalent to multiplying 
each data point by e±s. Unfortunately, there are no useful windows that are 
exponential except the degenerate case of the rectangular window. There 
are, however, a number of commonly used windows that are superpositions 
of weighted exponentials. We refer to a weighted sum of exponentials as a 
Szasz series [4,5]. Trigonometric polynomials are special cases. The Szasz 
components of the signal representation can be individually computed us-
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tain the desired processing output. The generic procedure for the updating 
using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the 
previous window but not that in the current window. Likewise, 
add the newly introduced terms. 

2. Multiply each of the elements common to both windows by the 
Szasz increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs. 

Two Szasz components may be complex conjugates of each other. In 
such cases, it is many times computationally convenient to combine the two 
components into a single composite component as shown in Fig. 2. Similarly, 
only the real portion of the output of a Szasz component may be required in 
certain cases. 

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spectrograms and zarnogra.ms a.re then 
presented. 

1 Szasz Series Windows 

A linear exponent Szasz series can be written as 

(1) 

where the {aq}'s and the {sq}'s are possibly complex. vVe will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be 
even. vVe then use the alternate form 

IPe(k) = ip(I k I) (2) 

Some popularly used windows and their Szasz series representations are 
in Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that IPe(k) = ip(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can 
always be approximated to an arbitrary accuracy by a Szasz series. 
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update by 
Szasz Factor 

•1 

add new Szasz 
data 

subtract 
cof"lponent 

old data #1 

update by 
Szasz Factor 

•2 

input signal 
add new Szasz signal data Y representation 

subtract C01'1ponent >© ► 
old data #2 i .. • • • • • • • • 

update by 
Szasz Factor 

I(} 

add new Szasz 
data 

subtract 
cof"lponent 

Old data #Q 

Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains 
is updated by a common Szasz factor. 

~ 
CIITI 

Table 1: Rectangular: cp(k) = 1, Q = l. 
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update by 
Szasz factor 

#q 

add new Szasz 
data 

subtract 
COl"lponent 

old data #q 

update by 
Szasz ,actor 

#q 

add new Szasz 
data 

subtract 
cof"lponent 

old data #q 

update by 
Szosz factor 

#~ 

add new Szasz 
data 

subtract COl"lponent 
old data #q 

Figure 2: A single composite component on top may replace the two Szasz 
components shown on the bottom when they are related by a complex con
jugate. 

Ct.q Sq 

.!. 0 2 
1 j1r)L 4 
1 -j-,r/L :i 

Table 2: Hanning: r.p(k) = cos2(;1), Q = 3. 

O:q Sq 

0.54 0 
0.23 j-rr/L 
0.23 -j-rr/L 

Table 3: Hamming: r.p(k) = 0.54 + 0.46 cos(1,), Q = 3. 
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Ciq Sq 

0.42 0 
0.25 j1r/L 
0.25 -j1r/L 
0.04 j21r/L 
0.04 -j21r/L 

Table 4: Blackman: cp(k) = 0.42 + 0.5 cos(-rrf) + 0.08 cos('2t),Q = 5. 

z<n> 
----------> 

Figure 3: An FIR implementation of the weighted running average filter. 
The D denotes a unit delay. 

I 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 
z(n)° = ~ cp(k)v(n - k) 

k=-L 
(3) 

As is shown in Fig. 3, this process can be straightforwardly implemented on 
an FIR filter with 2L + l taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

where 
L 

zg(n) = aq Z esqkv(n - k) 
k=-L 

5 
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Clearly, then 

L 
zq(n + 1) - <Y.q = esqkv(n + l - k) 

k=-L 
L-1 

<Y.q = esq(k+I)v(n-k) 
k=-L-1 

L-1 
aqesq = esqkv(n - k) 

k=-L-1 

- esqzq(n) + aqe-sqLv(n + L + l) - <Y.qesq(L+i)v(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse 
response (IIR) filter. The results of Q such filters can then be summed to 
give the desired output, z(n). One such realization for Q = 3 is shown in 
Fig. 4. Note the applicability of the algorithm illustrated in Fig. 1 here. The 
Szasz factor is esq, the new data is aqe-sqLv( n + L + l) and the old data is 
<Y.qesq(L+I)v(n - L). 

·when Lis large, the realization of the weighted running average in Fig. 4 

requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift register are required from in the 
IIR realization. The FIR realization requires 2L + 1 taps. 

2.1 Computing Complex Szasz Component_s Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z(n) can be computed separately. If we express z(n) in terms of it's real and 
imaginary parts: 

z(n) = zr(n) + jz1(n), (7) 

then, if v( n) is real, the iteration in Eq. 6 can be written in component form 
as 

z;(n + 1) z;(n)~[esq] - z!(n)S'[e"q] 

+~[aqe-sqL]v(n + L + l) - ~[aqesq(L+I)]v(n - L) (8) 
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v(n+L +l) z,<n> 

v(n-L> 

zfn> 

2a<n> ~ z(n) 

-oca esa<~+I> /7. 
'-------=----~ ~-----~ 

Figure 4: An IIR implementation of the weighted running average filter. 
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v(n+L +J) I 

v(n-L) z~<n> 
► 

Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

and 

z!(n + 1) z;(n)~[e"q] + z!(n)~[esq] 

+~[aqe-sqL]v(n + L + 1) - S'[aqe"q(L+I)]v(n - L) (9) 

where '/R./~ denotes the real/imaginary part of and 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component 
can by realized by the IIR filter illustrated in Fig. 5. The real and imagi
nary parts of all Szasz components are summed to obtain zr(n) and zi(n) 
respectively. 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, cp(k), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a com
plex conjugate. Motivated by this observation, assume that V q 3 either aq 
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or Sq is complex (or imaginary), :lq 3 aq = a; and s 11 = s;. In such cases, 
the two Szasz terms can be combined into a single IIR filter. Define 

zq(n) - zq(n) + zq(n) 
2~zq(n) (11) 

This can be computed simply by multiplying the real output in Fig. 5 by 
2. The two complex Szasz components at the top of Fig. 6 can therefore be 
replaced by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of ,veighted running averages using a Szasz series 
window, consider the Q = 3 case where a 1 is real and s1 = 0. Let a:2 = a:3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Since all of the multipliers become real, we implement the q = l term 
using the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 
terms are related by a complex conjugate. We therefore choose to implement 
them using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 

S(n,p) = ~ cp(k)v(n - k)e-12;rpk/ivf (12) 
k=-L 

where p is a discrete frequency index and M parameterizes the number of 
points in the frequency domain. 

The function I 5 ( n, p) 1
2 is also referred to as the spectrogram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v(n), is fed through a delay line and delayed values are weighted 
by samples of cp(k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 
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v(n+L +/) I °'q e-sqL (zq<n;l> Zq(n) 
-

v(n-U 
-oc esq<L +/) q 

/~~ 
esq 

°' ~e-sfl 
rzin+J) 

_ Zt/n) q 
. " D 

-oc~esf'/L+V 
q / esc} 

v(n+L +/) I 2 

v<n-L) 

Figure 6: When two Szasz components are related by a complex conjugate, 
then the two components (shown here at the top) can be replaced by a single 
one (shown at the bottom). 
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C(/ D z(n) 

1 

COS(Tr/L) 

v(n+L +1) 2 

v(n-U 

COS(Tr/L) 

Figure 7: Implementation of a Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages are special cases. 

v(n+L) D D 

I :P<-U I :P<-L+D 

FFT 

y y 

S<n,-U S(n,-L +1) S(n,-L +2> S<n.L-I> S(n,L> 

Figure 8: Computation of the spectrogram amplitude using the FFT. 
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3 .2 Spectrogram computation using Szasz series com
ponents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, 
then the spectrogram in Eq. 12 can be written as 

S(n,p) = :ESq(n,p) 
q 

where 
L 

Sq(n,p) = a.q L esqkv(n - k)e-i2r.pk/iH 
k=-L 

The qth Szasz component update is calculated as follows. 

L 
Sq(n + 1, p) = a.q L esqkv(n + 1 - k)e-i2r.pk/i'vl 

k=-L 

L-1 
- a.q L esq(k+I)v(n - k)e-i21rp(k+1)/M 

k=-L-1 
L-1 

_ a.qesqe-i2r.p/M L esqkv(n _ k)e-i2r.pk/ivl 

k=-L-1 

- e3qe-i21rp/M Sq(n,p) + a.qe-Lsqei21rpL/Mv(n + L + 1) 

(13) 

(14) 

-a.qe(L+1)sqe-i21rp(L+1)/Mv(n - L) (15) 

vVe are again following the procedure outlined in Fig.I. The new data is 
a.qe-Lsqei21rpL/Mv(n + L + 1), the old data is a.qe(L+1)s9 e-i2r.p(L+1)/i\tlv(n - L) 
and the Szasz factor is e3 qe-i2r.p/M. Implementation of the specific iteration 
in Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs 
by the arrays ei2r.pL/M and e-i21rp(L+i)/M is common to each of the Q Szasz 
components, the alternate implementation shown in Fig. 10 is possible. 
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v(n .. L <-/) D Si(n,p) 

v(n-L) 

D S11 {n,p) 
;------,--~+ 

Sq (n,p) S{n,p) :----.... -~~-----.... D 

- OCQ e-'(/L+I} e·JZnp(I,+J)/JI 

Figure 9: Computation of the spectrogram when the window is represented 
as a Qth order Szasz series. The thick lines correspond to signal flow direc
tions of vectors parameterized by the frequency variable, p. The thin lines 
correspond to (possibly complex) scalars. 
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3.2.1 Realizing the real & imaginary parts of a Szasz component 
of a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and 
imaginary parts of the Szasz component in Eq. 15 can be written as 

s;(n + 1,p) = 1R[e3qe-i27rp/M]s;(n,p) - 8'[e 3qe-i211"p/iv!]S~(n,p) 

+1R[aqe-Lsqei27rpL/Mjv(n + L + 1) 
-1R[aqe(L+1)sq e-i27r(L+1)/Mjv( n - L) (16) 

and 

s;(n + 1,p) - 8'[e3qe-i21rp/lvf1s;(n,p) + 1R[e3qe-i21rpfMJS!(n,p) 

+8'[aqe-Lsqei27rpLfM]v(n + L + 1) 
-8'[aqe(L+1)sqe-j21r(L+1)/1\.f]v(n - L) (17) 

where 
Sq(n,p) = s;(n,p) + jS!(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. We obtain 

S(n,p) = sr(n,p) + jS1(n,p) (19) 

from 
sr(n,p) = z s;(n,p) (20) 

q 

and 
S1(n,p) = L·S!(n,p) (21) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and q, are related by a complex conjugate: 

Then, using Eq. 12, we can immediately show that 

Sq(n,p) = s;(n, -p) 

14 
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v<n<·L +J) 

v(n-L) 

D Si(n,p) 

e-J2r,p(£+ 1J/J( 

D S2 {n,p) 

~---..... -~± 

SQ {n,p) S(n,p) 
-:----..--...i±~---..... 

D 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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Figure 11: When a Szasz component of a spectrogram is complex, it's real 
and imaginary components can be realized as shown here. The real and 
imaginary components of the spectrogram are obtained by summing the real 
and imaginary components of the Szasz components. 
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s.<n,p) ---~ct-:; S
0 

(n,p) 

conjugate 
& transpose 

Figure 12: The two Szasz components of a spectrogram indexed by q and q 
shown on the left can be obtained by simple augmentation of the output of 
the qth Szasz component as shown on the right. Transposition replaces p by 
-pin the array Sq(n,p). 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of 
two Szasz components, indexed by q and q, by a simple augmentation of the 
output of the Szasz component with index q. The equivalent operation using 
the real and imaginary outputs of the Szasz component in Fig. 11 is shown 
in Fig. 13. 

3.2.3 Example: Hanning and Hamming windowed spectrograms 

In Fig. 14 we illustrate application of the Szasz series computation of a 
spectrogram for the a Q = 3 case when a1 is real, s1 = 0, a 2 = a3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with 
good resolution in both domains. In the discrete domain, the zamogram of 
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S~{n,p) 
s~ {n,p) + s::. {n,p) 

~--~-·r~+ q • la....----...i:•I transpose j - -

s: {n,p) 
sqi (n,p) + s!{n,p) 

-----------------.(1+' q 

-1 

Figure 13: The real and imaginary components of the qth component of a 
Szasz component can be straightforwardly augmented to give the sum of the 
real and imaginary parts of two Szasz components. 
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v(n+L +/) 

"'l cos (Z,,pl,/M) 
COB {2ffp/l,l) S~(n.p) 

' 

cos(2"p/l,l) 

cos(" ( t- ~ )I s;{n,p) 

D 

---.itranspose 

p 

D s; (n,p) 

co"("(i;- ~)] 
"'z sin( " (-t -2p-l,:// )] transpose 

-1 

Figure 14: Generation of a spectrogram using Szasz components. Hanning 
& Hamming windowed spectrograms can both be thusly implemented. 
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a temporal signal, x(n), can be written as 

oo oo k k . 
C(n;p)= L L ¢(n-m;k)x(m+ 2)x*(m- 2)e-J 21t"pk/M (24) 

m=-oo k=-oo 

where, at time n, the kernel ¢(n - m; k) is identically zero for indices, (rn, k ), 
not in the set An, This set can be expressed as the intersection of three sets: 

where 

and 

For (m,k) E An, 

en= {(m,k) I -2L ~ k ~ 2L}, 

- I k I 
TJn = { ( m, k) I m ~ 

2 
+ n}, 

I k I 
(n = {(m,k) l,m ~ -

2
-+ n} 

¢(n - m; k) = cp(k) 

We will assume that cp(k) = cp(I k I) is even. 

4.1 Iterative Zamogram Procedure 

(25) 

(26) 

(27) 

(28) 

(29) 

Using Eq. 24, we will show that the zarnogram can be iteratively updated as 

C(n + l;p) = C(n;p) + 2~x*(n + l),B+(n,p) - 2~x*(n),8-(n,p) (30) 

where ~ denote the real part of, 

2L 
,e+(n,p) = L 5kcp(k)x(n + k + l)e-121t"pk/M, (31) 

k=O 

and 
2L 

,e-(n,p) = L 5k<p(k)x(n - k)e1211"pk/M, (32) 
k=O 

and 5k =½fork= 0 and is one otherwise. Note that the ,e±(n, p)'s are simply 
spectrograms which, as discussed in the previous section, can be generated 
using FFT's or Szasz series windows .. 
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The proof of these equations is straightforward. Let >.; be the set on 
points in An but not in An+l . Then 

I k I >.;; = { ( m, k) I m = -
2
- + n + 1; I k I :S 2L} (33) 

Similarly, let >.~ denote the set of points in An+l that are not in An. Thus 

>-! = {(m,k) Im= _I~ I +n;I k l:S 2L} 

Clearly, then 

C(n+ l;p) - [ L + 1= - L ]<p(k) 
(m,k)EAn (m,k)E,\t (m,k)E.\; 

xx(m + ~)x(m - ~)e-i21rpk/M 
2 2 

or, equivalently, 

C(n + l;p) = C(n;p) + Bt(m) - B;;(m) 

where 

(34) 

(35) 

(36) 

k k . 
B;(p) = L <p(k)x(m + 2)x(m - 2)e-121rpk/iW (37) 

(m,k)E.\;; 

Equivalently, we can write 

(38) 

and 
B;;(p) = 2~x*(n),B-(n,p) (39) 

Substituting this and Equation(38) into Equation(36) establishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

vVe will now present two techniques to evaluate the iterations in Eq. 30. 
A signal flow graph at time n is shown in Fig. 15 for direct evaluation 

of Equation(30). The sample signals are introduced into a shift register as 
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shown on the left. The shift register is tapped and each of the samples is 
multiplied by stored weights, { cp( k)}, as shown. The two vectors of the win
dowed samples are fed into two pipelined FFT processors. Transposition of 
the output of the lower FFT is required because there is a ei21rpk/ivt term in 
Equation(32) rather than the e-i21rpk/M used in Equation(31 ). The trans
position replaces k with -k to take care of this. The delays in Fig. 15 are 
required to synchronize the samples x(n) and x(n+l) with the computational 
delays required in the processing to that point ( e.g. by the FFT). These two 
samples are weighted by either ±2 after which they multiply every element of 
the output of the FFT processors. The real part of the resulting two vectors 
are summed. The sum is added to the current zamogram register, and a new 
spectral line of the zamogram emerges in vector form from the processor. 
The parameter 6. is the total number of clock cycles required from input to 
output. 

4.1.2 Using a Szasz Window 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(30) can be written as 

C(n + l;p) = C(n;p) + [I x(n + l) 12 
- I x(n) l2]cp(O) 

+2~[x*(n + 1) L b1(n,p) 
q 

-x*(n) L b;(n,p)] 
q 

where the Szasz components, b;(n,p), can be updated as 

b1(n,p) = e-(sq-~)b1(n -1,p) 

(40) 

-aqx(n + 1) + aqe-2L(3q-Lir)x(n + 2L + 1) ( 41) 

and 

( 42) 

A proof will be presented after some discussion. 
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Figure 15: Iterative updating of a zamogram using FFT's. 
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2 2 I x(n+l)I - lx{n)I 

b 1{n.p) 

bi/n p): I ~ 
D C(n,p) 

b'q(n.p) 

Figure 16: Iterative updating of a zamogram using Szasz components b;. 
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A signal fl.ow diagram for the re"cursion in Eq. 40 is shown in Fig. 16. 
Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). 

vVe can express the complex b; ( n, p) 'sin terms of their real and imaginary 
components as 

Similarly, let 

(43) 

(44) 

A corresponding implementation equivalent to that in Fig. 16 is shown in 
Fig. 17 using real arithmetic. 

Note that both Eqs. 41 and 42 are iterations of Szasz components as 
illustrated if Fig. 1. The Szasz factors are exp± ( sq - j~?). For Eq. 41, the 
new data is aqexp[-2L( Sq - i~?))x(n +2L+ 1) and the old data is aqx(n + 1 ). 
In Eq. 42, the old data is aqexp[2L(sq - j~:?))x(n - 2L - l)] and the new 
data is aqx(n -1). Implementation of the updates of the b;'s in Eqs. 41 and 
42 are illustrated in Fig. 18. 

Proof: To show Eqs. 40, 41 and 42, we substitute Equation(l) into 
Eq. 37: 

B;(p)= ~ ~aqesqlklx(m+~)x(m-~)e-i271'pk/M (45) 
(m,k)E,\;;' q 

Using the definition in Eq. 33, we find that 

Bt(m) =I x(n + 1) 12 cp(0) + 2?Rx*(n + 1) L bt(n,p) (46) 
q 

where 
2L 

b1(n,p) = O'.q L e-sqkx(n + k + l)e-i271'mk/M (47) 
k=l 

The recursive form in Equation( 41) can easily be established from Equation( 4 7). 
Similarly, 

B;;(p) =I x(n) 12 cp(0) + 2?Rx*(n) ~ b;(n,p) (48) 
q 

where 
2L 

b;(n,p) = aq ~ e-sqkx(n - k)ei271'mp/M (49) 
k=l 

The recursion in Equation( 42) follows and the proof is complete. 
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bt{n.p) 

bT(np): I 

+· b /(n.p) 

b;fnp}: I 
I x(n+l)l2

- l.x(n)l 2 

bf{n.p} C{n,p) 

bf{np): I 

Figure 17: Iterative updating of a zamogram using Szasz components and 
real arithmetic. 
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- ZL<s - J2"'p/H) 
C(q(? q 

x<n+2L +J) 
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D b;<n-1,p) ;--~+,.__..,__...,.,.__. 

x(n-2L-J> 

x<n-1) D b;<n-1,p> 

,,_-~+.---... --.... --. 

Figure 18: Iterative updating of the Szasz components for the zamogram. 
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Realizing the real & imaginary parts of a Szasz component of a • 
zamogram: Assume that the signal, x(n), is real. From Eq. 41, the real 
and imaginary components of b~(n,p) follow as • 

bt(n,p) = iR[e-(sq-~)]bt(n - l,p) - S'[e-(sq-i~?)Jb:i(n - l,p) 

-iR[a9]x(n + 1) + iR[a9e-2L(sq-1ir]x(n + 2L + 1) (50) 

and 

b~i(n,p) = S'[e-(sq-~)]bt(n -1,p) + iR[e-(sq-i:~?)]bti(n - l,p) 

-S'(a
9
]x(n + 1) + S'[a9e-2L(sq-i~?']x(n + 2L + 1) (51) 

The computational algorithm shown at the top of Fig. 19 implements these 
equations. 

Similarly, from Eq. 42, the real and imaginary components of b1 ( n, p) are 

b;r(n,p) = iR[e(sq-i:.;")]b;r(n - l,p) - S'[e(sq-4fE)]b;i(n - l,p) 

+iR[a
9
]x(n - 1) - iR[a9e2L(sq-~)]x(n - 2L - 1) (52) 

and 

b;i(n,p) = ~[e(sq-i~;")]b;r(n -1,p) + iR[e(sq-i~")]b;i(n - l,p) 

+~[a
9
]x(n - 1) - S'[a

9
e2L(sq-~)]x(n - 2L - 1) (53) 

These two equations are implemented at the bottom of Fig. 19. 
If x(n) is real and ip(k) is real and even, then an inspection of Eq. 24 

reveals that C(n,p) is also real. In this case, Eq. 40 can be written as 

C(n + l;p) = C(n;p) + [x2(n + 1)- x2(n)]ip(0) 
+2x(n + 1) L bt (n,p) 

q 

-2x(n) L bt(n,p)] 
q 

(54) 

vVith reference to Fig. 19, the 2bt(n,p) terms can be generated as shown in 
Fig. 20. 

28 



x(n+2L+J) b'°;<n-1,p) 
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b~<n-1,p> 

? 
'Cl, (s - Jztrp/H) 1 
J\.[ e q 

Figure 19: Evaluating the real and imaginary parts of bt(n,p) (top) and . 
b;(n, p) (bottom). 
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J\.[ e q 

----~-....--

... ----rx"i...----
t 
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I ____ r}.,.._ __ 

D 
b-;<n-1,p) 

x(n-1> D 
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• 

.R [ e <sq - Jc"p/H> ] 

Figure 20: When cp(k) and x(n) are real, only bt(n,p) contributes to C(n,p). 
These real components can be generated as shown here. 
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Combining conjugately related Szasz components: If two Szasz com~- • 
ponents with indices q and q are related by a complex conjugate as 

bt(n,p) = [b;(n,p)]* (55) 

then, for <p( k) and x( n) real, the contribution of the conjugate pair to C ( n, p) 
is simply 2bt ( n, p). The implementation follows directly from Fig. 19 and is 
shown in Fig. 21. 

Example- Zamograms with Hanning & Hamming windows: To 
illustrate computation of zamograms using a Szasz series window, consider 
again · the Q = 3 case where a 1 is real and s1 = 0. Let a 2 = a 3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Implementation of our running example is shown in Figs. 22, 23 and 24. 
Figure 22 shows generation of bf(n - l,p) on top and, for the conjugate 
terms, 2btr(n - l,p) on the bottom. The generation of b1r(n - l,p) and 
2b:;-r(n - l,p) is similarly shown in Fig. 23. The terms are gathered as 
shown in Fig. 24 to produce the zamogram, C( n, p ). 

Note that in Figs. 22 and 23, the multiplication of x(n + 2L + 1) and 
x(n - 2L-1), respectively, by the sinusoidal arrays is common to both the 
q = l and q = 2 stages. As in Fig. 10, the commonalty allows a single 
sinusoidal array multiplication. Such modification of Fig. 22 is shown in 
Fig. 25. A similar modification is readily applicable to Fig. 23. 

5 Applications 

Time-frequency displays are used in a number of applictions. The Szasz 
series implementation of the spectrogram and zamogram are applicable in 
most all of these cases. They include use of Szasz series computed spectro
grams and zamograms: 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such 
as speech, sonar and seismic signals. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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x<n-1> 

.R [ ;<v j2'"p/H) ] 

I 

2 b';<n-1,p> 
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,R[ ;<sq- J2"p/H) ] 

,R [ e <sq - J2"p/H> ] 

J. .... ----x~-... 

I 
2 

,R[ e <sq- .)2"p/H) ] 

Figure 21: If two Szasz components with indices q and q are related by a 
complex conjugate and cp(k) and x(n) are real, then the contributions of both 
terms to C(n,p) are simply 2btr(n,p). As shown here, they can be generated 
as shown here by simply multiplying the outputs in the previous figure by 2.~ 
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Figure 23: Generation of the b2r(n -1,p)'s for Hanning and Hamming win
dows. 
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Figure 24: Generation of the zamogram using the inputs generated in the 
previous two figures. 
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Figure 25: A modification wherein the sinusoidal array common 
components is computed but once. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a signal representation used as a template in a pattern recog
nition scheme such as matched filtering or as training data in a 
classifier such as a layered perceptron artificial neural network. 

6 Notes 

Some final remarks follow. 

1. The Szasz series window is also potentially applicable to certain 
other generalized time-frequency representations (GTFR's) [6]. 
Kernels with Hourglass and diamond shapes [3] in the (m, k) 
plane can be evaluated by Szasz series windows when, within 
the shape, the window is cp( k ). The zamogram has a cone
shaped kernel [3] in the ( m, k) plane . 

2. In many spectrograms and GTFR's, output spectral lines are 
not computed at every signal sample point. The Szasz series 
window approach can be adapted to such cases in one of two 
ways. First, and most obvious, the iteration can proceed at each 
point with outputs generated periodically. Secondly; the itera
tion can be modified to the longer period. For example, in the 
weighted running average example, if there is to be an output 
at every other input sample point, then, at each iteration, two 
new samples would be introduced (instead of one) and two old 
samples would be deleted (instead of one). Each Szasz factor 
would be squared. 

3. For the spectrogram (and the spectrogram component of the 
zamogram), computation of the output spectral line can be 
viewed as a number of multiplexed IIR filters parameterized 
by p. The only time one filter "talks" with another is _in the 
operation of transposition. 
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4. There exist a number of modifications to the implemendtad~ion ~f 
the Szasz signal processing algorithms that :or~espon irec: y 
to the commutative, distributive and as~ociatr:e law~ app~1ed 
to multiplication and addition. Performmg a smgle smus01dal 
array operation in Fig. 25 ( compare with Fig. 22) is an example 
of a variation due to the distributive law. 
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1 Field of the Invention 

The invention relates to digital evaluation of the real and imaginary of com
ponents of a discrete spectrogram when the signal window can be expressed 
as a truncated trigonometric series. The untruncated series can always be 
expressed as the response to a discrete resonant circuit. Truncation is ac
complished by the coherent superposition of the untruncated signal with the 
a shifted version of the same untruncated signal in ·such a manner as to make 
the overall circuit impulse response of finite duration. When there is both 
sinusiodal pre and post multiplication, the resulting output is a single line of 
a spectrogram. A number of such circuits can be placed in parallel tuned to 
arbitrary frequency bins to achieve spectrograms with any desired frequency 
scaling. Alternately, the same filter can be sequentially exposed to the same 
input with each presentation corresponding to a differently chosen resonance. 
The circuitry can be damped to assure stability. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
of signals. The zamogram is a TFR with quite good resolution in both time 
and frequency that uses the spectrogram as a component. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 
w[k], is 

L 
S(ri; u] = I: w[k]x[n - k]e-i2

1rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 
window. This patent contains computationally efficient architectures for the 
generating spectrograms when the windows can be mathematically expressed 
as a truncated Fourier cosine series. We also present architectures for the 
more general case of when the window is expressed as the weighted superpo
sition of exponentials with complex coefficients. 
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3 Summary of the Invention 

The present invention describes a digital signal processing architecture for 
generation of lines of a spectrogram. Windowing is accomplished through 
the use of conventional infinite impulse response (IIR) digital filters. A delay 
line is used to in conjunction to this IIR filter to make the composite response 
finite in duration. The composite impulse response is the window used in the 
spectrogram. Each IIR/ delay filter processor generates a single frequency line 
of a spectrogram. A number of such processors have the ability to compute 
in parallel the spectrogram over any desired sampled frequency interval with 
arbitrarily chosen spacing. Logarithmic spacing, for example, can be chosen. 
In addition, the window from line to line can be chosen to vary. Alternately, 
the same HR/delay filter processor can by swept sequentially with the same 
signal with each sweep tuned to a different frequency and/ or window. 

4 Brief description of the drawings 

Figure 1 . Architecture for generating a spectrogram using a filter with 
the impulse response of a window. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained from a periodic resonant circuit and delay 
circuitry. 

Figure 3 . Use of periodic resonant and delay circuitry in the genera
tion of a·line of a spectrogram. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate a 
Hamming or Hanning windowed spectrogram line. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 
Blackman windowed spectrogram line. 

Figure 7 . Architecture for generating a spectrogram using a filter with 
the impulse response of a damped window. 
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Figure 8 . A digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

5 Detailed description of the invention 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] e-i21rnu L w[k]x[n - k]ei 21r(n-k)u 

k=-L 

- e-j21rnu X { ( w[n]ei21rnu) * x[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L _s; n < L. An architecture for this 
operation, using complex arithmetic operations is shown in Fig. 1. The input 
signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The product 
then serves as the input into a digital filter 140 with impulse response, w[n]. 
The filter output is multiplied 125 by a complex sinusiod 130 to produce the 
spectrogram 135. 

This patent claims architectures for the window filter 140 based on digi
tal periodic resonant circuits and damped resonant circuits. An illustrative 
example of the fundamental idea using periodic resonant circuits is shown in 
Fig. 2. A discrete impulse ( or Kronecker delta), 8[n], is one for n = 0 and 
is zero otherwise. The response of a causal resonant circuit 215 to an input 
delta 210 is a causal periodic sequence, y[n] 220. By a causal periodic signal, 
we mean that, for n < 0, the signal is identically zero. For n 2:: 0, the signal 
is periodic with some period, N. For the signal represented in Fig. 2 220, 
N = 4. Consider, then, placing the output of the periodic resonant circuit 
225 into a delay line wliose delay is N. Using the notation z-1 for a unit 
shift in time, the delay line 230 in the example in Fig. 2 is denoted by z- 4

• 

The minus sign 237 is used to reflect the multiplication of the signal by -1. 
The original signal unshifted filter output is added to this inverted delay to 
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produce the output y[n] - y[n - 4] 240. Thus, from the original signal 220, 
we have subtracted the signal shifted to the right by a period 245 to obtain 
a single period of the original signal 250. The response to the cascaded filter 
and delay line circuitry to an input impulse 255 is now a single period 250 
of the previous causal periodic response. 

The procedure can be extended to multiple periods. A delay line of length 
2N, for example, would result in two periods of output, etc. Typically, a 
period of the periodic resonant circuit's response will be used as the window, 
w[n - L]. The delay is required due to causality. Typically, we choose 
N=2L. 

The ordering of the delay line configuration and the resonant circuit can 
be switched. The delay line circuitry 260 can be placed prior to the periodic 
resonant circuit 265 and the same response 270 to an input impulse 275 is 
achieved. With reference to the general architecture in Fig. 1, the resulting 
architectures for the spectrogram are illustrated in Fig. 3. The modulated 
input stage 305, 306 is fed either into a cascaded periodic resonant to delay 
circuit 310 or a cascaded delay to resonant circuit 315. In both cases, the 
line delay is for 2L time units corresponding to the duration of the window. 
In either case, the resulting output, sinusoidally weighted 320, 321, gives the 
desired spectrogram output 325, 326. 

For one skilled in the art, there exists numerous methods to design cir
cuitry for a given pole zero constellation on the complex z plane. In the most 
general case, one cq,n easily design digital circuitry corresponding to impulse 
responses of the form 

Q 
h[n] = I)-lF ,Bqcos[27rnUq - ¢,q]e-uqn µ[n] (3) 

q=O 

where µ[n] denotes the unit step. Such circuitry can be designed with the 
use of multipliers (including inverters), adders and unit delays. The quan
titative values of the multipliers and the topology of all of the components 
are dictated by the parameters Q, ,Bq, ¢,q, uq, and (J'q• There exists numerous 
computational topologies for a given set of parameters. Such circuitry can 
be designed straightforwardly by those skilled in the art. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
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special cases of the cosine series 

Q n 
w[n] = .L /3qcos[21rnq/(2L + l)]II[--] 

q=O 2L + 1 
(4) 

The Hanning and Hamming windows use Q = 1 and the Blackman window 
Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

Q n-L 
w[n - L] = _L(-l)q/3qcos[21rnq/(2L + l)]II[--] (5) 

q=O 2L + 1 

Compare this with the special case of Eq. 3. 

Q 

h[n] = _L(-1F/3qcos[21rnq/(2L + l)]µ[n] (6) 
q=O 

The window in Eq. 5 is recognized as the first period of Eq. 6. A periodic 
resonant circuit can be straightforwardly designed with an impulse response 
given by Eq. 6. Delay line circuitry is then cascaded with this circuit to 
achieve the desired composite window filter. 

One straightforward way to design the resonant circuit in Eq. 6 is by 
designing circuitry for each of the Q + 1 stages and connecting them in 
parallel. For n =J 0, we rewrite Eq. 6 as 

Q 

h[n] = _L hq[n] (7) 
q=O 

where, for q =J 0, 
(8) 

where 0q = 21rq/(2L + 1) and cq = (-l)q/3q, The z transform of this equation 
IS 

n=O 

(9) 
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Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is equal 
to the discrete convolution of the input 410 with the impulse response in Eq. 8 
with c = Cq and 0 = 0q, Recognizing there exists a number of other digital 
filter architectures to generate the same operation, we will schematically 
represent the input 410, 420 output 415,425 relationship of this operation by 
a solidly outlined box 430 inscribed with parameters c and 0. For n = 0, 
h0 [n] = c0 = /3(0). This operation can be performed by a simple multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, /30 = /31 = 0.5. For Hamming windows, 
/30 = 0.54and/31 = 0.46. For these parameter choices, both the Hanning and 
Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 315 shown in 
Fig. 3. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 515 and the q = l 520 stages of the circuitry 
The outputs of both stages are added 525 to obtain the windowed output 
530. 

A Q = 2 example will be given for the Blackman window. Here, /30 = 0.42, 
/31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special case of the 
periodic resonant to delay processing 310 shown in Fig. 3. The input 605 is 
fed to the q = 0, l and 2 stages 610,615, 620. The outputs of each stage are 
summed 630 and fed into the delay circuitry 630 the result of which is the 
windowed output 650. 

The window architectures presented to this point are marginally stable. 
All of the circuits poles lie on the unit circle of the complex z plane. Stability 
can be assured by slightly perturbing the design to require all of the circles 
lie strictly within the unit circle. 

The source of the marginal stability in the circuitry is unit feedback ( e.g. 
in Fig. 4 435). Damping feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp( -an) where a is a positive 
number just slightly less than one. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-an (10) 
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where h[n] has period 2L. Then, for n > L, 

h[n - 2L] = e2
aL hq[n] 

We can therefore generate the damped window 

(11) 

(12) 

This can be accomplished as shown in Fig. 7 710. The damped resonant 
circuit 715 has impulse response h[n]. The damped window in Eq. 12 is 
obtained by cascading this filter with a damped delay line. The output of 
the delay line is added 725 to the damped resonant circuit's output to achieve 
the desired damped frequency response. As in the undamped case, the delay 
circuitry commutes with the damped resonant circuit without changing the 
overall response 730. In either case, the damped window can be used to 
generate the spectrogram S[n - L; u] 735, 740 where 

L 

S[n; u] = L w[k]x[n - k]e-i21rku (13) 
k=-L 

corresponding to input x[n] 740, 741. 
We can write Eq. 10 as 

Q 

h[n] = L hq[n] (14) 
q=O 

where 
(15) 

For c = cq and 0 = 1rq/ L, one of many possible digital filters for this impulse 
response is shown if Fig. 8. The input 805 into the circuitry 810 produces an 
output that is the discrete convolution of the input with the impulse response 
in Eq. 15. We denote the general class of digital circuits with this response by 
the parameterized bold outline box 820 shown in Fig. 8. The input into this 
parameterized box produces the same output 830 as in the specific damped 
circuitry. 

A digital filter for Q = 1 damped Hanning and Hamming windows is 
shown in Fig. 9 using the delay to damped resonant circuitry cascade 730. 
The input 910 is fed to the damped delay circuitry 915. Then= 0 component 
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of Fig. 15 can be realized by a first order feedback circuit 920. The output 
of the delay circuitry is fed into this circuit and the n = l stage 925. The 
outputs from both stages are added to produce the damped windowed output 
935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using the damped resonant to delay circuitry cascade 710. The input 1010 is 
fed to the q = 0, l, 2 stages 1015,1020,1025. The outputs of the three stages 
are summed 1030 to obtain the damped windowed output 1035. 

More genera,lly, those skilled in the art can straightforwardly design filters 
with impulse responses of the form 

(16) 

where Wq is a phase factor. Eq. 12 results in a window of finite duration. 
This allows additional flexibility in the design of damped windows through 
the method of Fourier series representation. 

We emphasize the existence of a number of implementations of digital 
circuitry for a given impulse response. One can, for example, combine the 
q = 0, 1 stages 920, 925 in Fig. 9 by writing the z transform transfer function 
equations for the q = 0 stage 920 and the q = 1 stage 925 and combine them 
with a common denominator. The resulting equation can be implemented in 
the Direct form II method described by Oppenheim, Willsky and Young. The 
resulting circuitry will be different than that in Fig. 9, yet the input-output 
relationship will be different. Indeed, similar procedures can be applied to 
combine the delay and resonant circuitry. 

Applications. Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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1 Field of the Invention 

This invention relates to methods and architectures for generating spectro

grams, to methods and architectures for generating digital windows and 
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similar impulse and to corresponding applications of these methods and ar

chitectures. Spectrograms are a common representation for characterizing 

the frequency content of a temporal signal as a function of time. Windows 

are used in numerous digital signal processing (DSP) applications including 

architectures for spectrograms as well as for data smoothing and spectral 

estimation. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of 

the frequency content of a signal as a function of time is referred to as a 

time-frequency representation (TFR). Music, for example, is written as a 

TFR. Notes can be viewed as a frequency representation. The placement of 

these notes side by side then represents a temporal sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. The zamogram of Zhao, Atlas and Marks is a 

TFR with quite good resolution in both time and frequency that can be 

architecturally configured to use the spectrogram as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 
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This patent contains computationally efficient methods and corresponding 

architectures for generating spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 

w[k], is 
L 

S[n; u] = I: w[k]x[n - k]e-i21rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S[n; u] 12 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes methods and corresponding architectures 

for generating sliding windows and similar impulse responses and their use 

in generating spectrograms. The sliding window, an impulse response of fi

nite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 
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two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 

and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec

ified time, can be used to generate the composite window impulse response. 

Such is the Gase when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei

ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein, the spectrogram processor may be used to monitor a single frequency 

line of the spectrogram or generate •frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/ or type can be changed from 
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frequency line to frequency line or can be changed in real time. In paral

lel embodiments, common circuitry such as delay lines and weightings may 

be factored from the array so that a single circuit, common to each of the 

processor lines, can serve the entire array thereby reducing the overall com

putational requirements of the processor. The specific embodiments wherein 

the spectrogram's frequency spacings are uniform and/ or integer multiples 

of the reciprocal of the window's duration require even less computationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 

window is evaluated using short time Fourier processing techniques some 
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embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imaginary 

part of the spectrogram. 

The spectrogram generation methods and corresponding architectures de

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology and biology. The spectrograms re

sulting from use of this method can also be used as templates for pattern 

recognition or as components in other signal processing architectures, such 

as architectures for computing zamograms. Use of the methods described 

herein for software simulations and hardware or firmware implementations 

of spectrograms or other processors using sliding windows can result in sim

plification of computational and hardware requirements. 

4 Brief description of the drawings 
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Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary components of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 
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Figure 7 . Illustration of methods for generating a spectrogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrograrri line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 . Realization of a I( filter using a bank of A filters and the 

schematic representation of a I( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 
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Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line. 

Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without er_i~ 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . ~arallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 
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Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to O' = 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec

trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 
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Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at up= fr, using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at up = fr, using a disjoint 

unmodulated window and a single delay_ line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . UR filter embodiments for short time Fourier analysis dig

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, Sq = Sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen-
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· tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series ( e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 2 (xi) filter and its schematic repre

sentation. 

Figure 36 .. Use of a bank of 2 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 2 filters to generate output spectrogram 
'. 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = I and the Szasz series 

coefficients are symmetric. 
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5 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

sponses of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of time. 

Methods of using such filtering in methods of generation of spectrogram are 

also presented. Architectures will be presented as specific embodiment ex

amples to illustrate the methods described. 

Schematics for Signal Flow. A number of signal fl.ow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals fl.ow in 

the direction of arrows. A number, variable or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

( multiplied) by that quantity. One exception is the notation z-J which, from 

the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 
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combination, such as (1 + j)z-3
, where j is the square root of -1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected ( i.e. multiplied by 1). The signal coming 

from a node (a point where two or more signals meet) is equal to the sum of 

signals going ,into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation 

is denoted by a boxed J N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block proces~ing 

elements. Portions of processors may be isolated using a dashed line closed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 

hereby deemed to refer not only the physical hardware associated with the 

computation, but the underlying method as well. 

Spectr~grams Using Filtersan. 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] - e-i21rnu ,E w[k]x[n - k]ei21r(n-k)u 

k=-L 

- e-i21rnu X {(x[n]ei21rnu) * w[n]} (2) 
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where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L :5 n :5 L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. (See, for example, Lim & Oppenheim). The input signal, 

x[n] 1ro, is multiplied 115 by a complex sinusiod 120. The product then 

serves as the input into a digital filter 140 with impulse response, w[n - L]. 

For reasons which will be made clear, we will refer to this impulse resp~mse as 

an unmodulated window. The filter output is multiplied 125 by a temporally 

varying complex sinusiod 130 to produce the spectrogram 135. Note that the 

term exp(j21r Lu) in the post complex sinusiod multiplication 125 term 130, 

exp(-j21r(n - L)u) could also by placed in the premultiplication 115 term 

120 or, for that matter, could be a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ei21r(n-i)u) * x[n] 12 ( 4) 

where, ifs= g + jK, and both g and Kare real, then Is 12= g2 + K2 . The real 

number i is arbitrary. It's effect along with the post multiplying complex 
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sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. When only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response 

of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-i 21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] 12 =1 (w[n; u]ei21riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 
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magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows from Coherent IIR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 

duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

( or Kronecker delta), b'[n], is one for n = 0 and is zero otherwise. The re

sponse 209, y1 [n], to a Kronecker delta 205 input into a digital filter 207 with 

impulse response h1 [n], is shown and, appropriately, is termed the filter's im

pulse response. We will sometimes refer to a filter by its impulse response or 

transfer function. If the filter's impulse response is not finite in duration, it 

is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n 2:: 6, 

(8) 

In other words, shifting y2[n] six units to the right in discrete time yields 

an identical signal to y1[n] for n 2:: 6. vVe can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of six 

units. The delay line, as shown, also inverts the signal. The result, then, is 
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a composite filter 220 whose response 230 to an impulse 218 is equal to yi[n] 

for n < 6 and is zero for n ~ 6. The response of hi[n] has been coherently 

canceled by the delayed response of h2[n]. 

As an example, consider the impulse response of thefollowing IIR filter. 

R 

h1[n] = L Cf?rniresrnµ[n] (9) 
r=l 

where the cpr's and sr's are constants, possibly complex, the tr's are finite 

nonnegative integers and µ[n] is the unit step function ( =1 for n ~ 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 

h2[n] = CL 'Pr( n + N)'r e-'r(n+N) µ[n], (10) 
r=l 

where C is a given constant, can likewise be constructed. Indeed, some of 

the same circuitry used in Eq. 9 can be made common to both h1 [n] and 
. . 

h2[n]. Both h1 [n] and h2[n] are fed the same input. The output of h2[n] is 

placed into a delay line of duration N that is attenuated by a factor of C. 

The delay line output is subtracted from the output of hi[n] to produce a 

filter the composite impulse response of which is 

h[ l - h [ ] h2[n - N] n-1n- C. (11) 

The impulse response, h[n], is equal to that of h1 [n] for O ~ n ~ N - l ~nd 

is zero thereafter. 
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Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 · 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2:: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

re~ponse for n 2:: 4, we require a second filter, h2 [n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y(n] =constant ( corresponding to a 

rectangular window) has been reported in the open literature. 

Since both the delay circuitry 24.6 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the compos,ite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 
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Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 

response of h(n] = sin( 1rn/ N)µ[ nj added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro-·

necker delta 306 is 

y[n] = y[n]esn (12) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 

Note then, that for n 2:: 4, 

y[n - 4] = y[n]e- 4
" (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 
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appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit_ 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 

vVe will generally denote the real part of s by -0'. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

When dealing' with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 
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Consider, for example, the damped resonant circuit 342 m Fig. 3 whose 

response 344 to an impulse 340 is 

(14) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of composite coherent 

cancellation circuits just described can be placed in cascade and/or parallel 

to achieve even greater flexibility in the design of impulse responses. In 

certain instances common circuitry can be factored from such combinations 

to yield a reduction in overall computational requirements. 'vVe will show that 

windows expressed in a finite cosine series, for example, can be synthesized by 

a parallel combination of second order IIR filters and that the delay circuitry 

can be factored so that a single delay circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir

cuit consisting of two circuits, one with an impulse response that cancels the 
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other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h(n] = L hq(n] (15) 
q=O 

where 

(16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (inclu~ing inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, "Yq, uq, and O'q, There exists numerous computa

tional topologies for a given set of parameters. Such circuitry can be designed 
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straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n ~ 1\Iq, 

we choose to define 

Clearly, wq[n] is zero for n ~ J.'v!q and the composite IIR filter 

Q 

w[n] = L wq[n] 
q=O 

has a response that is finite in extent. 

(17) 

(18) 

(19) 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq 's are nonnegative integers. Window components of 

the type in Eq. 18 can be realized using an IIR filter with weighted deiay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

(20) 
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The Hanning and Hamming windows require Q == 1 and the Blackman win

dow Q == 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n - L] == L(-1)9,Bqcos(i'l'nq/L)IT[--] 

q:::O 2L 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] == L(-l)q,Bqcos(i'l'nq/L)µ[n] (22) 
q:::O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L == L. Indeed, 

w[n - L] == h[n] - h[n - 2L] + w[L]b[n - 2L] (23) 

A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. We rewrite Eq. 22 as 

Q 

h[n] = L hq[n] (24) 
q:::O 
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where 

(25) 

where 0q = 1rq/2L and cq = (-l)q,Bq, For q =J 0, the z transform of this 

equation is 

00 

Hq(z) - L hq[n]z-n 
n=O 

(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = Cq and 0 = 0q, Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, h0 [n] = c0 = ,Bo, This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, ,80 = /31 = 0.5. 

For Hamming windows, ,80 = 0.54 and ,81 = 0.46. For these parameter 

choices, both the· Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 
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circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = l stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 

Blackman window for the case where end point correction is not used. Here, 

/30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, l and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

30 



can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit ~ircle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-an). If we wish to keep 

the window shape as close to the a = 0 case as possible, We choose a to be 

a positive number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-q(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

(28) 

We can therefore generate the damped window 

w[n - L] - w[n - L]e-q(n-L) 

_ h[n] - e-2q£h[n - 2L] + w[L]8[n - 2L] (29) 

where 

w[L] = w[L]e-qL 
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is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 ·of the input 705. The undamped case is a 

special case 9f this processing procedure for the case where a = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 

can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

( with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
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shown 140 where, now, 

L 

S[n; u] = L w[k]x[n - k]e-jZ1!"ktL (31) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. 

. We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

Q 

h[n] = L hq[n] (32) 
q=O 

where 

(33) 

For c = cqe17 L and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. vVe denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input -825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-q(n-L) µ[n]. 
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An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-o-) 

cascaded with a multiply of exp(o-L)c0 • For c0 = /30 and Jq = /Jqexp(o-L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = 1 damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is ~ealized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 

the n = 1 stage 925 (fiq = /Jqexp( o-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid(s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the /3q's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For such 

architectures, the complex sinusiondal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n; u] - L x[n - k]w[k; u] 
k=-L 
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= x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] w[k]e-J2irnu 

Q 

- I:wq[n; u] (36) 
q=O 

and 

(37) 

In our discussions concerning modulated windows to follow, we will include 

both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for c, = 0. Motivated by causality, 

we write 

\Ve therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (39) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 
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Eq. 40 
00 

Hq(z; u) = L hq[k; u]z-k (41) 
k=O 

which gives 

where 

(43) 

Note that, for q = 0, 

( 44) 

The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 43 as 

A(z; v) -

(45) 
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where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 
• 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 

1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requtres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
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transfer functions 

( 46) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = L h[n; u]z-n 
n=O 

(47) 

An input 1410 is weighted. proportional to Fourier coefficients 1415 (Pq -

½(-1 )q exp( a- L ),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we will depict the J( 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the K 

filter is parameterized by the frequency u, damping coefficient a-, filter order 

Q, and vector of Fourier coefficients iJ, The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented. with delay 

line circuitry and the K filter 1440. From Eqs. 36, 37 and 39, we can establish 
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the identity 

w[n - L; u] = h[n; u] - e-i41ruLe- 2q£h[n - 2L; u] + w[L; u]b[n - 2£] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

D(z; u) = I: w[n; u]z-n. (49) 
n=O 

The z transform of Eq. 48 is then 

where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n -L;u]. 

The transfer function for the delay and the exponential shift in Eq. so· is 

defined as 

(51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 
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1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1,525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the K filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present 

example architectures whereby the squared magnitude of the spectrogram · 

is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 
. ' 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a J( filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 
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of the circuitry ( i.e. u, L, er, iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the I< filter 1616 instead of directly. after. Indeed, if end point 

correction is not used, the I( filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 

of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a I( 

filter 1710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 12, is desired' (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 
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Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a K filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

( without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 :::; p:::; P, 

we propose an architecture for the transfer functions 

where O(z; up) is the z transform of w(z; up). The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

J( filters 1915. For P spectral lines, there are P separate I( filters the pth 

of which is tuned to frequency up and is of order Qp with Fourier coefficient 

vector /3p· The input to each I( filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each K filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod. weights 1950 have no effect 
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on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

K filters 2015. The output of each K filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(53) 

then a computationally simplified parallel architecture can be realized. Equa

tion 42 becomes 

The q = 0 case warrants special statement. 

(55) 

For linear frequency spacing (and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l; Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used. for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 
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Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

weighted 2140 by ( -1 )P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
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not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

( e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fan.outs from the bank of A filters 

are not shown. If, for example, there was to be a frequency line generated at 

u = p:z, then the A filter in the bank 2212 parameterized by -ft; would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line· to output line as can the values in the iJP. This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using ap 

46 



unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ei21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (56) 

where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when (j = 0. We can write the window expression in Eq. 29 as 

w[n - L] = h[n] * {o[n] - e-2<7Lo[n - 2L]} + w[n]o[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = ~ h[k]z-k (58) 
k=O 

47 



is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] - w[L]x[n - 2L]e-i21r(n-L)u + e-i21r(n-L)u 

x[h[n] * {ei21rnu(x[nj - e- 2uLe-i41ruLx[n - 2L])}] (59) 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an /J filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21r Lu) term in the post multiply 2425 term, exp[j21r(n-L )u], 

can alternately be generated by a multiply at a number of other locations 

including bef~re or after the iI filter or the pre-multiply 2415. Note that in 

this embodiment; and in those to be described, that the disjoint unmodu

lated window does-not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the iI filter and the delay line) are not connected. 
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This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

I S[n - L; u] 12=1 h[n] * {ei21r(n-i)u(x[n] - e-2uLe-i41ruLx[n - 2L])} 12 (60) 

where the effects of the arbitrarily cho~en positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a singl'e line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 ~ p ~ P, we can replicate Eq. 59 as 

S[ L ] W
A P[L]e-j2,r(n-L)up + e-j21r(n-L)up n- ;up = 
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where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, uiP[n], 

and therefore corresponding impulse responses, hP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of H filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 

of exp( ±j21r( n ± ½ )up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21rLu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen-
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tial term, exp(-2uL ), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, {ip 11 ~ p ~ P} 

which, in turn, are fed into a bank 27 40 of iI filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L ( i.e. up = fr;). It follows that exp(-j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp( ±j21r Lup) = ( -1 )P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

S[n - L; up] = (-l)P { wP[L]x[n - 2L] 

+W2Lnp[hP[n] * {vV2t'(x[n] - e-2<1Lx(n - 2L])})} (62) 

where we have used the common DSP notation 

w.J _ ei'irJ/L 
2£ - (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
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the delay circuitry 2810 the output of which services a number of pre

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of fI filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through fI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude· of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 
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rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.l as 

L 

S[n - L; u] = L x[n - L - k]w[kJe-i2trku (65) 
k=-L 

where we write the window with a tilde to denote that it can be represented 

by the Szasz series 
Q 

w[kJ = L O:qe-sqk 
k=-Q 

(66) 

Where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { aq I Q :5 

q :5 -Q} and {sq I Q :5 q :5 -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case 

of w[k]II[AJ with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k]II[
2
~]. Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q Ciq Sq 

1 l j1r/L 4 

0 1 0 2 

-1 1 -j1r/L 4 

Table 1: Hanning: r.p(k) = cos2 (;1), Q = l. 

q Ciq Sq . 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: r.p(k) = 0.54 + 0.46cos(7), Q = l. 

q Ciq Sq 

2 0.04 j21r / L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r/ L 

Table 3: Blackman: r.p(k) = 0.42 + 0.5cos(1r{) + 0.08cos( 2lk),Q = 2. 
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We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L aqSq[n - L; u] 
q=-Q 

L 

Sq[n - L; u] = L x[n - L - k]esqke-i21rku 

k=-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-i21rku 

k=-L 

L+N 
e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (69) 

k=-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

L- L + L L (70) 
k=-L k=-L+N k=-L k=L+l 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-j21ru)N S[n - N - L; u] + sMn] (71) 

where 
-L+N-1 L+N 

st[n] = { L L }x[n - L - kje(sq-j21rn)k. (72) 
k=-L k=L+l 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data ( i.e. the 

-r;-;;~!f-1 + r;f~f+l term in Eq. 72 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. \Ve shall first describe evaluation of 

St[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for st[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - l and last N - l delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(73) 

We denote a vector of these values by x_. The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around l N is the schematic notation for downsampling 
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by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of st[n] by an appropri

ately parameterized box 3050 inside of which is an encircled st. 

Two other architectures for computing SMn] in Eq. 72 are shown in 

Fig.31. A signal input into either oft.he two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

st[n] = s;t[n] - SN[n] (74) 

where 
-L+N-1 

s;t[n] = L x[n - L - k]e(sq-j21rn)k_ (75) 
k=-L 

and 
L+N 

SN[n] = L x[n - b - k]e(sq-i 21rn)k_ (-76) 
k=L+I 

Under the assumption that the ratio of the window duration to N (in our case 

2t;1
) is an integer, we can straightforwardly establish from these equations 

the identity 

(77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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yield St[n]. This signal, at a clock rate equal to i th that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of s,t[n] 

via Eq. 77. (The notation z;-;/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 

An IIR filter 3170 that is an alternate architecture to compute S;t[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of s;t[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute st[n] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sg[n-L-N; u], 

is made available through a delay 3220. This output is added to s,t[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output component 3215. \Ve schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding Ctq 

coefficients 3315 and are summed to give ~he desired decimated spectrogram 

output 3320. Alternately, the weighting by the Ctq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

Ctq coefficients are even. In other words, Ctq = Ct-q• In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by Ctq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and X,q• The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As m previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p6. where 6. 

is the uniform spacing. Furthermore, let sq = -o- + j21rq6.. As before, o- is a 

damping factor and can be set to zero for the undamped case. Under these 
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conditions, Eq. 71 becomes 

L 
Sq[n - L; u] - L x[n - L - k]e-"'ke-i21r(p-q)k~ 

k=-L 

_ 3[n - L;p - q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a 3 (xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

3[n - L; p] = e-o-N e-i21rpN~3[n - L - N; p] + 3t[n; p] (79) 

where 
L L+N 

3t[n;pJ = { I: L }x[n - L - kJe-"'ke-i21rpk~ (80) 
k=-L k=L+l 

An architecture for generating the recursion for the 3 filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized 3t_filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

(81) 

The output of the 3t filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a 3 written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 2 filter so that a single delay line feeds the 

entire bank. 

A bank of 2 filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = pc::. uses 2Q + 1 of the 2 filters parametered 

by p on the interval -Q ~ p ~ Q. The frequency line at u = (p+ 1)6:. uses 2 

filters in the interval -Q + 1 ~ p ~ Q + 1. There is only one 2 filter that was 

not used in u = pD. spectrogram line that is not used here. As illustrated 

in Fig. 36 for Q = 2, a single 2 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 2 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 2 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. Ctq = a-q• This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 
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3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by o:1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by o:2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the O'.q coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, l stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = l stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 
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resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response· 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /3q 's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight (30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = l stage is replaced by /3i/ /30 and the end point correction 

weight 540 is changed from -w[LJ to -w[LJ/ /30 • The output 530 would then 

be changed from y[n] to y[n]/ /30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]/ ,Bo instead of S[n - L; u] 135 and I S[n - L; u]/ ,80 12 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_ 1 , 

Therefore, replacing both C¥±1 by 1 and ao by ao/ a1 will yield an output 

of S[n - L : u]/a1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) (82) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + jSs[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similary, using a Hartley transform, 

L 

SH[n; u] = I: w[k]x[n - k]cas(21rku) 
k=-L 

where 

cas(g) = cos(g )sin(g ). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(85) 

(86) 

(87) 

can also be generated. by combining the real and imaginary outputs of any 

spectrogram processor thusfar described. Any person skilled in the art can 

straightforwardly apply the methods described herein to generate these closely 

related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or pr-ojection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows descibed 

thusfar can be extended to windows in higher dimensions by those skilled in 

the art. 

Applications._ Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitbring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAil\1S. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows: 

1. The method for realizing sliding windows and similar finite du-

ration impulse responses wherein two infinite impulse response • 

filters with causal impulse responses other than a constant or sin-

gle exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero thereafter. 

2. Use of spectrograms computed using windows of the type in 

Claim 1 as a means of representing, displaying, monitoring or oth

erwise characterizing signals originating from waves including but 

not limited to electromagnetic, acoustic, electronic and biologi

cal waves. Acoustic waves include but are not limited to speech, 

sonar and seismic waves as well as other mechanical waves such 
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as those due to mechanical vibration. Electromagnetic waves in

clude those in the visible spectrum used, for example, in fiber op

tics communication. Other electromagnetic waves include those 

used in radar and lidar as well as the outputs from electromag

netic imaging systems, such as microscopes or imaging systems 

found in cameras. Signals originating from biological waves in

clude, but are not limited to, those from the cardiovascular and 

neurological systems of man and animal. 

3. Use of spectrograms computed using windows of the type in 

Claim 1 as components in more general signal processing methods 

including but not limited to (a) as a method of signal representa

tion in pattern recognition procedures such as fault monitoring, 

(b) as a template for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network; and ( c) for use in other time-frequency 

displays such as zamograms. 

4. The method for realizing sliding windows and similar finite dura

tion impulse responses, other than those with a triangular shape, 

wherein two or more of the windows of the type described m 

Claim 1 are cascaded. 
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5. Computation of spectrograms and sliding windows in software, 

hard ware of firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein two 

infinite impulse response filters with causal impulse responses 

other than a constant or single exponential, the delayed response 

of one being proportional to the response of the second after a 

given time, are used in a composite filter with the first being con

nected in cascade with an inverted weighted delay line equal in 

duration to the given time whereupon this cascade connection is 

joined in parallel with the second filter in such a manner that the 

second filter's impulse response is coherently canceled by that of 

the cascade connection at and beyond the given time thereby pro

ducing a composite impulse response that is equal to the impulse 

response of the second filter up to but not including the given 

time and is zero thereafter. 

6. The method for computing sliding windows and similar finite du

ration impulse responses wherein a resonant circuit with com

posite causal impulse response, possibly damped and other than 

a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 
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additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coher

ent cancellation of the filter's response beyond a specified time 

is achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction. 

7. The method of realizing the windows and similar finite dura

tion impulse responses in Claim 6 wherein the resonant circuit 

is synthesized as .the parallel combination of two or more infinite 

impulse response filters each of which has the response of a speci

fied er 2: 0 damped Fourier cosine series component of the desired 

impulse response. 

8. Unmodulated windows formulated on the basis of the method in 

Claim 7 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 

spect~ogram at arbitrary frequency spacings wherein the input is 

premultiplied by a complex sinusoid and is then fed into a window 

of the type in Claim 7. 

9. Modulated windows formulated by the method in Claim 7 for use 
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in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 

a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 7. 

10. Modulated windows formulated by the method in Claim 7 for use 

in generation of windows and similar impulse responses of the 

type in Claim 7 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next' and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

11. Disjoint unmodulated windows formulated by the method in Claim 7 

for use in generation of the squared magnitude or real and imag-

72 



inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 

wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

p_lication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 7 and either post complex conjugate 

multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

12. Disjoint unmodulated windows formulated type by the method 

in Claim 11 for use in the generation of the squared magnitude 

or real and imaginary components of one or more frequency lines 

of a spectrogram at frequencies that are integer proportional to 

the reciprocal of the window's duration prior to end point cor

rection, wherein the delay circuitry that feeds the bank of pro

cessors is· computationally simplified at these frequencies and the 

pre weightings required in the more general case of Claim 11 are 

no longer present. 
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13. The method described in Claim 6 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 

time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis processor techniques either known or to be discovered. 

14. The method of realizing the windows and similar finite duration 

impulse responses in Claim 13 wherein the resonant circuit is 

synthesized as the parallel combination of two or more infinite 

impulse response filters each of which has the response of a spec

ified Szasz series component of the desired impulse response. 

15. The method described in Claim 13 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 

16. The method described in Claim 13 for use m generating the 

squared magnitude or real and imaginary components of one 

or more frequency lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different wm-
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<low wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 13. 

17. The methoddescribed in Claim 13 for use in generating the squared 

magnitude or real and imaginary components of two or more fre

quency lines of a spectrogram at equally spaced frequency in

tervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each S filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

18. The computational method of the type described in Claim 17 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the S'zasz coefficients thereby reducing the number of required 

multiplications. 

19. The short time Fourier analysis computational method required 

in Claim 13 whereby the cumulative contribution of new data 
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to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 

the spectrogram. 

20. Use of spectrograms computed usmg windows of the type in 

Claim 6 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from waves includ

ing but not limited to electromagnetic, acoustic, electronic and 

biological waves. 

21. Use of spectrograms computed using the method of Claim 6 as 

components in more general signal processing methods includ

ing but not limited to ( a) as a signal representation in pattern 

rec~gnition procedures ·such as fault monitoring, (b) as a tem

plate for matched filtering or as training data in a classification 

or regression machine such as a layered perceptron artificial neu

ral network; and ( c) for use in other time-frequency displays such 

as zamograms. 

22. Computation of spectrograms and sliding windows in software, 

hardware or firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein a res-
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onant circuit with composite causal impulse response, possibly 

damped and other than a constant or single exponential, is con

nected in cascade with weighted delay line circuitry consisting 

of a weighted delay line additively joined to the undelayed reso

nant circuit output, the multiplicative weight in the delay being 

chosen so that coherent cancellation of the filter's response be

yond a specified time is achieved and that the composite impulse 

response is equal to that of the resonant circuit up to but not 

including the duration of the delay line and is zero then on; also, 

the augmentation of this method to include end point correction. 
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1 Field of the Invention 

This invention relates to digital signal processing architecture (DSP) com
putational architectures for generating spectrograms and to computational 
architectures for generating digital windows and similar impulse responses. 
Spectrograms are a common representation for characterizing the frequency 
content of a temporal signal as a function of time. Windows are used in 
DSP applications including architectures for spectrograms as well as for data 
smoothing and spectral estimation. 
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2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
of signals. The zamogram is a TFR with quite good resolution in both time 
and frequency that can be architecturally configured to use the spectrogram 
as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 
or Blackman windows. The choice of the window determines the properties 
of the spectrogram in manners well known to those well versed in the art. 
This patent contains computationally efficient architectures for generating 
spectrograms and their window components. 

The spectrogram of a discrete signal, x[nJ, corresponding to a window, 
w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-i 21rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the win
dow. Temporally sliding windows can be viewed as filter impulse responses 
that are typically of finit~ duration. Windowing is used in other applications 
including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes digital signal processing (DSP) architectures 
for generating sliding windows and similar impulse responses and their use in 
DSP spectrogram architectures. The sliding window, an impulse response of 
finite duration, is generated using two infinite impulse response (IIR) filters. 
The second filter, postponed through a delay line, cancels the response of 
the first to yield a composite impulse response that is finite in duration. A 
specific embodiment of this architecture occurs when the second IIR filter is· 
simply a delayed and possibly weighted version of the first. Then a single 
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IIR filter can be factored from each processor. The IIR filter, appropriately 
augmented with delay circuitry to coherently cancel the response of the filter 
beyond a specified time, can be used to generate the composite window 
impulse response. Such is the case when the required impulse response can 
be expressed as the superposition of causal damped sinusoids with arbitrary 
phase. 

When used as components in spectrogram architectures, the sliding win
dows come in two types: modulated and unmodulated. Reference to a win
dow herein without specification of type either specifically or in context will 

· be to the unmodulated window. The IIR and delay components of the win
dows can be either joined or disjoint in the spectrogram architecture. In any 
of the embodiments described herein, the architectures may be used to mon
itor a single frequency line of the spectrogram or generate frequency lines 
sequentially. The window shape can be changed in real time simply by an 
alteration of the filter parameters. Alternately, the processors can be placed 
in an array to generate the spectrogram frequency lines in parallel with ar
bitrary ( e.g. logarithmic) frequency bin spacing. The window shape may be 
changed from frequency line to frequency line or changed in real time. In 
parallel embodiments, common circuitry may be factored from the array so 
that a single circuit, common to each of the processor lines, can serve the 
entire array thereby reducing the overall computational requirements of the 
processor. The specific embodiments wherein the spectrogram's frequency 
spacings are uniform and/ or integer multiples of the reciprocal of the win
dow's duration also result in computation simplification. 

In the case where a periodic replication is canceled using a possibly 
weighted delay, the output contribution corresponding to the end point of 
the window will not be forthcoming. Circuitry for end point correction can 
be applied to compensate for the final point of the window's contribution to 
the spectrogram. In certain cases, however, end point correction need not be 
used in the architectures since the contribution to the overall spectrogram 
may be nonexistent or negligible. 

Any of the embodiments of the spectrogram architectures can be con
strued to generate the squared magnitude of the spectrogram or the real and 
imaginary part of the spectrogram. 

The spectrogram architectures described in this patent are applicable 
to evaluation and display of spectrograms for acoustic, electric, electromag
netic, electrochemical, mechanical and electromechanical signals in applica-
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tions such as fault detection, radar, speech analysis and sy;;t"l~-~sis ,-s.6niff';-··J 
seismology and biology. The spectrograms resulting from the spectrogram 
architectures can be used as templates for pattern recognition or as com
ponents in other signal processing architectures, such as architectures for 
computing zamograms. 

4 Brief description of the drawings 

Figure 1 . Architectures for generating either the squared magnitude 
or the real and imaginary components of a spectrogram using 
either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained by coherent cancellation of the response 
of an IIR circuit beyond a certain point in time. For periodic 
impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 
a specified point in time by using weighted delay circuitry. To 
maintain symmetry in the resulting composite impulse response, 
end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 
a Hamming or Hanning windowed spectrogram line. End point 
correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 
Blackman windowed spectrogram line. End point correction is 
not used. 

Figure 7 . Architectures for generating a spectrogram using a filter 
with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 
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Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of an architecture for a A filter and its schematic 
rep res en ta tion. 

Figure 12 . A A filter architecture using real multiplies for real inputs 
and a corresponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 Realization of a K filter using a bank of A filters and the 
schematic representation of a J{ filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 
D(z). 

Figure 16 . An architecture for a single modulated window for gener
ation of the real and imaginary parts of a spectrogram line. 

Figure 17 . An architecture for a single modulated window processor 
without end point correction for generating the real and imag
inary parts of a spectrogram line. The squared magnitude of 

. the spectrogram line can be generated with a slight architecture 
modification. 

Figure 18 . An architecture for generation of the magnitude squared 
of a spectrogram line without end point correction. 

Figure 19 . Parallel modulated window based architecture for gener
ating a number of real and imaginary output spectrogram lines 
with arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 
point correction for generating the squared magnitude of a num
ber of spectrogram lines at arbitrary frequency spacings. 
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Figure 21 . · Parallel modulated window based architecture for gener
ating the real and imaginary components of spectrogram lines at 
equal interval frequency bin spacings for Q = l. 

Figure 22 . Parallel modulated window based architecture for generat
ing the magnitude squared of spectrogram lines at equal interval 
frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 
representation. The undamped case corresponds to O' = 0. 

Figure 24 . Generating the real and imaginary component of a spec
trogram using a disjoint unmodulated window with the delay cir
cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with
out end point correction using a disjoint unmodulated window 
with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram at arbitrarily 
spaced frequency bins using an disjoint unmodulated window and 
a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correction 
at arbitrarily spaced frequency bins using a disjoint unmodulated 
window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram when the fre
quency bins are at Up= rr using an disjoint unmodulated window 
and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correc
tion when the frequency bins are at Up = rr using a disjoint 
unmodulated window and a single delay line. 
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5 Detailed description of the invention 

Schematics for Signal Flow. A number of signal flow diagrams will be 
shown in this section that use schematic representations for which are stan
dard for characterizing digital signal processing (DSP) computational archi
tectures. Signals flow in the direction of arrows. A number, variable or 
combination thereof, written directly adjacent to an arrow generally means 
that the signal is weighted (multiplied) by that quantity. One exception is the 
notation z-J which, from the theory of z transforms, means that the signal 
is delayed for J time units. The second and final exception is at the input or 
the output of the processor when the notation by the arrow is, respectively, 
the processor's input and output signal. In subprocessors, the input will typ
ically be denoted by the sequence, x[n], and the output by y[n]. Also, x[n] 
will generally denote the signal for which the spectrogram is computed. At 
other than the input and output, a combination, such as (1 + j)z-3, where j 
is the square root of (-1), means that the signal is multiplied by the complex 
number 1 + j and is delayed by 3 units of time. This, is course, is equivalent 
to the weighting and then delaying. If no number, variable, shift or combina
tions thereof appear adjacent to an arrow, then the signal is unaffected ( e.g., 
multiplied by 1). The signal coming from a node is equal to the signals going 
into a node. If more than one signal come from a node, each has a value of 
the sum of the signals coming into the node. Repeatedly used circuits will 
be defined as appropriately parameterized block processing elements. 

Spectrogram Architectures. The spectrogram in Eq. 1 can be written 
as 

L 
S[n; u] - e-i21rnu L w[k]x[n - k]ei21r(n-k)u 

k=-L 
- e-j21rnu X { (x[n]ej21rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L :s; n :s; L. As written in Eqs. 1 
and 2, the operations are not causal. Causality can be achieved by delaying 
the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (3) 

An architecture for this operation, using complex arithmetic operations is 
shown at the top of Fig. 1. (See, for example, Lim & Oppenheim). The 
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input signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The 
product then serves as the input into a digital filter 140 with impulse re
sponse, w[n - L]. For reasons which will be made clear, we will refer to this 
impulse response as an unmodulated window. The filter output is multiplied 
125 by a temporally varying complex sinusiod 130 to produce the spectro
gram 135. Note that the term exp(j21r Lu) in the post complex sinusiod 
multipication 125 term 130, exp(-j21r( n - L )u) could also by placed in the 
premultipication 115 term 120 or, for that matter, could be a weight at any 
point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 
is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12 =1 ( w[n - L]ei21r(n-i)u) * x[n] 12 (4) 

where, ifs = c.p + jw, and both c.p and w are real, then Is 12= c.p2 + w2
• The 

real number i is arbitrary. It's effect along with the post multiplying complex 
sinusiod 130 is annihilated by the magnitude squared operation since, for real 
</> we have the relation I exp(-j21rn</> I= 1. When only the squared magnitude 
of the spectrogram is required, we can use the processor shown at the bottom 
of Fig. 1. The input 142 is again premultiplied by a complex sinusiod 150. 
The product is fed into a digital filter 155 the impulse response of which is 
the desired shifted window, w[n - L]. The magnitude squared operation 160 
is preformed on the filter's output. The result of this operation 165 is the 
squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j211"nu 

(5) 

(6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 
the input 175 be input into a digital filter the impulse response of which is 
the modulated window 177. The output is then the desired spectrogram 179. 

If the magnitude squared is only required in the using a modulated win
dow, then 

(7) 
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where, as before, i is an arbitrary phase term. The input 181 is fed into 
a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 
magnitude squared 185 to generate the squared magnitude of the spectrogram 
187. 

Windows from Coherent IIR Cancellation This patent claims ar
chitectures for the windows and similar filters with finite temporal duration 
whose impulse responses are generated by the coherent cancellation of the 
response of an IIR filter beyond a certain point in time. A general overview of 
this operation is shown at the top of Fig. 2. A discrete impulse ( or Kronecker 
delta), 8[n], is one for n = 0 and is zero otherwise. The response 209, yi[n], 
to a Kronecker delta 205 input into a digital filter 207 with impulse response 
h1 [n], is shown and, appropriately, is termed the filter's impulse response. 
If the filter's impulse response is not finite in duration, it is appropriately 
termed an IIR filter. Consider a second IIR fil_ter 213, h2 [n] whose response 
215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume that, for n 2:'. 6, 

Y2[n - 6] = yi[n] (8) 

In other words, as shown, shifting Y2(n] six units to the right in discrete time 
yields an identical signal to y1 [n] for n 2:'. 6. We can then connect the two 
filters together in parallel with h2 [n] connected in series with a delay line 222 
of six units. The delay line, as shown, also inverts the signal. The result, 
then, is a composite filter 220 whose response 230 to an impulse 218 is equal 
to y1 [n] for n =5 5 and is zero for n > 5. The response of hi[n] has been 
coherently canceled by the delayed response of h2 [n]. 

The coherent cancellation can be more straightforwardly achieved if the 
filter h1 [ n] has a causal periodic response. The filter is then referred to as a 
periodic resonant circuit. To illustrate, suppose that, in Fig. 2, the response 
236 to an impulse 232 input to a periodic resonant circuit 234 has a period, 
as shown, of four. Thus, for n 2:'. N and N an integer, y[n - 4N] = y[n]. 
To cancel this impulse response for n > 4, we require a second filter, h2 (n], 
whose impulse response is y[n - 4] 238. This can be done simply by delaying 
the response of the periodic resonant circuit by four units. Therefore, the 
periodic resonate circuit 244 can be connected in cascade with delay line 
circuitry 248 so that its impulse response coherently combines with a delay 
of the same impulse response. The result is a circuit whose response 250 to 
an impulse 242 is the desired y[n] - y[n - 4]. As shown 240, the composite 
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impulse response is finite in duration. The specific case of y[n] =constant 
has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 
linear time invariant circuits, their order may be reversed without effecting 
the composite impulse response. In other words, as illustrated at the bottom 
of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 
circuit 256 then the new composite response 260 to an input of a Kronecker 
delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 
other variations on such coherent cancellation. If µ[n] is the unit step ( =1 
for n 2:: 0 and 0 otherwise) then, for example, an impulse response of h[n] = 
sin( 7rn/ N)µ[n] added to the same impulse response deleted N units results 
in a composite impulse response that is the first positive half cycle of the sin 
only. 

Coherent cancellation can also be performed using delay lines with digital 
filters the response of which are damped periodic funtions. As illustrated in 
Fig.3, consider the example where the response 310 of a damped resonant 
circuit 308 to an input Kronecker delta 306 is 

y[n] = y[n]esn (9) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 
constant. Note then, that for n 2:: 4, 

y[n - 4] = y[n]e- 48 (10) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 
the impulse response four units in time and weighting the delay by exp( 4s) 
to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 
output of the damped resonant circuit 318 into delay circuitry 320 which 
appropriately weights 322 and delays 324 the response to the impulse 316 
so that, when coherently superimposed, we generate the desired composite 
impulse response 326 which is finite in duration. Such coherent cancelation 
has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 
318 are linear and time invariant and can therefore be interchanged in the 
order of cascading. An impulse input 340 can be fed first to the delay circuitry 
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330 and then to the damped resonant circuit 333 to generate a composite 
response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 
special case of cancelation in the damped case whens = 0. Ifs is imaginary, 
then actual damping does not take place. Nevertheless, the same principals 
of cancellation apply. We will generally denote the real part of s by -0". 

Since two or more periods of a periodic function can be considered a single 
period, the procedure can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 
it may be advisable to use end point correction. Such occurs, for example, 
when certain symmetry aspects of the desired impulse response are needed. 
Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 
response to an impulse 340 is 

y[n] = cos( 7rn/2)e-un µ[n]. (11) 

Application of coherent cancellation after the first period of the cosine will 
result in the response shown 346. In certain cases, such as windowing, we 
desire the end point of the period which the cancellation circuitry places to 
zero. We would like to have the end point, rather, at the point shown by the 
hollow dot 350. Addition of this point to the impulse response is referred to 
as end point correction. 

A number of such composite coherent cancellation circuits can be placed 
in cascade and/ or parallel to achieve even greater flexibility in the design of 
impulse responses. In certain instances, as we shall see, common circuitry 
can be factored from such combinations to yield a reduction in overall com
putational requirements. We will show that windows expressed in a finite 
cosine series, for example, can be synthesized by a parallel combination of 
second order IIR filters and the delay circuitry can be factored so that a 
single delay circuit can serve the entire array. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 
the art, there exists numerous methods to design circuitry for a given causal 
impulse response. One approach is use of a Fourier series synthesis of the 
impulse response. In the most general case, one can easily design digital 
circuitry corresponding to impulse responses of the form 

Q 

h(n] = L hq[n] (12) 
q=O 
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where 
(13) 

Such circuitry can be designed with the use of multipliers (including invert
ers), adders and unit delays. The quantitative values of the multipliers and 
the topology of all of the components are dictated by the parameters Q, "/q, 

uq, and O"q• There exists numerous computational topologies for a given set 
of parameters. Such circuitry can be designed straightforwardly by those 
skilled in the art. Since 

we conclude that 

wq[n] = hq[n] - eiZirMquqe-o-qMqhq[n - Mq)-

Clearly, wq[n] is zero for n ~ Mq and the composite IIR filter 

Q 

w[n] = L wq[n] 
q=O 

(14) 

(15) 

(16) 

has a response that is finite in extent. The realization of windows of the 
type in Eq. 15 using the superposition of the IIR filter response, hq[n], with a 
weighted version of the same impulse response postponed Mq units through a 
delay line and the application pf such circuitry and its variations to generation 
of spectrograms constitute the primary claims of this patent. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
special cases of this cosine series 

(17) 

where rrrn,] = 1 for -1 :::; n :::; 1 and is otherwise zero. The Hanning and 
Hamming windows require Q = 1 and the Blackman window Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

(18) 
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Compare this with the special case of Eq. 15. 

Q 

h[n] = I)-l)q ,Bqcos( ?rnq/ L)µ[n] (19) 
q=O 

The window in Eq. 18 is recognized as the first period of Eq. 19 except at 
the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] (20) 

A periodic resonant circuit can be straightforwardly designed with an impulse 
response given by Eq. 19. Delay line circuitry is then cascaded with this 
circuit to achieve the desired composite window filter. The window's end 
point can be inserted with the use of a weighted delay line and, in certain 
cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 19 is by 
designing circuitry for each of the Q + l stages and connecting them in 
parallel. For n =/= 0, we rewrite Eq. 19 as 

Q 

h[n] = L hq[n] (21) 
q=O 

where, for q =/= 0, 
(22) 

where 0q = ?rq/2L and Cq = (-l)q,Bq, The z transform of this equation is 

00 

Hq(z) = L hq[n]z-n 
n=O 

(23) 

Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is 
equal to the discrete convolution of the input 410 with the impulse response 
in Eq. 22 with c = cq and 0 = 0q, Recognizing there exists a number 
of other digital filter architectures to generate the same operation, we will 
schematically represent the input 410 420 output 415 425 relationship of this 
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operation by a solidly outlined box 430 inscribed with parameters c and 0. 
For n = 0, h0 [n] = c0 = f3o, This operation can be performed by a simple 
multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, /30 = /31 = 0.5. For Hamming windows, 
/30 = 0.54 and /31 = 0.46. For these parameter choices, both the Hanning 
and Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 265 shown in 
Fig. 2. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 and the q = 1 stages 515 520 of the circuitry 
The end point correction is obtained by an additional weighted delay 540 of 
the signal. The outputs of all stages are added 525 to obtain the windowed 
output 530. Note that, for Hanning windows, w[L] = 0 and the end point 
correction is not needed. Indeed, for any ":7indow, the effect of not using end 
point correction diminishes as L increases. In such cases, one may choose 
not to use the end point correction in the computational architecture. 

A Q = 2 example will be given for the Blackman window for the case 
where end point correction is not used. Here, /30 = 0.42, /31 = 0.5 and 
/32 = 0.08. The architecture in Fig. 6 is a special case of the periodic resonant 
to delay processing 270 shown in Fig. 2. The input 605 is fed to the q = 0, 1 
and 2 stages 610 625 620. The outputs of each stage are summed and fed 
into the delay circuitry 630 the result of which is the windowed output 650. 

Stability Assurance. The window architectures presented to this point 
are marginally stable. All of the circuits poles lie on the unit circle of the 
complex z plane. Numerous modifications can be applied to the fundamental 
architecture to assure stability. Each feedback iteration sum, for example, 
can be rounded towards zero. Alternately, stability can be assured by slightly 
perturbing the design to include slight damping that will move all of the cir
cles strictly within the unit circle. In other words, the source of the marginal 
stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 
feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp(-<7n) where <7 is a positive 
number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-u(n-L) (24) 
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where h[n], given by Eq. 19, has a period 2L. Then, for n > 2L, 

h[n - 2L] = e211Lhq[n] 

We can therefore generate the damped window 

w[n - L] w[n - L]e-q(n-L) 

(25) 

- h[n] - e-2q£h[n - 2L] + w[L]8[n - 2L] (26) 

where w[L] = w[LJe- 11L is the value of the end correction factor. 
An architecture for computing Eq. 26 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob
tained by cascading this filter with damped delay line circuitry 720. The end 
point correction factor is computed 725 and added to the filter output 730 
to produce a windowed output 735 of the input 705. The undamped case is 
a special case of this processing procedure for the case where a = 0. As in 
the undamped case, the end point correction factor has less and less effect 
on the output as L increases. In such cases where the end point correction 
factor can be omitted, the end point correction factor stage 725 of Fig. 7 can 
be omitted. As in the undamped case, when the end point correction factor 
is deleted, the delay line circuitry becomes commutable with the damped 
resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 
top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam
ple, performs identically with the same number of floating point operations 
(FLOPS). The numerical value of the used in the multiplies to achieve the. 
end correction factor, for example, is different. Either architecture 750 755 
can be used in the two spectrogram architectures in Fig. 1 as the window 140 
(with w[n] replacing w[n]) to generate spectrograms with damped windows. 
Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
shown 140 where, now, 

L 

S[n; u] = I: w[k]x[n - k]e-i2
1rku (27) 

k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 
w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 
the expression for the spectrogram is now given by Eq. 27. 
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We now discuss a possible architecture for the damped resonant circuit 
that parallels the undamped case. We can write Eq. 24 as 

A Q A 

h[n] = I: hq[n] (28) 
q=O 

where 
(29) 

For c = cqeuL and 0 = 1rq/ L, one of many possible digital filters for this 
impulse response is shown if Fig. 8. The input 805 into the circuitry 810 
produces an output that is the discrete convolution of the input with the 
impulse response in Eq. 29. We denote the general class of digital circuits 
with this response by the parameterized bold outline box 820 shown in Fig. 8. 
The input 825 into this parameterized box produces the same output 830 as 
in the specific damped circuitry. 

For q = 0, 
ho[n] = coe-u(n-L) µ[n]. (30) 

An architecture for this impulse response is a single loop feedback circuit 
with a forward gain of one and a unit delay feedback weighted by exp(-o-) 
cascaded with a multiply of exp(o-L)co. For Co = /3o and sq = /3qexp(o-L), 
this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Hanning, Hamming and Blackman Windows. A digital filter for 
Q = 1 damped Hanning and Hamming windows is shown in Fig. 9 using a 
slight variation of the architecture 334 shown in Fig. 3. The input 910 is fed 
to the damped delay circuitry 915. Then = 0 component of Eq. 29 is realized 
by a first order feedback circuit 920. The output of the delay circuitry is fed 
into this circuit and the n = 1 stage 925 (Pq = /3qexp( o-L)) and the end point 
correction factor stage 940. The outputs from all stages are added 930 to 
produce the damped windowed output 935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 
The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 
stages 1015 1020 1025 and the end point correction stage 1040. The outputs 
of all of the stages are summed 1030 to obtain the damped windowed output 
1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 
far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 
as different frequency. This can be performed in parallel where a number of 
spectrogram processors are each tuned to different frequencies and all spec
trogram lines are computed at the same time in parallel. Alternately, the 
same processor can be exposed to the same signal a number of times. For 
each presentation, the complex sinusoid( s) are tuned to different frequen
cies. The lines of the spectrogram are thus computed sequentially. In either 
the parallel or sequential embodiments, the choice of frequencies need not 
be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
Similarly, in either case, the window from spectral line can be changed from 
spectral line to spectral line. For the sequential embodiment, this requires 
the changing of the window parameters (the /3q's and possibly Q) for each 
presentation of the signal. Other spectrogram processors that use common 
circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 
modulated windows and their use in the generation of spectrograms. For such 
architectures, the complex sinusiondal premultiplies 115 145 are no longer 
required. In parallel embodiments, a single delay line circuit can service the 
all of the resonant circuits. For the damped spectrogram in Eq 27, we write 

L 

S[n; u] - L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (31) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 
for damping. 

w[n;u] 

and 

w[k]e-j211'nU 
Q 

I:wq[n;u] 
q=O 

(32) 

(33) 

The undamped case, as before, follows by setting O' = 0. In our discussions. 
concerning modulated windows to follow, we will include both the damped 
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and the undamped case. The undamped case can be considered as a special 
case of the damped case for O' = 0. Motivated by causality, we write 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = I: hq[k; u] (35) 
q=O 

where 
hq[k;u] = (-l)q,8qcos(1rqk/L)e-u(k-L)e-i 21ru(k-L)µ[k]. (36) 

Digital filters with this impulse response can be straightforwardly generated 
by those skilled in the art. One approach is to analyze the z transform of 
Eq. 36 

00 

Hq(z; u) = I: hq[k; u]z-k (37) 
k=O 

which gives 

where 
(39) 

Note that, for q = 0, 

(40) 

The A (lambda) filter in Eq. 39 can be implemented using the IIR filter ar
chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 
unit delay feedback 1120. A schematic representation 1150 of the filter, ap
propriately parameterized with input 1130 and output 1145 corresponding 
to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 
however, can be either real or complex depending on the use of the A filter. 
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Using real multiplies, the A filter can be implemented for real inputs 1205 as 
is shown in Fig. 12. We can write Eq. 39 as 

A(z; v) -
1 - 2e-q cos(21rv )z-1 + e-2q z- 2 

Ar(z; v) + jAi(z; v) (41) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 
and imaginary output components, respectively, of the A filter. The real 
input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 
imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 
the complex output 1145 y(n] = yr[n] + jyi[n]. The output yr[n] is equivalent 
to with transfer function Ar(z; u) for a real input, x[n] 1205. Similarly, yi[n] 
is equivalent to the output of a filter with transfer function Ai( z; u) for a real 
input, x[n] 1205. The schematic 1240 for the depiction of the real 1220 and 
imaginary 1225 components for a real input 1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 
12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 
xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requires 
more computational circuitry. One such embodiment is shown in Fig. 13 
uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out
put, yr[n] 1305 is the sum of the real response of the real input 1310 and 
the negated 1315 imaginary response to the imaginary input 1320. Similarly, 
the imaginary response 1325 is the sum of the imaginary response of the real 
input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
transfer functions 

K(z; u) - H(z; u)e-jZ1ruL 

Q l 
- f3oeqLA(z;u) + L 2(-lF/3qAi(z;v)eqL 

. q=l 

q q 
x [A(z;u-

2
L)+A(z;u+

2
L)] (42) 

where H(z; u) is the z transform of h[n; u]. 
00 

H(z; u) = L h[n; u]z-n 
n=O 
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250D 

Q 

- L Hq(z; u) (43) 
n=O 

An input 1410 is weighted proportional to Fourier coefficients 1415 (/3q 
½(-l)qexp(aL),Bq) which in turn are fed into a bank of appropriately tuned A 
filters 1420. The outputs of the A filters are summed 1425 to yield an output 
1430 which is equivalent to the response of the input 1410 to a digital filter 
with transfer function I<(z; u) in Eq. 42. Schematically, we will depict the I< 
filter by the representation 1440 shown in Fig. 14. Note that the architecture 
can be construed for either real or complex inputs 1410 depending on whether 
the A filters are constructed for real or complex inputs. In either case, the I< 
filter is parameterized by the frequency u, damping coefficient a, filter order 
Q, and vector of Fourier coefficients iJ. The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 
line circuitry and the I< filter 1440. From Eqs. 32, 33 and 35, we can establish 
the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-2uLh[n - 2L; u] + w[L; u]8[n - 2L] ( 44) 

where w[L; u] is the value of the end point correction factor. The correspond
ing modulated window transfer function results from a z transform of Eq. 44. 
Define 

00 

n(z; u) = I: w[n; uJz-n. (45) 
n=O 

The z transform of Eq. 44 is then 

n(z; u)z-L - [1 - e-i41ruLe-217 Lz-2L]H(z; u) + w[L; u]z-2L 
- [1 - e-j41ruLe-2uLz-2L]ej21ruL I<(z; u) + w[L; u]z-2L ( 46) 

where we have used Eq. 42. From Eq. 31, the output of a filter with this 
transfer function when presented an input of x[n], is the spectrogram line 
S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 46 is 
defined as 

(47) 

One embodiment of an architecture for this transfer function is shown at 
the top of Fig. 15. The input 1505 is placed through the delay circuitry 
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1510, is post multiplied by a complex exponential 1515 to give the desired 
output 1520. This embodiment has the advantage of isolating the complex 
exponential 1515 which, when the squared magnitude of the spectrogram is 
desired, can be deleted. An alternate architecture for D(z) requiring fewer 
FLOPS is shown at the bottom of Fig. 15. The input 1525 is fed through 
delay circuitry 1530 with different weights than before 1510 to achieve the 
desired output signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 
delay circuitry and the I{ filter 1440, we can generate circuitry for synthesis of 
the spectrogram line based on the modulated window. As with the previously 
discussed spectrogram architectures, we will present architectures whereby 
the squared magnitude of the spectrogram is generated or both the real 
and imaginary parts of the computed. As before, in any embodiment, end 
point correction may or may not be used. The contribution of end point 
correction to the final result diminishes as L increases. Both serial and 
parallel implementation will be discussed. 

An architecture for generating a single spectral line of a spectrogram 
based of Eq. 46, is shown in Fig. 16. The input 1605 is fed to delay circuitry 
1610 the output of which is fed to a J{ filter 1616 the output of which, in 
turn, is shifted in phase 1620. The end point correction factor 1625 is added 
to give the desired spectrogram output 1630. One or more of the parameters 
of the circuitry (i.e. u, L, a, fi and Q) can be changed and the same 1605 
or alternate input can be applied to generate a second output spectrogram 
line. 

As is the case with other embodiments in the descriptions of this patent, 
the architecture in Fig. 16 has a number of variations in detail design that 
are evident to one skilled in the art. The multiplication by the complex 
exponential 1620 in Fig. 16, for example, can be performed immediately 
prior to the I{ filter 1616 instead of directly after. Indeed, if end point 
correction is not used, the I{ filter, delay circuitry and exponential shift 1620 
can be cascaded in any order desired. Such arbitrariness in the cascading of 
two or more linear time invariant filters is well known. One of these six 
orderings is shown in Fig. 17. The input 1705 is first fed into a J{ filter 
1710 and then into the delay circuitry 1715. After post multiplication by 
the complex sinusiod 1720, we achieve the desired spectrogram line 1725 
(without end point correction). This embodiment has the advantage that A 
filters with real inputs can be used if the processor input 1705 is real. Note 
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also, that if the only the squared magnitude of the spectral line, I S[n -
L; u] 12

, is desired (rather than the output shown 1725), then the complex 
sinusiod weighting 1 720 can be omitted and replaced by a magnitude squared 
operation. A variation such magnitude squared computation is shown in 
Fig. 18. A different cascading order, though, is used here. The input 1805 is 
placed first into the delay circuitry 1818 and is then fed into a K filter 1815. 
A magnitude squared operation 1820 is performed on the output of this filter 
to yield the desired squared magnitude of the spectrogram output line 1830 
( without end point correction). 

A parallel architecture for generating spectrograms using modulated win
dows is shown in Fig. 19. Using Eq. ·46 for 1 ::; p :::; P, we propose an 
architecture for the transfer functions 

where Sl(z; up) is the z transform of w(z; up). The embodiment of this archi
tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 
K filters 1915. For P spectral lines, there are P separate I< filters the pth 
of which is tuned to frequency Up and is of order Qp with Fourier coefficient 
vector (3p, The input to each K filter is the sum of a weighted 1950 input 
1905 and weighted 1955 delay. The output of each K filter is added to the 
end point correction factor 1925 to generate the real and imaginary portions 
of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 
squared of the spectrogram ·output is required. In such a scenario, if end 
point correction is not used, the complex sinusiod weights 1950 have no effect 
on the processor output and can therefore be deleted from the architecture. 
An embodiment of such a processor is shown in Fig. 20. The input 2005 is 
placed through delay circuitry 2010 the output of which services the bank of 
K filters 2015. The output of each K filter is magnitude squared 2020 which 
gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 
When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(49) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 38 becomes 

The q = 0 case warrants special statement. 

(51) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 
to generate the line at, say, up, are also required to generate the frequency 
lines at Up±I. Indeed, one or more common A filters are required up to 
and including the Up±Q frequency lines. We can configure the processing 
architecture so that a A filter can be used for a number of frequency lines in 
the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 
in the delay circuitry all become real. The complex sinusoid, for example, 
becomes exp(j21ruPL) = (-l)P which is obviously computationally simpler 
to implement. 

An embodiment for the bank of shared A filters for generating spectro
grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 
circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 
each A filter services three spectrogram frequency lines. The outputs are 
weighted proportional to the Fourier series coefficients 2125 and are com
bined 2130 with the end point correction factors 2135. These sums are then 
weighted 2140 by ( -1 )P to generate the real and imaginary components of 
the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 
magnitude squared operation is performed, then the output lines become the 
magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 
using basically the same bank of A filters. Additional A filters would have 
to be added to contribute to the lower and higher spectral lines. Extending 
from Q = 1 to Q = 3, for example, would require the addition of two A filters 
and the low frequency end and two at the high frequency end. In general, 
for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
not at either end will contribute to a total of 2Q + 1 frequency lines. Note 
that this architecture can also be implemented using FIR embodimants of 
the A filter delay line circuitry combination. 
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An embodiment for parallel generation of the magnitude squared of a 
spectrogram using a bank of A filters without end point correction for Q = 2 
( em e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed 
to a delay circuitry 2212 the output of which serves the bank of A filters 
2210. The outputs of the filter bank are weighted by Fourier coefficients, 
combined, and magnitude squared 2220 to give the magnitude squared of 
the spectrogram frequency line 2215. All of the fanouts from the bank of 
A filters are not shown. If, for example, there was to be a frequency line 
generated at up = P2j,

2
, then the A filter in the bank 2212 parameterized 

by fr would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the iJP. 
This same statement applies to the corresponding processor in Fig. 21 for the 
generation of the real and imaginary components of the spectrogram. Note 
that this architecture can also be implemented using FIR embodimants of 
the A filter delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin
gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 
for the damped case, has requires a delay line for each spectrogram frequency 
line. With the modulated window, we see that a single delay line can serve 
the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 
form, the unmodulated window can also be used to generate spectrogram 
circuitry in parallel with the use of a single delay line. Discussions of this 
capability and corresponding illustrative architectures are the topics of this 
section. 

From Eq. 27, 

S[n - L; u] = ei21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (52) 

where w[n] is the damped window in Eq. 26. The undamped case will not 
be treated separately since it a special case of the dampened architectures 
when u = 0. We can write the window expression in Eq. 26 as 

w[n - L] = h[n] * { 8[n] - e- 20"L8[n - 2L]} + w[n]8[n - 2L] (53) 

where w[n] is the value of the end point correction factor. The impulse 
response, h[n], is that of the damped resonant circuit and, for this discussion, 
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is given by Eq. 28. For a given Q, a processor architecture with transfer 
function 

00 

H(z) = L h[k]z-k (54) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos
ite impulse response of which is h[n] to generate the desired output 2315. 
We schematically denote the damped resonant circuit by the appropriately 
parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 53 into Eq. 52 followed by straightforward convolution 
algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L Je-i21r(n-L)u + e-i21r(n-L)u 

X [h[n] * { ei21rnu(x[n] - e- 2uLe-i41ruLx[n - 2L])}] (55) 

An architecture for generating a spectral line based on this expression is 
shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
which is premultiplied by a temporally varying complex exponential 2415, 
passed through an iI filter 2420 and is post multiplied by a temporally vary
ing sinusiod 2425 the output of which is added to the end point correction 
factor 2430 to give the real and imaginary components of the spectrogram 
2435. The exp(j271" Lu) term in the post multiply 2425 term, exp[j27r(n-L)u], 
can alternately be generated by a multiply at a number of other locations 
including before or after the iI filter or the pre-multiply 2415. Note that in 
this embodiment, and in those to be described, that the disjoint unmodu
lated window does not appear in a lumped form as schematically depicted in 
Fig. 1. It's components ( the iI filter and the delay line) are not connected. 
This is the reason for the use of the word disjoint in the description of the 
window. 

As in previous cases, the spectrogram processor in such embodiments 
can be modified to display the squared magnitude of the output spectrogram 
resulting a reduction of the required number of FLOPS. Without end point 
correction, the squared magnitude of Eq. 55 is 

I S[n - L; u] 12=1 h[n] * { ei211"(n-i)u( x[n] - e-2uLe-i41ruLx[n - 2L])} 12 (56) 

where the effects of the arbitrarily chosen positive number, i, are totally 
eliminated by the magnitude squared operation. An embodiment of an ar
chitecture corresponding to Eq. 56 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 
a time varying complex sinusiod 2515 and placed through an fI filter 2520 
and is magnitude squared 2525 to generate the desired squared magnitude 
output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 
25 may be sequentially fed signals to generate a number of spectrogram lines 
or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 
For 1 $ p $ P, we can replicate Eq. 55 as 

S[n - L; Up] = ul[L]x[n - 2L]e-i21r(n-L)up + e-j21r(n-L)up 

x[hP[n] * {ei21rnup(x[n] - e-2uLe-i41rupLx[n - 2L])})(57) 

where we have explicitly all allowed the windows, wP[n], and therefore corre
sponding impulse responses, JiP[n], to vary for varying p. One embodiment 
of the corresponding processor is shown in Fig. 26. The input 2606 is fed 
to delay circuitry 2610 which services the remainder of the processor. The 
delayed signal is weighted by complex phase terms 2515 and is recombined 
with the undelayed signal 2520. The combination is placed into a band of 
pre-multipliers which service a bank of fI filters 2630 the outputs post mul
tiplied 2635 by time varying complex exponentials. The multiplier values of 
exp( ±j21r( n ± ½ )up) were chosen here in part to illustrate the flexibility of 
placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 
the processing architecture. The outputs of the post multipliers are added 
2640 to the end point correction factor 2645 to give the real and imaginary 
components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 
spectrogram lines based upon replication of the processor type illustrated in 
Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 
processor. End point correction circuitry if not included. The input 2705 is 
fed into delay circuitry 2710 which serves the entire processor. The exponen
tial term, exp(-20-L), present in the delay circuitry 2610 if Fig. 26, is not 
included here but is, rather, combined with the weighting factors 2715 of the 
delayed signal. The weighted delay signals are added 2720 to the original sig
nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip 11 $ p $ P} 
which, in turn, are fed into squared magnitude processors 2730 the outputs 
of which are the magnitude squared of the spectrogram lines 2730. 
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Equally Spaced Frequency Lines Using Disjoint Unmodulated 
Windows and a Single Delay Line. The computational requirements for 
generating spectrograms using disjoint unmodulated windows and a single 
delay line are less when the frequencies are integer multiples of the inverse 
of 2L (i.e. Up= fr). It follows that exp(-j41rupL) = 1. Thus, the bank of 
complex multiplies such as is required 2615 in Fig. 26 is no longer required. 
Furthermore, exp( ±j21r Lup) = ( -1 )P becomes a much easier number by 
which to multiply. IN such cases, Eq. 55 becomes 

S[n - L; Up] = (-l)P{ wP[L]x[n - 2L] 

+w2Lnp[hP[n] * {}V2t'(x[n] - e-2aLx[n - 2L])}]} (58) 

where we have used the common DSP notation 

w.J - ej11:J/L 
2£ - (59) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
the delay circuitry 2810 the combination of the output of which services a 
number of pre-multipliers 2820. As before, the outputs of the pre-multipliers 
are fed to a bank of iI filters 2825 the outputs of which are post multiplied 
by time-varying complex sinusoids 2830. These outputs are added 2835 to 
the end point correction factor 2840 and are then weighted by ( -1 )P to give 
the real and imaginary components of the spectrogram lines 2845. A single 
stage of this processor can be used for sequential generation of spectrogram 
lines. 

A further computation reduction can be realized if only the squared mag
nitude of the spectrogram is required. The squared magnitude of Eq .. 58 
deleting end point correction is 

I S[n - L; up] 12=1 hP[n] * {W2t'(x[n] - e-2aLx[n - 2L])} 12 (60) 

An illustration of a corresponding architecture for the parallel implementa
tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 
circuitry 2910 the summed output of which feeds the rest of the processor. 
The summed output is pre-multiplied by time varying sinusoids 2915, passed 
through iI filters 2920 and magnitude squared 2925. The result 2930 is the 
squared magnitude of the spectrogram lines. 

Architecture Variations. We emphasize the existence of a number of 
implementations of digital circuitry for a given impulse response. One can, 
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for example, combine the q = O, l stages 920, 925 in Fig. 9 by writing the z 

transform transfer function equations for the q = 0 stage 920 and the q = l 
stage 925 and combine them with a common denominator. The resulting 
equation can be implemented in the Direct form II method described by 
Oppenheim, Willsky and Young. The resulting circuitry will be different than 
that in Fig. 9, yet the input-output relationship will be identical. Indeed, 
similar procedures can be applied to combine the delay, end point correction 
and resonant circuitry. Such design variations are well known to those well 
versed in the art. 

As has been noted, linear time invariant components is series within a 
circuit can be interchanged in order without changing the composite response. 
In Fig. 14, for example, the coefficient multipication 1415 can be done after 
the A filter bank 1420 rather than before, as is shown. Similarly, the series 
combination of'h2 [n] followed by the delay, -z-6 at the top of the processor 
220 in Fig. 2 can be reversed without effecting the composite impulse response 
230 of the entire processor 220. Such commutative aspects of digital filters 
are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 
or window is required. In such cases, for example, all of the values of the 
(3q 's can be weighted by some appropriately chosen value. In Fig. 5, for 
example, the weight /30 in the q = 0 stage 515, for example, can be replaced 
by one if the value of /31 in the q = l stage is replaced by (Ji/ /30 and the 
end point correction weight 540 is changed from -w[L] to -w[L]/ (30 • The 
output 530 would then be changed from y[n] to y[n]/ (30 • The resulting filter 
used, for example, in the two unmodulated window spectrogram processors 
in Fig. 1, would result in outputs of S[n - L; u]/ /30 instead of S[n - L; u] 
135 and I S[n - L; u]/ (30 12 instead of I S[n - L; u] 12 165. Thus, by allowing 
proportional outputs, we are able to save a multiply. Similar scalings and 
variations in other architectures described in this patent will be apparent to 
those well skilled in the art. 

Applications. Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar and lidar. 

2. as a means of representing or displaying acoustic signals such as 
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speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery and electromechanical signals. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal and electrochemical signals. 

7. use as a signal representation in pattern recognition procedures 
such as fault monitoring or as a template for matched filtering 
or as training data in a classifier such as a layered perceptron 
artificial neural network. 

8. as component in other signal processing architectures including 
architectures for zamograrns. 

30 



Y~.1. 

r1101 1,5 r/40 \25 ,:151 
x{n] ~-~ S{n-L;u} 

1----->1 w[ n - L] 1----->1 

e 
j21Tnu e-J2rr{n-L)u 

"-------120 130__) 

(142 /145 1155 (160 1165 

x{n} 2 IS{n-L,·u]l2 

1----.- w{n-L} 1---.- I • I 

150 
(__ ef2rr(n -i)u 

f 75) (/77 (/79 

x_~[n-L;u] 
~---,,-

/181 (183 (185 /18? 

x{n] ,---------, I 21 IS[n-L;uj/2 4 W[n-L;u] e JZrri 1---/ ---►. I • I ~ ► 



~- 2 ~·. 

252~ 

______ J 
n 

n 

7~ 
I 265 
I 
I ~260 
I y[n)-y{n-4} 



• .. t:~:Ol:m?1 •~~ 0 •• I h • U 
-----►-· Resonant . :,, n 

Circuit 4s 
e y{ n -4 J -----...3 I 2 

.. l. .. h,.r ... , ... 
n 

314---.._ 

~~.3. t 
y[n]- /sy[n-4] 

• • i ! • • • • • • • • •n 
,,.,.---...316 

+ Uni 

._J_._._._ n 

Gh---7 

(

3 I 8 I ~ 32~ 4 I----S20 
I 4s -4 I 3"76 
I -e z I r ,G 

I I y[n]-e4sy[n-4} 
Damped I 1 I 

-----~Resonant-.------'-,-------
Circuit L ____ _J 

~ 32B , ___________ -~ 
I ,------, 334 

Mn/ I O I 

L I I -e4sz-4 I 300 3331 335 
I I r----'---. J_./ ( I ( 

• n I I 1 : Damped I y[n}- e4sy[n-4] 
__ _,__ _____ _.____,..,Resonant,____,__ ___ _,., 

I I I Circuit I 
L_ ____ _J 

L ____________ J 

r34o 

n ____ __..._ 

1346 

y[nJ-/sy[n-4] 

,350 

n ------



4/0 

( 
x{n} 

!f~.4. 

(405 

r -------------7 
I I 
I 
I 
I 1 
I 
I C 

I -

I 

, -cos(B) 

I 

I 
I 
i 
( 
I 
I 

I , I 
/ 2 cos(B) "-1 1 

~----------------)J 
435 

(415 

y[n] 

420 
\ 

430) 425 

f ~,----_Yf ___ "j ~ x{n} 



/

505 /5/0 

~ ----;-~L--7 
-

' I :::-, 

I I 

x[n J I ' I 
I I - - -- - -L ________ _J 

~540 
r----1 
I -w[L} I 
I - I 
L __ _::_J 

,-------r-~~~7----~ 
I I /3 o I ", 
I -

I - I 
I 5 I 5-L - - - - _J 
I /520 
I 
I 

,-----------7 
I I I 
I I -e 1 I 
I I . 1 I 

53r:; 
525 [ 

,,) Y,-? 
, 

'\. 

'l 
I 
I 
I 
I 
I ~ : ►1 +I , ►',1 

595 I • • I L ___________ _J I 

L--------------------~ 

l 



~- 6 ~-. 



~750 
1-----------------------7 
I 7 2 0 \ ~ I 
I ,-------- 7 l------7 725 I 
I I -2tJL -2L I I - w{L] e &L I I 
I e z I I I 

70P I ..... I - 73? I 
,,... 

1L--~---_J I I 
I I - 1 ' I I 

730"' 
I 

x{n} ! I I Damped I y{n} 
- ..... -- Resonant - I -

I ,,... ,,... 
I - - -

I L ________ _j Circuit I 
I ~715 I L _______________________ ~ 

(755 
1-----------------------7 
I I 
I z-2L w{L} I 
I ,--------.----:-------, I 
I I 
I - e2&L r---~ I 

x{n} 1 Damped I y{n} 
----+---------------'-----Cl~ Resonant 1----~~----,--

Circuit / 
I 

I I L _______________________ ~ 



!7~.8. 

825/ (820 (830 

_x[_n_]~~- c :1--Y:_[n __ ,} 

805 1 Bt0 815) 
, - - - - - - - - - - - - - - - 7 y[n] 

I I 
I -

I 1 ~ , -exp(-(o/) cos(0) I 

X 
I I 

[n} I C z-1 z__-1 I ::. -
I I 
I ·~ '~ 2exp(-(o/) cos(0) -exp(-Z&) I 

L _______________ ~ 



910) 

x{n} 

r- - - -_2(j'L - - - 7 r - - - - - - - 7 

I - e z-2L I I -w[L} e(j'L r---,940 
I - I I . I 
I .,.,. I I ,, I 
I I L _______ _j 

: 1 ,-----no------------1 
I I ,------~----

1 ' I I I -(j' 1 - - - ' I 
I I I e ~ z- I I 
I I I I ..... I I 

I 1 I 1 : : Ea /~-:---ts 935) 
I :- ~ : :;. ' I ~ J f 1 I I \ y[ n J 

I , ., - - ' 
L ________ _J I · \' I ,., -

815_,) : ~==y~~~=========~~- ~) _ _,930 

I I ,---- I I I I ,_ I I 

(
: : ; -a 1 ; _ : : 

i ~ L : : 
995 I ________________ _J I 

L ___________________ J 



,--~~~~17 
1040~ 

r---------, 
I I 

: _ z-2L _82&L ! 
I ,. 

I -w[L] e&L 
I ::;, 
I I I 

I 
I 
I 
I 
I 
I 

1010) : 

x{n] I 
I 
~ 

I , 

L 

Y~.10. 

I 
L_ _______ _j 

,---------------: ,------------=---7 
I I e -(fz-1 l I 

I I ~ : I 

I 
I,,..., I 
18 I 

I I - o 1 I II 
I I L--:__ - I 

_____ __J I ------- J : 
: , 1015 j 102;--- I 

: i----------~-- 7 )_ 1035) 
I I -ff 0 I / I ' I 

1 

_ 1 I L , I _ , ~\ y[ n] 
I I 1T 1,, 1 -

1095 I I L I \ I // 

L:
I '~ L I ',-..J_1 _____________ J I \1030 

I 

: r--~°!~~---- : I I -7 I 
I I I 
I I e"" 0 I I 
I r ::;.. - 2 I I 
I I zrr I 

I 
I I L I I 

L_ I ____________ J 

1 
-

L __________ _ ________ _J 



!7~.11. 
1110 

1_) 
.... ..... ..... ,.. ,.. ,.. 

x[n} 1120 y[n} 

e-a e-}2rrv 2 -1 
~ 

" 

1145 

1140 

x[n} ~@ a- y[n] 



/ 1 ,6 cP0 

I ie 

-1 z 

~'-1) 
"-i 

-1 z 
- 20' 

[/) 

0 
u 

b 
IQ) 

I 

- e-(J sin (2rrv) I 

12so I -e 
\___-,L~---4--~- - - __J 

(1230 

x[n} 



%~./3. 

(
1320 

xi[n} 

v.___..,_ 
~-~ 

/301~ 

1302) 



/430 



(1505 1510) 1520) 

x[n] I - - - I ~rr:l · y[n} 

>I I : I 1~5: > 
I -j4rruL -2L (J -2L I 

-e e z L ___ _J 
1535 

/525~ __ _ ~1530) 
x[n] / j2rruL 7 y[n} 

> I I e : I I > 

I -j2rruL -2L (J -2L I 
[_e - ~ ~ _J 



!7~.16. 

1605) 

x[n] 

/1625 

w {L;u} 

11630 

~s _[n-L,·u} 



(1?05 ~f?/0 

x{n} 

~ 
I - - - 7 ej2rruL S[n-L,·u} 

~ ~ ~ ~ 

- I -
I 

- -~ 

Q 

~ -I -j4rruL -2L O" -2L I 
L-~~_J 



/1815 

x{nJ 1 - -=- - 1 ~ ..... , , , 

I I 
~ 

Q 

..... , 

I -j4rruL -2La -2LI 
-e e z 

L ___ _J 



Y1?.19. 

-----+-e- I ~ - /ZrruzL -2LO' 

·-i-- e 





g17.21. 

(2110 

(

2101- z~ 7 

I ~ 
I 

x{n] ~ 

L 1 _ _J 

-· 



I . 
1
2 ~n-L,~_} (j 

._________,, L ~ - J 
L_ _: ___J 

a 

@p-3 - _J 

=L_:~J 



>y[n} 

2305 (2310 
,-----------
: e(Iz- 1 -7 

- 23 .... I 
I 

x{n} I Bo I 

I II 
I 

, I 
I I 
I ' I 
I I 
I J I 

I 
-s1 ! y[n} 

~ 

I 
I 
I ' 

I 
I 
I 
I 
I ' I . 
I . 
I I 

I 
I 
I 
I 
I 
I 
I 
L_ 

,,,.. 

~ 

---, 

IT 

T 

-s2 1 
21T 
T 

-sQ 1 
Q.!I_ 

L 

I 

I 
I 
I 
I 
I 
I 

--, I ,, I 

--, 

. 
• I 
• I 

I 
I 
I 
I 
I 
I 
I 
I 

_ _______ _J 

, 

15 



1,.2405 (2410 (2430 

_x[_n_J_r----,-----z_-_
2L_-=-· --=----~,-----+-__ ;r_[L_J_e_-

1
_·rrL_u ____ 2-.435 \ 

I\ S{n-L,·u} 
-J4rruL -ZL a 

-e e 

Ylj?.24. 



ri2505 (2510 

x[n} lz--;; - - - 7 
-j4rruL -ZL u I 

t= _ _ -e_ :_ 

2530? 2 

~-z __,I ls[n-L;u}/ 
I· I . ► 

!7~.25 

I 
/ eJ2Tr(n-i)u \ 

L ___ ~ 
( 

2525 



!/!ff. 26. 

2605y [= -

I 
-2L 

x[n} z 

I 

= I 

I 

= I 
11 

Ii= 11 

I 
. 11 I j2rr(n+ ½Ju e -14rrupL Je 

lsfn-L;u J' _.__I~ I 

I I I 
.+-'-----'~ )(}------4 ---1_.......s~n - L; u 2 } I 

I I 

I I 
js[n-L;u Pl I 

_J....1..-!--

\ l l 
I I I 
I I . l fla S[n-L,up} 

.+-l----~ l---l+-1--~ - ~ 

c6/5 G620 L(2625 L....__Hz__,Qp J)630 \._2635 ~2640~650 



~2705 
x[ n} --------2 71 0 

I 

= I 
I -e -2Lu e -J4rruPLII 

I 
: I 

I -2La -j4rrupLII 
-e e 

~~ 



!7~.28. 

. 
L'_J 





Short Time Fourier Transforms Using 

Truncated Infinite Impulse Response 

Windows 

Robert J. Nfarks II 

References 

[1] J.L. Aravena, "Recursive moving window DFT algorithm", IEEE Trans. 

Computers, vol.39, pp.145-151, 1990. 

[2] L.E. Atlas, P. Laughlin, J. Pitton & vV. Fox, "Applications of cone

shaped kernel time-frequency representations to speech and sonar anal

ysis", Proc. Int. Sym. on Sig. Proc. & Appl., Gold Coast, Australia, 

27-31 August 1990. 

[3] L.E. Atlas, W. Kooiman, P. Loughlin & Ron Cole, "New nonstationary 

techniques for the analysis and display of speech transients", Proceedings 

1 



of the IEEE International Conference on Acoustics, Speech ank.,--""""'""''"""'j! 
Processing, Albuquerque, New .\1exico, p.388.5, 1990. 

[4] L.E. Atlas, Y. Zhao and R.J. \larks II, "Applicat1on of the generalized 

time-frequency representation to speech signal analysis", Proceedings of 

the IEEE Pacific Rim Conference on Communications, Computers and 

Signal Processing, pp . .!517-,519, Victoria, B.C. Canada, June 4-5, 1987. 

[5] H.Choi & W. \Villiams, "Improved time-frequen~y_ representation of 

multi-component signals using exponential kernels", IEEE Trans. 

Acoust., Speech, and Sig. Proc., vol.37, pp.862-871, 1989. 

[6] L. Cohen, "Generalized phase-space distribution functions" J. fvf ath. 

Physics, vol. 7, pp.781-786 (1966). 

[7] L. Cohen, "Time-frequency distributions - a review",· Proceedings of the 

IEEE, vol.77, pp.941-981 (1989). 

[8] J.M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, 

(Springer-Verlag, 1989). 

[9] R.E. Crochiere and L.R. Rabiner "Interpolation and decimation of dig

ital signals- a tutorial review", Proc. IEEE, vol. 69, pp.300-331 (1981). 

2 



[10] R.E. Crochiere and L.R. Rabiner, Multirate Digital Signa 

ing, Prentice-Hall, Englewood Cliffs, NJ, 1983. 

,,...,..,.--,,.,c,,1 ~•o ",JJ i•, "Y '") ~) /. n • ,v V ;.,1 'l ·'-

[11] R. Hartley and K. \Velles IL ·'Recursive computation of the Fourier 

transform", Proceedings of 1990 IEEE International Symposium on 

Circuits and Systems, pp.1 i92-1795. 

[12] \V.C. Kooiman, "Time-frequency speech displays that are an improve

ment over the spectrogram", Jf.S. Thesis, Department of Electrical En

gineering, University of \Vashington (1989). 

[13] J.S. Lim, & A.V. Oppenheim, Advanced Topics in Signal Process

ing, (Prentice Hall, New Jersey, 1988). 

[14] R.J. Marks II, J.F. Walkup and M.O. Hagler, "Ambiguity function dis

play: an improved coherent processor", Applied Optics, vol. 16, pp.746-

750 (1977). 

[15] R.J. Marks II and M.W. Hall, "Ambiguity function display using a single 

one-dimensional input", Applied Optics, vol. 18, pp.2539-2540 (1979). 

(16] S.Oh and R.J. Marks II, "Some properties of the generalized time fre

quency representation with cone shaped kernel", submitted for publica

tion to IEEE .Transactions on Acoustics, Speech and Signal Processing. 

3 



~10 2 6 9 t" .,·, ., n • ,"4 t_) D t:J 

[17] S.Oh and R.J. Marks II, "Tone interference in Cohen's Gener· ized . 
1r,:;1s•i•mlll'!li'f::!nt!Jtt":.""'-!"..::Uri.:n;m<;rr-;:,;:;1~:m!!~1:it.~·--r"I'. 

Time-Frequency Representation", ISDL Report 90-7 A, Department of 

Electical Engineering, University of \Vashington (June, 1990). 

[18] R.J. Marks II, :'Use of Szasz series windows in signal processing", Octo

ber 26, 1989, (U.S. Patent and Trademark Office Disclosure Document, 

#238456, Nov. 1, 1989). 

[19] R.J. Marks II, "Architectures for computing time-frequency representa

tions", December 27, 1989, (U.S. Patent and Trademark Office Disclo

·sure Document, #242203, Dec. 28, 1989). 

[20] R.J. Marks II, "Spectrograms computed using truncated resonant dig

ital circuits", January 12, 1990, .(U.S. Patent and Trademark Office 

Disclosure Document, #243178, Jan. 16, 1990). 

[21] R.J. Marks II, "Digital windows using truncated IIR filters and their 

application to generating spectrograms", (U.S. Patent and Trademark 

Office Disclosure Document, #250978, April 19, 1990) 

[22] R.J. Marks II, "Temporally truncated infinite impulse response windows 

and their application to generation of spectrograms", (U.S. Patent and 

Trademark Office Disclosure Document # 253613, May 21, 1990). 

4 



[23] R.J. Marks II, "Computational architectures for zamograms 1
', 'U.S. 

Patent and Trademark Office Disclosure Document# 258944, July 31. 

1990). 

[24] E. :\Iasry, "An extension of Szasz's theorem and its applications", IEEE 

Transactions on Information Theory, vol.IT-19, pp.184-187 (1973). 

[25] S.Oh and R.J. i\Iarks II, "Some properties of the generalized time fre

quency representation with cone shaped kernel", submitted for publica

tion to IEEE Transactions on Acoustics, Speech and Signal Processing. 

[26] S.Oh, R.J. Marks II, L.E. Atlas and J. \V. Pitton, "Kernel synthesis for 

generalized time-frequency distributions using the 1~1ethod of projection 

onto convex sets", SPIE Proceedings 1348, Advanad Signal Processing 

Algorithms, Architectures, and Implementation, San Diego, July 10-12,· 

1990. 

[27) A.V. Oppenheim, A.S. \Villsky and I.T. Young, Signals and Systems, 

(Prentice Hall, New Jersey, 1983). 

[28] A.V. Oppenheim & R.W. Schafer, Discrete Time Signal Processing, 

(Prentice Hall, New Jersey, 1989). 

[29] L.R. Rabiner & R. W. Schafer, Digital Processing of Speech Signals, 

(Prentice Hall, New Jersey, 1978). 

5 



[30] T. Springer, "Sliding FFT computes frequency spectra in real time", 

EDN, September 29, 1988, pp.161-170. 

(31] Y. Zhao, L.E. Atlas ~nd R.J. ~larks II, "The use of cone-shape kernels 

for generalized time-frequency representations of nonstationary signals'', 

IEEE Transactions on Acoustics1 Speech and Signal Processing, vol. 38, 

pp.1084-1091 (1990). 

1 Field of the Invention 

This invention relates to methods and architectures for generating short time 

Fourier transforms and spectrograms, to methods and architectures for gener

ating digital windows and similar impulse and to corresponding applications 

of these methods and architectures. Spectrograms and short time Fourier 

transforms are a common mode for representation the frequency content of a 

temporal signal as a function of time. Windows are used in numerous digital 

signal processing (DSP) applications including architectures for spectrograms 

as well as for data smoothing and spectral estimation. 
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2 Background of the Invention 

Humans perceive soun<l in both time and frequency. A representation of 

the frequency content of a signal as a function of time is referred to as a 

time-frequency representation (TFR). :-.Iusic, for example, is written as a 

TFR. Notes can be viewed as a frequency representation. The placement of 

these notes side by side then represents a temporal sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. The zamogram of Zhao, Atlas and Marks is a 

_TFR with quite good resolution in both time and frequency that can be 

architecturally configured to use the spectrogram as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well· versed in the art. 

This patent contains computationally efficient methods and corresponding 

architectures for generating short time Fourier transforms and spectrograms, 

their window components, and applications. 

We will henceforth use the terms short term Fourier transform and spec

trogram interchangeable. The spectrogram of a discrete signal, x(n], corre-
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sponding to a window, w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-J 2 irku ( 1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S[n; u] 1
2 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. \Vindowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes methods and corresponding architectures 

for generating sliding windows and similar impulse responses and their use 

in generating spectrograms. The sliding window, an impulse response of fi

nite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite ind uration. The 

two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delctyed 
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and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec

ified time, can be used to generate the composite window impulse response. 

Such is the case when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

·when used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei-

. ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein·, the spectrogram processor may be used to monitor a single frequency · 

line of the spectrogram or generate frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/ or type can be changed from 

frequency line to frequency line or can be changed in real time. In this 

application, we can, for example, generate constant Q type spectrograms. 
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In parallel embodiments, common circuitry such as delay lines and weight

ings may be factored from the array so that a single circuit, common to each 

of the processor lines, can serve the entire array thereby reducing the over

all computational requirements of the processor. The specific embodiments 

wherein the spectrogram's frequency spacings are uniform and/or integer 

multiples of the reciprocal of the window's duration require even less com

putationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the

overall spectrogram may be nonexistent (i.e. in the case where the window's 

end points are zero) or neg_ligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 
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window is evaluated usmg short time Fourier processing techniques some 

embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imag

inary part of the spectrogram. The term architecture is used iri the most 

general sense, referring not only hardware embodiment, but to the underly

ing method of computation. In certain instances, a particular architecture 

embodiment is presented to illustrate a family of architectures whose gener

alization will be readily evident to one skilled in the art. 

The spectrogram generation methods and corresponding architectures de

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology, communication systems and biol

ogy. The spectrograms resulting from use of this method can also be used as 

templates for pattern recognition or as components in other signal process

ing architectures, such as architectures for computing zamograms. Use of the 
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methods described herein for software simulations and hardware or firmware 

implementations of spectrograms or other processors using sliding windows 

can result in simplification of computational and hardware requirements. 

4 Brief description of the drawings 

Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary component~ of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 
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Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 

Figure 7 . Illustration of methods for generating a spectrogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 
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Figure 13 Realization of a A filter when the input is complex. 

Figure 14 . Realization of a I{ filter using a bank of A filters and the 

schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 

Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line . 

. Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and· imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 
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Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 

Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to <7 = 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint un:rp.odulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec-
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trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at up = fr using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at up = fr using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . UR filter embodiments for short time Fourier analysis dig-
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ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, sq = sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen

tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series ( e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a:::: (xi) filter and its schematic repre

sentation. 

Figure 36 . Use of a bank of 2 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

17 



window if a Szasz series of order Q = 2. 

Figure 37 . Gse of a bank of= filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 

5 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

·sporises of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of time. 

l\fothods of using such filtering in methods of generation of spectrogram are 

also presented. Architectures will be presented as specific embodiment ex

amples to illustrate the methods described. 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of arrows. A number, vari~ble or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

(multiplied) by that quantity. One exception is the notation z-J which, from 
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the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 

combination, such as (1 + j)z- 3
, where j is the square root of -1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected ( i.e. multiplied by 1 ). The signal coming 

from a node ( a point where two or more signals meet) is equal to the sum of 

signals going into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation_ 

is denoted by a boxed l N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block processing 

elements. Portions of processors may be isolated using a dashed line dosed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 

19 



hereby deemed to refer not only the physical hard ware associated with the 

computation, but the underlying method as well. 

Spectrograms Using Filters. 

The spectrogram in Eq. 1 can be written as 

L 

S[n; u] = e-12 1t'nu L w[k]x[n - kje12 1t'(n-k)u 

k=-L 

- e-j21t'nu X {(x[n]ej21t'nu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L s; n s; L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i21r(n-L)u{ (x[n]e12irnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 

sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, we 

will refer to this impulse response as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 

produce the spectrogram 135. Note that the term exp(j21r Lu) in the post 

complex sinusiod multiplication 125 term 130, exp( -j21r( n - L )u) could also 
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by placed in the premultiplication 115 term 120 or, for that matter, could be 

a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitud~ of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 (w[n - l]ej2ir(n-i)u) * x[n] 12 (4) 

where, ifs = q + j;;,, and both f2 and ;;, are real, then I s 1
2= g2 + ;;,2 . The real 

number i is arbitrary. It's effect along with the post n:i_ultiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. \Vhen only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response 

of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-i2
1rnu 
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As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] 12 =1 (w[n; u]ei2
1riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j271"iu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows From Coherent UR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 

duration whose impulse responses are generated by the co_herent cancellation -

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

( or Kronecker delta), 8[n], is one for n = 0 and is zero otherwise. The 

response 209, y1 [n], to a Kronecker delta 205 input into a digital filter 207 

with impulse response h1 [n], is shown and, appropriately, is termed the filter's 

impulse response. We will either refer to a filter by its impulse response or its· 

transfer function. If the filter's impulse response is not finite in -duration, it 
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is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [nJ, 

whose response 215 to a Kronecker delta 211 is y2[nJ. Furthermore, assume 

that, for n 2: 6, 

(8) 

In other words, shifting y2 [nJ six units to the right in discrete time yields 

an identical signal to yi[nJ for n 2: 6. \Ve can then connect the two filters 

together in parallel with h2 [nJ connected in series with a delay line 222 of 

six units. The delay line, as shown, also inverts the signal ( i.e. multiply it 

by -1). The result, then, is a composite filter 220 whose response 230 to an 

impulse 218 is equal to yi[n] for n < 6 and is zero for n 2: 6. T4e response 

of h1[n] has been coherently canceled by the delayed response of h2 [n]. 

As an example, consider the impulse response of the following IIR filter. 

R 
hi[n] = L 'Prntresrnµ[n] (9) 

r=I 

where the cpr's and sr's are constants, possibly complex, the lr's are finite 

nonnegative integers and µ[n] is the unit step function ( =1 for n 2: 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 
h2[n] = L 'Pr(n + N)'resr(n+N)µ[n], 

r=l 

(10) 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 9 

can be made common to both hi[n] and h2[n]. Both hi[n] and h2[n] are fed 
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the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of h1 [n] to produce 

a filter the composite impulse response of which is 

h[n] = hi[n] - h2 [n - N]. (11) 

The impulse response, h[n], is equal to that of hi[n] for O :Sn :SN - l and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1[n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n ~ N and N an integer, y[n - 4N] = y[n]. To cancel this impulse. 

response for n ~ 4, we require a second filter, h2 [n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 
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the same input. The output of h2[n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of hi[n] to produce 

a filter the composite impulse response of which is 

h[n] = hi[n] - h2 [n - NJ. (11) 

The impulse response, h[n], is equal to that of h1[n] for O ~ n ~ N - l and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter hi(n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2:: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

response for n ~ 4, we require a second filter, h2[n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 
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rectangular window) has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 

Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 

response of h[n] = sin(1rn/N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are. 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro

necker delta 306 is 

y[n] = y[n]e8
n (12) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 
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Note then, that for n 2: 4, 

y[n - 4] = y[n]e- 48 (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp(4s)y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y(n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the. 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 
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vVe will generally denote the real part of s by -0'. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(1rn/2)e-'mµ[n]. (14) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of component coherent 

cancellation circuits just described can be placed in cascade and/or parallel to 

achieve even greater flexibility in the design of impulse responses. We allow 

reference to single component coherent cancellation circuits being connected 
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in cascade and/ or parallel in order to allow the degenerate case of a single 

circuit to be subsumed in this discussion. 

In certain instances common circuitry can. be factored from combinations 

of cascade and/ or parallel to yield a reduction in overall co~putational re

quirements. \Ve will show that windows expressed in a finite cosine series, 

for example, can be synthesized by a parallel combination of second order 

IIR filters and that the delay circuitry can be factored so that a single delay 

circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir

cuit consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number. 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design drcuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 
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impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] ( 15) 
q=O 

where 

(16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (including inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, tq, uq, and O'q• There exists numerous computa

tional topologies for a given set of parameters. Such circuitry can be designed 

straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n 2 Mq, 

we choose to define 

Clearly, tvq[n] is zero for n 2 Mq and the composite IIR filter 

Q 

ro[n] = L wq[n] 
q=O 
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has a response that is finite in extent. 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq 's are nonnegative integers. \Vindow components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. :\!any commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

Q n 
w[n] = L ,Bqcos( 1rnq/ L )11[-z] 

q=O 2 
(20) 

The Hanning and Hamming windows require Q = 1 and the Blackman win

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n - LJ = L(-l)q,Bqcos(7rnq/L)IT[-L-J 

q=O 2 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = L( -1 )q ,Bqcos( 1l'nq/ L )µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - LJ = h[nJ - h[n - 2L] + w[L]b'[n - 2L] 

30 

(23). 



A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. We rewrite Eq. 22 as 

Q 

h[n] = L hq[n] (24) 
q=O 

where 

(25) 

where 0q = 1rq/2L and Cq = ( -1 )q ,Bq. For q =f:. 0, the z transform of this 

equation is 

00 

Hq(z) - L hq[n]z-n 
n=O 

- 1 - 2z- 1cos(0q) + z-1 
(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = cq and 0 = 0q. Recognizing there exists a number 
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of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed wit4 parameters c and 0. 

For q = 0, h0 [n) = c0 = ,30 . This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /30 = /31 = 0.5. 

For Hamming windows, /30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 

circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = 1 stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages_ 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 
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Blackman window for the case where end point correction is not used. Here, 

,30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, 1 and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-o-n). If we wish to keep 

the window shape as close to the O' = 0 case as possible, vVe choose o- to be 

a positive number just slightly greater than zero. 
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Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-o-(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

(28) 

\Ve can therefore generate the damped window 

w[n - L] - w[n - L]e-o-(n-L) 

h[n] - e-Zo-Lfi[n - 2L] + w[L]c5[n - 2L] (29) 

where 

w[L] = w[LJe-o-L (30) 

is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where er = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 
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can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 75.0 shown at the 

top of Fig. 7. The architecture 7.S5 shown at the bottom of Fig. 7, for exam

ple, performs iderttically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

( with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 

shown 140 where, now, 

L 

S[n; u] = L w[k]x[n - kJe-i21rku (31) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. · 

We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

Q 

h[n] = L hq[n] (32) 
q=O 
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where 

hq[n] = Cqcos( 1rnq/ L )e-cr(n-L) µ[n]. (33) 

For c = cqecrL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. \Ve denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-cr(n-L) µ[n]. (34) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-o-) 

cascaded with a multiply of exp( a-L )c0 • For c0 = /30 and /Jq = /3qexp( a- L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = 1 damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is realized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 
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the n = 1 stage 925 (fiq = ,Bqexp( a-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described cari be used to generate a single spectral line of a spectrogram, 

more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lin~s are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
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Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the /3q's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For 

such architectures, the complex sinusoidal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n; u] - I: x[n - k]w[k; u] 
k=-L 

- x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allo~ 

for damping. 

and 

w[n; u] - w[k]e-i 21!'nu 

Q 

- I: wq[n;u] 
q=O 

(36) 

(37) 

In our discussions concerning modulated windows to follow, we will include 
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both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for O' = 0. Motivated by causality, 

we write 

vVe therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (39) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 40 
00 

Hq(z; u) = L hq[k; u]z-k (41) 
k=O 

which gives 

where 

"( . ) - [1 - -j21r11 -(1 -11-1 a z, v - e . e z . (43) 

Note that; for q = 0, 

( 44) 
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The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145. corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. \Ve can write Eq. 43 as 

A(z; v) -
1 - 2e-""cos(21rv)z-1 + e-2"".::-2 

Ar(z; v) + jAi(z; v) (45) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real. 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[nJ + jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[nJ 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[nJ 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 
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1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, (i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requires 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

I<(z; u) - H(z; u)e-i21ruL 

Q 1 
- f3oeq£A(z;u) + L 2(-l)q/3qAi(z;v)e<rL 

q=l 

q q 
x [A(z; u -

2
L) + A(z; u + 2L)] (46) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) - L h[n; uJz-n 
n=O 

(47) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q -
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½(-l)qexp(o-L),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1_410 to a digital filter 

with transfer function K(z: u) in Eq. 46. Schematically, we will° depict the I{ 

filter by the representation 14-W shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the I{ 

filter is parameterized by the frequency u, damping coefficient CT, filter order 

Q, and vector of Fourier coefficients i]. The vector i]is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I( filter 1440. From Eqs. 36, 37 and 39, we can establish 

the identity 

w[n - L; u] = h[n; u] - e-i4iruLe-2c:rLh[n - 2L; u] + w[L; u]8[n - 2L] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

n(z; u) = I: w(n; u]z-n. (49) 
n:O 

The z transform of Eq. 48 is then 

O(z; u)z-L - (1 - e-i41ruLe-2c:rLz-2LJH(z; u) + w[L; u]z-2 L 

- [1 - e-j41ruLe-2c:rLz-2L]ei21ruL I<(z; u) + w[L; u]z-2L (50)· 
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where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u). 

The transfer function for the delay and the exponential shift in Eq. 50 is 

defined as 

(51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 

1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output" 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the I( filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present · 

example architectures whereby the squared magnitude of the spectrogram 
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is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a I( filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

·to give the desired spectrogram output 1630. One or more of the parameters 

of the circuitry (i.e. u, L, a-, /J and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the K filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the I< filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 
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of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a I< 

filter 1710 and then into the delay circuitry 171.S. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S( n -

L; u] 1
2

, is desired ( rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 

Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a I< filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter. 

to yield the desired squared magnitude of the spectrogram output line 1830 

(without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 ::; p::; P, 

we propose an architecture for the transfer functions 

where O(z; up) is the z transform of w(z; up), The embodiment of this archi-
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tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

I( filters 1915. For P spectral lines, there are P separate I( filters the pth 

of which is tuned to frequency up and is of order Qp with Fourier coefficient 

vector /Jp. The input to each I{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each I( filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 

on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

I( filters 2015. The output of each I( filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

(53) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 42 becomes 

H (z· u) = ~(-l)P+q B euL[A(z· p - q) + A(z· p + q)] (54) 
q ' 2 ' q ' 2L ' 2L . 

The q = 0 case warrants special statement. 

(55) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l · Indeed, one or more common A filters· are required up to 

and including the Up±Q frequency lines. \Ve can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services. three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

47 



weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 

not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of ~ 

spectrogram using a bank of A filters without end point correction for Q = 2 

( e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fanouts from the bank of A filters 
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are not shown. If, for example, there was to be a frequency line generated at 

u = Pif,2, then the A filter in the bank 2212 parameterized by fr would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line to output line as can the values in the iJP. This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint. 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ei21r(n-L)u{(x[n]ei2irnu) * w[n - L]} (so) 
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where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when a- = 0. \Ve can write the \vindow expression in Eq. 29 as 

w[n - L] = h[n] * {8[n] - e-ZaLb[n - 2L]} + w[n]8[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor archit~ture with transfer 

function 
00 

H(z) = I: h[k]z-k (58) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately· 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-j21r(n-L)u 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
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which is premultiplied by a temporally varying complex exponential 2415, 

passed through an if filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. Theexp(j21rLu) term in the post multiply2425 term, exp[j21r(n-L)u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the if filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the if filter and the delay line) are not connected. 

This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

. 
where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 252,5 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 :::; p:::; P, we can replicate Eq. 59 as 

S[ L l .~.P[LJe-i21r(n-L)up + e-j21t'(n-L)up n- ;up = w· 

where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, wP[n], 

and therefore corresponding impulse responses, hP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of fI filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 
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of exp(±j211"(n± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j271"Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen

tial term, exp(-20-L), present in the delay circuitry 2Gl0 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig- -

nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip I 1 ~ p ~ P}. 

which, in turn, are fed into a bank 27 40 of iJ filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 
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delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. up = fr). It follows that exp( - j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

S[n - L; up] = (-l)P{ul[L]x[n - 2L] 

+ iv2Lnp[hP[n] * {}V;[( x[n] - e-20'Lx[n - 2L])}]} (62) 

where we have used the common DSP notation 

W J - ej1rJ/L 
2£ - (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810 the output of which services a number of pre-. 

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of iI filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

. this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 
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deleting end point correction is 

An illustration of a corresponding architecture for the paraliel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through iI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.l as 

L 
S[n - L; u] = L x[n - L - k]w[k]e-jZirku (65) 

k=-L 

where we write the window with a tilde to denote that it can be represented 

55 



q Ciq Sq 

1 1 j1r IL 4 

0 1 0 
2 

-1 1 -j;r/L 
-t 

Table 1~ Hanning: 1.p(k) = cos2(;2), Q = 1. 

by the Szasz series 
Q 

w[k] = L Ctqe-sqk (66) 
k=-Q 

vVhere Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { Ctq I Q s; 

q s; -Q} and {sq I Q s; q s; -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case. 

of w[k]II[
2
~] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w(k]II( 2~]. Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 

56 



q O'.q Sq 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: c.p( k) = 0.54 + 0.46 cos( ~k ), Q = l. 

q O'.q Sq 

2 0.04 j21r / L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r/L 

Table 3: Blackman: r.p(k) = 0.42 + o:5cos(1r{) + 0.08cos( 2~k),Q = 2. 
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vVe begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L aqS7 [n - L; u) 
q=-Q 

L 

Sq[n - L; u] = L x[n - L - k]esqke-jZirku 

k=-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 
Sq[n - N - L; u] = L x[n - L - N - k)esqke-j 21T"ku 

k=-L 

L+N 
- e-(sq-j21T"uN) L x[n - L - k]esqke-j2irku (69) 

k=-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I:+ I: I: (70) . 
k=-L k=-L+N k=-L k=L+I 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-jZJT"u)N S[n - N - L; u] + sMnl (71) 

where 
-L+N-1 L+N 

st[n] = { I: L }x[n - L - k]e(sq-j21T"n)k. (72) 
k=-L k=L+I 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data ( i.e. the 

-I:,;;~~f;'- 1 + 'Ef;f;'+i term in Eq. 72 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. \Ve shall first describe evaluation of 

st[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for St[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There -are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(73) 

We denote a vector of these values by X· The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 
.. 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around l N is the schematic notation for downsampling 
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by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of St(n] by an appropri

ately parameterized box 3050 inside of which is an encircled st. 

Two other architectures for computing st[n] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

sMn] = st[n] - SN[n] (74) 

where 
-L+N-1 

st[n] = L x[n - L - k]e(sq-j21rn)k_ (75} 
k=-L 

and 
. L+N 

SN[n] = L x[n - L - k]e(sq-i21rn)k_ (76) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our case 

2~.:f' 1 ) is an integer, we can straightforwardly establish from these equations 

the identity 

(77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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yield St[n]. This signal, at a clock rate equal to .~ 
th 

that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of S;t[n] 

via Eq. 77. (The notation z_v1 denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 

An IIR filter 3170 that is an alternate architecture to compute St[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an O'Ltput of St[nJ. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute st[n] 30,50, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sq[n-L-N; uJ, 

is made available through a delay 3220. This output is added to st[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output compone~_t 3215. We schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed 5. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are \veighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, o:q = o:-q· In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by o:q thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and Xq• The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the o:q coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As m previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p6. where 6. 

is the uniform spacing. Furthermore, let Sq = -0' + j21rq6.. As before, O' is a 

damping factor and can be set to zero for the undamped case. Under these . 
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conditions, Eq. 71 becomes 

L L x[n - L - kJe-<7ke-121r(p-q)kA 

k=-L 

_ =[n - L; p - q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a 3 ( xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

=[n - L; p] = e-<7N e-j21rpNA=[n - L - N; p] + 3t[n; p] (79) 

where 
L L+N 

=t[n;pJ = { I: L }x[n - L - kJe-<7ke-121rpkA · · (80) 
k=-L k=L+I 

.. 

An architecture for generating the recursion for the = filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized 3t filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

(81) 

The output of the st filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a 2 written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 3 filter so that a single delay line feeds the 

entire bank. 

A bank of 3 filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = pD. uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q :Sp s; Q. The frequency line at u = (p+ l)f:::.. uses 3 

filters in the interval -Q + 1 s; p s; Q + 1. There is only one 3 filter that was 

not used in u = pf:::.. spectrogram line that is not used here. As· illustrated 

in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 3 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does. 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the o:q coefficients are even functions of q, i.e. o:q = ccq• This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 
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3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 

66 



resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. -Similarly, the series 

combination of h2[n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /3q 's . 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight /30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = l stage is replaced by /3i/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]//30 • The output 530 would then 

be changed from y[n] _to y[n]/ (30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]/ /30 instead of S[n - L; u] 135 and I S[n - L; u]/ (30 12 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on ·Hamming and 

Hanning embodiments of this architecture obey the symmetry a- 1 = a,_ 1 , 

Therefore, replacing both 0'±1 by 1 and ao by ao/ a-1 will yield an output 

of S[n - L : u]/a-1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) (82) . 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + }Ss[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similarly, using a Hartley transform, 

L 

SH[n; u] = L w[k]x[n - k]cas(2rrku) 
k=-L 

where 

cas(g) = cos(g )sin(g ). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(85) 

(86) 

(87) 

can also be generated by combining the real and imaginary outputs of any 

spedrogram processor thusfar described. Any person skilled in the art can 

straightforwardly apply the methods described. herein to generate t-hese closely 

related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 

thusfar can be extended to windows in higher dimensions by those skilled in 

the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAil\1S. While the preferred embodiments of the invention have been 

illustrated and described, variations will .be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows: 

1. The method for realizing sliding windows and similar finite du

ration impulse responses wherein two infinite impulse response 

filters with causal impulse responses other than a constant or sin

gle exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero there

after; also, realization of windows achieved by cascading and/ or 

parallel connection of one or more such windows. 

2. Use of short time Fourier transforms and spectrograms computed 

using windows of the type in Claim 1 as a means of representing, 

displaying, monitoring or otherwise characterizing signals origi

nating from waves including but not limited to electromagnetic, 
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acoustic, electronic and biological waves for purposes including 

but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 
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3. Computation of short Fourier transforms, spectrograms, sliding 

windows and similar impulse responses in software, hardware of 

firmware using the method for realizing ::,liding windows and simi

lar finite duration impulse responses wherein two infinite impulse 

response filters with causal impulse responses other than a con

stant or single exponential, the delayed response of one being 

proportional to the response of the second after a given time, are 

used in a composite filter with the first being connected in cas

cade with an inverted weighted delay line equal in duration to the 

given time whereupon this cascade connection is joined in parallel 

with the second filter in such a manner that the second filter's 

impulse response is coherently canceled by that of the cascade 

connection at and beyond the given time thereby producing a 

composite impulse response that is equal to the impulse response 

of the second filter up to but not including the given time and is 

zero thereafter. Also, computation of windows achieved by cas

cading and/ or parallel connection of one or more such windows. 

4. The method for computing sliding windows and similar finite du

ration impulse responses wherein a resonant. circuit with com

posite causal impulse response, possibly damped and other than 
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a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coher

ent cancellation of the filter's response beyond a specified time 

is achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction; also, the method of 

computation of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 

5. The method of realizing component windows and similar finite 

duration impulse responses in Claim 4 wherein the resonant cir

cuit is synthesized as the parallel combination of two or more 

infinite impulse response filters each of which has the response of 

a specified <7 2:: 0 damped Fourier cosine series component of the 

desired impulse response. 

6. Unmodulated windows formulated·on the basis of the method in 

Claim 5 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 
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spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a complex sinusoid and is then fed into a window 

of the type in Claim .5. 

7. Modulated windows formulated by the method in Claim 5 for use 

in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 

a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 5. 

8. Modulated windows formulated by the method in Claim 5 for use 

in generation of windows and similar impulse responses of the 

type in Claim 5 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 
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a manner that one A filter contributes to a number of frequency 

lines. 

9. Disjoint unmodulated windows formulated by the method in Claim .5 

for use in generation of the squared magnitude or real and imag

inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 

wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 5 and either post complex conjugate 

multiplication for generating the real and imaginary- components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

10. Disjoint unmodulated windows formulated by the method in Claim 9 

for use in the generation of the squared magnitude or real and 

imaginary components of one or more frequency lines of a spectro

gram at frequencies that are integer proportional to the reciprocal 

of the window's duration prior to end point correction, wherein 
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the delay circuitry that feeds the bank of processors is compu

tationally simplified at these frequencies and the pre weightings 

required in the more general case of Claim 9 are no longer present. 

11. The method described in Claim 4 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least t,vo input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 

time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis computation methods either known or to be discovered. 

12. The method of realizing the windows and similar finite duration 

impulse responses in Claim 11 wherein the resonant circuit is syn

thesized as the parallel combination of infinite impulse response 

filters each of which has the response of a specified Szasz series 

component of the desired impulse response. 

13. The method described in Claim 11 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 
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14. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of one 

or more frequ~ncy lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different win

dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 11. 

15. The method described in Claim 11 for use m generating the 

squared magnitude or real and imaginary components of two or 

more frequency lines of a spectrogram at equally spaced frequency 

intervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

16. The computational method of the type described in Claim 15 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by . 
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the Szasz coefficients thereby reducing the number of required 

multiplications. 

17. The short time Fourier analysis computational method required 

in Claim 11 whereby the cumulative contribution of new data 

to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 

the spectrogram. 

· 18. Use of spectrograms computed usmg windows of the type in 

Claim 4 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from waves including 

but not limited to electromagnetic, acoustic, electronic and bio

logical waves for purposes including but not limited to 

diagnosis, analysis, and/ or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 
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Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 

19. Computation of spectrograms and sliding windows in software, 

hardware or firmwar~ using the method for realizing sliding win

dows and similar finite duration impulse responses wherein a res

onant circuit with composite causal impulse response, possibly 

damped and other than a constant or single exponential, is con

nected in cascade with weighted delay line circuitry consisting 

of a weighted delay line additively joined to the undelayed reso

nant circuit output, the multiplicative weight in the delay being 

chosen so that coherent cancellation of the filter's response be-
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yond a specified time is achieved and that the composite impulse 

response is equal to that of the resonant circuit up to but not 

including the duration of the delay line and is zero then on; also, 

the augmentation of this method to include end point correction; 

also, realization of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 
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Computational Architectures for 
Time-Frequency Representations 

1 Background 

Robert J. l'viarks II 

December 18, 1989 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these 
notes side by side then represents a temporal sequence of frequency. 

Spectrograms are also TFR's. The spectrogram of a signal, x( t), corre
sponding to a window, w( t), can be written in the continuous case as 

(1) 

There exists, however, a tradeoff between time resolution and frequency res
olution in spectrograms. One can, for example, display a quick temporal 
change in a spectrogram at the sacrifice of frequency resolution. Conversely, 
good frequency resolution can be achieved at the sacrifice of good time res
olution. 

Various other TFR's, such as the vVigner distribution, the Choi-·Williams 
distribution and cone-shaped kernel GTFR's, have attempted to alleviate 
this deficiency with various levels of success. Each is a special case of the 
generalized cross TFR (GTFR) between two signals, x(t) and y(t) (l] 

(2) 

1 



where ¢(t; r), the GTFR's kernel, is chosen according to certain performance 
attributes. Both Eqs. 1 and 2 have analogous forms for discrete signals. 

Currently, discrete GTFR's and spectrograms rely on use of fast Fourier 
transforms (FFT's) which, although faster than discrete Fourier transforms 
(DFT's), are still algorithmically slower than the computational technol
ogy we have developed. Indeed, conventional evaluation of GTFR's requires 
FFT's ( or DFT's) on two-dimensional data. Analog circuitry to compute 
GTFR's, to my knowledge, is currently not available. Analog spectrograms 
are typically generated using high Q resonant circuits. 

2 Technology 

The technology we have developed deals specifically with computational pro
cedures and architectures for spectrograms, GTFR's and other representa
tions on the time-frequency plane. vVe currently plan further development 
of 

1. computational architectures for digital and analog spectrograms 
that are superior in performance to spectrograms computed with 
FFT's, DFT's or high Q analog circuits. Advantages include 
modularity, parallelism, less hardware and non-linear frequency 
bin spacing capability. 

2. computationally efficient architectures for computing various GTRF's. 
In certain configurations, the spectrogram can be used as a com
ponent in a GTFR. 

3. application specific adaption of the spectrogram, GTFR, and re
lated architectures for purposes of licensing. 

3 Development History 

I was involved with research into optical implementation of ambiguity func
tions, closely related to GTFR's, in the late 1970's (2] [3] [4]. In 1986, I 
assisted Zhao, a colleague's PhD Student, in the design of a kernel for a 
GTFR using the method of projection onto convex sets (POCS). The result 

2 



was of sufficient merit to warrant my inclusion as a co-author on a conference 
paper [5] which will be appearing soon as an archival publication [6]. Due to 
the publication date of the Proceedings paper, this material is currently in 
the public domain. 

My work in GTFR's was then dormant until mid-1989 when it resurfaced 
in my work in 1Wulti-Dimensional Systems Corporation. First, we developed 
a method of spectral analysis that did not require the use of FFT's, DFT's or 
high Q analog circuitry. vVe then determined applicability of the procedure 
to certain types of GTFR's including those developed in Zhao's work. It is 
the development and application of these specific architectures we plan to 
pursue. 

All of the development of these computational algorithms was done off 
campus, on my own time, and without the use of University facilities or 
personnel. Furthermore, I have never been funded while at the University 
of vVashington to investigate any time-frequency representations such as the 
GTFR or spectrogram. My College and Department approved my participa
tion in lvfultidimensional Systems Corporation in late 1988. 

References 

[1) L. Cohen, "Time-frequency distributions - a review", Proceedings of the 
IEEE, vol.77, pp.941-981 (1989). 

[2) R.J. Marks II, J.F. ·walkup and M.O. Hagler" Ambiguity function dis
play: an improved coherent processor", Applied Optics, vol. 16, pp.746-
750 (1977). 

[3] R.J. Marks II and M.vV. Hall" Ambiguity function display using a single 
one-dimensional input", Applied Optics, vol. 18, pp.2539-2540 (1979). 

[4) R.J. Marks II and J.F. vValkup "Coherent optical processors for ambigu
ity function display and one-dimensional correlation/ convolution opera
tions", Proceedings of the SPIE Symposium/vVorkshop on the Effective 
Utilization of Optics in Radar Systems, Huntsville, Alabama, September 
1977. 

[5] L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the generalized 
time-frequency representation to speech signal analysis", Proceedings of 

3 



the IEEE Pacific Rim Conference on Communications) Computers and 
Signal Processing, pp.517-519, Victoria, B.C. Canada, June 4-5, 1987. 

(6] L.E. Atlas, Y. Zhao and R.J. Marks II "The use of cone-shape ker
nels for generalized time-frequency representations of nonstationary sig
nals", IEEE Transactions on Acoustics1 Speech and Signal Processing, 
(in press) 

4 



Contents 

♦ Digital Fourier Spectrum Analysis Without FFf' s and 

It's Application to Zamograms™. 

♦ Use of Szasz Series Windows in Signal Processing. 

♦ Architectures for Computing Time-Frequency 

Representations. 

♦ Spectrograms Computed Using Truncated Resonant 

Digital Circuits. 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



( 

.. Co © 

T; A1e- ,:-.,.e.1 ve 11 c / R tS!/Y'e sen -t:at io ri...s 
0 

Ct:>he,,,'s (C,,,-os.s) GTFR., i11 co,1t:;r1vous -6,i'11e 

1 (ti u ) • ~ 4 ; c~ -J; r) J( ( yd: J YK (3 -t) e •J <-"'.l{J ( I )' 

cl l'JJ i "1 J ,'.s C r-e-1:. e. -t:-; P1 € 

C:i, [n;u] = L.. ~ J [~-m· I<] x [M + ~ J v.,r. [,.,-f]e-Jzrrnt4 (2 ) .. 
T ~ I< / I 

5/,Ji~g; wi;iJ"w FouY'ier travt.s:fl.o,-.n1 in con-t. t-il'11e 

X ( t · tJ ) = J x C -r ) w ( +: - r ) e -J ~rr tJ 1'J ; ( 3 ) ~ 
W I ,,... 

I • 2.. 
a n cl d i s c. r e t ~ t:. 1 m e 5 w ~ I Xw { ( 3 a ) 

Kw ["; u ] = Z: I<. x [ k J w [ n - J.. ] e ·d z.,rt.u, ( ti ) , 

(s) 

(t,) 

J-n=cls and Lt!t ?t: s.,. f 9 

Cw w (t; u) :: J. f , 
I 1 1" 

w(t- · J-f)w~(t:~3+f) ('1) 

x ( ~ + f ) y * ( ! - f ) e - j 
211 

"'1" c.J I d j 
Same as Ct"oSS GTf:°f( ·1 n (!) w;-t h 

(8) 



L 

c/ e f Jc> /\ o 

-f O 1-.,11 o J Jr, $ ; '-' ") 1 ;;l 

« G ~ ----- -
~ 

' I • 0 C) Q 0 ·CJ 

0 0 0 p 0 0 9 0 ( 
t; 

0 0 0 0 Q C) Ci 9 0 c;:, 

' 
... 

0 C) 0 

" 
Q 

1' •· ' )o I 

' 
I 

0 9' 0 0 0 0 
I 

I 
0 0 q Q 0 C> C> 

O 0 



o Va r ; a b I e. s v b s t:. ·• t:: u t: ~ <:> n : 

"(::?'I.-~ ) 

7 =(f + f )• A _, 
f-3=-~ 
\ 1" /\:: 5- ~ 

A+7l.= 2:> 
n_ ... A ~ I 

5 u pp o s e w ( 1') =- o o vi: .s i J e a ~ -rs b 

aod w('f)-:::.o oucside o<.57</3 
A 

T '1 e n t-he s u f.f. o ir -b o J <J ; ,., ( 8 ) i ..$ 
t:'1e. inte.rsec_-EioV'l o+ t:he supfor-ts 

a~t:-½··~b and o<~-t+!~fi 

a - t · ~ ~ f ~ b- t: 

2.(t-h)~ 7 ~ 2(t-a) 

a 

'l"' 
and. ~-t' ~ Z: ~~--c 
and 2(o<-t }~ '?' f 2 (/3-t) 

FIG:: 1 

(II ) 

( !Z) 



. ~ 

Cw, w [ n; u ] =- X w ( n ; u ] Y [ 11 ; u ] 

• 'E:p L1 x [p 1 w [n - p] /r~ J t'.cJ"'[n -er J 
X e -J ~ rru ( p-q) 

Le t k = f .. q --:> CJ :: p .. 1~ 

CwJw [o;u] :-- ~P C:k x[ p] w [n_-pJ 
y* [ f" k ] w ~ [ n - p + k ] e "d 2 rr u /<. 

Let 

Cw,wft1 ;u] = L..,,. , ~,.. , w C!)•m-~]w*fn-m+-/1 
[ . .k..J ~ ( .k J e -(J 2.rr- l<u X M+2, y m.-, 

Same as cross~GTFR :in (2.) w;t~ 
,\ 

q>[ojl~1;; w[o-1¾-]w"[o+}] 

@ 

(15) 

(18) 



o V ar i able suh.st,itut-ion 

k = p. 'I m = p -~ = f. e.;,_Y ="_;2. 

[:]= [ ~ ·~ J[ ~ ] (.2 J ) 

o SvrFor't -

Sl.)ppase w[i<] =O oLJt-s i cle a~ k~ b (22) 

and uJ [ k] = o outsAd e o(, 1< ~ ,S (23 J 
-1 

Ttievt t ~e Suf.por-t' o:f r/; i t-i ( t <=i) i ~ 
the Al\ter-.sec~ i o-'1 a-I- -l=he sufpo,,..-f 

a~n--~~b and o(~n~½~AS (2y) 

a-n~ -~ ~ b .. ., ~ «-n f ~ ~ ;3 ... n 
2 (n · h ) ~ k ~ i (_ o - a) ~ 2 (o< .. n )~ k ~ 2 ( S - n ) (2 s ) 

Noi..e : kJ',., do w can be d:sj o', nt . 



( ~(., ) 

(28) 

P lG 1./., 

The t1 
I __-

we. 

--- can imf lement 

- - l/1..,-< so5' 
(2,) 

u w 
(g\O ~ 

(p \ 

a b ;I /\ ~ 
Cw,4) 

\ @ I y 

) o{ /3 
\ 

'- ( ~ ..__,, 

t::'JG S; I mp f ~me Y1tat ion 0 p. (2,7) OY' (zfs), 



• Supfort: 

Case 1.. : 0 ve r la F 

0 

. 
0 0 • .. 

0 

Sf e c. ·, a J c. a s e : 

◊ Do I.) b I e Di a WJ Of\ d 

. \ 

\ . ~ 

(3 - o< ~ h - a d nd 



' . 

' 

( 

Cra 

f 

I 

I 

I 

I 
I 

I 

I 
. I 
I 

I 
I 

I 
\ 

\ 

\ 

t ~ ' 
a a. 61 b:2 ot, o(.,_ 

S h ad ow n of; s ho 1.v () • 

f [n; k] = w [n - ~ ] w*[ n + } ] 

k] -~ k] ~ W [n - 2 w [ n + :r 

0 

u w 

X a, b, 

l,l fA/ 

a,., h2. 

u w 

y d, 13, 

\ 

\ 
, \ 

• 
) 

. 
J 

\ 

\ 

~1 

(n ,/._)E 

l 

82.. 

( () I l<. ) € JI I 

u (,J FI c; q ; Gener-a -I: i 11 g-
k e ~,, e. ( ;,, Fig, 8 .. 

o( 2, t3 

@ 



( 

( 

(AUTO) GTFR'..S 

Co1d::i1>vous -liMe G TFR in . (1) b<!cow1eS 

( 11 I\ :J:.J )4: ,.,. -:iZTf{,/""' 9 t; u ) , ~ r tp Ct . 5 ;-r ) x { p ... x ( 5 - l ) e u ' d) Jr 
Oisc.rete t:-iWJe in (2) ·,s . 

c; [n ;u] : L..M r..k.i [n- m; k] )( [md~] x*Lm · ~] e ·j2l10 (3<) 
Oe!i ne P.ron-, Cs) 

J 
;\< 

C~w = Xw Xtu . 
Clear/L J-or W = W 1 
t:he sr~cr.,..o6 r-am of 

Cww= Cww IS 
')(•I I 

Cw, w = l Kw l 2. 

We c d n ge t . • t: h e. k e ...- n e l i t1 Fi g- 1 as 
follows: 

u 

a b 

a b 

FIG 10 ~ 6 e vie rat i ~ g;- ( 3 3) to ~et--
· · k er t'l e I·,.,, FtG i 

(33) 

( 3 Lf ) 



( 

( 

' 

A 

Cw w 
.J 

--

A 

Dovb le Diamond S pec.·,a J Case! 

a<b=C(</3 



( 

Prod uc:-t..:s 
GTFR 's 

C. = t.J 

ancl 

can be c.omb ~n ecJ.. 

2~ 

E"xa~p )e: A lt.ernate double 
a rc}f; tee -tu re_ 

b d /3 Assvme Wa an Cuc,{ and 
do cont inuou s -t: ',m e. 

\x w+w 
/\Jcte. 

Xw+w Xw + x(..) --

"v-o0 
l2-l0 

u w 
\. 

r a. 
X 

~ 
/'2-6 

u "" 
i=IG 12.,. 

@ 

For cross-

(~o) 

1-z..,3/ 



,I 
., 

Not:.e 

1

2. ~ 

IX W+W = J X w + x-4J \ 

. =- I Kw )2."" IX(u/ 2 
+. 2 ;e.,xzxw ('13) 

TJ..u:s , 0 0 J< e rne / i S 

2. ,,e.., x w x:4)* - 1x-\1/f-{u12._ 1 x w r ·- 1 x <,v r- ('1'1) 

( 



-
" . 

. .. 

( 

/()0 
/'lo / 

I~ ~ <--Xw X 1/0 -.... II 5° -- - as'2oc=;: 
r.t6 DO 10 

~/ 
/()5' 

( 

. 
I 



( 

( 

( 

I 
- r: 2. 

\ 

Can take rea l I fart:-

@ 

'< I WT, ~. ~ 0 
e.r11e c.v 

o -T2. 



• • 

( 

Coo 

( 

F / t; 12. 

( 



( 

--

( 

/ /Oi cJ 

( 



( 

/ 335 

I 3'f O 

( ·~- /35'5 



( 

1105 

;v a. 
X 

t> 
u 

l / LC) a~ 

( 

a. 

( 

~j(f0 

w1 /V' I ~ '2.. 5' 
s 6 

b, 
~ 113 ~ 1135 

ax 
'S k/1 +rW:2., 

vJ :J. 

,... X:.w ii I 7 

b~ 
--z__l I IS 

,~,,, 
/ 

w 

b 

1 
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Fig. 2. The frequency responses of the cone-shaped kernels and the kernels of the spectrogram and the PWD in frequency 111. 

The response points are jointed by lines. where the solid line is for the spectrogram. the medium dashed line for the PWD. 
the long dashed and the short dashed lines are for the cone-shaped kernels with a = I and a = 2. respectively. (a) Frequency 
I = 0; (b) frequency / = I; (c) frequency / = 2; (d) frequency / = 3. 

are in between the two cases with the angle parameter a 
controlling the low-pass bandwidth. To approach the 
power of the spectrogram kernel in suppressing cross
terms, a = 1 is chosen for the cone-shaped kernel in the 
later experiment. 

D. Time Analysis of the Kernel 

To analyze the effect of the cone-shaped kernel on fast
changing spectral peaks, we consider a signal which 
changes its tonal frequency from f 1 to f 2 at the time in
stance t0 , shown in Fig. 3(a). Let the signal be analytic 
for simplicity; we have 

x(t) = ejhfit U(t
0 

- t) + ejhfit U(t - t0 ) 

where U ( t) is the step function 

U(t) = [~ 
t :::= 0 

t < 0. 

The correlation function for x ( t) is then 

x(t + T/2) x*(t - T/2) 

= ejhfiru[to - (t + T/2)] U[to - (t - T/2)] 

+ ej2,r(j1+}i/2)T(ej2,r(f2-f1)tu[(t + 7/2) - fo] 

· U[to-(t-7/2)] 

· U[(t - 7/2) - t0 ]) 

+ ej2"h'U[(t + 7/2) - t0 ] U[(t - 7/2) to]. 

The support region of this function on the (t, 7) plane is 
shown in Fig. 3(b), where the single hatched area to the 
left of t0 is for the f 1 term, the right one for the f 2 term, 
and the double hatched area for the cross-terms. It is easy 
to visualize that when the cone-shaped kernel is moving 
along the time axis t, the f 1 and the Ji terms are not 
smoothed together. Although the cross-terms are 
smoothed into the f 1 component when t < t0 , and into the 
f 2 component when t > t0 , these cross-terms are atten
uated by the smoothing of the kernel along time t on the 
components ej2"U2 -f1>1 and e-jh(fi-Ji)I_ Equivalently, 
the low-pass filtering of the kernel in r, can filter out the 
cross-terms since these terms are displaced off the r, = 0 
axis by ± ( f 2 - f 1 ). On the other hand, when a spectro
gram kernel is moving along the time axis t, the f 1 and f 2 

components are smoothed together. The boundary of the 
frequency change is thus smeared. In Fig. 3(c) we show 
a comparison of the spectrogram and the GTFR with a 
cone-shaped kernel for the signal x(t) = sin 21rf1tU(t0 

- t) + sin 21rf2tU(t - t0 ), where f 1 is 2 kHz and f 2 is 
4.5 kHz. Shown from top to bottom is the signal, the 
spectrogram, and the GTFR with the cone-shaped kernel. 
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Fig. 3. Tracking a signal frequency change: the GFTR with a cone-shaped 
kernel does not smooth the two frequencies disjoint in time, whereas the 
spectrogram docs. (a) The signal x(I) with frequency / 1 , I< 10 and/,, 
I > 10 • (b) The support region of .r ( I + T /2) .r* ( I - T /2 ), where the 
horizontal strip illustrates the tapering in T. The single hatched area to 
the left of 10 has the J, term, the right one has the J, term, and the double 
hatched area has the cross-terms. (c) The comparison of the spectrogram 
to the GTFR with a cone-shaped kernel, where the signal has J, = 2 
kHz, I < 10 and/, = 4.5 kHz, I > 10 • From top to bottom are the signal. 
the spectrogram, and the GTFR with a cone-shaped kernel. The hori
zontal axis is time and the vertical axis is frequency. The sampling fre
quency is 20 kHz, the window is Gaussian with length of 64 samples, 
and the analysis interval is 2 samples. The DFT size of the GTFR with 
a cone-shaped kernel is 128 and that of the spectrogram is 256. 

For signals with imbedded zero intervals, 1t 1s some
times important that finite time support holds in its GTFR. 
Let a zero interval of a signal be of length Z, and the 
kernel window length be M; the sufficient condition to 
maintain the zero interval in the GTFR with a cone-shaped 
kernel is M - 1 ::5 Z. An equivalent statement is that the 
GTFR at time n is zero as long asx(n + k)x*(n - k)'s 
are zero for I k I ::5 L, where L = (M - 1 )/2. 

E. Computation Algorithm 

Spectrograms are commonly computed by short time 
FFT, and the number of frequency bins is usually a power 
of 2. Using the definition of the discrete GTFR in (3), 
however, the window length M needs to be odd to main
tain a real GTFR, thus, an FFT with radix 2 cannot be 
used directly to compute the GTFR's. Here we present an 
algorithm for the GTFR's with the cone-shaped kernels 
to maintain real transforms while utilizing an FFT of ra
dix 2 in the transform computation. 

Let p = n - n '; using a continuous frequency variable 
0 in (3) gives 

L L 

C,(n, 0; </>) = 2 I; I; </>(p, k) 
p=-Lk=-L 

· x(n - p + k) x*(n - p - k) e-jko. 

Using (8) with a = 1, we have 

C,(n, 0; </>) 

L lkl 
= 2 I: g(k) e-jkO I: x(n - p + k) 

k=-L p=-lkl 

· x*(n - p - k) 
L 

= 4 I; g(k) cos (k0) 
k=O 

lkl ] 
· [ I: x ( n - p + k) x* ( n - p - k) 

p= lkl 

where 

and 

L 

= 4 I; g(k) y(n, k) cos (k0) 
k=O 

g(k) 
\ 0.5 g(k) 

l g(k) 

lkl 

k=O 

otherwise 

( 10) 

y(n, k} = I: x(n - p + k) x*(n - p - k). 
p= -lkl 

Note that (10) can now be formulated as the real part of 
a standard DFT which can be computed with an FFT of 
radix 2 without affecting the realness of the GTFR, i.e., 

C,(n, 0; </>) = 4 Re Cto g(k) y(n, k) e-JJ.:O) .-

For example, with M = 2q - 1, we can quantize 0 into 
intervals of length 21r /2q. 

IV. EXPERIMENTAL RESULTS 

For comparing the GTFR with the cone-shaped kernels 
(abbreviated below as GTFR-CK) to the spectrogram and 
the PWD, experiments were performed on simulated data 
and real speech. The computing facility was a Symbolics 
3640 with Zetalisp running ISP [11]. Parameters used in 
the experiments were a sampling frequency of 20 kHz; an 
angle parameter a = 1 for the cone-shaped kernel; and 
the Gaussian windows h ( k) = e -ak

2 and g ( k) = e - 2ak2, 
where g( ±L) = 0.01. The window length and analysis 
interval for the GTFR-CK, the PWD, and the spectro
gram were the same within each experiment, and the FFT 
bin sizes of the GTFR-CK and PWD were half of that of 
the spectrogram since the folding frequencies of the for
mer two are at 1r /2, and that of the spectrogram is at 1r. 

In the time-frequency displays, the horizontal axis repre-
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Fig. 4. Spectral profiles of a signal with two tones at 3.0 kHz and 3.08 
kHz for illustrating the spectral enhancement capability of the GTFR
CK. The window length was 128 samples and the FFT bin size was 128 
for the GTFR-CK. (a) Spectrogram. (b) PWD. (c) GTFR-CK. 

(d) 

r. 1 r. .1 
,.,, ,,, 

Fig. 5. The time-frequency representation of a single-tone pulse series for 
illustrating the capability of the GTFR-CK of simultaneously enhancing 
the signal spectrum and preserving the signal onset times. The frequency 
was 2.2 kHz, the pulse width was l00 samples, and the zero interval was 
70 samples. The window length was 64 samples and the FFT bin size 
was 128 for the GTFR-CK. (a) Signal. (b) Spectrogram. (c) PWD. (d) 
GTFR-CK. 

sents time and the vertical axis represents frequency from 
0 to 5 kHz. For display purpose, negative values of the 
GTFR-CK and PWD were set to zero. 

Experiment 1: This experiment illustrates the spectral 
enhancement capability of the GTFR-CK. The data were 
simulated two-tone signals of 3.0 and 3.08 kHz. The win
dow length was 128 samples, and the FFT bin size was 
128 for the GTFR-CK. In Fig. 4(a)-(c) are shown the 
spectral profiles of a time frame. We observe that the 
spectrogram does not resolve the two spectral peaks, the 
PWD is better but has a spike of interference at de, and 
the GTFR-CK gives two distinct spectral peaks. The ef
fect of lateral inhibition is also seen in the GTFR-CK 
where the small negative sidelobes sharpened the promi
nent positive peaks. 

Experiment 2: This experiment illustrates the simulta
neous spectral enhancement and finite time support of the 
GTFR-CK. The signal was a simulated single tone pulse 
series shown in Fig. 5(a). The frequency was 2.2 kHz, 
the pulse width was 100 samples, and the zero interval 

was 70 samples. The window length was 64 samples and 
the FFT bin size was 128 for the GTFR-CK. The time
frequency representations are shown in Fig. 5(b)-(d) for 
the spectrogram, the PWD, and the GTFR-CK, respec
tively. The spectrogram gives a smoothed picture in both 
time and frequency, the PWD maintains the time support 
of the signal but produces complicated patterns, and the 
GTFR-CK maintains the time support of the signal and at 
the same time gives a clear-cut spectrum line. 

Experiment 3: This experiment demonstrates the power 
of the GTFR-CK in tracking fast-changing spectral peaks 
of a simulated signal x ( t) = sin [ A ( {3t - v cos {31)] + 
sin [A( {3t + v cos {3t)], i.e., a mixture of two FM com
ponents with the instantaneous frequencies w 1 ( t) = A/3 ( I 
+ v sin {3t) and w2 (t) = A{3( 1 - v sin {3t). The param
eters were f3 = l001T, A = 50.0, and v = 0.6. The signal 
duration was 100 ms. The window length was 32 sam
ples, analysis interval 2 samples, and the FFT size was 
128 for the GTFR-CK. From top to bottom of Fig. 6(a)
(d) are shown the signal, the spectrogram, the PWD, and 
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where ¢ ( r,, T) is the Fourier transform of ¢ ( t, T) in t. 
On the (t, T) plane, this constraint reads 

<j;(t, T) = 0 17 1 < 2 lrl. 
This support region of ¢ (t, T) is shown as the shaded 
cone area on the ( t, T) plane in Fig. 1. Combining a taper 
function g ( T) with the boundary constant just derived, we 
arrive at the kernel 

) g(T) 
<b(t, T) = (_O 

otherwise 
(7) 

where the parameter a adjusts the slopes of the cone with 
the constraint that 2 ::;; a < oo. 

The kernel for the discrete case follows a straighfor
ward extension and is in the form 

otherwise 
(8) 

where I k I ::;; L and In I ::;; L. Since k is not scaled by a 
factor of 2 in (3) as is the case of T in (I), the lower bound 
of a is now I instead of 2. 

Note that the boundary function IT( t) I is not limited to 
the line family a It I as long as it falls into the shaded cone 
region in Fig. 1. For utilizing all lags of signal correla
tions, however, the function should pass through the ori
gin; and for smoothing the cross-terms, the function 
should have a certain spread int. 

The analysis of the kernel is done on the 2-D frequency 
and 2-D time planes. On the (r,,f) plane, the function of 
the kernel in spectral enhancement and cross-term 
suppression can be visualized; on the (t, T) plane, the 
function of the kernel in maintaining good resolution for 
fast-changing spectral peaks and preserving onset time of 
signals can be visualized. 

C. Frequency Analysis of the Kernel 

In the continuous frequency case, the kernel on the ( r,, 
f) plane can be obtained through a 2-D Fourier transform 
on (7), and it takes the form 

cI>(r,,J) = [io(r,)o(f) 

I I J 
+ a1T2 ( YJ / a - f) ( YJ / a + f) * G( f) 

where the window G ( f) is assumed to be Gaussian and 
* denotes a 1-D convolution. The kernel in the discrete 
case can be obtained by taking the 2-D discrete Fourier 
transform of (8) 

cl>(l,m) 
I. I. 

I; I; <b(n, k) e-j121r/MHk111+11t> 
11= -/. k= -/. 

1ml::;; L, It I ::;; L 

Fig. 1. The support region of the GTFR kernel </> ( 1. r) for maintaining 
the finite time support property. 

and the kernel for the case a = I is 

<fl(/, m) ~ [ M'O(l) O(m) 

cos M I - ( - I ) cos M 111 cos M I ( 
"IT (/+111) 7r ) 7r l 

+ --------------- * G(m). 
"IT 7r 

sin - (I - 111) sin - (I + 111) 
M M 

(9) 

In Fig. 2 we compare the frequency responses in m of 
the cone-shaped kernels with angle parameters a = l, 2, 
and the frequency responses of the spectrogram kernel and 
the PWD kernel, where the solid line is for the spectro
gram, the medium dashed line for the PWD, the long 
dashed line for a = l, and the short dashed line for a 
2, and (a), (b), (c), (d) correspond to the frequency I 
0, I,, 2, and 3, respectively. The window is g(k) 
e - 2

«k-, where L = 64, and a is chosen so that g ( ±L) 
0.01. The displayed frequency range is from 111 = 50 to 
80, centered around m = 64. The frequency responses are 
normalized so that the same peak value is n1aintained by 
the 4 kernels at the origin on the 2-D frequency plane. 

We observe from Fig. 2 that when I = 0. the frequency 
responses of the spectrogram kernel and the PWD kernel 
are identical. and the responses of the two cone-shaped 
kernels are very close. The positive peaks of the spectro
gram and the PWD are wider than those of the cone
shaped kernels, and the cone-shaped kernels are charac
terized by the negative lobes on each side of the main 
positive peak-the shape of a lateral inhibition function. 
With the frequency I increasing, the response of the PWD 
kernel remains unchanged, but the peak values for other 
kernels are reducing. The peak value of the spectrogram 
drops the fastest, and the peak value of the cone-shaped 
kernels drops faster when a = l than when a = 2. In 
terms of the filtering property of the kernels in frequency 
/, the spectrogram kernel is low pass with a narrow band, 
the PWD kernel is all pass, and the cone-shaped kernels 
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Equation (I) shows that a GTFR is obtained through 
the convolution in time t of a kernel ¢ ( t, 7) with the sig
nal correlation x(t + (7/2)) x*(t - (7/2)) and a Fou
rier transform in time 7. Equation (2) shows that a GTFR 
is obtained through the convolution in frequency f of a 
kernel <I> ( TJJ) with the spectrum correlation X( f + 1/ /2) 
X* ( f - 1/ /2 ), and followed by an inverse Fourier trans
form in frequency 1/· For a discrete time GTFR, we follow 
the definition of the discrete PWD given in [7] and put it 
analogously to (I) 

11-<-L L 

CJ n, m; 1>) = 2 ~ ~ ¢ ( n - n ', k) x ( n ' + k) 
11'=11-L k= -L 

. x*(n' - k) e-jc2Jr/M1111k 

where M = 2L + 1 . 

1ml ~ L 

(3) 

The kernels of the spectrogram and the PWD in terms 
of the GTFR's can be derived from (I) and (2). The two 
representations are commonly defined with respect to a 
sliding window h ( t) and the signal x ( t) [2]. Assuming 
h(t) is real and symmetric, i.e., h(t) = h(-t), the ker
nels ¢ (t, 7) and <I> ( 1/ ,f) of the PWD are 

1>(r, 7) = o(r) h2(7/2) 

<l>(YJ,f) = 4H(2f) * H(2f) 

( 4.a) 

( 4.b) 

where H( f) is the Fourier transform of h ( 7) and the * 
denotes 1-D convolution. For the spectrogram, the ker
nels become 

</>(t, 7) = h(t + 7/2) h(t - 7/2) 

<l>(YJ,f) = H(J+ TJ/2)H(f-TJ/2). 

( 5.a) 

( 5.b) 

Relating these kernels with the definitions of the 
GTFR 'sin (I) and (2) reveals the properties of the pseudo
Wigner distribution and the spectrogram. Equation (4.a) 
indicates that the PWD kernel does not do smoothing in 
time t, therefore, the PWD has good temp0ral resolution. 
Equation ( 4. b) indicates that the kernel is constant in 1/, 
it thus cannot suppress cross-terms which are distributed 
off the 1/ = 0 axis [8]. Since H ( f) is a lov✓-pass function, 
smearing in frequency f is introduced through the convo
lution of the kernel with the signal spectrum. Equation 
(5 .a) indicates that the spectrogram kernel does temporal 
smoothing due to its dependency on t; (5.b) indicates that 
the kernel <I> ( 1J, f) is low pass in both f and 1/, and the 
spectrogram thus suppresses cross-terms but also has 
spectral smearing. 

III. CONE-SHAPED KERNEL DESIGN 

A. Basic Principle 

A desirable kernel of a GTFR produces good resolution 
in both time and frequency, and at the same time sup
presses cross-terms. Many efforts in improving frequency 
resolution have focused on the design of windows with 
energy contained within a small frequency band. On the 
other hand, it has been shown that lateral inhibition func-
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tions are used in human visual and auditory systems in 
enhancing perceptual signal features f 9], f 10]. In lateral 
inhibition circuitry, the output of a neuron is a weighted 
sum of the outputs of neurons within a small neighbor
hood. The neurons within the center neighborhood (ex
citatory neighborhood) contribute positively, and those in 
the surrounding neighborhood (inhibitory neighborhood) 
contribute negatively. Lateral inhibition functions have 
long been used in vision for image feature enhancement. 
The cone-shaped kernels for the GTFR 's are constrained 
to take the form of lateral inhibition functions in fre
quency f, thus they enhance spectral peaks when convolv
ing with the signal spectrum. In the dimension of fre
quency 1/, suppressing cross-terms requires the kernel be 
low pass, which is equivalent to the requirement of tem
poral s_moothing on the signal correlation function in terms 
of (I). Although many forms of temporal smoothing have 
been introduced in the literature [8], the finite time sup
port property of the representations has been invariantly 
sacrificed. For the cone-shaped kernels, we take the spe
cial effort to constrain the temporal smoothing to the ex
tent that the finite time support property is maintained, 
and at the same time the cross-terms are smoothed to a 
negligible extent. 

B. Kernel Derivation 

The notion of spectral enhancement requires that a ker
nel be a lateral inhibition function in frequency f. Since a 
lateral inhibition function in one domain corresponds to a 
band support in its Fourier transform domain and vice 
versa, a constraint is imposed on the support (nonzero re
gion) of the kernel in 7. Letting S ( ¢ ( t, 7)) denote the 
support region of ¢ ( t, 7), the constraint becomes 

S(f(t, r)) ~ [~ 
otherwise 

where I 71 ( t) I and I 72 ( t) I denote the lower and upper 
boundaries of the kernel support region as functions oft. 
Since tapering of data in 7 is necessary to reduce spectral 
leakage, we simplify the constraint so that the kernel sup
port region is only limited from below by the boundary 
I 71 ( t) 1- Note that when multiplied by a taper overlapping 
with the lower boundary, the kernel support will auto
matically be limited from above. Redefine I 7( t) I to be 
the lower boundary function; we then have the constraint 
on the kernel support region as 

S(f(t, r)) ~ [~ 
otherwise. 

(6) 

On the other hand, the constraint on the kernel for 
maintaining the finite time support property was given in 
[2] as 
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Fig. 6. The time-frequency representations of a mixture of two FM com
ponents for illustrating the capahility of the GTFR-CK in tracking fast 
changing spectral peaks. The signal was x( I) sin I A ( /31 - v cos /31) I 
+ sin I A ( (31 + v cos /31) ). The parameters were (3 = 100,r. A = 50.0. 
and v = 0.6. The signal duration was 100 ms. The data window length 
was 32 samples. analysis interval 2 samples. and the ffT size was 128 
for the GTFR-CK. (a) Signal. (h) Spectrogram. (c) PWD. (d) GTfR
CK. 
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fig. 7. The time-frequency representations of speech for illustrating the 
potential power of the GTfR-CK in application to speech analysis. The 
speech signal was .. that you .. spoken hy a female speaker. The signal 
duration was 154 ms and was low-pass filtered at 5 kHz. The window 
length was 64 samples, analysis interval 8 samples, and f~T size was 
128 for the GTfR-CK. (a) Signal. (h) Spectrngr..tm. (c) PWD. (d) GTfR
CK. 

the GTFR-CK. The GTFR-CK consistently maintains 
clear tracks of the spectral peaks whether or not the signal 
frequency is changing slowly or rapidly, the spectrogram 
smears the spectrum heavily, and the PWD suffers from 
a distorted display due to the interfering cross-terms. 

nal duration was 154 ms and was low-pass filtered at 5 
kHz. The window length was 64 samples, analysis inter
val 8 samples, and FFT size was 128 for the GTFR-CK. 
Fig. 7(b)-(d) displays the spectrogram, the PWD and the 
GTFR-CK from top to bottom. Again, the PWD is inter
fered by cross-terms, and the GTFR-CK shows located 
formant tracks much more precisely than the spectrogram. 
A very prominent demonstration is in the low energy 
coarticulation between "that" and "you". where the for-

Experiment 4: This experiment demonstrates the po
tential power of the GTFR-CK applied to speech analysis. 
The speech signal was ''that you'' spoken by a female 
speaker, and its waveform is shown in Fig. 7(a). The sig-
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mants linking "that" and "you" are clearly visible in the 

GTFR-CK, but are almost smeared out in the spectro

gram. 

V. SUMMARY 

Experiments have shown the advantages of the GTFR 

with cone-shaped kernels in resolving close spectral 

peaks, maintaining zero intervals of signals, displaying 

clear tracks of fast-changing spc ~tral peaks for the FM 

signals, and clear tracks of formants for speech signals. 

The technique therefore seems applicable to speech anal

ysis and other nonstationary signal analysis. 
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The Use of Cone-Shaped Kernels for Generalized 
Time-Frequency Representations of 

Nonstationary Signals 
YUNXIN ZHAO, MEMBER, IEEE, LES E. ATLAS, MEMBER, IEEE, 

AND ROBERT J. MARKS, II, SENIOR MEMBER, IEEE 

Abstract-Generalized time-frequency representations (GTFR's) 
which use cone-shaped kernels for nonstationary signal analysis are 
presented. The cone-shaped kernels are formulated for the GTFR's to 
produce simultaneously good resolution in time and frequency. Specif
ically, for a GFTR with a cone-shaped kernel, finite time support is 
maintained in the time dimension along with an enhanced spectrum in 
the frequency dimension, and the cross-terms are smoothed out. Ex
perimental results on simulated data and real speech showed the ad
vantages of the GTFR's with the cone-shaped kernels through com
parisons to the spectrogram and the pseudo-Wigner distribution. 

I. INTRODUCTION 

THE bilinear class of time-frequency distribution [ l], 
or the generalized time-frequency representations 

(GTFR 's) [2], have offered the flexibility for nonstation

ary signal analysis. This class of representations is char

acterized by 2-D kernels, where the properties of a rep

resentation are determined by the constraints imposed on 

its kernel. 

The spectrogram and the pseudo-Wigner distribution 

(PWD) are both GTFR's with special kernels [2]. The 

spectrogram preserves nonnegativity, smooths cross

terms, but requires separate analysis for either good time 

resolution or good frequency resolution. This behavior of 

the spectrogram has been shown to cause problems in, for 

example, the analysis of speech. It was shown in [3] that 

the formant frequency changes are the most important di

mensions that affect the perception of phonetic quality. 

When the formants change rapidly or a closure occurs, 

however, consistent broadenings of formant spectrum are 

seen in the spectrogram [4]. The pseudo-Wigner distri

bution has the advantage over the spectrogram of instan

taneous temporal response, but it produces interfering 

cross-terms when used in multicomponent signal analy

sis. The PWD does not preserve nonnegativity. A tech-
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nique which optimally smooths a Wigner distribution into 

a positive distribution was described in [5]. 
We formulate a special type of kernel for the GTFR's 

to simultaneously preserve the property of finite time sup

port, enhance spectral peaks, and smooth cross-terms. As 

in the case of the PWD, nonnegativity is not preserved. 

The representations thus primarily serve as tools for ana

lyzing the time-frequency structure of the signals, but are 

not energy distributions. On the 2-D time plane, the ker

nel takes a cone-shaped support region. On the 2-D fre

quency plane, the kernel takes the form of a lateral inhi

bition function [6] in the dimension where it convolves 

with the signal spectrum, and takes the form of a low

pass filter in the dimension where the cross-terms are lo

cated. We also formulate an algorithm for efficient com

putation of the GTFR 's with the cone-shaped kernels, and 

present experimental results which demonstrate the poten

tial power of the technique for speech and other nonsta

tionary signal analysis. 

11. BACKGROUND AND DEFINITIONS 

A generalized time-frequency representation C,(t,f; </>) 

of the signal x (t) with kernel </> (t, T) is [2] 

c, ( , . f; </> ) = 1 r: </> ( , _ , , • 7) x ( , , + 7 / 2 ) 

x*(t' - T/2)e-i 2
"1' dt' dT (l) 

where the * denotes complex conjugation. The relation 

expressed in terms of the Fourier transforms of the signal 

and the kernel is 

C, ( t, f; ~) = i i :: ~ ( rJ, f - f') X( f' + rJ /2) 

X*(J' - TJ/2)ei 2
"~

1 df' drJ (2) 

where the Fourier transform relations are 

X(f) = 1:: x(t) e-j27r.ft dt 

and 

0096-3518/90/0700-1084$01.00 © 1990 IEEE 
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h ,. (-t ) = b, ca;,. [ 21T U ( t · ZT ) ] cc:i. [ ~1!;,'l. (t -:ZT i]-rr(\ T ) 
1=0 



03 

s J,-d zrr < u ±- -:Jr ) 
' 

1 _ e-" sT e .. d a-rru T 

--

= s .,. J 2.Tr ( u ± fr ) 



Co,, s i e,... 
I I s~J (a4-b) .f- -S-"""--.-d-(a---h-) 

S -t J (a -b) + s .._ J (a +h) 
== [s+J(ai-b)][s+-JCa -bJ] 

2. [s +j aJ 
= ~[s 2._ (az- b~)]+ J s [ (a +b) 1-(a-bJ] 
_ _ 2 ( s + J a J . • (sz+ h-z.-ci') - .. .2.as 
- ( s 2 + h ~ - a '2. ) + J 2 a s ( s -z.+ h z. - a.!.) -J 2...;;i s 

-~ s(s 2-.,_ I, ~a~)+ 2azs3+J ta (s ~h ~a'2)- .2as~ 
- [-sz+h 2 -a~]2. + (2..as)2.. 

_ .2. s(s2.-,.b'4)+a 2s~+· a(b~-a 2 )-as~3J 
... s 4 +- -=< s ~ b ~+ c1 2 ) -r- b' - c:1" 

.. :2. [s ( s2.-1- a-z.+ h-z.)•J a (s~+az- b-z.)] · 
[:5-z-(a -1-bF-J [sz_ (a -b).z] 

Thus 'I . f . J (-J) a eJl/TrUT -l(sT -j 'ITrU• 
h Ct)<~ · ~ :s, - e e r;J 
1 

s ( s ~ + a '2._., b ~) - J a· ( s '+ a 2. - b' ) 
[_s'2- (a_+b)z.][s'-(a-b):] 

a = ;1..rru 

() 



r c· )1 -~--' --=------h, (t.) ~ 1 a 1 [s ~-(a+ h)a:} [ .sz- (a -b)~ 

[~'lirur) {1 - e.qsTJ s ( S-.. + a"-+ b"-) 

"-~ 'ITT u r) f 1. -1- e - 'i s T J a ( s 2 + a '- b ~ ) ] 
-1 

' s > = (-,) a<J [i- s·-zca+h)J[! - s·<(a-h)7.] 

[ ( 1 - e · 'i sT) ~ ( <.Jrru T) [ 1.. + s -~(a -z,._ b 2.)] 

+ ( i + e · 'Is T) ~ (., rr u T ) ci s • • [ 1 + s • "' ( a ...__ b 2 l] ~ 
, I . h; (t) = (_-1 )C\a, [s~-(a:1.+ b~)J [s~-(g-h )2_] 

r-(1- e-~ST) a (s 2+az- b'-) ~ (2:rrut) 

· + (i+ e-<tsT) s(sz+aZ...b",2,,)~rrut-)] 

s"'• 
= t • ) , a, [ i - s ·~(a + h ) 2.J [ 1. - s · 2 

( a - b )2 J 
[ (,-e-"5.,.)(-a) s· 1.(_1.+ s·"'(a-..-b"")} ~ t-) 

+{ ( t + e·'IST) ( 1 1- s· "'(a -Z.+ b -a )5 ~ (z:rrut )] iC 

, YCsJ 
1. - c S --z. - X(s) 

Tls): XCs) + c. s· 2 YCs) 

.X-Cs) 

I 
1 YlsJ 

: J 
c.s-2 



(·,/'a, s-• 1 1 i ~('lrrut) 

. l : r1 : I> l : ~ ~~qrrur):: 
5" 2 (a•l,)._ 5·'-(a-b)._ e·'ITS =@) 

:;; -z.< a. z..,.. h, 

© • <: .. .. ~ ► 

s-:2..(a 2 -b 2 ) 

5 -·2-caz-h2) ... 

1 

@) .. < ~ ~ .,.. 

s -~ca 2 -t- h 2.) 

s;<t;u) 

• 
I s

1
(t;it) 

a ~ 2TTU 

b = -,,'f/:i.r 

~ 

110 

' 

C'5 

~ 



If 

h; (-t )~s-z.~ 
0

( 2.vu) 2. L s (' - e-'4 sr) ~ 2rruT 

+(~TfU) (I+ e -'fST) Mn, (21TLJT) J 
; ao [ · ( -1./ST) 

ho(-t) ◄ ► s-z-t c ~:rru)-z - 2,ru 1 - e Co::J.. 2.rr u T 

( -"IST) f , J + S I +- e J. ~~TrUT) 

07 



OCs) 
1 e«l.. (~TiUT) 

~(2rruT) 



a
0 

s- 1 c1o S _, 

I -+ (2rruJ2. .s-2. = 1 + a-z.s-z 



,- q=-0 t-or I 

© 



I 

'f(r) 

a J T 
S -t :Z. (t - T j U) :: 1"=· T f'( 'r) 

x [ t- T+ c/71- a+ -er] 7*[t- T + c/-rl-a+ + c, 

e -J ,rru, Jr 

-1 r f(-r) 
T=-- T 

x [ t - r- c h- I - a_ - c. T J / * [-t - T -c. I "t I - a _ + c ,:] 

e-J·z:rru-r J, (e~ -



0 

+ 1 f (1-) x[ t. · T- .ZC'i"-a,.J 1 ~ [t - r - a +J e -J "Z1Tll(J , 

r=-- T 

1 
T . 

- f(?-) x {t -. T - ~c ,-a_]'/* rt -2 T·- a J e-J '2.TTu'd 
1::0 l ... 

1 O [ · 2rru-
- 1'~· ffr)x t · T-a.J f~ [ t • T+ .2C1" -a_J e "J :J 

f T . "' 

,. x(t· r-a,.) J,.._ -f(r) 1*(t:- 'T+:z.cT-a.,.)ed2. uj7 
1::0 

) r O "" ( " ) -J rr"~ "' - x(t- T- a_ Jf=~ .f( r) y* t- r+2cr-a_ e dt 
" -k ) 1 D "' "\ ) -J U1j ,., +.1(-1::- T-at· "'- ~(~)x(t:.- T-2.cT"-c1.,. e dJ 

t= T 



6 :Z(t- T; u_) 
6-f:- . 

::. x(t - T-'a+) li~- ,T f'"(-1")/('t- T-2cr-a .. )e.i "j~ * 
-x(t- r-a_) [}

7
,:-f(- r) 7(-t - r-2c1"-a_)e\r•- u1J1']~ 

f-f*(-1:- T-a+) J
7
:_ 

1
f('1') x(t: - T-2c'1"-a+) e-;fz u'd( 

*( !. ·.r ( ) -j °'Tri.( ,- I -1 -f:- T- a_) i=o f{'t') x -1::- T- 2..c-;--a_ e u d 1 

J r -d· 2rrui. 
5c_(t.-. r-a; u)= _ r w(r)x(t- r .. a-c.,)e ;J, 



It t=-o 

-cl1"'I -a_ <3' < 

-c?~-a-

-a+> - a_ 
~a_> a+ 

a_ =a++- t::,. 

' I. 

) 

c1 
Sc:(-t:- T-a;u) --••-- S~(t- T-a-,u 

• 



iii.' 

JI -f'(t -;,!- -,o*(--t 
11=5 

6 

Wa (t):: f"C--t-) rr t+ rz 
',T 

wb (i) = f*(-t) rr (Y-z-) 

Wc(tJ = iY -t ) TT ( -t -;.. rh) 

WJ{t: J :: ~rt J rr ct-=f 'L) a_=- a,..+ll 

.T 
y(e) 

c3+ C 

cc a c. 

e -~ ( T-t-c3t-) 

e- s( '.T+ a.., 

W c. T 

IA 

a.., G 

T 
)((t) 

a_ c. 



s C :se.s 

f'(-t)= f'*(-t:) 

Wa(t):: WJ(t) l W.1,= We. 

, 
x 1 I 

I 

cc s 

a re. re c1 I no 
/ 

I 
c.c.. -5 

E7v i va I e,1-t:c de/ a y Ii ,1 e c_f "'CU if;,-.)' 

* Sfectr-o~ram e 1v;valent-s 

(;a) 
·w T -sh a 

e 
~ 

a. C. 

w~ 
--

a+h 
-sb Wa T 

e 

a c.. 

T 

C 



_£7 

w, T 

-
a C. 

W1+W2. r 

i---.. ---
w,_ T 

c3 C -~ -
a C 

(c) 

5 (-t · u) = 
C I J- T ) -d 2.rrur' 

T w'(-r-) x(t:-c-r e o~ 

J .T • ~L«T 

Sc. ( t - 11..; u) = _ r w(,) x (t - 11._ -c ?- ) e 11 J 7 

"' c7"':n+c't 
I\ 

cl-r = .d1r 
" 2:1. "' ?L. 1:: C +7' => 1::. i-c,. 

2L 

l e. +- . . T ( ) 

( 
?t ) -· 7."fTU r- c::: , / Sc (-1: - ?2 i u ) ::. w ?" - c x ( -1:; - c 1" ) e o d 7 

?l. c- T 
1L 

, 

. -,,,./ lc+T J zrru 'lie .2L -:j 2rr1..fi 
= e w(r- c.. ) x(t--c -r) e f' ;J-1-

~ - T ; 



CROSS CoNt J-(ER.NE:L 

a+ = a_ ::. a 
L:l =- o 

Can vse ES witn 6=0 1 a+=a-=a S::') 
From f E" 3 

f,'Z?(t-,Tiu) 

~t [ 0 . f M ~J'2.iril1'1* 
=- x(i.- T-a) 'r:--r--f (-1')/(-t-2r-zc?--a)e J,J 

- x (t - T- a) [ f-r=: -f '-" (- -r) y(t. - 2. T- 2c-r-a} e-J .. w;;gJ" 
b 

+ 'j"' (t- T ·d) [ J-r=- /C -r l x (t - 2. 1-:2. c. ?'-a ) e. ·j .._..,.J ;J 

[ I' r -J 'Zrr t( r, -J;k (t - r- a) l,=" f( ?') >< (-t -2T - 2c 7--;i) e ;,/1-

= + x(t- r-a )~ T f*(--r-)~tr) /(f-ZT-2C"t-a )ed'Z -r]* 
~'r:: - T tJ 

7*(t- T-d) [_{_r Tf(r) r (-r-) x(t-2r-2c?--a )e -jzmJd J~ 

Oe.:tn e 

w
1 

( t) , f(-t) 7: (-t ) 

w2. ( t. J ~ w 1.* ( -t:) 

~ -/{c1-J r (-ti 



• 

T 

y(t) 
u 

a C 

cc 

w, T 
)( (t) 

tJ 

a C 



Sf ec.i a I Cases 

~ r~ -f(t)= f*(-t;)., then w,=Wa 

* Tf X 

.t Oela1 

~ / are re.a I., no 

~ sf ec:f::rog;rawi 

I 
c:.c s 

, 
1:10 



£"II 

T:f X= y '.l f(t)= f"'-(-t_) 

From E:3 

f,-:Z(t- .Tju) 
~t-

~ x(-t - T- a+ ) [ 1r: - r -f :,t c-d X (-1:.- T- :z.c-r- d+) e -J 2rtU ::h.J "¥ 

[J T ..p>t ) -d ZTrLI J* - X ( i:: - T- a - ) 1'::. 
0 

[ ( - 'j" \ X ( t. - T- 2c 7"'- a__ e_ •· / 

~ )[Jo ) ~~~ ] + xLt - r- a -t- T = __ T 'f ( 'r ) x (t - T - 2.c....,.. - cl+ e J, 

- x*(t- r-a_) [ Jr=: -f( r) x(-t. - T-:zcr-a_) e-J ~""rd ,J 

=2& x(-t.- T-a+)[~.~ ri':i:(-t- T-2c.,..-a+-)e-J-zTr~J.>f: 

- 2 R.,__ x* (-t- T ·cl_) [ 11'=: -f ( i) x(t:- T- ::Z.c?"-d_) e-J :zm~r1J .___,,, 
WJ 



wJ 
u 

aA' C 

_ (2T+a.)s 
2 e Ys 

X(tJ ,,.. 

h~ 
-

/ 

";c T 

u 

a C. 

• ex =- o< ... ... d ,C>{ : 

;3 = /3,. + J (3; 

Va r ·• a t ·,on s : 

* No c c. '..s ·, f- X , s r ea/ 

* Oela7 t 5fec.cra~ram ~ 1uiv. 

* 2 c.an he.- rut- I ot.s oJ Flace.s 

* a_-=- a+ = a (see G)) 
>k ~x = t2a x,* 



X = Y J f'(t) = f' * (--t: J 

a_ = a ... =- a 
Can wr;te. tll as 

= -:2. & X (-l: - T -a ) 

[ {. T T -f fr) ,_.,_,, ( 1') x <.t: - T- 2.c1""-a )e-j '"d * 

w, ('1' l 

w. T 
/ 

X(t) 
lJ -.z 

\ 
a C "-

e-( Tra)s 

* 
* * 
* xlt} real 

s rectrogr.a tl1 output 

Mvlt; ply bf IX I 2. 

,.., 



~ 

* 

E1 'I 

l=or real i(\rut;s: 

Av-to~amog-rarr1s are Real ! 
b ~ . I 5 t ,s rea 

Or,ly real part o/ Spec:E::ro'g;ram 

is ()eeded (i.e. Cos; ne X for-m) 

X(t) w T ~ [ Sc ( ~ - T - a ; U}] 
@ - . 

~ a cv ::. J w(1'}x(t-1"'}~~rrur) f 

1ec..2-
Tnen 1=11 b ec..ome.s 

6 ~ (t: - T ·LA) . j O 
-&t ' ::. ?. x(-t-T-a.,.) -r f('r) x(t.-T-zc1"'-a } 

C4)..{2rrttt) ;J ,y 

- :Z x (t- T- a.) 1:-f( I) x(-1:.- T-'2.c.'7'- a_) 

~ l-i.rru r) Jr--

5ee ~aut:o -r 

can use 1 tillt 



S' i ,,., ,· I a r } y) E 1 3 b e e om e -s 

62(c-T;u) 
b-t" - = ~ ~ 'X {1::. - T- a ) 

" /_ : -f C-;-) if C-;-) 

x (-1:: - T- zc--r- a ) ~('2-rrur)dr 

s~ e 2a-l::oco- r 



j t 4 Oi ff er-enc.e.. - ~--------. 
m=n+cfk.{-a,-
~ 'f[k] X [ w, - cl<] 
m:: n -c I kl - a _ 

[ ] -J z-rrku 
/ Jt- m+ck e 

. r. [fl + ii u J - ~ [ n ; u ] 

~ t [ ~n+c:lkl-a++~. 2/kl-a+ J f'[k] 

k = - 2. L rn : n - c.) k I - a - + i m = n- cl k.l - a - .... 

J e -J 2.rr l<.u 
x[m-ck.] 7*[m-rc.k 

• n-cfkf-a.-t1 n + c/ I<. I - a++- i 

-1 __.•--..-r-----i -----... f)'J 

n-c/kl- a. n+c.lk[ -a+ 

n♦c l /<( - a t- t- ; n+cJl<.t-a+ 

z:_ -L 
m= n-clkl-a_ +; m::. n -cl I<. I - cl -

• 
r'l +c.Jk\ -at- +-1 n -c I kl -a,,. + ; - 1 

=- L_ - L. 
m.=. n -t c I kl - a+- t- ( m:::.()-clkl -a_ 

Fi 



,, 
F2... 

l[niuJ 
n- a.+ J - 1 

- L J f[k] X [m]y:>t[m] 
rn=-n-a_ 

n+ck-a_+; -1 

-L Jf(k) 
m =- f1 i- ck - a _ 

J ~ [ k-] _d. -e.irku x(m-ck f m+c. e 

ZL 

+L [ z:k-a+t-i _ nz=_-a_t-i-1. J f(k) 

k :: 1 n, = n +-c k -a 1- 1- I m =- n -c. k - a _ · 

· x[m -ck] y * [m + ck] e,·J-xrrk« 



F3 

O-a_-t-i-.1 
- L ] f(k) 

m =-n-a_ 

Then·. 

-1 n -a_.,.. i - 1 . k 
- L. Z: i'(k) x lp] /' [m+:z.cl<-] e·J,rr u 

I<= -2L. f= n-a_ 

® 

'2.L n-a+ + 1 

-f[k] x [ p] /"' [m + zc. k] e --J z-rrk<J +L L 
k=- I p=n-cl+i-L 

® 

, 

2L 
n-a .. 't 1 - i 

-L L 'f(/d x [ f · 2ck] y ~ [p] e -J~,r h 
k =-1 f = n-a _ 

CD 



. F '-f 

• n-a_+,-1 

- z= 
f-=- n-a_ 

2L k 
l: f(k) x [ p- 2ck] e-jzrr ,_, 
k = I 

• n-a_-t, -1 

- L 
f =n-a_ 

~ f(k) 7*Lp +zck]e-J?.ir-kt., 
1::::::-zL 

n-a++I 

+L 
f =n -a.,..+- I 

:: .6i [nj u] 

Can construct usi()g 

/j. Cr1+1· u] - 6· [n·u] 
' ) I j 



F !::,-

6i [n •t- 1 ; u] - 6; [() j u] 
-I 

= yJt[n-a+ritt] L f(k]x[n-a+ti+1-2dJ 
1<.=-2.L -'2.Trk11 

x e d ~ 

- y* [n 



G 1. 

< r> n -t- c JI<- J - ~ + 

~ [n; u J :: [: L 
k:: ~T) m::. n - c I k J - a.+ r 

[ k J .it [ ] -J 2-rr k u 
X X m -c l m +Ck e 

Make ; c ca us a I : 

r[n-<T); u] 
< T) n -< r> + c. I k I - a -,. -f [ I< J 

= L I: 
k : {T) m : n -< T > -c I k I - a _t, I 

[ k J / -J -z Ts '"' LI xx wi-c y*[m+c1<-] e 

0~ f J e re n c e : 



Ca..se .1.: T ·,s an i ()ceger 

T=L 

r[n-LjU] • 2[n- L - 1.; u] 
L 

= L.. f'[k] X [n-L + cl k }-al -ck] 
k: -L *[' '] -J· 21TU k xi n-L+clkl-a++CK e. 

L 
- L 1 [ f<] x [n ·L - c I kl - a .. -c l<J 

k- ... L *[ I J -dp 'ZlTU ,~ 
- x y n - L - c 1~ I - a .. + c k e 

" 'f £o1f [n-L -a+J /:r [ n - L -a +J 
- x r n- L - a.] 7 ~ r n - L - a_ 1 5 

- I • 
+ L :f [I<] x [n • L .;?::I<• a+] y* [n-L·a+J e ·d ~"ll"u 

k.:-L . 

L j~ 
+ L_ 'f [k] X [n- L - a.,. l Y '>t [o -L-1. 2c.k-a+J eC] 

k~ I / 

- l . • k - :f; L f [ /<.] X [n-L- a_] l 1" [n- L +2ck-aJeJ
2

rn 

L [ * -~~~uk 
~ L. f[k]x n-L-~ck-aJ7 [n-L-c1_7e 0 

k= I 
I 

G2.. 

' 



L\'.c[n-L;u] 

:: ~ [n -Liu] - ':z: [rl -L - Ii c.,] 

- -f [o] { x (n -L - a➔ J y--r [n-L-a+-] 

-x[n-L--a-Jy~[n-L-;;J_Jj 

- I /, 
=- L -f [ k] >< [ n - L - 2.. c I< -a+J y * [YI - L-a+Je.-j ,rr"' <. 

I<. =-L 
-l 

;- L.. f [-I< J >< [11 - L -d +] y * [YJ - L - 2.c..l< -a+J etJ ,rrL( 
k =-1.. 

L . J - L -f[-l<]x[n-L-.=1._] v* [n-L-2<:...I,- a_Jed-2:q-u <-
k= J / 

.fa f[ ] [ J · -i'2rruk 
- L.. k x n - L - 2. c. k - a_ / >t [ r1 - L - ;;i _J e C7 

k =' . 

] [ 
~ f 'It [ 1 J ] -d· 'l. rr L4 1<.. 1 * = x [ n -L .. a 1- c__ - < y L n - L - 2 c. l< - c1. + e.. j 

l<,.:t.-l 

- x[r1 -L -;;i_] [ f: f * [-k] '/ [n -L-2.c.l, -a_] e -j -..TIU:] 
I<:. I 

+ / * [n-L-a +] l ~1..--f [ k J )( [n -L - 2.c. I< -cl+ J c::-J ·zrru le., 

J L [ J [ J -1'l.rruk - I * [ t1 -L -.;J - ~ 'f k x n - L .. 2..c f < - a _ e u 
k= I 

_.. 



----·-w L 
X[n] 

--- u 

a C 

s,Jn; l/] ~ t.. w' [ I< J )(' [ri -c. k] e -J '2trUk 

As:svm e. a_=- a+ t-11 

Can use. ~cro5·s 

Wa [n] ::. f"" [-n] . -L~n!:-1 
/ 

wh [ l'J] :. / ->l(-Yl] . l~n~L ,/ 

We:. (n] ~ -f [n J . •LfY)f-/ 
/ 

WJ[n 1 -::. 1 [n] . t ~ r'\ !: L 
,I 

Fr-o~ <:;;3 

'2 Ln-L · u] =- 2 [n -L-1 ' u J 
I I 

+ ~ ~[n -L; U] 

+ -f [o] f x [ n - L - a ... J '/ .,,_ [,1 - L - a -t J 
-- >< [n-L- a_] 1 *fn-L~a_]j 

Gq 
I 



Gone. Cross 2amog-raM 

a .., = al - -= a ~ 6 = o 
From G 3: 

D ~[n-L· u] 
I 

= +xf.n-L-a] 

'7"[/c]={ -, • I<< o 
/ 

0 • k =- o 
I 

I 
. /<. >O I 

Use ~c..rscon e.. 

w,_[n] = 

f~ [-k] o/ [-kJ 

f[f._] I [k] 

/ 
· J J<- / f L 

GS 
I 



Auto ~amog-rar'l1 

X :. y 1 i' [ I< ] =- f' ,t: [ - J<..] 

From G 3 

l1 2: [n - Liu] 

/J * -I ] -j"<r,u 
= ~ 1<..e.; x [ n - L - a+ J L '-f [ I< ] x [ n -L - 2.c I< - a+ e 

k =--L 

- :Z l<t2. x* [n -L. - a .. J ±:_ -f [ k] x [r1- L- 2.cl<--ci'J L-J ~ u I<. 
· k:1 

Use ~ clu-1:-o 

Furth e,mof'e_... now G4 bec.ot11 es 

Z [ n - L; LA] =- ~ [I) - L - I i u l 
t fl l:_ [n - L i u ] 

Can use 

+ 'f[o] {fx(n-L-a+)I~ 

-/x(n-L-a_)(~ 

~um wj x = y or r:.sum 2-



G~a 

---~~~-~~~r- . I 

a-+-=- a_ .. J. :.a or- a_=a+-1 

a_=at-1-Ll 

= a_ - i + ~ -=> 6 : 1 
F,..om G 3: 



G7 

Auto- Cone ~amag-r-arY} 

x= y ~ -f[k] ~ f',r:[-k] f d_= a ... =a 

=-2;ex*[n-L-a] ,t;:L -ff kl ~[k J 

[ I J -j ~r,-LI k x n-L-2.c.<-a e. o 
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ABSTRACT 

This paper presents a significant result in applying the generalized 
time-frequency representation (GTFR) to speech signal analysis. A 
two-dimensional kernel is designed which assures the GTFR of the 
finite time support property and interference term suppression capabil• 
ity. Comparison of the result with that of the spectrogram and a 
Wigner distribution shows that much better resolution and accuracy is 
achieved by using the chosen two-dimensional kernel. 

Introduction 

Toe speech spectrogram has been an important tool for speech 
signal analysis for over 30 years. A spectrogram is a two-dimensional 
time-frequency representation of speech where the vertical and horizon
tal axes correspond to frequency and time, respectively. Signal energy 
is represented by darkness such that formants of speech appear as dark 
bands on the two dimensional plane [1]. Although the need for such a 
representation comes from the nonstationarity of signal, the analysis 
method is based on the assumption of short time stationarity. There
fore, the method cannot give a good result when there are rapid 
changes of frequency content. This lack of accuracy can occur when• 
ever there are abrupt changes in the manner of articulation, e.g. most 
consonant-vowel boundaries. 

Recently, there has been a surge of interest in applying the 
Wigner distribution (WD) to nonstationary signal analysis and syn• 
thesis. Toe WD is shown in Claasen et al [21 to be a time-frequency 
representation which relates to other time-frequency representations, 
such as the spectrogram, through a two dimensional kernel. The WD is 
shown to be the representation which possesses 9 properties that are 
desirable in signal analysis [2]. Although some encouraging results 
have been obtained in the application of WD or PWD (a modified ver
sion of WD for short time analysis (3,4]), the inherent problem of una
voidable interference terms makes it difficult to use in multi-component 
signal analysis (3). 

It is important to note that an utterance of voiced speech is a 
multicomponent signal with rich harmonic contents. The PWD of 
speech has a very complicated time-frequency pattern due to the addi
tion of interference terms on top of the fonnant frequencies. The 
consequence is that although attempts have been made in applying the 
PWD to speech, the spurious interference terms reduce the utility of 
the time-frequency pattern. 

In this paper the problem is approached by side-stepping the need 
to maintain a WD or PWD. A generalized time-frequency representa
tion is desired such that the kernel of the representation satisfies those 
constraints which guarantee the desired properties. Significantly better 

resolution is obtained compared with that of the spectrogram. The 
mathematical analysis is done mainly on continuous cases for the ease 
of notation and discrete versions are supplied when it is necessary. All 
the programming work have been done on a Symbolics 3640 using 
2.etalisp and the algorithms have been integrated into ISP (5]. 

Background and Definitions 

Wigner distribution 

The WD of a real-valued speech signal signal f (t) can be defined 
both in terms off (t) and its Fourier transform F (f ). In terms off (t ), 
the definition is -

W/t J) = J f (ttt/2)/ (t-'C/2)e -j27c/td't 

Spectrogram (also call short-time Fourier transform) 

Let the signal be / (t) and the window be h (t ). The segment of 
the signal selected for short-time analysis is f, ('t) = f ('t)h ('t-t) and the 
time-varying spectrogram is -

S/t J) = J J.r,('t)f,(y)e -jltc/(t-'(Jd't dy 

Generalized timejrequency representation 

<'PM (f 8 ,'t) is an arbitrary two-dimensional kernel, the choice of 

which affects the properties of the time-frequency representation. Two 
alternative kernel descriptions. which are related to <I> M (f 

8 
,'t) through a 

one-dimensional forward or inverse Fourier transform, are <I>, (t ;t) and 

cf> 1 (f 8 J A). The affect of the choice of cf>, (t. 't), or equivalently 

cf> 1 (f 8 J A), on the GTFR is the central issue in the problem of high 

resolution and distortion-free time-frequency displays. 

Kernel Design for High Resolution 

An analytic goal in a high resolution display is that of finite time 
and frequency support. As discussed in [2] two of the nine constraints 

on the GTFR kernel directly affect these properties. Due to space limi
tations many results will be stated without proof. Also, the finite time 
support arguments will be stressed. Toe interested reader will find more 
detail in [6]. 

Toe finite time support property is most directly affected by the 
design of ll>

1 
(t ,'t). This kernel can be related to the GTFR via -

JI 
-j2,cfA 't 

C/t JA ;ll>,) = ¢.>
1 
(t-u ,'t)f (utt/2)! (u-'t12)e du d't (1) 

CH2482-8i87-0000-5l7 $1 .00 © 1987 IEEE 



It can thus be seen that the GTFR can be expressed as the 
Fourier transfonn with respect to t of a function Z (r .t), where 

Z (r ,t) = <t>, (r ,t) • If (r+t/2)/ (l-t/2)] 

namely, a convolution with the kernel along the dimension I. It can 
now be shown graphically that the kernel <l>

1
(1 ,t\ chosen in Fig. I is 

sufficient for the property of finite support: 

Let the time support off (I) be I I I< T. which is shown in Fig. 
2, then the support region off (r+t/2)/ (r-t/2) on the (I ,t) plane is as 
shown in Fig. 3. Since the support length adds up through convolution. 
the support region of Z (I .t) will be a rectangle as shown in Fig. 4. 
Therefore the support region of the GTFR on the (I J .,,) plane is res
tricted within Ir I< r, i.e. finite time support is maintained. This is 

shown in Fig. 5. 

The kernel <t>, (r, t) chosen in Fig. I can be expressed as 

t 

t 

<t>,(r;t) = (1-recr(--)J x(t,t) 
211 I 

where 1-rect (--) restricts the support region to the hatched area 
2111 

and x (t ;t) shapes the kernel within the support region. Since the ker-
nel is designed for short time analysis, the t dependence of x (t ,t) 

should taper <t>, (I ,t) down toward zero at It I = T. As with other tech
niques of spectral analysis, this data taper is needed to reduce the effect 

of sidelobe leakage. 

Toe choice oft dependence of x(t ,t) will ultimately relate to the 
distorting interference tenns. By considering <l> // 8 J .,.), which is the 

the 2-dimensional Fourier transfonn of cl>, (r ,t), the GTFR can be 

expressed in an alternative fashion: -
The interpretation of the above GTFR formulation is analogous to Eq. 
(1). The GTFR can thus be expressed as the inverse Fourier transform 
with respect to f 

8 
of a function Y (/ 8 j 11 ), where 

Y(JBJA) = cl>f(/BJA) * [f(/A+fB/2)f(/_~-fBl2)] 

namely, a convolution with the kernel along the dimension f A. With 
this formulation, finite frequency support can be graphically obtained 
for an hourglass-shaped extent of ci>

1 
(f 8 JA ), analogous to the Jrgu

ment for finite time suppon. This choice of ci>
1 
(f 8 J 11 ), is consistent 

(via a two-dimensional Fourier transform) with the previous choice of 

<P, u ,t). 

The reduction of interference terms in the time-frequency displ:!y 
can be brought about by forcing <t>

1 
(/ 

8 
J A) to have low-pass filter 

behavior in the / 
8 

direction, thus smoothing out the spurious com
ponents. Ideally, this corresponds 10 spreading <t>, (1 ,t) as much as 
possible in the support region in the t direction. If x (I ,t) is chosen to 
be independent oft and Gaussian in the t direction. i.e. 

2 
-2,n 

X(l,t)=e 

the design constraints are satisfied. 

Discrete Case 

The discrete version of the GTFR can be defined as 

C/n ,8;cl>,.) = :E 
L 

-j2J:8 
L, cl>

11
(n-p,k)f(p+k)f (p-k)e 

p,.,,-l., k-L 

where 2L-1 is the number of data points in the analysis segment. The 
discrete version of the appropriate kernel is 

,. -2a..t' 
<i>.(n.k) = rtct(--)e 

lk I 

where the rect( . ) function is defined as being unity for arguments 
between - I and I, inclusive. 

Experimental Results 

The sentence "that you may see" and the single word "Jump 
were used in the experiments. The passages were low-pass filtered JI 5 

kHz and sampled at 20 kHz. The duration of the waveforms are 1.9712 
sec. and 0.1536 sec.. respectively. All displays are made in a 
spectrogram-like fashion: the horizontal axis corresponds to time. the 
vertical axis corresponds to increasing frequency. and increasing mag
nitude of the time-frequency display is indicated by increasing dark
ness. (Negative values for the GTFR displays were set to zero.) Also. 
all displays have a frequency range of 5 kHz. 

In Fig. 6, the top pane is the speech "that you may see". the 
middle one is the spectrogram and the bottom one is the GTFR. The 
spectrogram has a DFT size of 256 samples and the analysis interval of 
32 samples. For the GTFR the DFT size is 127 samples and the 
analysis interval is 3' samples. The comparison of the middle and the 
bottom panes shows more precisely defined fonnan1 tracks in the 
GTFR. The most prominent part is in the coarticulation between 
"that" and "you", where the fonnant tracks which link those of 
"that" and "you" are clearly visible in the GTFR but are almost 
smeared out in the spectrogram. 
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Fig. 7 shows the spectrogram, the PWD and the GTFR of the 
speech word "jump" on the top, middle and bottom pane, respectively. 
The spectrogram and the PWD are the same as in Fig. 6. For the 
GTFR the parameters of OFT size and analysis interval are 127 sam
ples and 8 samples, respectively. The comparison of the three panes 
shows that the GTFR gives much clearer formant tracks in the "j" 
sound than the spectrogram and the PWD do. Due to the shorter 
analysis interval the vertical striations can now be observed in the 
GTFR, in contrast to the GTFR in Fig. 6. 

Fig. 8 shows the result of narrow band analysis on the sentence 
"that you may see". The spectrogram is on the top pane with a OFT 
size of 256 samples and an analysis interval of 64 samples. The GTFR 
is on the bottom has a DFT size of 128 samples and an analysis inter
val of 64 samples. The GTFR has much higher resolution of formant 
frequency positions. 

Fig. 9 shows the case when the word "jump" is contaminated by 
additive white noise with the signal to noise ratio being -10 db. From 
the top to bottom pane are the speech waveform, the spectrogram, the 
PWD and the GTFR. Due to a pre-emphases operation for all 3 time
frequency displays, the noise has more effect on the high frequency 
content than it does on the low frequency part. In this case, the PWD 
fails completely since no fonnants can be observed. The spectrogram 
still shows some formant structure in the low frequency pan but is not 
as clearly discernible as in the GTFR. 

Summary 

A GTFR with finite time support property and enough interference 
term suppression capability is obtained by imposing constraints on the 
two dimensional kernel design. Experiments show that much clearer 
formant tracks can be obtained using the GTi-"R than by using the con
ventional spectrogram. This nonparametric method with its precisely 
defined formant locations might provide an alternative to LPC for 
speech recognition, especially in the presence of noise. Although the 
GTFR has been designed primarily for the purpose of speech analysis, 
there is no doubt that it can be applied to other time series analysis as 
well. By increasing the dimensionality of the kernel and by traclin~ 
tern poral for spatial variables it may also be possible to extend I h.:: 



;1pplica11on 10 the field of image processing. Moreover, this technique 
of dcsignmg lccmcls according 10 a set of constraints on two
dimensional planes will yield GTFRs more satisfactory than existing 
application-sped fie transforms. 
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Fig 6: A comparison of the spectrogram and the GTFR on the 
sc111cnce "that you may see". 

Fig. 7: A comparison of the spectrogram. the PWD and the 
GTFR on the word "jump". 

Fig. !l: A comparison of the spectrogram and the GTFR on the 
sentence "that you may see" using narrow band analy~i~. 

Fi!!. 9: A comparison of the spectrogram, the PWD and the 
G;'FR on the word "jump" in the presence of noise. 
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Abstract 

The cone shaped kernel GTFR of Zhao, Atlas and Marks (ZAM) has been 

shown empirically to generate quite good time frequency representations in 

comparison to other approaches. In this paper, we analyze some specific 

properties of this GTFR and compare them to other TFR's. Asymtotically, 

the GTFR is shown to produce results identical to that of the spectrogram 

for stationary signals. Interference terms normally present in many GTFR's 

are shown to be attenuated drastically by the use of the ZAM-GTFR. The 

ability of the ZAM-GTFR to track frequency hopping is shown to be close 

to that of Wigner distribution. When a signal is subjected to white noise, 

the ZAM-GTFR produces an unbiased estimate of the ZAM-GTFR of the 

signal without noise. In many other GTFR's, the power spectral density of 

1 
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the noise is superimposed on the GTFR of the signal. We also show that, 

in discrete form, the ZAM-GTFR is generally invertable. 

1 Introduction 

The Generalized Time Frequency Representation (GTFR) of Cohen [1] is a powerful 

generalization of time frequency representations in which a number of important 

special cases are subsumed. These include the spectrogram, Wigner distribution, 

CW-GTFR (Choi, Williams) [2, 3] and the ZAM-GTFR (Zhao, Atlas and Marks) 

[4, 5]. The ZAM-GTFR is modification of a TFR proposed in 1925 by Born and 

Jordan [6]. 

The spectrogram performs quite well on stationary signals, but it's temporal 

resolution on highly time variant frequency components is typically quite poor. 

The Wigner distribution, on the other ha:r1d, has quite good time resolution for 

a single temporally varying frequency. The performance of the Wigner distribu-

. tion, however, degrades in the presence of multi-frequency component signals. For 

example, if a signal has two frequency components f 1 and f2 , then the Wigner 

distribution displays an unwanted interference term at the frequency (!1 + f2)/2 

[1, 2]. Indeed, such is the case for many other GTFR's, including that of CW

GTFR. The value of Wigner distribution at f 1 and h is constant while the value 
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at (!1 + h)/2 varies sinusoidally with temporal frequency f1 - f2, One proposed 

method for removing this artifact suggests use of smoothing functions for Wigner 

distribution [7, 8]. The unwanted terms are attenuated at a cost of reduction in 

temporal resolution 

Choi and Williams have proposed using a Gaussian kernel, <p( 77, T) = exp[-772r 2 
/ a] 

for Cohen's class of GTFR [2, 3). In the limit, as a --+ 0, the CW-GTFR becomes 

identical to a spectrogram, as a --+ oo, the CW-GTFR approaches the Wigner 

distribution. 

In this paper, we analytically establish some significant properties of the ZAM

GTFR some of which have been empirically observed previously. Specifically 

1. Spectrogram relation: For the case of a superposition of a number of sinusoids 

, the ZAM-GTFR asymtotically approaches the spectrogram. 

2. Interference term : The ZAM-GTFR is shown to significantly outperform 

the Wigner distribution in terms of interference suppression. A comparative 

illustration is shown in Figure 1 for two converging linear chirp. The spec

trogram, on top, generates the desired V shape. The Wigner distribution in 

Figure 1 b displays a sinusoidally varying cross term at the arithmetic mean 

of the signal's instantaneous frequencies. It is this term that smoothing op

erations attempt to remove (7, 8]. The CW- GTFR, shown in Figure le, also 

has cross terms whereas the ZAM-GTFR in Figure ld maintains the desired 
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V shape with observably better frequency resolution. The occurrence of in

terference terms are also evident in the frequency hopping example in Figure 

2. 

3. Frequency resolution : Frequency resolution is measured by examining how 

close two stationary tones can be placed in frequency such that they are 

still distinguishable in the TFR. Due to the interference term, the Wigner 

distribution performs poorly in this regard and is therefore outperformed by 

the ZAM-GTFR. As the TRF of choice for stationary signals, however, the 

spectrogram has even better frequency resolution. 

4. Time resolution : The ability of the TFR to make the transition in an in

stantaneous frequency change is an indication of the TFR's time resolution 

capability. We illustrate that the rise time for the ZAM-GTFR is nearly 

identical to that of the Wigner distributions. The ripple 1n the ZAM-GTFR 

can be substantially smaller than that of the V/igner distribution. The spec

trogram displays correspondingly poor time resolution performance. 

5. Noise sensitivity : When a signal is corrupted by additive white noise, the 

ZAM-GTFR displays an unbiased estimate of the ZAM-GTFR of the noise

less signal. This is contrast to the Wigner distribution and spectrogram 

where the power spectral density of the noise is added to the result. Noise 
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sensitivity is illustrated in Figures 3 and 4 where the spectrogram, Wigner 

distribution, CW-GTFR and ZAM-GTFR's are shown for the frequency hop

ping signal in the presence of white noise at 3db and 10 db SNR's respectively. 

6. lnvertability : In its discrete form, the ZAM-GTFR is invertable to the orig

inal signal within a proportionality constant (±1 ). This is also true for the 

Wigner distribution and certain other TRF's. The spectrogram is not in

vertable. 

2 Characteristics of the ZAM-GTFR 

In this section, we derive some important performance attributes of the continuous 

time ZAM-GTFR and contrast them to the Wigner distribution and spectrogram 

TFR's. Specifically, we show that the characterization of stationary signals by the 

ZAM-GTFR is asymptotically identical to the spectrogram characterization. The 

ability of the TFR's to resolve two closely spaced frequency lines is also examined. 

The ZAM- GTFR is shown to have a relatively small interference term amplitude 

and as a result, significantly outperforms the \\Tigner distribution in this regard. 

The transition characteristics from one frequency line to another are examined as 

a measure of temporal resolution. The ZAM-GTFR is shown to perform nearly as 

well in this regard as the Wigner distribution in terms of rise time and, is certain 

cases, has better transition ripple properties. Lastly, the noise properties of the 
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TFR's are contrasted. Remarkably, for additive white noise, the ZAM-GTFR is 

shown to produce an unbiased estimate of the corresponding noiseless case. This 

is in contrast to the power spectral density of noise being added to the desired 

result in the case of the Wigner distribution. 

2.1 The ZAM-GTFR 

The general continuous time formula of Cohen's GTFR class is 

where x(t) is the signal under examination and ¢(77, T) is the kernel. The kernel 

function ¢(77, T) of the ZAM-GTFR is 

</>(17,T) = ITlsinc(17T)p(T) (2) 

where p(T) is a windowing function. For p(T) = 1/ITI, we have the Born-Jordan 

kernel. From (1) and (2), it follows that 

r= it+~ ( T) ( T) . C(t,f;p) = }_ r p(T)x s + - x* s - - e-J 21rfrdsdT 
-co t-~ 2 2 

(3) 

Equation (3) is the general form for the ZAM-GTFR. The cone shaped region of 

support of (3) is shown in Figure 5 .. Define the local autocorrelation at time t as 

[1] 

it+~ ( T) ( T) A(t; r) = t-~ x s + 2 x* s - 2 ds. 
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Then the ZAM-GTFR can be interpreted as the Fourier transform of the local 

autocorrelation with a p(r) windowing. Because A(t;r) = A*(t;-r) and p(r) = 

p*(-r), we conclude that C(t, J; p) in (3) is real. It can also be negative . In the 

next section, we show that the positive portion of the ZAM-GTFR approaches the 

same response as that of the spectrogram for certain stationary signals. By setting 

the negative portions of the ZAM-GTFR to zero, we obtain the minimum mean 

square projection to the nearest nonnegative function. 

2.2 Stationary Signal Time Response 

In this section, we analyze the response of the ZAM-GTFR to a stationary input 

and show that the response is asymptotically the same as that of a spectrogram. 

Let C(t,J; 0) be the ZAM-GTFR with 

{ 

~0 (f) 
p(r) = 

0 lrl > T 

where .0( u) is the normalized windowing function. Define 

and 

Note, in particular, that 

- ! 100 11 
lul0(u)e-j 21ruaduda 

2 -oo -1 

7 

(4) 

(5) 

(6) 



From (3), 

~ 11 
lul0(u) [1 00 

e-i21ruado:] du 
2 -1 -oo 

= ~ 11 

lul0(u)8(u)du 
2 -1 

0 

C(t,J;0) = ~ 1T it+: 0 (~) x (s + :) x* (s- ~) e-i 21rfrdsdT (7) 
T -T t-~ T 2 2 

We can now state the following property for stationary signals with a finite number 

of frequency components. 

Property 1 Assume that 

x(t) = I.:,xiJ21rf;t (8) 
I 

If 0( u) is bounded and has finite energy1 then 

lim Pos[C(t, f; 0)] = AL IXd 28(J - Ji) 
T-oo . 

I 

and 

A = 1: Pos[0(/1)]d/1 

where 

P () ={x; x~O 
OS X O O 

j X < 

The proof is in Appendix A. From this property, we can see that instantaneous 

power of the positive part of the ZAM-GTFR is proportional to the power spectral 

density displayed by a spectrogram with a window of infinite extent. 
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2.3 Interference Terms 

A significant problem in many GTFR's is the appearance of unwanted interference 

terms. For two simultaneous frequencies, the interference term appears midway 

between the frequencies. As is illustrated in Figure 1, the ZAM-GTFR reduces the 

interference terms significantly. Indeed , from the results of the previous section on 

the asymtotic equivalence of the ZAM-GTFR and spectrogram, we are guaranteed 

no interference terms as T -+ oo. 

To explore the interference properties for intermediate values of T, assume the 

stationary signal in (8) has two terms 

(9) 

From Appendix A, the resulting interference term is 

(2) (2) 2IX1IIX2I 
C12 + C21 = 1r(fi - !

2
) cos[21r{(f1 - h)t + (1/;1 -1/;2)] 

Im[0(2l{(J -fi)T} - 0(2){(! - f2)T}] 

where the frequency midpoint is f = (11 + f2)/2. The magnitude of the interference 

is the cosine's envelope, 

where t:::..f = lf1 - f21. Plots of IIm[0(2l(J)I are shown in Figure 6 for some common 
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windows. Note that, due to Parseval's theorem 

Thus 

and 

Thus, we see that the interference is completely removed as T(b..!) 3 ~ oo. 

2.4 Frequency Resolution 

An important characteristics of a GTFR is the closeness at which two frequencies 

can be resolved. We have established that the frequency resolution of the ZAM

GTFR is asymptotically identical to that of a spectrogram. For a finite windowed 

cone shaped GTFR, however, the frequency resolution decreases more rapidly than 

that of the spectrogram. In this section, we will analyze the frequency resolution 

of the ZAM-GTFR. Assume that the signal x(t) is as in (9) with X 1 = X 2 = X. 

We will evaluate the resolution measure 

B(t; T) = max { C(t, (Ji + h)/2; P)}. 
C(t,fi;p) 

From Appendix A, we can write 

C(t, f; 0) = c?\t, f; 0) + c~1
) (t, f; 0) + cg\t,J; 0) + cJ~)(t, f; O) 

10 



Therefore, 

where 

- 2IXl2T{Re[0(1l{(J - J1)T}] + e(ll{(J - f2)T}] 

+ cos[21r(f1 - h)t]Im[0(2){(J - h)T} - 0(2){(! - f1)T}]} 
1r(J1 - h)T 

2 
1rpRe[0(1l(p/2)] - Im[0(2l(p/2)] 

1rpRe[0(1)(0) + 0(1l(p)] + Im[0(2l(O) + 0(2l(p)] 

1rpRe[0(1l(p/2)] + Im[0(2l(p/2)] 
-

2 
1rpRe[0(1l(O) + 0(1l(p)] - Im[0(2l(O) + 0(2l(p)] 

(10) 

and p = (!1 - h)T. For the Hanning window, 0(u) = cos2(1ru/2) over the interval 

-T :S t :S T. We will now compare the performance of the spectrogram and 

vVigner distribution. For the spectrogram with a Hanning window, the resolution 

measure 1s 

B ·T _ [ 2(1-4p
2
)sinc(p) ]

2 

s(t, ) - (1 - p2)[1 - 4p2 + sinc(2p)] 
(11) 

For the Wigner distribution, we have 

B ( . T _ l + sinc(p) 
wt, )-1+2sinc(p)+sinc(2p) (12) 

Figure 7 shows the resolution measures of the ZAM-GTFR, the spectrogram 

and Wigner distribution for rectangular and Hanning. From Figure 7, we can see 

that the frequency resolution of the spectrogram for this stationary signal ,as we 

would expect, is better than both the Wigner and the ZAM-GTFR. 

11 



2.5 Time Resolution 

An important characteristic of a TFR is its response to rapid nonstationarity. An 

indication of this property is the analysis of the TFR's response to a sinusoid whose 

frequency changes abruptly. We can denote such a signal by 

{ 

X ei21r ii t ; t ~ O 

x(t) = 
Xei 21rht • t > 0 

' 
The performance of a TFR in resolving this transition will be illustrated by the 

function 

C(t; T) = C(t, h; P) 
C(T, h; p) 

For the rectangular windowed ZAM-GTFR, this function is 

{ 

[sinc(p )) 2 
- 2,sinc(2p) 

Cz(t; T) = +2,(1 + ,)sinc(2,p) - 21
2 [sinc(,p)) 2 t ~ O 

1 - (1 - 1 )2{1 - (sinc[(l - 1 )p))2} t > 0 

where , = t/T. The corresponding functions for the Wigner distribution and 

spectrogram are, respectively, 

and 

{ 

2,sinc[4,p) + [1 - 21 )sinc[[l - 21 )p] 
Cw(t; T) = 

2, + [1 - 21 )sinc[[l - 21 )p) 

t ~ 0 

t > 0 

~[[1 + ,)2 + 2[1 - , 2)sinc[2[1 - ,)p) 
4 . 

+[1 - ,)2{sinc[[l - ,)p]} 2
) 
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Figure 8 shows the response of the frequency transition. The Wigner distribution 

is best and the spectrogram is worst. The performance of the ZAM-GTFR is very 

close to that of the Wigner distribution. 

2.6 Noise Effects 

A significant problem of the Wigner distribution is its high noise sensitivity. To 

compare the noise properties of the three TFR's, assume that the signal under 

examination is corrupted by ergodic and stationary noise, n(t). Let E[n(t)] = 0 

and R(T) = E[n(t)n*(t-T)j. For a GTFR which satisfies the marginal constraints, 

the mean of the GTFR result is the sum of the value of the GTFR without noise 

and the spectral density of the noise [9, 10]. Such is the case for the CW-GTFR 

and the Wigner distribution. Such is not the case for the ZAM-GTFR. We can 

establish, rather, the following property. 

Property 2 Let Cn(t, f; p) be the ZAM-GTFR of x(t) + n(t). Then 

E[Cn(t,f;p)] = C(t,f;p) + D(t,f;p) 

where C(t,f; p) is the ZAM-GTFR of the noiseless signal and the bias term due 

to the noise is 

(13) 
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--

The proof is in Appendix B. Interestingly, the cumulative contribution of the bias 

for any frequency f is zero for all values of time. 

1-: D(t,f;p)df = 1-:1-:p(T)ITIR(T)e-i21rf-rdTdj 

1-: p(T)ITIR(T)8(T)dT 

= 0 

Significantly, if the noise is white (R(T) = Af0 8(T)), then the bias term is 

identically zero. 

D(t,f;p) 1-: p( T) IT IR( T )e-j2
1r fr dT 

- 1-:p(T)ITIAfo8(T)e-i21rf-rdT 

0 

Thus, in the presence of white noise, the ZAM-GTFR generates an unbiased esti

mate of the ZAM-GTFR without noise. Note that this unbiased property is true 

in general for all GTFR's whose domain of integration results in no contribution 

from origin of the ( s, T) plane. The cone kernel pinches to a point at the origin 

and therefore has this property. The unbiasedness, however, comes at the price of 

no longer being able to satisfy the instantaneous power marginal. In other words, 

unlike the Wigner distribution and CW-GTFR, the integration of the ZAM-GTFR 

over all frequency does not result in the instantaneous power of the signal [1). 
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3 The Characteristics of the Discrete GTFR 

The discrete version of the ZAM-GTFR can be written as 

l L n+~ k k · 
C[n, n; p] = 

2
L + 

1 
L L p[k]x[m + 2]x*(m - 2Je-.1 21rnk (14) 

k=-Lm=n-~ 

where L parameterizes the length of the window, n = 1 / ls and ls is the sampling 

frequency. Folding the sum over k and taking advantage of the resulting symmetry 

gives 

C[n,!1; p] -
1 

---x 
2L + 1 

{p[O]lx[n]I' + 2Re lt f. p[k]x[m]x•[m - k]e_;,,n,]} (15) 

The fundamental properties of the discrete ZAM-GTFR are similar to those of the 

continuous case. We will demonstrate that, for additive discrete white noise, the 

ZAM-GTFR diminishes as (2L + 1 )- 1
. We also demonstrate that the ZAM-GTFR 

is invertable to the original signal. A signal can be determined from its Wigner 

distribution to within a proportionality constant. The spectrogram cannot be thus 

inverted. 

3.1 Noise Effects 

As in the continuous case, assume that the noise, N[n], is ergodic and stationary. 

Let E(N[n]l = 0 and R[k] = E[N[n]N*[n - k]] where N[n] is noise signal. Using 

15 



(15), the expectation of the ZAM-GTFR of the noisy signal can be shown to be 

E[CN[n, St; pl]= C[n, St; p] + D[n, St; p] 

where the bias term is 

D [n, !1; p] = 
2

L I+ I { p[O]lx[n ]I' + 2Re [fi p[k ]{ k + I )R[ k]e - ;,non] } { I 6) 

If the noise is white (R[k] = N0 8[k]), then D[n, St; p] is N0 /(2L + 1 ). If the size of 

the window is sufficiently large, then D[n, St; p] ~ 0. 

3.2 Invertability 

In general, the GTFR is not invertable. For example, the spectrogram is not 

invertable because of loss of phase information in the frequency domain. As ex

plained in the following property, discrete ZAM-GTFR's of certain real causal 

signals, however, are uniquely invertable. 

Property 3 We assume that x[n] = 0 for n < 0 and we know C[n, ni; p] for 

n 2 0 and i = l, 2, · · ·, L. If, for n > 0, the signal nowhere goes identically to 

zero over interval of duration L + l, then x[n] can be determined uniquely from the 

ZAM-GTFR. 

A proof of this property is in Appendix C. 
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4 Conclusion 

The cone shaped kernel GTFR of Zhao, Atlas and Marks (ZAM) has been shown 

empirically to generate quite good time frequency representations in comparison to 

other approaches. In this paper, we have analyzed some specific properties of this 

GTFR and have compared them to other TFR's. Asymtotically, the GTFR was 

shown to produce results identical to that of the spectrogram for stationary signals. 

Interference terms normally present in many GTFR's were shown to be attenuated 

drastically by the use of the ZAM-GTFR. The ability of the ZAM-GTFR to track 

frequency hopping was shown to be close to that of Wigner distribution. When 

a signal is subjected to white noise, the ZAM-GTFR was shown to produce an 

unbiased estimate of the ZAM-GTFR of the signal without noise. In many other 

GTFR's, the power spectral density of the noise is superimposed on the GTFR of 

the signal. We also proved that that, in discrete form, the ZAM-GTFR is generally 

invertable. 

17 
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APPENDIX 

A Proof of property 1 

Let 

then 

x(t) = LXiei21rf;t 
i 

x ( s + ~) x* ( s - ~) = ~ XiX]ei21r(f;-f1 )sei21r';;f;,,. ( 17) 
t,J 

From (17) and (1), we get 

c(t,f;p) = I:cf1\t,f;p) + I:cg)(t,J;p) (18) 
' i,j 

where 

· (19) 

and 

(20) 

Using (4), (19) becomes 

c?\t, J; p) _ lil2 

2Re [1T r0 (;) ei21rU,-f)r dr] 

= 2IXi!2TRe [fo1 
u0(u)ei21r(f;-f)Tudu] 

(21) 
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Also, (20) becomes 

cg\t,J; p) - ;Re [x;XJ foT 0 (;) l~~'f ei211"(!;-f;)se,i211"[(f;+f;)l2-Jldsdr] 

= ;Re [X;XJei211"U,-f;)t{A;j(0) + Aj;(0)}] 

where A;j(T) is 

(22) 

We now evaluate 

C (2)( f· 0) + c(?l(t f· 0) = 4IXdlXil 
ii t, ' Ji ' ' T 

Define 

Since 
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Equation (24) becomes 

(25) 

Let T---+ oo. Since 0(u) is bounded and has finite energy, we get [11], for f3 -:j:. 0, 

lim 0(2
) (/30:) = 0 

a--+oo 

In the case of f3 = 0, 

lim Im[0(2l(f30:)]/3=0 = Im[ /1 0( u)du] = 0 
T--+oo Jo 

Because 

1-: o:Pos[0(ll(f3o:)]df3 = 1-: Pos[0(1l(f3)]d;3 = A 

we get 

It follows from that (21) is 

and (25), in the limit, becomes 

lim 6\2l = O 
T--+oo 11 

Therefore 

Q. E. D. 
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B Proof of Property 2 

From (3), the ZAM-GTFR of the noisy signal is 

100 ri+l:!:.l 
E[Cn(t,f;p)] = -oolt-~ p(r)E[{x(s+r/2)+n(s+r/2)} 

2 

x{x(s - r/2) + n(s - r/2)}*]e-i21rfrdsdr 

Using E[n(t)n*(t - r)] = R(r) gives 

t+l.:l. 
E[Cn(t,f;p)] = l: j_~ p(r){x(s + r/2)x*(s - r/2) + R(r)}e-i21rfrdsdr 

2 

where 

- C(t,f;p)+D(t,f;p) 

D(t,f;p) 
00 t+ l;! . 

= j 1 r p(r)R(r)e-J27rfrdsdr 
-oo t-1:!:.l 

2 - I: p(r)lrlR(r)e-jhfrdr 

C Proof of Property 3 

Property 3 is proved throughout the establishment of three Lemmas 

Lemma 1 Ifx[n] = 0 for n < 0, then C[n,fl;L] = 0 for n < 0. 

PROOF: 

23 
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Because x[n] is real, from (15), we have 

L n+k 

C[n, n; L] = p[O]x 2 [n] + L L p[k]x[m]x[m - k] cos(21rS1k) (26) 
k=l m=n 

Since x2 [n] = 0 and x[n + m - k] = 0 for n < 0, our proof is complete. 

Q. E. D. 

Lemma 2 Assume that we know x[n] for n :S l and x[l] =J 0. If we also know 

C[n, ni; L] for n :S l and i = 0, 1, ... , L, then we can evaluate x[l], x[l+ 1], .. ·, x[l+ L]. 

PROOF: 

We evaluate 

L 

+2 L p[k][x[l + k]x[l] :-- x[l - l]x[l - k - ll] cos(21rnik) 
k=l 

L 

= L y[k]cos(21rnik) 
k=O 

where 

k _ { p[Ol[x 2 [l] - x2
[/ - 1] 

y[ ] - 2p[kl[x[l + k]x[l] - x[l - k - l]x[l - 1] 
k=O 
k =JO 

Let 

and let 

{ 

y[k]/2 k > O 
z[k] = y[O] k = O 
. y[-k]/2 k < O 

24 
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where n_i = -ni. Then 

where 

and 

Q=Wz 

Q [Q[-L], Q[-L + 1], · · ·Q[L]f 

z [z[-L], z[-L + 1], · · ·z[L]f 

e-j21rOL(L-l) 

e-j21rnL-1 (L-1) 
. . . ei211"0LL l 
: : : ei21r~L-1L . 

. . , e- j21rOL L 

Clearly, Wis Vandermonde [12] and thus is nonsingular. We can therefore obtain 

y[k] from C[O, ni). Therefore, 

x[l + k]x[l] - x[l - k - l]x[l - 1] = ~f:~ 
1 [y[k] l x[l + k] = x[/] p[k] + x[l - k - l]x[l - 1] 

Q. E. D. 

Lemma 3 If x[n] = 0 for n < 0, and if we know C[O, ni; L] for i = 0, l, · · ·L, then 

we can evaluate x[O),x[l], · · •x[L] 

PROOF: 

The proof follows immediately from the previous two lemmas. 
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Q. E. D. 

Property 3 follows immediately from Lemma three. 
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Figure Captions 

Figure 1 : Logarithmic (db) plots of GTFR's for two converging linear chirps 

using, (a) the spectrogram, (b) the Wigner distribution, ( c) the CW-GTFR and 

(d) the ZAM-GTFR. Here, and in the following three figures, the Gaussian win

dows with standard deviation parameter 1/[4ln10] = 0.11. The parameter for the 

gaussian kernel for the CW-GTFR is u = 2. The maximum value for each plot is 

20db with a floor of Odb. 

Figure 2 : Logarithmic plots of GTFR's for frequency hopping, (a) the spectro

gram, (b) the Wigner distribution, (c) the CW-GTFR and (d) the ZAM-GTFR. 

Figure 3 : Logarithmic plots of GTFR's for the frequency hopping example in 

Figure 2 when the signal is subjected to additive noise with a SNR of lOdb, (a) 

the spectrogram, (b) the Wigner distribution, (c) the CW-GTFR and (d) the 

ZAM-GTFR. 

Figure 4 : Logarithmic plots of GTFR's for the frequency hopping example in 

Figure 2 when the signal is subjected to additive noise with a SNR of 3db, (a) 

the spectrogram, (b) the Wigner distribution, (c) the CW-GTFR and (d) the 

ZAM-GTFR. 
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Figure 5 : Illustration of the cone shaped region of support used for the ZAM

GTFR. 

Figure 6: Plots of IIm[0(2)(f)]I for (a) Gaussian (b) Hanning and (c) Blackman 

windows. 

Figure 7 : The measure of frequency resolution between two frequencies, Ji and 

f 2 for (a) rectangular and (b) Hanning windows for the Wigner distribution (top), 

ZAM-GTFR (center) and spectrogram (bottom). The scale for the spectrogram 

in (b) only is on the right. The spectrogram clearly out performs the ZAM-GTFR 

in both cases which, in turn, is much better than the Wigner distribution. 

Figure 8: Relative rise times for the spectrogram, Wigner distribution and ZAM-

GTFR when (a) (!1 - h)T = 5, (b) (!1 - h)T = 20, and (c) (!1 - h)T = 50. The 

transition ripple of the ZAM-GTFR is much lower than that of the ZAM-GTFR. 
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Patent Disclosure: Szasz Series Windows 
in Signal Processing 

Robert J. Marks II 

September 15, 1989 

There exist a number of signal processing algorithms wherein a window, 
<p(k), shifts across a signal to give an alternate representation of the sig
nal. Included are weighted running averages, spectrograms and zamograms 
[1, 2, 3]. Conventionally, weighted running averages are computed using 
the equivalent of an finite impulse response (FIR) filter the taps of which 
correspond to the window samples. Digitally computed spectrograms are 
traditionally computed by weighting the signal samples in a interval by the 
window weights followed by a fast Fourier transform (FFT). Digital zamo
grams also require the use of FFT's for each point in time in which a spectral 
line is computed [3]. 

For windows and that are uniform (i.e. rectangular or boxcar windows), 
the value of a signal representation generated from a sliding window can be 
obtained by adding to the ·current representation new data introduced by 
the shift and deleting data no longer included in the window. ·with non
rectangular windows, however, shifting alters the weights of all data and the 
procedure is no longer applicable. An approach with similar computational 
advantages occurs when the window is of the form <p(k) = esk. Then, since 
<p( k ± l) = e±s esk, shifting from k to k ± l is equivalent to multiplying 
each data point by e±s. Unfortunately, there are no useful windows that are 
exponential except the degenerate case of the rectangular window. There 
are, however, a number of commonly used windows that are superpositions 
of weighted exponentials. vVe refer to a weighted sum of exponentials as a 
Szasz series [4, 5]. Trigonometric polynomials are special cases. The Szasz 
components of the signal representation can be individually computed using 

1 
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the exponential updating approach and the components superimposed to ob
tain the desired processing output. The generic procedure for the updating 
using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the 
previous window but not that in the current window. Likewise, 
add the newly introduced terms. 

2. Multiply each of the elements common to both windows by the 
Szasz increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs. 

Two Szasz components may be complex conjugates of each other. In 
such cases, it is many times computationally convenient to combine the two 
components into a single composite component as shown in Fig. 2. Similarly, 
only the real portion of the output of a Szasz component may be required in 
certain cases. 

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spectrograms and zamograms are then 
presented. 

1 Szasz Series Windows 

A linear exponent Szasz series can be written as 

(1) 

where the { aq} 's and the {Sq} 's are possibly complex. vVe will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be 
even. vVe then use the alternate form 

<pe(k) = <p(I k I) (2) 

Some popularly used windows and their Szasz series representations are 
in Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that <pe( k) = <p( k ). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can 
always be approximated to an arbitrary accuracy by a Szasz series. 

2 
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update by 
Szasz Factor 

#1 

add new Szasz 
data 

cof'?ponen t 
subtract 
old data #1 

update by 
Szasz Factor 

He 

input signal 
add new Szasz signal data representation 

subtract cof"'lponen t + 
old data #2 i .. • • • • • . • • • 

update by 
Szasz Factor 

#/} 

add new Szasz 
data 

subtract 
cof'?ponent 

old data #Q 

Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains 
is updated by a common Szasz factor. 

~ 
CIITI 

Table 1: Rectangular: ip(k) = 1, Q = l. 
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update by 
Szasz ractor 

#q 

add new Szasz 
data 

subtract 
co1'1ponent 

old data #q 

update by 
Szasz ractor 

#q 

add new Szasz 
data 

co1'1ponent 
subtract 
old data #q 

update by 
Szasz factor 

#A 

add new Szasz 
data 

subtract co1'1ponen t 
old data #q 

Figure 2: A single composite component on top may replace the two Szasz 
components shown on the bottom when they are related by a complex con
jugate. 

Ciq Sq 
1 0 2 
.!. jn-fL 
4 
1 -j1r/L :;-

Table 2: Hanning: cp(k) = cos2(;1), Q = 3. 

Ciq Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: cp(k) = 0.54 + 0.46 cos('7), Q = 3. 
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O'.q Sq 

0.42 0 
0.25 j1r/L 
0.25 -j1r/L 
0.04 j21r/L 
0.04 -j21r/L 

Table 4: Blackman: cp(k) = 0.42 + 0.5 cos(1rf) + 0.08 cos( 2lk),Q = 5. 

v(n+L> D D D D D 
, , , , , , 

:f'(-U :f'C-L+l) :f'(-L+2) :f'(L-D :f'CU 

"' " ' w 

z(n) .... 

Figure 3: An FIR implementation of the weighted running average filter. 
The D denotes a unit delay. 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n) = I: cp(k)v(n - k) (3) 
k=-L 

As is shown in Fig. 3, this process can be straightforwardly implemented on 
an FIR filter with 2L + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

z(n) = I:zg(n) (4) 
q 

where 
L 

zq(n) = aq I: esqkv(n - k) (5) 
k=-L 

5 
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Clearly, then 

L 

CY.q L esqkv(n + 1 - k) 
k=-L 

L-1 
CY.q L esq(k+1)v(n - k) 

k=-L-1 

L-1 
CY.qesq L esqkv( n - k) 

k=-L-1 

e5 qzq(n) + CY.qe-sqLv(n + L + 1) - CY.qesq(L+l)v(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse 
response (IIR) filter. The results of Q such filters can then be summed to 
give the desired output, z(n). One such realization for Q = 3 is shown in 
Fig. 4. Note the applicability of the algorithm illustrated in Fig. 1 here. The 
Szasz factor is esq, the new data is CY.q e-sqLv ( n + L + 1) and the old data is 
CY.qesq(L+l)v( n - L). 

When Lis large, the realization of the weighted running average in Fig. 4 

requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift register are required from in the 
IIR realization. The FIR realization requires 2L + 1 taps. 

2.1 Computing Complex Szasz Components Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z(n) can be computed separately. If we express z(n) in terms of it's real and 
imaginary parts: 

z(n) = zr(n) + jz\n), (7) 

then, if v(n) is real, the iteration in Eq. 6 can be written in component form 
as 

z;(n + 1) z;(n)~[esq] - z~(n)8'[esq] 

+?R[a.qe-sqL]v(n + L + 1) - ~[a.qesq(L+l)]v(n - L) (8) 

6 
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v(n+L +!) -z,<n> 

v(n-L> -ex, es' <L+I> / es, 
, 

(zfn+l) 
z(n) CX.2 e-s2L 

- D - 2 -

-ex,, es,,<L+I> 
/~ 

es2 

z(n) 

Figure 4: An IIR implementation of the weighted running average filter. 
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v(n+L +J) I 

Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

and 

z!(n + 1) z;(n)S'[esq] + z!(n)?R[esq] 

+S'[aqe-sqL]v(n + L + 1) - S'[aqesq(L+l)]v(n - L) (9) 

where ?R/~ denotes the real/imaginary part of and 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component 
can by realized by the IIR filter illustrated in Fig. 5. The real and imagi
nary parts of all Szasz components are summed to obtain zr(n) and zi(n) 
respectively. 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, cp(k), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a com
plex conjugate. Motivated by this observation, assume that V q 3 either aq 

8 
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or Sq is complex (or imaginary), 3q 3 ag = a; and sq= s;. In such cases, 
the two Szasz terms can be combined into a single IIR filter. Define 

zq(n) - zq(n) + zq(n) 
2»-?zq ( n) (11) 

This can be computed simply by multiplying the real output in Fig. 5 by 
2. The two complex Szasz components at the top of Fig. 6 can therefore be 
replaced by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where a 1 is real and s1 = 0. Let a 2 = a 3 and 
s2 = s; = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Since all of the multipliers become real, we implement the q = 1 term 
using the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 
terms are related by a complex conjugate. We therefore choose to implement 
them using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 
S(n,p) = ~ <p(k)v(n - k)e-jZ1rpk/M (12) 

k=-L 

where p is a discrete frequency index and M parameterizes the number of 
points in the frequency domain. 

The function I 5( n, p) 1
2 is also referred to as the spectrogram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v( n), is fed through a delay line and delayed values are weighted 
by samples of <p(k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 

9 
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v(n+L +I) . I I cxq e-sqL (zq n: Zq(n) 
( 1) 

v<n-L) 
_ cxq esq<L +I) /' esq 

ex A e-sf/L [zf/(n+l) 
Zt/n)_ q 

• ' D 

°' s"'-(L+I> - qe q /~ 
eSq 

R[esq] 

v(n+L +I) I ,R[ cxq e-sqL] 2 

? ~ ~[ ex es0 (L +J> 2 z?n> q 

-,R[ ex eso<L +})] 

v(n-L) 
q~ 

- ~[ ex e-sqL] q 

R[eso] 

Figure 6: vVhen two Szasz components are related by a complex conjugate, 
then the two components ( shown here at the top) can be replaced by a single 
one (shown at the bottom). 
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c<, D z(n) 

1 

COS(TT/L) 

v(n+L +1) 2 

-c<, sin (TT/L) 

ex., COS(rr/L) 
-sin(TT/L) 

v(n-L> D 

COS(TT/L) 

Figure 7: Implementation of a Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages are special cases. 

v(n+L) D D D D D 

::f'<-U ::f'(-l+D ::f'<-L+2) ::f'<L-D ::f'<U 

FFT 

S(n,-L> S(n,-L+I> S(n,-L+2) S(n,L-1> S<n,L> 

Figure 8: Computation of the spectrogram amplitude using the FFT. 
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3.2 Spectrogram computation using Szasz series com
ponents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, 
then the spectrogram in Eq. 12 can be written as 

S(n,p) = I:S9(n,p) 
q 

where 
L 

S
9
(n,p) = a.

9 
L esqkv(n - k)e-i21rpk/ivf 

k=-L 

The qth Szasz component update is calculated as follows. 

L 
S

9
(n + l,p) = a.

9 
L esqkv(n + l - k)e-i21rpk/ivf 

k=-L 
L-1 

CY.q ·L esq(k+1)v(n _ k)e-j21rp(k+1)/M 

k=-L-1 
L-1 

CY.qesqe-j21rp/M L esqkv(n - k)e-j21rpk/1\tf 

k=-L-1 
e8 qe-j21rp/Msq(n,p) + CY.qe-Lsqej21rpL/Mv(n + L + l) 

(13) 

(14) 

-aqe(L+1)sqe-j21rp(L+1)/Mv(n - L) (15) 

vVe are again following the procedure outlined in Fig.l. The new data is 
a

9
e-Lsqei21rpL/Mv(n + L + 1), the old data is a

9
e(L+l)sqe-i21rp(L+l)/Mv(n - L) 

and the Szasz factor is esq ci21rp/M_ Implementation of the specific iteration 
in Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs 
by the arrays ei21rpL/M and ci21rp(L+i)/M is common to each of the Q Szasz 
components, the alternate implementation shown in Fig. 10 is possible. 

12 



Confidential & Proprietary Technical Information 

v(n+L +J) 
D SJn,p) 

v(n-L) 

- 0( 1 e•1(i+l) e-j2,rp(L+l)/ll e 5 1 e -j2Trp/M 

D Sq (n,p) S(n,p) 
:----..--.i:±:-----.. 

- °'q e'(/L+l) e-/Z,rp(L+J)/11 

Figure 9: Computation of the spectrogram when the window is represented 
as a Qth order Szasz series. The thick lines correspond to signal flow direc
tions of vectors parameterized by the frequency variable, p. The thin lines 
correspond to (possibly complex) scalars. 
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3.2.1 Realizing the real & imaginary parts of a Szasz component 
of a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and 
imaginary parts of the Szasz component in Eq. 15 can be written as 

s;(n + 1,p) = ?R[e8 qe-i21rpfM]s;(n,p) - 8'[eSqe-j211"pfM]S!(n,p) 

+?R[aqe-Lsqei21rpLfM]v(n + L + 1) 
-?R[aqe(L+1)sqe-j21r(L+1)fM]v(n - L) (16) 

and 

S~(n + 1, p) 8'[esqe-i21rpfM]s;(n,p) + ?R[esqe-i21rpfM]S~(n,p) 

+8'[aqe-Lsqej21rpLfM]v(n + L + 1) 
-8'[aqe(L+1)sq e-j21r(L+1)/1W]v( n - L) ( 17) 

where 
Sq(n,p) = s;(n,p) + JS~(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. 'vVe obtain 

(19) 

from 
sr(n,p) = L s;(n,p) (20) 

q 

and 
Si(n, p) = L si(n, p) (21) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and q, are related by a complex conjugate: 

Then, using Eq. 12, we can immediately show that 

S4(n,p) = s;(n, -p) 

14 

(22) 

(23) 



v(M·L +J) 

v(n-L) 
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e 5 1 ,,-i21rp/JI 

SQ (n,p) 
-,-.---..--+<±·:----~ 

D S(n,p) 

,,sq e -;21rp/JI 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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S~{n,p) 

Figure 11: When a Szasz component of a spectrogram is complex, it's real 
and imaginary components can be realized as shown here. The real and 
imaginary components of the spectrogram are obtained by summing the real 
and imaginary components of the Szasz components. 
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sq (n,p) 

----.<± 

Sa <n,p> 

----.<± 

sq (n,p) 

conjugate 
& transpose 

Figure 12: The two Szasz components of a spectrogram indexed by q and f;_ 

shown on the left can be obtained by simple augmentation of the output of 
the qth Szasz component as shown on the right. Transposition replaces p by 
-pin the array Sq(n,p). 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of 
two Szasz components, indexed by q and q, by a simple augmentation of the 
output of the Szasz component with index q. The equivalent operation using 
the real and imaginary outputs of the Szasz component in Fig. 11 is shown 
in Fig. 13. 

3.2.3 Example: Hanning and Hamming windowed spectrograms 

In Fig. 14 we illustrate application of the Szasz series computation of a 
spectrogram for the a Q = 3 case when a 1 is real, s1 = 0, a 2 = a 3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with 
good resolution in both domains. In the discrete domain, the zamogram of 

17 
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s;{n,p) 

s; (n,p) + S!:. (n,p) 

,----.......__·r .. + q • I .. -----~•! transpose j- -

s;{n,p) 

___ s_~_· (_n_,P.,J _________ -.<+ + sJ{n,p) 

---.i transpose I-ii_.. 

-1 

Figure 13: The real and imaginary components of the qth component of a 
Szasz component can be straightforwardly augmented to give the sum of the 
real and imaginary parts of two Szasz components. 
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c< l cos (2'rpL/M) 
cos(2rcp/M) S~{n,p) 

D 
S~{n,p) 

t 
0/. 1 sin {zrrP{L+J)/"9 

cos (2rcp/M) 

-c<, cos (2'rpL,/M) 

cos[ " ( t; - ~ }I s;{n,p) 

D 

--.itranspose 

p 

D sj {n,p) 

cos[ " ( f - ':,f }] 
c< • sin[ re (-/; -ZJ>-1/1 }I transpose 

-1 

Figure 14: Generation of a spectrogram using Szasz components. Hanning 
& Hamming windowed spectrograms can both be thusly implemented. 
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a temporal signal, x(n), can be written as 

C(n;p)= f f cp(n-m;k)x(m+~)x*(m-~)e-i 21rpk/M (24) 
m=-oo k=-oo 

where, at time n, the kernel ¢;( n - m; k) is identically zero for indices, ( m, k), 
not in the set An, This set can be expressed as the intersection of three sets: 

where 

and 

For (m, k) E An, 

en= {(m, k) I -2L ~ k ~ 2L}, 

- I k I 
7Jn={(m,k)lm~ 

2 
+n}, 

I k I 
(n = {(m, k) l,m ~ -

2
- + n} 

cp(n - m; k) = 1.p(k) 

We will assume that 1.p(k) = 1.p(I k I) is even. 

4.1 Iterative Zamogram Procedure 

(25) 

(26) 

(27) 

(28) 

(29) 

Using Eq. 24, we will show that the zamogram can be iteratively updated as 

C(n + l;p) = C(n;p) + 2~x*(n + 1)/3+(n,p)- 2~x*(n)/3-(n,p) (30) 

where ~ denote the real part of, 

2L 

f3+(n,p) = :E Dk<.p(k)x(n + k + l)e-i 21rpkfM, (31) 
k=O 

and 
2L 

13-(n,p) = :E Dk<.p(k)x(n - k)ei 21rpkfM, (32) 
k=O 

and Dk = ½ for k = 0 and is one otherwise. Note that the 13± ( n, p) 's are simply 
spectrograms which, as discussed in the previous section, can be generated 
using FFT's or Szasz series windows .. 
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The proof of these equations is straightforward. Let >-; be the set on 
points in An but not in An+l . Then 

I k I >-; = {(m, k) Im= -
2
- + n + l; I k I~ 2L} (33) 

Similarly, let >-! denote the set of points in An+i that are not in An. Thus 

>-: = {(m,k) Im= _I~ I +n; I k I~ 2L} (34) 

Clearly, then 

C(n+l;p) [ I: + I: L ]<p(k) 
(m,k)EAn (m,k)E>-t (m,k)E>-;;-

k k . . 
xx(m + -)x(m - -)e-12-r:pk/M 

2 2 
(35) 

or, equivalently, 

C(n + l;p) = C(n;p) + B:(m) - B;(m) (36) 

where 
L <p(k)x(m + ~)x(m - ~)e-i21rpk/lvf 

2 2 
(m,k)E>-~ 

B;(p) = (37) 

Equivalently, we can write 

Bt(P) = 2?Rx*(n + l),B+(n,p). (38) 

and 
B;(p) = 2?Rx*(n),B-(n,p) (39) 

Substituting this and Equation(38) into Equation(36) establishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

vVe will now present two techniques to evaluate the iterations in Eq. 30. 
A signal flow graph at time n is shown in Fig. 15 for direct evaluation 

of Equation(30). The sample signals are introduced into a shift register as 
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shown on the left. The shift register is tapped and each of the samples is 
multiplied by stored weights, { <p( k)}, as shown. The two vectors of the win
dowed samples are fed into two pipelined FFT processors. Transposition of 
the output of the lower FFT is required because there is a ei21rpk/M term in 
Equation(32) rather than the e-jZ1rpk/M used in Equation(31). The trans
position replaces k with -k to take care of this. The delays in Fig. 15 are 
required to synchronize the samples x(n) and x(n+l) with the computational 
delays required in the processing to that point ( e.g. by the FFT). These two 
samples are weighted by either ±2 after which they multiply every element of 
the output of the FFT processors. The real part of the resulting two vectors 
are summed. The sum is added to the current zamogram register, and a new 
spectral line of the zamogram emerges in vector form from the processor. 
The parameter 6. is the total number of clock cycles required from input to 
output. 

4.1.2 Using a Szasz Window 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(30) can be written as 

C(n + l;p) = C(n;p) + [I x(n + 1) 12 
- I x(n) l2]<p(O) 

+2~[x*(n + 1) ~b1(n,p) 
q 

-x*(n) ~ b;(n,p)] 
q 

where the Szasz components, b;(n,p), can be updated as 

( i12!1!.) + b1(n,p) = e-sq- M bq(n-1,p) 

( 40) 

-aqx(n + 1) + aqe-2L(sq-~)x(n + 2L + 1) (41) 

and 

b;(n,p) = e(sq-~)b;(n - l,p) 

+aqx(n -1) - O'.qe2L(sq-i~~?)x(n - 2L - 1) 

A proof will be presented after some discussion. 
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fY2L> 
x(n+2L +1) 

x(n+2L> 
:P<2L-1) 

c:: 
II x(n+2L-1) :P<2L-2> 

Q, • 

-~: 
:PW +-> x(n+2) 

-t-> ~~ ci :3 Cl 
x(n+J) f(0)/2 '- .& 

Q, t '.3 !§ x(n) : '5 : o,O 

:::.., f(0)/2 register LJ:~' Cl x(n-1) § 
~ :Pm 

+-> 
x(n-2) :P(2) 

le.• ·- . --:· 
\/\ x(n-2L +1) 

:P<2L -1) 
x(n-2L> 

:P<2L> t signal 
sanples 

Figure 15: Iterative updating of a zamogram using FFT's. 
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bf{n.p) 

bt/n p): I 
2 2 I x{n+l)I - lx{n)I 

b 1{n.p) 

bi/n p): I D C(n,p) 

bq{n.p) 

Figure 16: Iterative updating of a zamogram using Szasz components bt. 
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A signal flow diagram for the recursion in Eq. 40 is shown in Fig. 16. 
Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). 

We can express the complex b;(n,p)'s in terms of their real and imaginary 
components as 

b;(n.p) = bt(n.p) + jbt(n.p) 
Similarly, let 

(43) 

(44) 

A corresponding implementation equivalent to that in Fig. 16 is shown in 
Fig. 17 using real arithmetic. 

Note that both Eqs. 41 and 42 are iterations of Szasz components as 
illustrated if Fig. 1. The Szasz factors are exp± (sq - i;,,?). For Eq. 41, the 

new data is aqexp[-2L(sq-j~?)]x(n+2L+I) and the old data is aqx(n+l). 
In Eq. 42, the old data is aqexp[2L(sq - j~'.?)]x(n - 2L - 1)] and the new 
data is aqx ( n - I). Implementation of the updates of the b;'s in Eqs. 41 and 
42 are illustrated in Fig. 18. 

Proof: To show Eqs. 40, 41 and 42, we substitute Equation(!) into 
Eq. 37: 

k k . 
B;(p) = L I:aqesqlklx(m + 2)x(m -

2
)e-121rpk/ivf (45) 

(m,k)E,\; q 

Using the definition in Eq. 33, we find that 

B;t"(m) =I x(n + 1) 12 cp(0) + 2?Rx*(n + 1) L bt(n,p) (46) 
q 

where 
2L 

bt(n,p) = O'.q L e-sqkx(n + k + I)e-i 2rrmk/M (47) 
k=l 

The recursive form in Equation( 41) can easily be established from Equation( 4 7). 
Similarly, 

B;;(p) =I x(n) 12 cp(O) + 2?Rx*(n) I:b;(n,p) ( 48) 
q 

where 
2L 

b;(n,p) = O'.q L e-sqkx(n - k)ei2rrmp/M (49) 
k=l 

The recursion in Equation( 42) follows and the proof is complete. 
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bJ'(n.p) 

b~(np): I 
bf{n.p) 

I x{n+l)l2
- lx{n)l 2 

. 
b1'1{n.p) 

bf(n.p) C{n,p) 

bi{np): I 
bq{n.p) 

Figure 17: Iterative updating of a zamogram using Szasz components and 
real arithmetic. 
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-2Us - J2"p/H) 
o<.q e q 

x(n+2L +1) 

-0( 
q 

x(n+l> 
D b;<n-1,p> 

,...--.i,+---... --... --.. 

cUs - J2"p/H) 
-o<qe q 

x(n-2L-l> 

-(s - J2"p/H) 
o< e q 

q 

x<n-1) D b;<n-1,p> .... -~+---... --... --.. 

Figure 18: Iterative updating of the Szasz components for the zamogram. 
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Realizing the real & imaginary parts of a Szasz component of a 
zamogram: Assume that the signal, x(n), is real. From Eq. 41, the real 
and imaginary components of b;(n,p) follow as 

btr(n,p) = ~[e-(sq-~)]bt(n -1,p) - S'[e-(sq-j~?)]bti(n -1,p) 

-~[aq]x(n + 1) + ~[aqe- 2L(sq-4T]x(n + 2L + 1) (50) 

and 

bti(n,p) = S'[e-(sq-~)]bt(n - 1,p) + ~[e-(sq- 2:?)]bti(n - 1,p) 

-S'[aq]x(n + 1) + 8'[aqe-2L(sq-i:?]x(n + 2L + 1) (51) 

The computational algorithm shown at the top of Fig. 19 implements these 
equations. 

Similarly, from Eq. 42, the real and imaginary components of bt(n,p) are 

bt(n,p) = ~[e(sq-~)]b;r(n -1,p) - 8'[e(sq-4T)]b;i(n - 1,p) 

+~[aq]x(n - 1) - ~[aqe2L(sq-~)]x(n - 2L - 1) (52) 

and 

b;i(n,p) = S'[e(sq-~)]b;r(n - 1,p) + ~[e(sq-4T)]b;i(n - 1,p) 

+S'[aq]x(n -1) - 8'[aqe2L(sq-j:?l]x(n - 2L -1) (53) 

These two equations are implemented at the bottom of Fig. 19. 
If x ( n) is real and r.p( k) is real and even, then an inspection of Eq. 24 

reveals that C ( n, p) is also real. In this case, Eq. 40 can be written as 

C(n + l;p) = C(n;p) + [x2(n + 1) - x2(n)]r.p(0) 

+2x(n + 1) I:bt(n,p) 
q 

-2x(n) L bt(n,p)] 
q 

(54) 

·with reference to Fig. 19, the 2bt(n, p) terms can be generated as shown in 
Fig. 20. 
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x<n+2L+l) 

~ ( ex qe-E:L(s q - Jerrp/M> ] 

-,R[ cxg] 

f 

x<n+l) 

x<n-1) 

.-----'xi..--

D 

D 

,R [ e <sq - Jerrp/H> ] 

I 
.----...-xi..-.... 

D 

0 
<s - Jerrp/H> ] 

J\.[ e q 

b';<n-1,p) 

b~<n-1,p) 

1a-;<n-l,p> 

b~(n-1,p) 

Figure 19: Evaluating the real and imaginary parts of b;(n,p) (top) and 
b;(n,p) (bottom). 
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------.-xi.--.... 

x(n+2L +J) 
b+,;<n-1,p) 

x(n+l) 

._ ___ """'Xi..-----

.R [ e (sq - Jf!rrp/M> ] 

I ..------xi.---
x<n-2L-J) D 

b--;<n-1,p) 

x(n-1) D 

-----1111xw---..... 
.R [ e (sq - Jf!7rp/M> ] 

Figure 20: When <p(k) and x(n) are real, only bt(n,p) contributes to C(n,p). 
These real components can be generated as shown here. 
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Combining conjugately related Szasz components: If two Szasz com
ponents with indices q and q are related by a complex conjugate as 

bt ( n, p) = [b; ( n, p )]* (55) 

then, for cp(k) and x(n) real, the contribution of the conjugate pair to C(n, p) 
is simply 2b~(n,p). The implementation follows directly from Fig. 19 and is 
shown in Fig. 21. 

Example- Zamograms with Hanning & Hamming windows: To il
lustrate computation of zamograms using a Szasz series window, consider 
again the Q = 3 case where a 1 is real and s1 = 0. Let a 2 = a 3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Implementation of our running example is shown in Figs. 22, 23 and 24. 
Figure 22 shows generation of bf ( n - 1, p) on top and, for the conjugate 
terms, 2bf(n - 1,p) on the bottom. The generation of b·:t(n - 1,p) and 
2b2r(n-1,p) is similarly shown in Fig. 23. The terms are gathered as shown 
in Fig. 24 to produce the zamogram, C(n,p). 

Note that in Figs. 22 and 23, the multiplication of x( n + 2L + 1) and 
x( n - 2L - 1 ), respectively, by the sinusoidal arrays is common to both the 
q = 1 and q = 2 stages. As in Fig. 10, the commonalty allows a single 
sinusoidal array multiplication. Such modification of Fig. 22 is shown in 
Fig. 25. A similar modification is readily applicable to Fig. 23. 

5 Notes 

Some final remarks follow. 

1. The Szasz series window is also potentially applicable to cer
tain other generalized time-frequency representations ( GTFR's) 
(6]. Kernels with Hourglass and diamond shapes (3] in the (m, k) 
plane can be evaluated by Szasz series windows when, within the 
shape, the window is cp(k). The zamogram has a cone-shaped 
kernel (3] in the ( m, k) plane . 

2. In many spectrograms and GTFR's, output spectral lines are 
not computed at every signal sample point. The Szasz series 
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~ [ cx.qe-2L<sq- J2"p/H)] 

-.R[ cx.q] 

{, 

x(n+l) 

x(n-2L-1) 

_ ~ [ ex qe 2L<sq - J2"p/H> ] 

x(n-1) 

R[ ex.El 
'I( 

,R[ 8<sq- Jii!f'p/H) ] 

I 
..----~xi.----. 

D 

D 

,R[ 8<sq- J21Tp/H) ] 

,R[ e <sq- J21Tp/H> ] 

" .----.ijxi.----. 

D 

D 

------1111xi.-----
,R[ e <sq- Jii!f'p/H> ] 

2 

2 b-;<n-1,p) 

2 

Figure 21: If two Szasz components with indices q and q are related by a 
complex conjugate and <.p(k) and x(n) are real, then the contributions of both 
terms to C(n,p) are simply 2bt(n,p). As shown here, they can be generated 
as shown here by simply multiplying the outputs in the previous figure by 2. 
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x(n+2L +1) 

c<. 1 sin< 4rrLp/M) 

- -~--- -: / ~~ft 

COS(crrp/M) 

D 

D 

COS(2rrp/M) 

cos[rr( ~-f )] 

cos [ 7f ( ~ - + ) J 
Figure 22: Generation of the bf (n - 1, p)'s for Hanning and Hamming win
dows. 
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cos <2rrp/M) 

------.-xi..--
x(n-2L-J> D 

cx.1 sin(4rrLp/M) 

--
£1,/ 

x<n-1) ft D 

._ _____ Xi..---" 

cos <2rrp/M) 

cos [ 7f ( ~ - t )] 

..---~x~----

cos [ 7f ( ~ - t )] 
Figure 23: Generation of the b2r(n -1,p)'s for Hanning and Hamming win
dows. 
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bj(n.p) x 2 <n+l) - x 2 (n) 

2h'f(n.p) 

C<np) 

bf<n.p) 

2hf<n.p> 

Figure 24: Generation of the zamogram using the inputs generated in the 
previous two figures. 
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C0S(2rrp/M) 

cos < 4rrLp/M) °' l 

b'"'j<n-1,p> 

sin< 4rrLp/M) 

I 

C0S(2rrp/M) 

cos [ 7r ( ~ - t ) ] 

.----lllfxi..---. 

cos [ rr ( ~ - f ) ] 
Figure 25: A modification wherein the sinusoidal array common to both 
components is computed but once. 
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window approach can be adapted to such cases in one of two ways. 
First, and most obvious, the iteration can proceed at each point 
with outputs generated periodically. Secondly, the iteration can 
be modified to the longer period. For example, in the weighted 
running average example, if there is to be an output at every 
other input sample point, then, at each iteration, two new samples 
would be introduced (instead of one) and two old samples would 
be deleted (instead of one). Each Szasz factor would be squared. 

3. For the spectrogram ( and the spectrogram component of the 
zamogram), computation of the output spectral line can be viewed 
as a number of multiplexed IIR filters parameterized by p. The 
only time one filter "talks" with another is in the operation of 
transposition. 

4. There exist a number of modifications to the implementation of 
the Szasz signal processing algorithms that correspond directly 
to the commutative, distributive and associative laws applied to 
multiplication and addition. Performing a single sinusoidal array 
operation in Fig. 25 ( compare with Fig. 22) is an example of a 
variation due to the distributive law. 
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Use of Szasz Series Windows in Signal Processing 

Robert J. Marks II 

September 12, 1989 

There ex.ist a number of signal processing algorithms wherein a window, 
cp( k ), shifts across a signal to give an alternate representation of the signal. 
Included are weighted running averages, spectrograms and zamograms [1, 2, 3]. 
Conventionally, weighted running averages are computed using the equivalent 
of an finite impulse response (FIR) filter the taps of which correspond to the 
window samples. Digitally computed spectrograms are traditionally computed 
by weighting the signal samples in a interval by the window weights followed 
by a fast Fourier transform (FFT). Digital za.~~ms al~ h~ 
FFT's for each point in time in which a sp-ec{ ra:-T.Ii'ne 1s"toi:nputed [tJJ 

For windows and that are unif~;~ct'(i. e. rectangular or boxcar windows), 
the value of a signal representation..lan be obtained by adding to the current 
representation new data introduced by the shift and deleting data no longer 
included in the window. With nonrectangular windows, however, shifting alters 
the }¥_,eights of all data and the proce.d}\fe is no longer applicable. An approach 
witliYi.imilar computational advantagetJrccurs when the window is of the form 
cp( k) = e•k . Then, since cp( k ± l) = e±s e•k , shifting from k to k ± 1 is equivalent 
to multiplying each data point by e±s. Unfortunately, there are no useful win
dows that are exponential except the degenerate case of the rectangular window. 
There are, however, a number of commonly used windows that are superposi
tions of weighted exponentials. We refer to a weighted sum of exponentials as 
a Szasz series [,1, 5]. Trigonometric polynomials are special cases. The Szasz 
components of th~ signal representation can be individually computed 
usin ~ pdating approach and the components superimposed to obtain the 

s red processing output. The generic procedure for the updating using Szasz 
windows, illustrated in Fig. 1 is: 

r~.!. 
1 ,. 

In each Szasz component, subtract the terms that were in the previ
ous window but not that in the current window. Likewise, add the 
newly introduced terms. 

Multiply each of the elements common to both windows by the Szasz 
increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs. 
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Fig1ue 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains is 
updated by a common Szasz factor. 

Figure 2: A single composite component on top may replace the two Szasz 
components shown on the bottom when they are related by a complex conjugate. 

Two Szasz components may be complex conjugates of each other. In such 
cases, it is many times computationally convenient to combine the two compo-
nents into a single composite component as shown in Fig. 2. ~5~J ~ ~ 

In the next section, the Szasz series is reviewed. Application of the Szasz .. 0 ~ 
series to weighted running averages, spectrograms and zamograms are then pre-~ 

sent ed. !£:;.-;_/_ 
1 , Szasz Series Windows -r 

~ AvS ~ b . --:..-~~~~~ zasz sene1\can e wri t ten ~ 

(1) 
q 

where the {aq}'s and the {sq}'s are possibly complex. We will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be even. 
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Table 1: Rectangular: cp(k) = 1, Q = 1. 

Cl'.q Sq 

1. 0 r j1r/L 1 
4 -j1r/L 

Table 2: Hanning: cp(k) = cos2(;f ), Q = 3. 

We then use the alternate form 

'Pe(k) = cp(j k I) (2) 

Some popularly used windows and their Szasz series representations are in 
Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that 'Pe(k) = cp(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can be 

apprnx;=~ hy a Si as,,~;,,_ ~ ~ 

2 Weigh~ ning Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n) = L cp(k)v(n - k) (3) 
k=-L 

As is shown in Fig. 3, this process can be straightforwardly implemented on an 
FIR filter with 2£ + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

z(n) = L zq(n) (4) 
q 

Cl'.q Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: cp(k) = 0.54+0.46cos(,,.{), Q = 3. 
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O'.q Sq 

0.42 0 
0.25 j1r/L 
0.25 -j1r /L 
0.04 j21r/L 
0.04 -j27r/L 

Table 4: Blackman: <p(k) = 0.42 + 0.5 cos("l) + 0.08cos(2Ik),Q = 5. 

\ ~ 

Figure 3: An FIR implementation of the weighted running average filter. The 
D denotes a unit delay. 

where 

Clearly, then 

L 

zq (n) = aq L e••kv(n - k) 
k=-L 

L 

aq L e••kv(n + 1 - k) 
k=-L 

L-1 

O'.q I: e••(k+l)v(n - k) 

k=-L-1 
L-1 

I: 
k=-L-1 

e••zq (n) + aqe-••Lv(n + L + l)- aqe••(L+l)v(n - L) (6) / 
This iteration may be recursively generated by a standard infinite impulse re
sponse (IIR) filter. The results of Q such filters can then be summed to give the 
desired output, z( n). One such realization for Q = 3 is shown in Fig. 4. Note 
the applicability of the algorithm illustrated in Fig. 1 here. The Szasz factor is 
e••, the new data is aqe-••Lv( n + L + 1) and the old data is aqe••(L+I) v( n - L ). 
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Fig1Ue 4: An IIR implementation of the weighted running average filter. 

When L is large, the realization of the weighted running average in Fig. ,1 
requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift regis~ r~ required ~ in the IIR 
realization. The FIR realization requires 2L + 1.~~ 

2.1 Computing Complex Szasz Components Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z( n) can be computed separately. If we express z( n) in terms of it's real and 
imaginary ~e~ 

f z(n) = zr (n) + jzi(n), (7) 

en, if v( n) is real, the iteration in Eq. 6 can be written in component form as 
lVI) 

z; ( n+ 1) = z; ( n )iR[e•• ]-z!✓'2's[e•• ]+iR[aq e-••L]v( n+ L+ 1 )-iR[aq e••(L+l)]v( n-L) 
(8) 

) ~) -~ f /"; ( n+I) = z; ( n )"[,'• ]+ z(!R[,'•] + "i•,,-••'-]v( n+ L+i )-"l•,,•,{L+'l]v( n-(~l 
r§' ~ I I 'r he e iR/'2's denotes the real/imaginary part of and 

(YJ (){ rY z,(n) = z;(n) + jz;(n) 

CJ From Eqs. ~nd 9, the real and imaginary parts of the qth Szasz component can 
J,./, by realized by he IIR filter illustrated in Fig. 5. The real and imaginary parts of 
'J.J' all Szasz compo ents are summed to obtain zr ( n) and zi ( n) respectively, ,v-here-

~~ 

(10) 
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Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

Figure 6: When two Szasz components are related by a complex conjugate, then 
the two components ( shown here at the top) can be replaced by a single one 
(shown at the bottom). 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, cp(k), is real, then each Szasz component 
will be accompanied by a second Szasz component tliat is related by a complex 
conjugate. Motivated by this observation, assume that V q 3 either aq or sq 

is complex ( or imaginary), 3q 3 a,j = a; and sq = s; . In such cases, the two 
Szasz terms can be combined into a single IIR filter . Define 

zq(n) zq(n) + zq(n) 
2iRzq(n) (12) 

This can be computed simply by multiplying the real output in Fig. 5 by 2. The 
two complex Szasz components at the top of Fig. 6 can therefore be replaced 
by the one shown at the bottom. 

6 



Figure 7: Implementation of a Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages are special cases. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where a 1 is real and s 1 = 0. Let a 2 = a 3 and 
s2 = s; = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows are 
special cases. 

Since all of the multipliers become real, we implement the q = 1 term using 
the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 terms 
are related by a complex conjugate. We therefore choose to implement them 
using the architecture in Fig.6. The result is shown in Fig. 7. 

3 Spectrograms 

The spectrogram, S(n, p), of a signal, v(n), can be written as 

L 

S(n, p) = L cp(k)v(n - k)e-12"'Pk/M (13) 
k:=:-L 

where pis a discrete frequency index and !v[ parameterizes the number of points 
in the frequency domain. 

~ea-tron1J11the function I S( n, p) 1
2 is referred to as the spectro-

1\ 
gram. ~ 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 13 is shown in Fig. 8. 
The signal, v( n ), is fed through a delay line and delayed values are weighted by 
samples of cp(k). These weighted values are then input into an FFT processor 
the output of which is the spectrogram at time n. 
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Figure 8: Computation of the spectrogram amplitude using the FFT. 

3.2 Spectrogram computation using Szasz series compo
nents 

If the window in Eq. 13 is expressed in terms of the Szasz series in Eq. 1, then 
the spectrogram in Eq. 13 can be written as 

where 

S(n, p) = L Sq(n, p) 
q 

L 

S
9
(n,p) = aq L e••kv(n - k)e-i 21rpk/M 

k=-L 

The qth Szasz component update is calculated as follows . 

L 

a
9 

L e••kv(n + 1 - k)e-i21rpk/M 

k=-L 
L-1 

D!q I: 
k=-L-1 

t L-1 
a

9
e5 •e-j2?r(M L e••kv(n - k)e-i21rpk/M 

~ k=-L-1 

e5 •e-i21r1M S
9
(n,p) + a

9
e-L"•e12"PL/Mv(n + L + l) 

(14) 

(15) 

-aqe(L+l)s, e-j21rp(L+l)/M v(n - L) (16) 

We are again following the proc~ rf outlined in Fig. I. The new data is 
aqe-Ls, ei21rpL/M v( n + L + l), ~ ol~ data is a

9 
e<L+l)s, e-i 21rp(L+1)/M v( n - L) 

and the Szasz factor is e•• e-i2 'IM. Implementation of the specific iteration in 
Fig. 13 iteration is shown in Fig. 9. Since multiplication of the inputs by the ar
rays ei21rL/M and e-i21r(L+l)/M is common to each of the Q Szasz components, 
the alternate implementation shown in Fig. 10 is possible. 
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Figure 9: Computation of the spectrogram when the window is represented as 
a Qth order Szasz series. The thick lines correspond to signal flow directions of 
vectors parameterized by the frequency variable, p. The thin lines correspond 
to (possibly complex) scalars. 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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3.2.1 Realizing the real & imaginary parts of a Szasz component of 
a spectrogram 

Assume that the input signal, v( n ), in~ - 13 is r. eal. Then the real and imagi
nary parts of the Szasz component in 1v l6 can be written as 

s;(n + l,p) = ~[e"•e-i2t M]s;(n,p)- S'[e'•e-i2"~M]S!(n,p) 

+~[aqe-L•,eihpLfM]v(n + L + l) 

-~[aqe(L+l)s, e-j21r(L+l)fM]v(n - L) (17) 

and 

S!(n + 1, p) S'[e"•e-js fM]s;(n, p) + ~[e"•e-i2f fMJS!(n,p) 

+S'[aqe-Ls,e12.-pLfM]v(n + L + l) 

-S'[aqe(L+l),, e-jZ.-(L+l)fM]v(n - L) (18) 

where 
Sq(n, p) = s;(n, p) + jS!(n, p) (19) 

An implementation of Eqs. 17 and 18 is shown in Fig. 11. We obtain 

S(n, p) = S'(1(J ) + jSi(n, p) (20) 

from 
S'(n,p) = I:s;(n,p) (21) 

q 

and 
Si(n, p) = L S!(n, p) (22) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and ij, are related by a complex conjugate: 

(23) 

Then, using Eq. 13, we can immediately show that 

S9(n,p) = s;(n, -p) (24) 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of two 
Szasz components, indexed by q and ij, by a simple augmentation of the output 
of the Szasz component with index q. The equivalent operation using the real 
and imaginary outputs of the Szasz component in Fig. 11 is shown in Fig. 13. 

10 



Figure 11: When a Szasz component of a spectrogram is complex, it's real and 
imaginary components can be realized as shown here. The real and imaginary 
components of the spectrogram are obtained by summing the real and imaginary 
components of the Szasz components. 

Figure 12: The two Szasz components of a spectrogram indexed by q and ij 
shown on the left can be obtained by simple augmentation of the output of the 
qth Sz~sz component as shown on the right. Transposition replaces p by -p in 
the array Sq(n,p) . 

Figure 13: The real and imaginary components of the qth component of a Szasz 
component can be straightforwardly augmented to give the sum of the real and 
imaginary parts of two Szasz components. 
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3.2.3 Example, Hanning and Hamming windowed spectrng,am, /" 'JI"' ( J) 
We illustrate application of the Szasz series computation of a spectrograi ~~ 
the a Q = 3 case when a1 is real, s1 = O, a2 = a3 and s2 = s; = J'lr / L. The 
Hanning (Table 2) and Hamming (Table 3) windows are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with good 
resolution in both domains. In the discrete domain, the zamogram of a temporal 
signal, x( n ), can be written as 

C(n; p) = f f rp(n - m; k):i:(m + ~ )x*(m - ~ )e-j2
1rpk/M (25) 

m=-oo k=-oo 

where, at time n, the kernel rp( n - m; k) is identically zero for indices, ( m, k ),p{. 
not in the set An. Tl· se~ can be expressed as the intersection of three sets: 

Jl.,, An (26) 

where 

and 

For (m, k) 

ln = {(m,k) I -2£ ~ k ~ 2£}, 

- I k I 
1/n = { ( m, k) I m ~ -

2 
- + n}, -

I k I ~ = {(m,k) l,m ~ -
2
- + n} 

rp(n - m; k) = cp(k) 

We will assume that cp(k) = cp(j k I) is even. 

4.1 Iterative Zamogram Procedure 

(27) 

(28) 

(29) 

(30) 

Using Eq. 25, we will show that the zamogram can be iteratively updated as 

C(n + 1; p) = C(n; p) + 2mx*(n + 1),B+(n, p) - 2mx*(n),B-(n, p) (31) 
~ ~ 

where m denote the real part of, 

2L 

/3+(n, p) = L fhcp(k)x(n + k + l)e-i21rpk/ll'f, (32) 
k=O 
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and 
2£ 

rr(n, p) = L Ok<p(k)x(n - k)e12"PkfM, (33) 
k=O 

and Ok = ½ for k = 0 and is one otherwise. Note that the {3±( n, p )'s are simply 
spectrograms which, as discussed in the previous section, can be generated using 
FFT's or Szasz series windows .. 

The proof of these equations is straightforward. Let >.; be the set on points 
in An but not in An+l . Then 

>.;: = {(m, k) Im= I~ I + n + 1; j k Is 2£} (34) 

Similarly, let >.;; denote the set of points in An+l that are not in An, Thus 

>.t = {(m,k) Im= _I~ I +n;I k Is 2£} (35) 

Clearly, then 

C(n + l;p) L ]<p(k) 
{m,k)EJ\n {m,k)E.\! (m,k)E.\;;-

x x(m + ~)x(m - ~ )e-12"Pk/M 
2 2 

(36) 

or, equivalently, 

C(n + 1; p) = C(n; p) + B;t"(m) - B;:(m) (37) 

where 

B;(p) = L <p(k)x(m + ~)x(m - ~ )e-12"Pk/M (38) 

<;!};},_, ,.., -~-=-2 ~ 2 
Alternately, JJ~ e d~~~~n@ we find that 

B;;(p) = 2lRx*(n + l)fJ+(n, p). (39) 

Similarly, applying Equation(34) to Equation(38), we have 

B;:(p) = 2lRx*(n){3-(n, p) ( 40) 

Substituting this and Equation(39) into Equation(37) establishes Equation(31) 
and the proof is complete. 
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\~ 
Figure ).4: Iterative updating of a zamogram using FFT's. 

4.1.1 Using Fast Fourier Transforms 

We will now present two techniques to evaluate the it:{/4ons in Equation . 1). 
A signal flow graph at tin1e f;>n is shown in Fig. N,.2~r direct eva . t10n of 

Equation(31). The sample sign~ are introduced into a shift regi r as shown 
on the left. The shift register is tapped and each of the sam • es is multiplied 
by stored weights, {1p(k)}, as shown. The two vectors oft windowed samples 
are fed into two pipelined FFT processors. Transp~ siti of the output of the 
lower FFT is required bec~use ther: is a e121rpk/M te in_ ~quation(33) rat~er 
than the e-121rpk/M used m Equat1on(32). The tr nspos1t10n replaces k with 
-k to take care of this. The delays in Figure Care required to synchronize 
the samples x( n) and x( n + 1) with the computational delays required in the 
processing to that point ( e.g. by the pipelined FFT). These two samples are 
weighted by either ±2 after which they multiply every element of the output 
of the FFT processors. The real part of the resulting two vectors are summed. 
The sum is added to the current zamogram register, and a new spectral line of 
the zamogram emerges in vector form from the processor. The parameter 6,. is 
the total number of clock cycles required from input to outpt1t. 

4.1.2 Using a Szasz Window 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(31) can be written as 

C(n+l;p) C(n; p) + [I x(n + 1) 12 
- I x(n) l2]1p(0) 

+2~[x*(n + 1) L b1(n, p) 
q 

-x*(n) L b;(n, p)] 
q 
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\fl 
Figure )'!i: Iterative updating of a zamogram using Szasz components b;. 

R?he b"; ( n, p )'s can be updated using Szasz components as 

b;(n, p) = ( /~ •~ ¥,e)b;(n - 1, p) 

-aqx(n + 1) + aqe-2L(s.-1¼-2-lx(n + 2£ + 1) (44) 

and 

b;(n,p) = eC•.-1¼-2-ib;(n -1,p) 

2L( il..=J ( ) ( 4, ~ n-1)-aqe ••- M xn-2L-1 \\.J 45) 

A dow diagram for t~ rsion in Eq. 41 is shown in Fig. :W Unlike the 
FFT implementation, we here need to tap the shift register at only five points 
x(n - 2L - 1), x(n - 1), :z:(n), x(n + 1) and x(n + 2L + 1). 

We can express the complex ~ n, p) 's in terms of their real and imaginary 
component1{) 

, b;(11jP) = bi'(ntp ) +jb;i(n{J1 ) (46) 

Similarly, let 
x(n)=x'(n)+jxi(n) (,,, (47~'1 

A corresponding implementation equivalent to that in ~ -~ 5' is shown in Fig. ),6' 
using real arithmetic. 

Note that both Eqs. 44 and 45 are iterai io 1s oJ.--S asz c 1ponents as illus
trated if Fig. 1. The Szasz factor for both is ~ £; - '~? . or Eq. 44, the new 

data ~~-2£(,, - '~')]x(n +2L+ :: •n ~ ·;~l lr Eq. 45, 

N6 
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Figure 'fl: Iterative updating of a zamogram using Szasz components and real 
arithmetic. 

~& 
t . 

FigurJ 7: Iterative updating of the Szasz components for the zamogram. 

~ ·2 °''f 
the old data is exp[2L( sq - 1 I\? )]x( n - 2L - 1 )] and the new data isvx( n - 1 ). 
Implementation of the updates of the bi's in Eqs. 44 and 45 are illustrated in 

Fig. ~ l <t ~ 3 ~ 
Proof: To show Eqs. 41, 44 and 45, we substitute E'l~l) into Eq.~ 

B:;(p) = L I 

Laqes,lklx(m + ~)x(m - ~)e-12"Pk/M (48) 
(m,k)E>.;;' q 

Using the definition in Eq. 34, we find that 

B;;(m) =I x(n + 1) 12 cp(O) + 2~x*(n + 1) Lbt(n,p) (49) 
q 

where 
2L 

b;(n, p) = aq L e-s,kx(n + k + l)e-i 2rnk/M (50) 
k=l 

The recursive fonn in Equation( 44) can easily be established from Equation(50). 
Similarly, 

B;;(p) =I x(n) 1
2 cp(O) + 2lRx*(n) Lb;(n,p) (51) 

q 
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Figur~~ Evaluating the real and imaginary parts of bi ( n, p) (top) and b; ( n, p) 
(bottom). 

where 
2L 

b;(n, p) = etq L e-•,kx(n - k)ei 21rmp/M 

k=l 

The recursion in Equation( 45) follows and the proof is complete. 

(52) 

Reali~"ng the real & imaginary parts of a Szasz component of a zamo
gram Assume that the signal, x( n), is real. From Eq. 44, the real and imagi
nary c mponents of b't( n, p) follow as 

b:'(n,p) = fil[e-<•,-"4P-)]b:'(n - l,p)- 8'[e-<•,-"4P-)]bt(n - l,p) 

-fil[aq]x(n + 1) + fil[aqe- 2L(s,-~]x(n + 2£ + 1) (53) 

and 

bii ( n, p) = S'[e-<•,-~ )]b:' (n - l, p) + fil[e-<•,- ~)]bii ( n - l, p) 

-S'[ag]x(n + 1) + 8'[aqe-2L(s,- ~]x(n + 2L + 1) (54) 

The computational algorithm shown at the top of Fig. , implements these 
equations. -

Similarly, from Eq. 45, the real and imaginary components of tfj)( n, p) are 

b;'(n,p) = fil[e<•,-~)]b;'(n - l,p)- S'[e<•,-~)]b;i(n - l,p) 

+fil[aq]x(n - 1) - fil[aqe2L(s,-~)]x(n - 2L - 1) (55) 

and 

b;i(n,p) = S'[e<•,-~)]b;'(n - 1, p) + fil[e<•,-~)]b;i(n - l,p) 

+S'[aq]x(n -1) - 8'[aqe2L(s,-~)]x(n - 2£ - 1) (56) 
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Figure l"9: When cp( k) and x( n) are real, only b;' ( n, p) contributes to C( n, p ). 
These real components can be generated as shown here. 

These two equations are implemented at the bottom of Fig: :J)(. l 1 
If x( n) is real and cp( k) is real and even, then an inspection of Eq. 25 reveals 

that C( n, p) is also real. In this case, Eq. 41 can be written as 

C(n+l;p) C(n;p) + [:z:2(n + 1) - x 2 (n)]cp(O) 

+2x(n + 1) 'I):'(n,p) 

-2~ ) 2);r(n,p)] 
q 

(57) 

11 
With reference to Fig,A the 2btr ( n, p) terms can be generated as shown in 

Fig. 1,0"-i,O 

Combining conjugately related Szasz components \ If two Szasz compo
nents with indices q and q are related by a complex conjugate as 

(58) 

then, for cp( k) and x( n) real, the contribution of the conjugate pair to C( n, p) 
is simpl~ @it( n, p ). The implementation follows directly from Fig. ~ and is 
shown i~ ig. 10:L \ I"( 

Example: Zamograms with Hanning & Hamming windows\ To illus
trate computation of zamograms using a Szasz series window, consider again 
the Q = 3 case where o: 1 is real and s1 = 0. Let 0:2 = 0:3 and s2 = s3 = j1r / L. 
The Hanning (Table 2) and Hamming (Table 3) windows are sp~~es. 12,.~ 

ImIJl2,.m ation of our running example is shown in Figs. U , 2/l and 26".' 
Figme 2,l"'shows generation of b{' ( n - 1, p) on top and, for the conjugate terms, 
2bt' ( n - 1, p) on the bott~ ~ e generation of b1r ( n - 1, p) and 2b"2r ( n - 1, p) 
is similarly shown in Fig. "Ji!. The terms are gathered as shown in Fig. Jl.f. to 
produce the zamogram, C( n, p ). 1,-"\ 
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"2-' Figure,2'Cl : If two Szasz compone · ts with indices q and ij are related by a complex 
conjugate and cp( k) and x( n) e real, then the contributions of both terms to 
C( n, p) are simply 2bt ( n, p ). hey can be generated as shown here by simply 
multiplying the outputs in the previous figure by 2. 

\ 
ly~ 

Figure 7/:' Generation of the bt' ( n -1, p )'s for Hanning and Hamming windows. 

I 
1JJ 

Figure JI: Generation of the b2' ( n-1, p )'s for Hanning and Hamming windows. 
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-i.'\ 
Figure ~ Generation of the zamogram using the inputs generated in the pre
vious two figures. 

/ 
();,':, 

Figure }4: A modification wherein the sinusoidal array common to both com
ponents is computed but once. 

~/l.-- ;"J,' 
Note that in Figs. ;i,{ and/12, the multiplication of x( n + 2L + 1) and x 

2£ - :h respectively, by the sinusoidal arrays is common to both the q = 
q = 3-'8 tages. As in Fig. 10, the commonalty allows a single sinusoidal a 
multiplication. Such modification of Fig~ · shown in Fig. ~ "/A similar 
modification is readily applicable to Fig. . 't--c ~ 

'2:-41K .. e. >' .3 
5 Notes 

Some final remarks follow. 
_;,.,, ;r,l. (,..1 kl~ 

1. The Szasz series window is also pote ally applicable to certain 
other generalized time-frequency repre entations (GTFR's) [6]. Hour
glass and diamond shaped kernels [3] can be evaluated by Szasz series 
windows when, within the shape, the window is cp(k). The zamo
gram has a cone-shaped kernel [3]. 

2. In many spectrograms and GTFR's, output spectral lines are not 
computed at every signal sample point. The Szasz series window 
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approach can be adapted to such cases in one of two ways. First, and 
most obvious, the iteration can proceed at each point with outputs 
generated periodically. Secondly, the iteration can be modified to 
the longer period. For example, in the weighted running average ~ 
example, if there is to be an output at every other input sample 
point, then, at each iteration, two new samples would be introduced 
(instead of one) and two old samples would be deleted (instead of 
one). Each Szasz factor would be squared. 

3. For the spectrogram ( and the spectrogram component of the zarno
grarn), computation of the output spectral line can be viewed as a 
number of multiplexed IIR filters parameterized by p. The only time 
one filter "talks" with another is in the operation of transposition. 

4. There exist a number of modifications to the implementation of the 
Szasz signal processing algorithms that correspond directly to the 
commutative, distributive and associative laws applied to multipli-
cation and addition. Performing a single sinusoidal array operatio 
in Fig. 24 (compare with Fig. 21) is an example of a variation du 
the distributive law. -eiwlacl¥,-f;.h @l-t IJJWX,i ce in Fi 
- u-21-t;an be -, 
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Use of Szasz Series Kernels arid Windows in 
Signal Processing 
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There exist a number of signal processing algorithms wherein a window, 
cp( k), shifts across a signal or signals to give an alternate representation of the 
signal. Included are weighted running averages, spectrograms and zamograms 
(1 , 2, 3]. Conventionally, weighted running averages are computed using the 
equivalent of an finite impulse response (FIR) filter the taps of which corre
spond to the window samples. Digitally computed spectrograms are tradition
ally computed by weighting the signal samples in a interval by the window 
weights followed by a fast Fourier transform (FFT).- Digital zamograms also re
quire the use of FFT's for each point in time in which a spectral line is computed 
(3]. (r~c .. :tail'{;v far) 

For windows _. that are uniformY the value of a signal representation can 
be obtained by adding to the current representation new data introduced by the 
shift and deleting data no longer included in the window. With nonrectangular 
windows, however, shifting alters the weights of all data and the procedure is no 
longer applicable. An approach with similar computational advantages occurs 
when the window is of the form cp(k) = e•k. Then, since cp(k ± 1) = e±•e•k, 
shifting from k to k ± l is equivalent to multiplying each data point by e±•. 
Unfortunately, there are no useful windows that are exponential except the 
degenerate case of the rectangular window. There are, however, a number of 
commonly used windows that are superpositions of weighted exponentials. We 
refer to a weighted sum of exponentials as a Szasz series (4, 5]. Trigonometric 
polynomials are special casefl/I'he Szasz components of the alternate signal 
representation can be individually computed using this updating approach and 
the components superimposed to obtain the desired processing output. The 
generic procedure for the updating using Szasz windows, illustrated in Fig. 1 ~ 



Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains is 
updated by a common Szasz factor. 

t-~e lc.-1-c 
/ Figure 2: A single composite component on top may replace the two Szasz ) 

- -- ¼ omponents shown ~ th?battaru when .L!iey are related by a complex conjugate. 
I\ ◄t ,t~&. "' •t;'it • 

(1•""<J) 
3. Add all of the Szasz components to obtain the desired outputs. 

~$~5~ 
Two Szasz components )RaJ be complex conjugates of each other. In such 

cases, the two componey.ti<may be combined into a single composite component 
as shown in Fig. 1, __..,....,--

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spectograms and zamograms are then pre
sented. Lastly, we generalize the application to a class of generalized time fre
quency representations in which the weighted running average, spectrogram and 
zamogram are subsumed. 

2 
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Table 1: Rectangular: <p(k) = 1, Q = 1. 

Ctq Sq 
l 0 r j-rr/L 1 
;r -j-rr/L 

Table 2: Hanning: <p(k) = cos2 (;1), Q = 3. 

1 Szasz Series Windows 

A Szasz series can be written as 

<p(k) = I>qe••k 
q 

(1) 

where the {aq}'s and the {sq}'s are possibly complex. We will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be even. 
We then use the alternate form 

/~ J-1. 'Pe(k) = 'P(I k I) (2) 

S~ popularly used windows and their Szasz series representations are 
listeR ~ w. In each of these cases, the Szasz series is an even trigonomet
ric polynomial so that 'Pe(k) = <p(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can be 
approximated by a Szasz series. 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

~ (n) = L <p(k)v(n - k) 
l£.... k=-L 

? Ctq Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: <p(k) = 0.54+ 0.46cos(71'), Q = 3. 

3 
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aq Sq 
0.42 0 
0.25 j-rr/L 
0.25 -j1r/L 
0.04 j21r/L 
0.04 -j21r/ L 

Table 4: Blackman: <p(k) = 0.42 + 0.5cos(f) + 0.08 cos( 2lk),Q = 5. 

Figure 3: An FIR imp mentation of the weighted running average filter . 

s is shown in Fig. , this process can be straightforwardly implemented on an 
FIR filter with 2£ + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

where 

Clearly, then 

Zq(n + 1) 

~ n) = q q(n) 

L 

zq(n) = aq L e••kv(n - k) 
k=-L 

L 

aq L e••kv(n + 1 - k) 
k=-L 

L-1 
aq L e••(k+l)v( n - k) 

k=-L-1 
L-1 

aqe•• L e••kv(n - k) 
k=-L-1 

4 

(4) 

(5) 

l 



Figure 4: An IIR implementation of the weighted running average filter. 

e'•[zq(n) + aqe-••(L+l)v(n + L + 1) - aqe••Lv(n - L)] (6) 
ej,2c,l>1; +d1e-S1L ~o{,es.,(C-rt) 

This iteration may be recursively generated by a standard infinite impulse re
sponse (IIR) filter. The results of Q such filters can then be summed to give 
desired output, z(n). One such realization for Q = 3 is shown in Fig. 4. ote 
the applicablity of the algorithm illustrated in Fig. 1 here. The Szasz factor is 
e••, the new data is aqe-••Lv(n + L + 1) and the old data is aqe••(L+l)v(n- L ). 

Assume cp( k) is real. Then V q 3 either aq or sq is complex ( or imaginary), 
:lq 3 Cl'ij = a; and sq = s; . In such cases, the two Szasz terms can be combined 
into a single IIR filter. Define 

zq(n) zq(n) + zq(n) 
L 

2 L ~[aqe••k]v(n - k) (7) 
k=-L 

where~ denotes the real part of/ If v( n) is real, then the corresponding iteration 
follow\. as 

zq(nf '= ~[e•• rz: (n) ; ~[aqe-••L]v(n + L + 1) .£~[aqe-••(L+1)]v(n - L) (8) 

An implementation of this IIR filter is shown at the top of Fig. 5. ~ J / 
0

~ __ 

_____ used to replace the two stages shown at the bottom. t:J ~ , __ 
1 
/' . ,/f,,U/ ~ 

. r -- tJ 
3 Spectograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 

S(n,p) = L cp(k)v(n - k)e-j 2,rpk/M (9) 
k=-L 

where pis a discrete frequency indice and !11 parameterizes the number of points 
in the frequency domain. 

5 
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q 

Figure 5: When a Szasz component is a complex conjugate of another, the 
two can be implemented by the stage shown on the top rather than the more 
computationally intensive implementation shown on the bottom. 

Figure 6: Computation of the spectrogram amplitude using the FFT. 

In many applications, the function I S(n, p) 12 is referred to as the spec
trogram. A conventional way to compute the spectrogram in Eq. 12 is shown 
in Fig. 6. The signal, v(n), is fed through a delay line and delayed values are 
weighted by samples of cp(k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 

If the window is expressed in terms of the Szasz series in Eq. 1, then the 
spectrogram in Eq. 12 can be written as 

where 

S(n,p) = LSq(n,p) 
q 

L 

Sq(n,p) = o:q L e••kv(n - k)e-i 21rpk/M 

k=-L 

The qth Szasz component update is calculated as follows . 

L 

o:q L e••kv(n + 1- k)e-i 21rpk/M 

k=-L 

6 

(10) 

(11) 



Figure 7: Computation of the spectrogram when the window is represented as 
a Qth order Szasz series. 

L-1 

aq b~-1 e••(k+l)v(n - k)e-j21rp(k+1)/M 1' 
a,,•.,-;,,tM I: ,••'v(n - k),-;,,,I" 

k=-L-1 

e••e-i21r/M Sq(n,p) + aqe-L••ei21rvL/Mv(n + L + l) 
-aqe<L+i)••e-j21rp(L+l)/Mv(n - L) 

We are again following the procedure outlined in Fig.1. Th data is 
aqe-L••ei 21rpL/Mv(n + L + l), the old data is aqe(L+l)s. - · P L+i)/Mv(n - L) 
and the Szasz factor is e••e-i21r/M· l ~ emen · n of the specific iteration in 
Fig. 12 iteration is shown in Fig. 7. ~ 

As before, when two Szasz components with, say, indices of q and ij_ are 
related by a complex conjugate: 

then they may be combined into a singl --- --
Sq(n,p) + s;(n,p) 

2~Sq(n,p) 

This combination is illustrated in Fig. 8. 

7 

(13) 

(14) 



Figure 8: The single composite component on top can replace the two complex 
conjugate components on the bottom in the Szasz series implementation of the 
spectrogram. 
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4 Zamogram 

The zamogram is a technique for the display of high resolution time-frequency 
displays with good resolution in both domains. In the discrete domain, the 
zamogram can be written as 

oo oo k k . 
C(n;p) = L L </J(n - m;k)x(m+ 2)x(m- 2)e-J 2

1rpk/M (16) 
m=-oo k=-oo 

where, at time n, the kernel </J(n - m;k) is identically zero for indices, (m,k), 
not in the set An. This set can can be expressed as the intersection of three 
sets: 

where 

and 

For (m,k) E An, 

(n = {(m, k) 1-2£::; k::; 2£}, 

- I k I 
T/n = {(m,k) Im~ -

2
-+n}, 

I k I 
(n = {(m,k) I, m::; -

2
- + n} 

cp(n - m;k) = <p(k) 
w~uxU ~ --f{k) 4 ~. 

4.1 Iterative Zamogram Procedure 

(17) 

(18) 

(19) 

(20) 

(21) 

Using Eq. 16, we will show that the zamogram can be iteratively updated as 

C(n + l;p) = C(n;p) + 2~x*(n + 1),B+(n,p) - 2~x*(n),B-(n,p) (22) 

where ~ €1:enolis th e real part-4,. 

2£ 

,a+(n,p) = L 81,;<p(k)x(n + k + l)e-i 21rpk/M, 

k=O 

and 
2L 

,a-(n,p) = Eow(k)x(n - k)ei 21rpkfM, 

k=O 

and 81,; = ½ for k = 0 and is one otherwise. 

(23) 

(24) 

The proof of these equations is straightforward. Let >.;:;- be the set on points 
in An but not in An+l . Then 

>.;; = {(m,k) Im= I~ I +n+ 1; I k I::; 2£} (25) 
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Similarly, let >.t denote the set of points in An+l that are not in An, Thus 

>.! = {(m,k) Im= _I: I +n;I k 1:S 2L} 

Clearly, then 

C(n + l;p) L ]<p(k) 
(m,k)EAn (m,k)E>.;t (m,k)E>.;;: 

k k . 
xx(m + -)x(m _ -)e-321rpk/M 

2 2 

or, equivalently, 

C(n + l;p) = C(n;p) + -y;!"(m) - -y;:;-(m) 

where 
k k . '°' <p(k)x(m+ -)x(m- -)e-32"Pk/M 

L....,; 2 2 
(m,k)E>.;!' 

-y; (p) = 

Alternately, using the definition in Eq~ (23), we find that 

-y;!°(p) = 2filx*(n + 1),B+(n, p) . 

Similarly, applying Eq~ n(25) to Eq~ (36), we have 

-y;:;-(p) = 2filx*(n),B-(n,p) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

Substituting this and Equittion(30) into Eq-H,,J,tion(28) establishes J¾-u._ation(22) 
and the proof is complete. 

(:,1.1 Usllig Fast Fourier Tt·an,form, 

We will now present two techniques to evaluate the iterations in Equations(22). 
A signal flow graph at time = n is shown in Fig. 9 for direct evaluation of 

Equation(22). The sample signals are introduced into a shift register as shown 
on the left. The shift register is tapped and each of the samples is multiplied 
by stored weights, {<p(k)}, as shown. The two vectors of the windowed samples 
are fed into two ~ FFT processors. 'I\-ansposition of the output of the 
lower FFT is required because there is a ei 21rrk/ M term in Equation(24) rather 
than the e-i 21rpk/M used in Equation(23). The transposition replaces k with 
-k to take care of this . The delays in Figure 1 are required to synchronize 
the samples x(n) and x(n + 1) with the computational delays required in the 
processing to that point ( e.g. by the pipelined FFT). These two samples are 
weighted by either ±2 after which they multiply every element of the output 
of the FFT processors'. The real part of the resulting two vectors are summed. 
The sum is added to the current zamogram register, and a new spectral line of 
the zamogram emerges in vector form from the processor. The parameter D. is 
the total number of clock cycles required from input to output. 

10 



Figure 9: Iterative updating of a zamogram using FFT's. 

4.1.2 Using a Szasz Window 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(22) can be written as 

C(n + l ;p) 

where we note that 

C(n; p) + [I x(n + 1) 12 
- I x(n) l2)cp(O) 

+23t[x*(n + 1) L Ctql?i(n, p) 
q 

-@x*(n) :Z:aqt?q(n,p)] 
q 

cp(O) = L C¥q 

q 

These t?i(n,p)'s can be updated using Szasz components as 

l?i(n,p) e(-•.+4r-)gt(n - 1,p) 

-x(n + 1) + e- 2L(s.-~)x(n + 2L + 1) 

and 

(32) 

(33) 

(34) 

( j2"P) 2£( j2 " P) /4 l?q(n, p) =es.--,;;,- l?q(n - 1, p) + x(n - 1) - e s.--,;;,- x(n - 2L - l e_y 35) 

A signal flow diagram for the recursion in Equation(32) is shown in Fig. 10. 
Unlike the FFT implementation, we here need to tap the shift register at only 
five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). Only 
two values are used Fig. 10. The remaining values are needed to update the 
gt(n, m)'s in Eqs. (34) and (35). The two g± arrays, at time n, contain the 
values l?i(n,p) . For the illustration in Fig. 10, we have assumed Q = 3 terms 
in the Szasz series. 
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Figure 10: Iterative updating of a zamogram using Szasz components at. 

Figure 11: Iterative updating of the Szasz components for the zamogram. 

Note that both Eqs. 34 and 35 are iterations of Szasz components as illus
trated if Fig. 1. The Szasz factor for both is exp( sq - i~;r). For Eq. 34, the new 
data is exp[-2L( sq - i~P)]x( n+ 2L + 1) and the old data is x(n+ 1). In Eq. 35, 
the old data is exp[2L(sq - i~,?)]x(n - 2L - 1)] and the new data is x(n - 1). 
Implementation of the updates of the at 's in Eqs. 34 and 35 are illustrated in 
Fig. 11. 

To show Eqs. 32, 34 and 35, we substitute Equation(l) into Eq. 36: 

,;(p) = L L aqe•qlklx(m +} )x(m - } )e-j2irpk/M (36) 

(m,k)E,\; q 

Using the definition in Eq. 25, we find that 

,;;(m) =I x(n + 1) 12 <p(O) + 2l'Rx*(n + 1) L aqaf (n, p) (37) 

where 

q 

2£ 

af (n, p) = L e-sqkx(n + k + l)e-j2irmk/M 

k=l 

12 

(38) 



The recursive form in Equation(34) can easily be established from Equation(38). 
Similarly, 

,;;-(p) =I x(n) 12 <p(O) + 2~x*(n) I>qu;(n,p) 

where 

q 

2L 

u;(n,p) = Le-••kx(n - k)ej2,rmp/M 
k=l 

The recursion in Equation(35) follows and the proof is complete. 
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There exist a number of signal processing algorithms wherein a window, 
cp(k), shifts across a signal ~ to give an alternate representation of the 
signal. Included are weighted running averages, spectrograms and zamograms 
(1, 2, 3). Conventionally, weighted running averages are computed using the 
equivalent of an finite impulse response (FIR) filter the taps of which corre
spond to the window samples. Digitally computed spectrograms are tradition
ally computed by weighting the signal samples in a interval by the window 
weights followed by a fast Fourier transform (FFT). Digital zamograms also re
quire the use of FFT's for each point in time in which a spectral line is computed 
[3). l~) 

For windows and that are uniform~ the vftue of a signal representation can 
be obtained by adding to the current representation new data introduced by the 
shift and deleting data no longer included in the window. With nonrectangular 
windows, however, shifting alters the weights of all data and the procedure is no 
longer applicable. An approach with similar computational advantages occurs 
when the window is of the form cp(k) = e•k. Then, since cp(k ± 1) = e±sesk, 
shifting from k to k ± 1 is equivalent to multiplying each data point by e±s. 
Unfortunately, there are no useful windows that are exponential except the 
degenerate case of the rectangular window. There are, however, a number of 
commonly used windows that are superpositions of weighted exponentials. V•le 
refer to a weighted sum of exponentials as a Szasz series [4, 5). Trigonometric 
polynomials are special cases . The Szasz components of the alternate signal 
representation can be individually computed using this updating approach and 
the components superimposed to obtain the desired processing output. The 
generic procedure for the updating using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the previ
ous window but not that in the current window. Likewise, add the 
newly introduced terms. 

2. Multiply each of the elements common to both windows by the Szasz 
increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs. 

1 ' t' 

' ' ' 

... 



Figure 1: Generic methodology for signal processing using a. Szasz decompo
sition. The new <la.ta. is that introduced by the shift of the window . The old 
<la.ta. is that which is omitted as the window shifts. The <la.ta. which remains is 
updated by a. common Szasz factor. 

Figure 2: A single composite component on top ma.y replace the two Szasz 
components shown on the bottom when they a.re related by a. complex conjugate. 

Two Szasz components ma.y be complex conjugates of ea.ch other. In such ) / 
cases, the two components ma.y be combined into a. single composite component 
as shown in Fig. 2. 

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spect!igra.ms and zamo · ns are then pre
sented. astly, we genera 1ze 1e · 1 o a class of generalized time re

uency representations in which the weighted running average, spectrogram and 
zamogra.m a.re subsumed. 

1 Szasz Series Windows 

A Szasz series can be written as 

cp(k) = I: cxqe••k 
q 

2 

(1) 



~ 
[C[TI 

Table 1: Rectangular: cp(k) = 1, Q = l. 

<Xq Sq 

.!. 0 r frr/L 1 
4 -jrr/L 

Table 2: Hanning: cp(k) = cos2(;;J, Q = 3. 

where the {cxq}'s and the {sq}'s are possibly complex. We will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be even. 
We then use the alternate form 

'Pe(k) = cp(I k I) (2) 

Some popularly used windows and their Szasz series representations are in 
Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that 'Pe(k) = cp(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can be 
approximated by a Szasz series. 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n) = L cp(k)v(n - k) 
k=-L 

(3) 

As is shown in Fig. 3, this process can be straightforwardly implemented on an 
FIR filter with 2L + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

(4) 

<Xq Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: cp(k) = 0.54+ 0.46cos(~k), Q = 3. 
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Ctq Sq 
0.42 0 
0.25 j1r/L 
0.25 -j1r/L 
0.04 j21r/L 
0.04 -j21r/L 

Table 4: Blackman: cp(k) = 0.42 + 0.5cos(1) + 0.08cos(2lk),Q = 5. 

Figure 3: An FIR implementation of the weighted running average filter. The 
D denotes a unit delay. 

where 

Clearly, then 

L 

zq(n) = cxq L e••kv(n - k) 
k=-L 

L 

Ctq L e••kv(n+l-k) 
k=-L 

L-1 
Ctq L e••(k+l)v(n - k) 

k=-L-1 
L-1 

cxqe•• L e••kv(n-k) 

k=-L-1 

(5) 

e8 •zq(n) + Ctqe-••Lv(n + L + 1) - cxqe••(L+l)v(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse re
sponse (IIR) filter. The results of Q such filters can then be summed to give the 
desired output, z(n). One such realization for Q = 3 is shown in Fig. 4. Note 
the applicablity of the algorithm illustrated in Fig. 1 here. The Szasz factor is 
e••, the new data is cxqe-••Lv(n + L + 1) and the old data is cxqe••(L+l)v(n - L ). 
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Figure 4: An IIR implementation of the weighted running average filter. 

When L is large, the realization of the weighted running average in !jg~ 
requires fewer operations per output point than the FIR realization in Fig.~ 
Furthermore, only two taps from the shift register are required from in the IIR 
realization. The FIR realization requires 2L + 1. 

2.1 Computing Complex Szasz Components Using Real 
Arithmitic 

When a Szasz component is complex, the real and imaginary components of 
z(n) can be computed separately. If we express z(n) in terms of it's real and 
imaginary components: 

z(n) = zr(n) + jz\n), (7) 

then, if v(n) is real, the iteration in Eq. 6 can be written in component form as 

z; ( n+ 1) = z; ( n )fil[e3
• ]-z!S<[e••] +fil[aq e-••L]v( n+ L+ 1)-fil(aqes•(L+l)]v( n-L) 

(8) 
and 

z! ( n+ 1) = z~ ( n )8'[e•• ]+z!fil[e•• ]+8'[aq e-••L]v( n+ L+ l)-8'[aqe••(L+l)]v(n-L) 

where fil/8' denot~ real/imaginary part of and 
(9) 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component can 
by realized by the IIR filter illustrated in Fig. 5. The real and imaginary parts 
of all Szasz components are summed to obtain filz(n) and 8'z(n) respectively. 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, cp(k), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a complex 

5 



Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

Figure 6: When two Szasz components are related by a complex conjugate, then 
the two components (shown here at the top) can be replaced by a single one 
(shown at the bottom). 

conjugate. Motivated by this observation, assume that \/ q 3 either aq or Sq 

is complex (or imaginary), 3q 3 aq = a; and sq= s;. In such cases, the two 
Szasz terms can be combined into a single IIR filter. Define 

zq(n) + zq(n) 
2filz9 ( n) (11) 

This can be computed simply by multiplying the real output in Fig. 5 by 2. The 
two complex Szasz components at the top of Fig. ?? can therefore be replaced 
by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where a1 is real and s1 = 0. Let a 2 = a3 and 
s2 = s3 = j1r/L. The Hanning (Table 2) and Hamming (Table 3)windows are 
special cases . 
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Figure 7: Implementation of a Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages are special cases. 

Since all of the multipliers become real, we implement the q = l term using 
the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 terms 
are related by a complex conjugate. We therefore choose to implement them 
using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 

S(n,p) = L <p(k)v(n - k)e-i 21r:pk/M (12) 
k=-L 

where pis a discrete frequency indice and .M parameterizes the number of points 
in the frequency domain. 

In many applications, the function I S(n,p) 1
2 is referred to as the spectro-

gram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v(n), is fed through a delay line and delayed values are weighted by 
samples of <p( k). These weighted values are then input into an FFT processor 
the output of which is the spectrogram at time n. 

7 



Figure 8: Computation of the spectrogram amplitude using the FFT. 

3.2 Spectrogram computation using Szasz series compo
nents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, then 
the spectrogram in Eq. 12 can be written as 

where 

S(n,p) = LSq(n,p) 
q 

L 

Sq(n,p) = aq L e••kv(n - k)e-i 21rpk/M 
k=-L 

The qth Szasz component update is calculated as follows. 

Sq(n + l,p) 
L 

aq L e••kv(n + 1- k)e-i 21rpk/M 

k=-L 
L-1 

aq L e••(k+l)v(n - k)e-j21rp(k+1)/M 

k=-L-1 

a e••e-i21r/M q 

L-1 

I:: 
k=-L-1 

e••e-i 21r/M Sq(n,p) + aqe-L••ei 21rpL/Mv(n + L + l) 
-aqe(L+l)sq e-j21rp(L+1)/ M v( n _ L) 

(13) 

(14) 

(15) 

We are again following the procedure outlined in Fig.l. The new data is 
aqe-L••ei 21rpL/M v(n + L + l), the old data is aqe(L+l)s. e-i 21rp(L+1)/ M v(n - L) 
and the Szasz factor is e••e-i 21r/M. Implementation of the specific iteration in 
Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs by the ar
rays ei 21rL/M and e-i 21r(L+l)/M is common to each of the Q Szasz components, 
the alternate implementation shown in Fig. 10 is possible. 
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Figure 9: Computation of the spectrogram when the window is represented as 
a Qth order Szasz series. The thick lines correspond to signal flow directions of ~ 
arrays parameterized by the frequency variable, p. The thin lines correspond to 
(possibly complex) scalars. 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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Figure 11: When a Szasz component of a spectrogram is complex, it's real and 
imaginary components can be realized as shown here. The real and imaginary 
components of the spectrogram are obtained by summing the real and imaginary 
components of the Szasz components. 

3.2.1 Realizing the r eal & imaginary parts of a Szasz component of 
a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and imagi
nary parts of the Szasz component in Eg. 15 can be written as 

s;(n + l,p) 

and 

~[e'qe-jZirfM]s;(n,p) - 8'[e8qe-jZir fM]S!(n ,p) 

+!l[a,,-L,,,,,,,LfM]v(n + L + 1) - l !ll[a,/LH),,,-;,,(LH)/Mjv(n -f JE) 

S!(n + l,p) 8' [e 'qe-j21r fM]s;·(n,p) + ~[e•qe-j2irfM]S!(n,p) 

+ 8' [aqe-L•qej2irpLfM]v(n + L + l) - r [aqe(L+l)sqe-j2ir(L+l)fM] v(n -fllZ) 

where 
Sq(n,p) = s;·(n,p) + jS!(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. We obtain 

S(n,p) = S"(n.p) + jSi(n,p) (19) 

from 
S''(n,p) = 2:=s;(n,p) (20) 

q 

and 
Si(n,p) = L S~(n,p) (21) 

q 
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Figure 12: The two Szasz components of a spectogram indexed by q and q shown 
on the left can be obtained by simple augmentation of the output of the qth 
Szasz component as shown on the right. Transposition replaces p by -p in the 
array Sq(n,p). 

Figure 13: The real and imaginary components of the qth component of a Szasz 
component can be straightforwardly augmented to give the sum of the real and 
imaginary parts of two Szasz components. 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and q, are related by a complex conjugate: 

(22) 

Then, using Eq. 12, we can immediately show that 

Sq(n,p) = s;(n, -p) (23) 

This relationship, as illustrated in Fig. ?? , can be used to obtain the sum of two 
Szasz components, indexed by q and {j_, by a simple augmentation of the output 
of the Szasz component with indice q. The equivalent operation using the real 
and imaginary outputs of the Szasz component in Fig. 11 is shown in Fig. 13. 
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3.2.3 Example: Hanning and Hamming windowed spectograms 

We illustrate application of the Szasz series computation of a spectogram for 
the a Q = 3 case when a1 is real, s1 = 0\ a2 = a3 and s2 = s3 = j-rr / L . The 
Hanning (Table 2}and Hamming (Table 3 Jwindows are special cases. 

4 Zamograms 

The zamogram is a technique for the display of high resolution time-frequenc~ 
displays with good resolution in both domains. In the discrete domain, the 
zamogram can be written as 

oo oo k #; k . . , 
C(n;p) = L L </J(n - m; k)x(m + 2 )x(m - 2 )e-J 21rpk/M (24) 

m=-oo k=- oo 

where, at time n, the kernel </J(n - m; k) is identically zero for indices, (m, k), 
not in the set An. This set can can be expressed as the intersection of three 
sets: 

where 
ln = {(m,k) I -2L ::; k :=; 2L}, 

r? cj,(, -"<; k) X (_.- • !tJ, (wt~ 'f>J = {(m,k) Im ;e - ~ k I+ n), 

L: and 
I k I 

(n = {(m,k) l,m:=;-
2
-+n} 

For (m, k) E An, 
</J(n - m;k) = <p(k) 

--fC k) -= f (ltd) ~ ~ . Th:,1-f-u .. :.e,.6, 
4.1 Iterative Zamogram Procedure / 

(25) 

(26) 

(27) 

(28) 

Using Eq . 24, we will show that the zamogram can be iteratively updated as 

C(n + l;p) = C(n;p) + 2~x*(n + l),B+(n,p) - 2~x*(n.),B-(n,p) (30) 

where ~ denote the real part ofi) 

2L 

,e+(n,p) = L 6k<p(k)x(n + k + l)e-i 21rpk/M, (31) 
k=O 

and 
2£ 

,e-(n,p) = L,5k<p(k)x(n - k)ei 21rpk/M , (32) 
k=O 
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and /jk = ½ for k = 0 and is one otherwise. 
The proof of these equations is straightforward. Let A~ be the set on points 

in An but not in An+l . Then 

I k I 
A;;-= {(m, k) Im= 2 + n + 1; I k I~ 2L} (33) 

Similarly, let At denote the set of points in An+l that are not in An. Thus 

A!= {(m, k) Im= - I~ I+ n; I k I~ 2L} (34) 

Clearly, then 

C(n + l;p) L ]<p(k) 
(m,k)EAn (m,k)E>.f (m,k)E>.;; 

k k . . xx(m + -)x(m - -)e-1 21rpk /M 
2 2 

(35) 

or, equivalently, 

C(n + l;p) = C(n;p) + ~ (m) - jp; (m) (36) 

where 

.--------7___.77J,; (P) = L <p(k)x(m+ ~)x(m- ~)e-j2rrpk/M 

- f (m,k)O; 

(37) 

Alternately, using the definition in Equation(31), we find that 

~ (p) = 2~x*(n + 1),B+(n,p) . (38) 

Similarly, applying Equation(33) to Equation( 44), we have 

(39) 

Substituting this and Equation(38) into Equation(36) es tablishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

We will now present two techniques to evaluate the iterations in Equations(30) . 
A signal flow graph at time = n is shown in Fig. 14 for direct evaluation of 

Equation(30). The sample signals are introduced into a shift register as shown 
on the left . The shift register is tapped and each of the samples is multiplied 
by stored weights, {<p(k)}, as shown. The two vectors of the windowed samples 
are fed into two pipelined FFT processors. Transposition of the output of the 
lower FFT is required because there.is a ei 21rpk/M term in Equation(32) rather 
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Figure 14: Iterative updating of a zamogram using FFT's. 

than the e-iZ1rpk/M used in Equation(31). The transposition replaces k with 
-k to take care of this. The delays in Figure 1 are required to synchronize 
the samples x(n) and x(n + 1) with the computational delays required in the 
processing to that point ( e.g. by the pipelined FFT). These two samples are 
weighted by either ±2 after which they multiply every element of the output 
of the FFT processors. The real part of the resulting two vectors are summed. 
The sum is added to the current zamogram register, and a new spectral line of 
the zamogram emerges in vector form from the processor. The parameter ~ is 
the total number of clock cycles required from input to output. 

4.1.2 

A second implementation is p sible when the zamogram's kernel is expressed ) 
as the Szasz series in Eq. 1. he iteration in Eq~ (30) can be written as 

C(n + l;p) 

where we note that 

C(n;p) + [I x(n + 1) 12 
- I x(n) 12]<,o(O) 

+2fil[x*(n + 1) L i ~1(n,p) 

~ x*(n) L ffi ~q(n,p)] 
q 

<,o(O) = L O:q 

q 

These \?q= (n,p)'s can be updated using Szasz components as 

~ (n,p) e<-•.+iW)~1(n - l,p) 

(ii (n + 1) fl - 2L(s 0 -iW)x(n + 2L + 1) 

and 

(40) 

( 41) 

(42) 

\... < i:..!!..r.)\,,,- d-r... Ol'.'h < i:..!!..r.) [,\ \?q(n,p)=e••- M ~ (n-l,p)+x(n-l)-e ••- M x(n-2L-liJ (43) 
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Figure 15: Iterative updating of a zamogram using Szasz components ef. 

Figure 16: Iterative updating of the Szasz components for the zamogram. 

A signal flow diagram for the recursion in Equation( 40) is shown in Fig. 15. 
Unlike the FFT implementation, we here need to tap the shift register at only 
five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1) . Only 
two values are used Fig. 15. The remainin9 ~alues are needed to update the 
W, (n,m)'s in Eqs. (42) and (43). The two If' arrays, at time n , contain the 
values ~f (n,p) . For the illustration in Fig. 15, we have assumed Q = 3 terms 
in the Szasz series. 

Note that both Eqs. 42 and 43 are iterations of Szasz components as illus
trated if Fig. 1. The Szasz factor for both is exp(sq - i~P). For Eq. 42, the new 

data is exp[-2L( sq - j~? )]x( n+ 2L+ 1) and the old data is x(n+ 1). In Eq . 43 , 
the old data is exp[2L(sq - j~7)]x(n - 2L - 1)] and the new data is x(n - 1) . 
Implementation of the updates of the ef 's in Eqs. 42 and 43 are illustrated in 
Fig. 16. '31 ~ ~ 

To show Eqs. 40, 42 and 43, we substitute Eq~ l) into Eq.@ / \ 

. k k . . 
~ (p) = L L aqe••lklx(m + 2 )x(m - 2 )e-121rpk/M (44) 

(m ,k)E>.~ q 
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J 

Using the definition in Eq. 33, we find that 

~ ;;(m) =I x(n + 1) 1
2 cp(O) + 2~x*(n + 1) L ~ W- (n,p) (45) 

q 

where 
2L 

~ (n,p) ~ e- ••kx(n + k + l)e-i 21rmk/M ( 46) 

The recursive form in Equation( 42) can easily be established from Equation( 46). 
Similarly, 

~ (p) =I x(n) 1
2 cp(O) + 2~x*(n) L ~4k (n,p) ( 47) 

q 

where 
cJ... 2L . 

~ ~(n,p) J L e-••k x(n - k)e12mp/M (48) 
k=l 

The recursion in Equation( 43) follows and the proof is complete. 
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Abstract - Generalized time-frequency representations (GTFRs) which use cone-shaped ker

nels for nonstationary signal analysis are presented . The cone-shaped kernels are formulated for 

the GTFRs to produce simultaneously good resolution in time and frequency. Specifically , for a 

GTFR with a cone-shaped kernel , finite time support is maintained in the time dimension along 

with an enhanced spectrum in the frequency dimension, and the cross-terms are ·smoothed out. 

Experimental results on simulated data and real speech showed the advantages of the GTFRs 

with the cone-shaped kernels through comparisons with the spectrogram and the pseudo-Wigner 

distribution. 

I. Introduction 

The bilinear class of time-frequency distributions [ 1], or the generalized time-frequency 

representations (GTFRs) '. 2], have offered the flexibility for nonstationary signal analysis. This 

class of representations is characterized by 2-D kernels , where the properties of a representation 

This work was supported partially by the '.'/ational Science Foundation and Boeing Computer Services 
EDICS numbers 2.3, 3.1.3 
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are determined by the constraints imposed on its kernel. 

The spectrogram and the pseudo-Wigner dist ribution :PWD J are both GTFRs with special 

kernels :2]. The spectrogram preserves non-negativity , s mooths cross-terms, but requires separate 

analysis for eit her good time resolution or good frequency resolution. This behavior of the spectro-

gram has been shown to cause problems in , for example, the analysis of s peech. It was shown in 

[3] that the formant frequency changes are the most important dimensions that affect the percep

tion of phonetic quality. \Vhen the formants change rapidly or a closure occurs, however , con-

sis tent broadenings of formant spectrum are see n in the spectrogram [.t]. The pseudo-Wigner dis

tribution has the advantage over the spec trogram of instantaneous temporal response , hut it pro-

d uces interfering cross-terms when used in multi-component signal analysis. The PvVD does not 

preserve non-negativity. A technique which optimally smooths a Wigner distribution into a posi

tive distribution was described in [.5]. 

We formulate a special type of kernels for the GTFRs to simultaneously preserve the pro

perty of finite time support, enhance spectral peaks, and smooth cross-te rms. As in the case of the 

P\VD , non-negativity is not preserved. The representations thus prim arily serve as tools for 

analyzing the time-frequency structure of the signals, but are not energy distributions. On the 2-

D time plane , the kernel takes a cone-shaped support region. On the 2-D frequency plane , the ker

nel takes the form of a lateral inhibition function [6] in the dimension where it convolves with 

the signal spectrum, and takes the form of a low pass filter in the dimension where the cross

terms are located. We also formulate an algorithm for efficient computation of the GTFRs with 

the cone-shaped kernels , and present experimental results which demonstrates the potential power 

of the technique for speech and other nonstationary signal analysis. 

II. Background and Definitions 

A generalized time-frequency representation C'z ( l , f ; ¢) of the signal x ( t) with kernel 

d> ( l , r) is [ 2] 

+oo 

Cz(t , f ;¢ ) J J <fi(t-t 1 
, r)x (l 1 -n: 2)x • (t 1 -r,' 2)e-i 2

' 1 r dt I d T , (1) 
~'() 
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·,v :1ere the * denotes complex conjugation. The relation expressed in terms of the Fourier 

transforms of the signal and the kernel is 

+N 

C, (t. f ; <I>)= J J <f.>(TJ, f - ! , )X(!, + TJ l '2)X' (!, - TJ ; '2)e 12~~1 df, d TJ. ('2) 
-.X, 

where the Fourier transform relations are 

- x 

X ( f ) = J .r ( t) e - i 2" 1 1 d t 
-•:'\) 

and 

~ oo 

<f.>(TJ. f ) = J J d>(t. r)e- 12•(t ~ + r/ )dtd r. 
-00 

Eq. (1) shows that a GTFR is obtained through the convolution in time t of a kernel ¢,(t, r) 

with the signal correlation .r ( t + ; ).r ' ( t - ; ) and a Fourier transform in time r. Eq. ('2) shows 

that a GTFR is obtained through the convolution in frequency / of a kernel <I>(TJ, f ) with the 

spectrum correlation .X(! + 17 / '2)X' (! -TJ / '2), and followed by an inverse Fourier transform in fre

quency TJ. For a discrete time GTFR, we follow the definition of r he discrete PWD given in [7) 

and put it analogously to (1), 

n -'-L 

C, (n. m; ¢) = '2 I: 
L - ih~ 
I: ¢>(n-n 1 , k)x(n' J... k).r'(n' -1,:)e JI I m I :S L (3) 

n' = n -L k =-L 

where lv[ = '2L + l. 

The kernels of the spectrogram and the Pv\'D in terms of the GTFRs can be derived from 

(1) and ('2). The two representations are commonly defined with respect to a sliding window h (t) 

and the signal x (t) ['2]. Assuming h (t) is real and symmetric, i.e .. h (t) = h (-t ), the kernels 

¢( t , r) and <I>( T/, f ) of the PWD are 

¢>(t ,r) = 8(t )h ~(r/ '2) 

<I>(TJ. I ) = -tH('2f ) *H ('2! ) 

(-t.a) 

(-t.b) 

where H (! ) is the Fourier transform of h ( r) and the * denotes 1-D convolution . For the spectro-

gram the kernels become 

d>( t . T) = h ( t -'- T '2) h ( t - T/ '2) (-'>.a) 
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4>(11, I)= H(f +11 / '!.)H(! -11 / '2). (S.b) 

Relating these kernels with the definitions of the GTFRs in (1) and (2) reveals the properti es 

of the pseudo-Wigner distribution and the spectrogram Eq. (-t.a) indicates that the P\\.D kernel 

doE>s not do smoothing in time t, therefore the PWD has good temporal resolution. Eq. (-t.b) indi

cates that th e kernel is constant in 17. it thus cannot suppress cross-terms which are distributed off 

the 11 = 0 a.-:is :sj. Since H(! ) is a low pass function . smearing in fr equency / is introduc ed 

through the convolution of the kernel with the signal spect rum. Eq. (.S.a) indicates that the spec

trogram kernel does temporal smoot hing due to its dependency on t; Eq. (5.b) indicates that the 

kernel 4>(11 , f ) is low pass in both / and 17 , a nd the spectrogram thus suppresses cross-terms but 

also has spectral smearing . 

III. Cone-Shaped Kernel Design 

3.1. Basic Principle 

A desirable kernel of a GTFR produces good resolution in both time and frequency , and at 

the same time suppresses cross-terms . Many efforts in improving fr,,quency resolution have been 

focused on the design of windows with energy contained within a ~mall frequency band . On the 

other hand, it has been shown that lateral inhibition functions are used in human visual and audi

tory systems in enhancing perceptual signal features [9,10]. In a lateral inhibition circuitry, the 

output of a neuron is a weighted sum of the outputs of neurons within a small neighborhood . The 

neurons within the center neighborhood (excitatory neighborhood) contribute positively , and those 

in the surrounding neighborhood (inhibitory neighborhood) contribute negatively . La teral inhibi

tion functions have long been used in vision for image feature enhancement. The cone-shaped ker

nels for the GTFRs are constrained to take the form of lateral inhibition functions in frequency 

f , thus they enhance spectral peaks when convolving with the signal spectrum . In the dimension 

of frequency 11 , suppressing cross-terms requires the kernel be low pass , which is equivalent to the 

requirement of temporal smoothing on the signal correlation function in terms of (1) . Al1h 011gh 

many forms of temporal smoothing have been introduced in the literature ~8], the finite time sup-
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port prnperty of the representations has been invariantly sacrificed . For the cone-shaped kernels. 

we take the special effort to constrain the temporal smoothing to the extent that the finite time 

support property is maintained. and at the same time the cross-terms are smoothed to an negligi-

ble extent. 

3.2. Kernel Derivation 

The notion of spectral enhancement requires that a kernel be a lateral inhibition function in 

frequency f . Since a lateral inhibition function in one domain corresponds to a band support in 

its Fourier transform domain and vice versa , a constraint is imposed on the support (non-zero 

region) of the kernel in r. Letting 5 ( o( t . r)) denote the support region of ¢( t , r) , the constraint 

becomes 

S(¢(t , r)) = { ~ !r1(t)! ~Ir!~ ir2(t)! 
otherwise 

where I r1( t) I and I r,!( t) I denote the lower and upper boundaries of the kernel support region 

as functions of t . Since tapering of data in r is necessary to redu ct> spectral leakage, we simplify 

the constraint so that the kernel support region is only limited from below by the boundary 

I r1(t) I. Note that when multiplied by a taper overlapping with the lower boundary, the kernel 

support will automatically be limited from above . Redefine I ii t) I to be the lower boundary 

function, we then have the constraint on the kernel support region as 

S ( ¢( t , r)) = { ~ lrl 2: !iit)I 
otherwise. (6) 

On the other hand, the constraint on the kernel for maintaining the finite time support pro-

perty was given in [2] as 

+oo 

J ;(r,, r)e i2n1t d T/ = 0' IT I < 21 t I ' 
-00 

where ¢(r,, r) is the Fourier transform of c/>(t , r) int. On the (t ,r) plane this constraint reads 

d>( t , r) = 0 I r I < 2 I t I . 
This support region of 6( t , r) is shown as the shaded cone area on the ( t , r) plane in Fig. l. 

!!' 
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Combining a taper funcLion <J (r) with the C:)undary constraint just derived , we arrive at the ker-

nel 

. { q ( r) · I r I 2 a I t I 
0 f, T = , ( ) 0 otherwise (7) 

where the parameter a ad jus ts the slopes of the cone with the const raint that 2 < a < cc . 

The kernel for the discrete case follows a s traightforwa rd extension and is in the form 

6( n . k ) = { ~ ( I.· ) I k I 2 a In 
otherwise , (8) 

where I k I :S L and I n I :S L . Since I.· is not scaled by a factor of 2 in (3) as is the case of r 

in (1), the lower bound of a is now 1 instead of 2. 

Note that the boundary function I r( l ) I is not limited to the line family a I t I as long as 

it falls in to the shaded cone region in Fig . 1. For utilizing all lags of signal correlations, however ,_, 

the function should pass through the origin; and for smoothing the cross-terms, the function 

should have a certain spread in t . 

The analysis of the kernel is done on the 2-D frequency and 2-D ti me planes . On the ('7, f ) 

plane , the function of the kernel in spectral enhancement and cross-term suppression can be visu

alized; on the ( t , r) plane , the function of the kernel in maintaining good resolution for fast-

changing spectral peaks and preserving onset time of signals can be visualized. 

3.3. Frequency Analysis of the Kernel 

In the continuous frequency case, the kernel on the ('7 , / ) plane can be obtained through a 

2-D Fourier transform on (7), and it takes the form 

{ 
1 1 1 } 

<P(ry , f) = '2o(ry)o(f) + a i2 ('1 / a - f )(ry/ a + f) *G(/ ), 

where the window G (! ) is assumed to be Gaussian and * denotes a 1-D convolution. The kernel 

in the discrete case can be obtained by taking the '2-D discrete Fourier transform of (8), 

L 

<P(l , m) = ~ 
L " ~ 6(n, k )e - <~;(km+nl) 

n =-L k =-L 

and th e kernel for the case a = 1 is 

1ml :SL , 111 :SL , 

·~ ----------------~----~ 
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l (cos~{ - (-l}U-'-"'icos~m )cos~{) 
<l>(t. m) = .\/28(1 )8( m ) , .\[ .\J .\tf * G ( m ) . 

sin~(t - m )sin-\lT' (I ~ m) 
J/ . / 

(9) 

In Fig. 2 we compare the frequ ency responses in m of the cone-shaped kern els with a ngl e 

para mete rs a = l . '2. a nd the fr equency responses of the the spec trogra m kernel an d the P\\'D 

kernel. where the so lid line is for the spectrogram. the medium dashed line for the P\VD , the long 

dashed line for a = l. and t he short dashed line for a = 2, and (a), (b), (c), (d) corresponds to 

the frequency I = 0. 1, 2. and 3, respect ively . The window is g (k) = e -20"
2

, where L - 6--1 and 

a is chosen so that g (±L) = 0.01. The disp layed frequency range is from m = 50 to 80. cen-

tered around m = 6--1 . The frequency responses are norma lized so that the same peak value is 

maintained by the 4 kernels at the origin on the 2-D frequency plane. 

\Ve observe from Fig. 2 that when I = 0, the frequency responses of the spectrogram kernel , 

and the PWD kernel are identical , and the responses of the two cone-shaped kernels are very 

close . The positive peaks of the spect rogram and the PWD are wider than those of the cone

shaped kernels, and the cone-shaped kernels are characterized by the nesra tive lobes on each side 

of the main positive peak - the shape of a lateral inhibition function . With the frequency I 

increasing , the response of the P'WD kernel remains unchanged , but the peak values for other ker-

nels are reducing . The pea k value of the spectrogram drops the fastest , and the peak value of the 

cone-shaped kernels drops faster when a = 1 than when -a = 2. In terms of the filtering property 

of the kernels in frequency I, the spectrogram kernel is low pass with a narrow band , the P\VD 

kernel is all pass. the cone-shaped kernels are in between of the two cases with the angle para me

ter a controls the low pass bandwidth. To approach the power of the spectrogram kernel m 

suppressing cross-terms, a = 1 is chosen for the cone-shaped kernel in the later experiment . 

3.4. Time Analysis of the Kernel 

To analyze the effect of the cone-shaped kernel on fast-changing spectral peaks , we consider 

a signal which changes its tonal frequency from f 1 to f 2 at the time instance t 0 , shown in Fig. 

3.a. Let the signa l be analytic for simplicity , we have 
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( ) i '.!K/ It l ' ( ) i2K/ 2' U' ( ) xt =e 1 10 - t -e t-1 0 , 

where U ( t ) is the step function 

U(t)={~ 
> 0 

< 0 

The correlation function for x ( t ) is then 

X(/ + T/ 2).x'(/ - T/ 2) =e i'2K/lr[J i/o-(/ --,- T/ J) ]C:ta-(t - T/ 2) j 

/ I - / ., 

/'"K 2 -,(e i~~u~ - l 1l1 c(t + r/ 2)-t
0
)U [t

0
-(t - r/ 2) j 

+ e -i'2K(/z-liltU '. t 0 - (t , r/ 2))U [(t-r/ 2) - toj ) 

_j__ e i'2K/ ~'U:(t - r/ 2) - t 0)U [(t - r/ 2) - la ), 

The support region of this function on the ( t , r) plane is shown in Fig. 3. b, where the single 

hatched area to the left of I O is for the / 1 term . the right one for the / 2 term, and the double ' 

hatched area for the cross-terms. It is easy to visualize that when the cone-shaped kernel is mov-

ing along the time axis t , the / 1 and the / 2 terms are not smoothed together. Although the 

cross-terms are smoothed into the / 1 component when t < t O and into the / 2 component when 

t > t 0 , these cross-terms are attenuated by the smoothing of the kernel .-dong time t on the com-

i 2K(/ - I )t - i 2K( / 0 - / )t . . . 
ponents e 2 1 and e - 1 

. Equivalently , the low pass filtering of the kernel rn 17 

can filter out the cros.s-terms since these terms are displaced off the 17 = 0 axis by ± (/ 2 - / 1). 

On the other hand , when a spectrogram kernel is moving along the time axis t , the / 1 and / 2 

components are smoothed together. The boundary of the frequency change is thus smeared. In 

Fig. 3.c we show a comparison of the spectrogram and the GTFR with a cone-shaped kernel for 

the signal x(t)=sin2rr/ 1tU(t 0 - t) +sin2rr/ 2 tU(t - 10 ), where / 1 is 2 kHz and / 2 is -1..5 

kHz. Shown from top to bottom is the signal. the spectrogram and the GTFR with the cone

shaped kernel. 

For signals with imbedded zero intervals , it is sometimes important that finite time support 

holds in its GTFR. Let a zero interval of a signal be of length Z, and the kernel window length 

be .\[ . the sufficient condition to maintain the zero int erval in the GTFR with a cone-shaped ker-



- 9 -

nel is ,\[ - 1 :S Z. A .. n equiv alent statement is that the GTFR at time n is Z':!ro as long as 

I (n - k )r '(n -k )'s are zero for I k I :S l , where L = (.\.f - 1)/ 2. 

3.5. Computation Algorithm 

Spectrograms a re commonly computed by short time FFT. and the number of fr equency 

bins is usually a power of 2. l'sing the definition of the discrete GTFR in (3) , however, the win

dow length M need be odd to maintain a real GTFR. thus an FFT with radix 2 cannot be used 

directly to compute the GTFRs . Here we present an algorithm for the GTFRs with the cone

shaped kernels to maintain real while utilizing an FFT of radix 2 in the transform computation. 

Let p = n - n 1 
, using a continuous frequency variable 0 in (3) gives 

L 
CZ ( 11 , 0 ; d>) = 2 I: 

L 
E d>(p , k ).c (n -p + k )x '(n -p -k )e -ikO_ 

P = - L k = - L 

Using (8) with a = 1. we have 

where 

and 

L . I k I 
C'z(n,0;¢)=2 I: g(k)e -;ke E x(n-p + k)x'(n-p-k) 

k = - L p=- 1 k I 

L { I k I } =-! I: g(k)cos(kO) I: x(n-p + k)x'(n-p - k ) 
k =0 p =- I k / 

L 
=-! I: g(k)y(n, k)cos(k0), 

k =0 

{
0.5g(k) 

g(k) = g(k) 

I k I 

k = 0 

otherwise 

y(n,k)= E x(n-p +k)x'(n-p-k) . 
p =- I k I 

(10) 

Note that (10) can now be formulated as the real part of a standard DFT which can be computed 

with an FFT of radix 2 without affecting the realness of the GTFR, i.e., 

Cz(n , 0;1>)=-!Ref t g(k)y(n , k)e-ikO) · 
k =O 

•') 

For example , with .\[ = 2q -1 we can quantize 0 into intervals of length ~-
2q 

...,. 
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IV. Experimental Results 

For comparing the GTFR with the cone-shaped kernels (abbreviated below as GTFR-CK) 

with the spectrogram and the P\VD, experiments were performed on si mulated data 2.nd .-~al 

speech. The computi ng facility was a Symbolics 36-10 with Zetalisp running ISP [11 ). _Parameters 

used in the exper im ents were a sampling frequency of 20 kHz : an angle parameter a = l for the 

cone-shaped kernel: the Gaussian windows h ( k ) = e --0k 
2 

and !l (k) = e -2ak 2 where 

!J (±L) = 0 .01. The window length and a nalysis interval for the GTFR-CK, the P\VD and the 

spectrogram were the same within each expe riment , and the FFT bin sizes of the GTFR-CK and 

PWD were half of that of the spectrogra m since the folding frequencies of the former two are at 

rr/ 2, and that of the spectrogra m is at rr. In the time-frequency displays, the horizontal ax is 

represents time and the vertical axis represents frequency from 0 to 5 kHz. For display purpose 

negative values of the GTFR-CK and PWD were set to zero. 

Experiment 1. 

This experiment illustrates the spectral enhancement capabili t \. of the GTFR-CK. The data 

was a simulated two-tone signal of 3.0 kHz and 3.08 kHz. The window length was 128 samples 

and the FFT bin size was 128 for the GTFR-CK. In Fig. -1.a-c are the spectral profiles of a time 

frame. \Ve observe that the spectrogram does not resolve the two spectral peaks, the P\VD is 

better but has a spike of interference at DC, and the GTFR-CK gives two distinct spectral peaks. 

The effect of lateral inhibition is also seen in the GTFR-CK where the small negative side lobes 

sharpened the prominent positive peaks . 

Experiment 2. 

This experiment illustrates the simultaneous spectral enhancement and finite time support 

of the GTFR-CK. The signal was a simulated single tone pulse series shown in Fig. 5.a. The fre

quency was 2.2 kHz , the pulse width was 100 samples and the zero interval was 70 samples. The 

window length was 6-1 samples and the FFT bin size was 128 for the GTFR-CK. The time-

frequency representations are shown in Fig. 5.b-d for the spectrogram. the PWD, and the GTFR-

~ 
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CK, respectively. The spectrogram gives a smoothed picture in both time and frequen.:y. the 

PWD maintains the time support of the signal but produces complicated patterns, and the 

GTFR-CK maintains the time support of the signal and at the same time gives a clear cut spec

trum line. 

Experiment .3. 

This experiment demonstrates the power of the GTFR-CK in tracking fast-changing spectral 

peaks of a simulated signal .r (t) = sin [.--t (Jt - vcos3t )] -t- sin 1..-I. (Jt -t- vcosBt )), i.e., a mixture 

of two F:\-1 components with the instantaneous frequencies w 1(t) = .--t 3(1 + vsin/3l) and 

w2( t) = ..-1. ,3( 1 - vsinJt ). The parameters were B = lO0ir, .--t = 50.0 and v = 0.6. The signal 

duration was 100 ms. The window length was 32 samples, analysis interval 2 samples and the 

FFT size was 128 for the GTFR-CK. From top to bottom of Fig. 6.a-d is the signal, the spectre>; 

gram, the P\VD, and the GTFR-CK. The GTFR-CK consistently maintains clear tracks of the 

spectral peaks no matter the signal frequency is changing slowly or rapidly, the spectrogram 

smears the spectrum heavily, and the PWD suffers from a distorted display due to the interfering 

cross- terms. 

Experiment 4-

This experiment demonstrates the potential power of the GTFR-CK applied to speech 

analysis. The speech signal was "that you" spoken by a female speaker, and its waveform is 

shown in Fig. 7 .a. The signal duration was 154 msec and was low pass filtered at 5 kHz. The win

dow length was 64 samples, analysis interval 8 samples and FFT size was 128 for the GTFR-CK. 

Fig. 7 .b-d displays the spectrogram, the PWD and the GTFR-CK from top to bottom. Again, the 

PWD is interfered by cross-terms, and the GTFR-CK shows much more precisely located formant 

tracks than the spectrogram . .--\ Yery prominent demonstration is in the low energy coarticulation 

between "that' ' and ·' you" , where the formants linking "that" and " you" are clearly visible in 

the GTFR-CK but are almost smeared out in the spectrogram. 

--
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V. Summary 

Experiments have shown the advantages of the GTFR with cone-shaped kernels in resolving 

close spectral peaks, mainta ining zero intervals of signa ls, displaying clear tracks of fast changin g 

spectral peaks for t he F\.I signals and clear tracks of formants for speec h signals. The technique 

t herefore seems app li cab le to speec h analys is and other nons ta tiona ry signa l analysis. 
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Figure Captions 

Fig. 1: The support region of the GTFR kernel <D(t .r) for maintaining the finite time support 

property. 

Fig .2: The frequency responses of the cone-shaped kernels and the kernels of the spec trogram and 

the P\\'D in frequency 111 . The response points are jointed by lines , where the solid line is for the 

spectrogram. the medium dashed line for the P\VD. the long dashed and the short dashed lines 

a re for the cone-shaped kernels with a = l a nd a = 2. respectively. 

(a) . frequency I = 0 (b). frequency I = 1 (c) . frequency I = 2 (d) . frequency I = 3. 

Fig . 3: Tracking a signal frequency change: the GTFR with a cone-shaped kernel does not smooth 

the two frequencies disjoint in time , whereas the spectrogram does. 

(a) . The signal x (t) with frequency f 1, t < t 0 and f 2, t > lo. 

(b ). The support region of .c ( t + r/ 2).c ' ( t - r/ 2), where the horizontal strip illustrates the 

tapering in T. The single hate hed area to the left of / 0 has the f I term , the right one has the f 2 

term and the double hatched area has the cross-terms. 

(c). The comparison of the spectrogram with the GTFR with a cone-shaped kernel , where 

the signal has f 1 = 2 kHz, / < / 0 and f 2 = -l .5 kHz , / > t 0 . From top to bottom is the signal, 

the spectrogram and the GTFR with a cone-shaped kernel. The horizontal axis is time and the 

vertical axis is frequency . The sampling frequency is 20 kHz , the window is Gaussian with length 

of 6-l samples and the analysis interval is 2 samples. The DFT size of the GTFR with a cone

shapes kernel is 128 and that of the spectrogram is 256. 

Fig . -l: Spectral profiles of a signal with two tones at 3.0 kHz and 3.08 kHz for illustrating the 

spectral enhancement capability of the GTFR-CK. The window length was 128 samples and the 

FFT bin size was 128 for the GTFR-CK. 

(a) . Spectrogram (b) . PWD (c) . GTFR-CK. 

Fig . 5: The time-frequency representations of a single tone pulse series for illustrating the capabil

ity of the GTFR-CK of simultaneously enhancing the signal spectrum and preserving the signal 
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onset times. The frequency was 2.2 kHz. the pulse width was 100 samples and the zero interval 

was i0 samples. The window length was 6-1 samples and the FFT bin size was 128 for the GTFR-

CK. 

(a). Signal (b). Spec trogram (c). PWD (d). GTFR-CK. 

Fig. 6: The time-frequency represe ntations of a mixture of two F\f components for illustrating the 

capability of the GTFR-CK in tracking fast changing spectral peaks. The signal was 

.r ( t ) = sin [.--t (;3t - vcos.dt )] J... sin .--t (,Jt - vcosJt )! . The parameters were :3 = lO0rr, .--t = 50.0 

and v = 0.6. The signal duration was 100 ms. The data window length was 32 samples, analysis 

interval 2 samples. and the FFT size was 128 for the GTFR-CK. 

(a). Signal (b). Spectrogram (c). P\\'D (d). GTFR-CK. 

Fig. 7: The time-frequency representations of speech for illustrating the potential power of the , 

GTFR-CK in application to speech analysis. The speech signal was "that you" spoken by a 

female speaker. The signal duration was 1.5-1 msec and was low pass filtered at 5 kHz . The win-

dow length was 6-1 samples. analysis interval 8 samples and FFT size was 128 for the GTFR-CK. 

(a). Signal (b). Spectrogram (c). PWD (d). GTFR-CK. 
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Computational Algorithms and Architectures 
for Za1nogram Time-Frequency Displays 

by Lenore's little boy, Bobby Jack 

August 11, 1989 

The zamogram is a technique for the display of high resolution time-frequency 
displays with good resolution in both domains. This is in contrast to classical 
time-frequency displays wherein good resoltion in one domain is typically at the 
sacrifice of resolution in the other. 

We propose an efficient recursive computational algorithm for generating 
zamogram generalized time-frequency representations ( GTFR's) . 

1 Background 

The GTFR of a signal, x(t ), corresponding to a given kernel, </>(t), is 

C(t; f) = 1: 1: </>(t - i; r)x(i - ~)x(i + ~ )e-i 2
1rfr didf (l) 

Equivalently, setting TJ = t - i gives 

1
00 100 

7 7 
. C(t; f) = -oo -oo </>(TJ; r)x(t - TJ + 2)x(t - TJ - 2 )e-J 2

1rfr dTJdf 

Indeed, for any constants X, 1/J, and c, we can write 

, C(ct; f) l
oo l oo 'lpT 

X1P _
00 

_

00 

</>(-xTJ; 1/Jr)x( ct - XTJ + 2 ) 

Xx( ct - XTJ - 'lj;r )e-i21rNr dTJdf 
2 

(3) 

Alternately, in the discrete domain, the GTFR's can be written as 



where M parameterizes the number of points in the discrete frequency domain. 
A zamogram is a special case of Equation(3), correpsonding to the case where 

cp(n - n;k), at time n, is nonzero only for the set of indice pairs given by the 
intersection of three sets 

where 

and 

fn = {( if';, k) I -2L:::; k:::; 2L} 

- I k I 
1]n = { (~ k) I n ~ -

2 
- + n} 

(n = { ~ k) I,~ 1½1 + n} 

Furthermore, for ('ft, k) E An,</J(n - n;k) is a function only of k: 

</J(n - n; k) = cp(k) 

We will assume that cp(k) is real and even. 

2 Sequential Evaluation 

(5) 

(6) 

(7) 

(8) 

(9) 

Using Equation(4), we will show that the zamogram can be iteratively updated 
as 

2L 

rr(n, p) = ~ okcp(k)x(n - k)ei 2irr k/M, (12) 

and Ok = ½ for k = 0 and is one otherwise. 
The proof of these equations is straightforward. Let >.;:;- be the set on points 

in An but not in An+i . Then 

2 



(13) 

Similarly, let >.t denote the set of points in An+l that are not in An. Thus 

If\ "" >.t = {(ft ,k) If(= -1½1 + n; I k l:S 2L} 

Clearly, then 

[ L + L L ]<p(k) 
(" k)EAn (1'\k)O;t (;is k)E>.;; 

xx(it\+ ~)x(fll\- ~)e-j2,rr k/M 
2 2 

or, equivalently, 

where 

f ;(f ) = L <p(k)x(vi'}+ ~)x(p>t- ;)e-j2,rmk/M 
~ k)E>.; 

Alternately, using the definition in Equation ( 11), we find that 

s;;(f>) = 2?Rx*(n + 1),B+(n, p). 
Similarly, applying Equation(13) to Equation(24), we have 

(14) 

(15) 

(16) 

(17) 

(18) 

s,-;( y> ) = 2?Rx*(n),B-(n, f) (19) 

Substituting this and Equation(18) into Equation(16) establishes Equation(lO) 
and the proof is complete. 

~ ill now present two techniques to evaluate the iterations in Equations(lO). 

~ Pipeline Evaluation Using Fast Fourier Transforms 

A signal flow graph at time = n is shown in Figure 1 for direct evaluation of 
Equation(lO) . The sample signals are introduced into a shift register as shown 
on the left. The shift register is tapped and each of the samples is multiplied 
by stored weights, {<p(k)}, as shown. The two vectors of the windowed samples 
are fed into two pipelined FFT processors. Transposition of the output of the 
lower FFT is required because there is a ei 21rmk/M term in Equation(12) rather 
than the e-i21rmk/M used in Equation(ll) . The transposition replaces k with 
-k to take care of this. The delays in Figure 1 are required to synchronize 
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the samples x(n) and x(n + l) with the computational delays required in the 
processing to that point ( e.g. by the pipelined FFT). These two samples are 
weighted by either ±2 after which they multiply every element of the output 
of the FFT processors. The real part of the resulting two vectors are summed. 
The sum is added to the current zamogram register, and a new spectral line of 
the zamogram emerges in vector form from the processor. The parameter~ is 
the total number of clock cycles required from input to output. 

2.0.2 Kernels Expressed as a Szasz Series 

A second implementation is possible when the zamogram's kernel is expressed 
as a Szasz series: 

+ 
cp(k) = ~ e-••lkl (20) 

e,\l e.,, C q 

where the summation i/ assumed to be over Q < oo, terms . Although both the 
coefficients, {aq}, an/ exponents, {sq}, can be complex, we require that cpJ.k) 
is real. Special case/ of the Szasz series includes the double sided expone1iliial 
(Laplace) curve and / trigonometric polynomials. 

For Szasz series kernels, the iteration in Equation(l0) can be written as 

C(n+ l;m) C(n;m) + 11 x(n+ 1) I' - I x(n) l'le f[o) 
+2lR[x*(n + 1) L a(,,', t(n, f ) 

q 

-2lRx*(n) ~ , ~(n, r )] (21) 

The ~ t(n, m)'s can be updated as 

i t(n, m) = l ••~ ;,~m )c4(n - 1, f}) 
C,= /1 '2.,.3 -x(n + 1) + e2LE-- .+1¾t- )x(n + 2L + 1) ~ 2) 

4 b + 
and ""i (,n ~ ::. , W~ or, (rJ-!, ';) ;'\ 

-t:./!_~"fSt · .- >I C>1 ~•J 1- J:?, W...,, X (rt ~ZL-r Jj .£N. ~ 
~ (n, f ) = ;-f:••¥ )<9~(n-1, r t + x(n-1) -=1-i~•.+~21:A·1~(n - 2L (213r 

A signal flow diagram for the recursion in Equation(21) is shown in Figure 
2. Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). Only 
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~ o values are used Figure 2. The remaining values are needed to update the 
©t(n, m)'s in Equations (22) and (23) . 

The two a,± arrays, at time n, contain the values at(n, m). For the il
lustration in Figure 2, we have assumed Q = 3 terms in the Szasz series. A 
weighted sum of the rows of these arrays, as shown, form the vectors Lq aqut. 
Each element of these vectors, as shown, is multiplied either by the conjugate 
of x(n + l) or x(n). The real portion of these vectors are added. Each element 
in the sum is incremented by <p(O)[I x(n+ 1) 12 

- I x(n) I]. This vector is added 
to and then stored in the zamogram register as shown. A new spectral line of 
the zamogram is produced. 

To show Equations(21), (22) and (23), we substitute Equation(20) into 
Equation(24): 

S,;(m)= L I:aqe-•.lklx(n+~)x(n-~)e-i 21rmk/M (24) 

(n,k)E>.; q 

Using the definition in Equation(13), we find that 

q q 

where 

2L 

~ t(n, r) = ~ e••kx(n + k + l)e-j2irmk/M (26) 

The recursive form in Equation(22) can easily be established from Equation(26). 
Similarly, 

where 

q q 

2L 

a~(n,m) = I:e••kx(n - k)ei 21rmk/M 
k=l 

The recursion in Equation(23) follows and the proof is complete . 
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Figure 1: Evaluation of a zamogram using FFT' s. 
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New Nonstationary Techniques for the Analysis and Display of 
Speech Transients 

Summary 

Les E. Atlas 
William C. Kooiman 

Department of Electrical Engineering, FT-10 
University of Washington 

Seattle, WA 98195 

Ronald A. Cole 

Oregon Graduate Center 
Department of Computer Science and Engineering 

Beaverton, OR 97006__ 

Most speech front-end analysis techniques make use of a quasi-stationary assumption. The 
problem with this assumption is the existence of an unavoidable trade-off between adequate 
spectral resolution and fine temporal structure. For example, the short windows which are 
necessary to resolve stop-bursts in time have too few points to allow adequate spectral resolu
tion. In this paper we adapt our previously published technique [1] to be able to see fine tem
poral structure while still achieving adequate spectral resolution. We make use of the general-

_ized time-frequency representation (GTFR) theory of Cohen [21 and our approach is quite dis
tinct from Wigner-Ville distributions (WD's). Our processing involves 1) generating a non
stationary autocorrelation A (t ,1) = s (tH/2)s (t-1/2) for signal s (t ), 2) applying a 2-D kernel 
(window) with a cone-shaped support (non-zero) region to A (t ,1), 3) Fourier transforming in 1, 
and 4) setting all the resulting negative values to zero. This processing differs from the WD in 
that the WD uses a line (in 1) instead of a cone for a support region and thus does not smooth 
troublesome interference terms. Our approach also differs from past versions of smoothed 
WD 's since we are able to maintain the WD 's property of finite-time support (i.e. short events 
in time stay equally short in the time-frequency representation). In order to benefit from this 
potentially high time resolution, it becomes necessary to compute one new spectral frame for 
each sample point. This realization (coupled with adequate computing power) has allowed us to 
display time-frequency plots of speech with tremendous temporal detail. It has been especially 
illuminating to look at stop-bursts and the attached figure gives a typical example. Note that 
.there are three pitch periods in the segment of speech and that the first vertical line is actually 
a stop-burst with very fine time resolution. We have many more examples of stop-bursts and 
fast changes in vowels which support our claim that our cone-shaped kernel for a GTFR 
allows new structure to be seen in speech. We also have integrated this processing with 
automatic trainable classifiers to potentially improve the speaker-independent detection of stop
bursts in natural continuous speech. Comparative experiments have been designed to test this 
last hypothesis. 
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(a) Time Waveform 

(b) Spectrogram 

(c) GTFR with Cone-Shaped Kernel 
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The high resolution representation and display of non-stationary signals is important for 
speech, sonar, and other acoustic and electromagnetic signal analysis. The techniques we 
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Summary 

A Comparison of Cone-Shaped and Exponential Kernels for 
Generalized Time-Frequency Representations 

Les E. Atlas 
William C. Kooiman 

Mark Stoermer 

Department of Electrical Engineering, Ff-10 
University of Washington 

Seattle, WA 98195 

There is mounting evidence that it may be possible to design kernels for generalized time
frequency representations (GTFR's) [1] which smooth interference terms (for multi-component 
signals) while still maintaining excellent time resolution. There are two recent examples of ker
nel designs which used different approaches to design kernel shapes. The work of Choi and 
Williams [2] is based upon minimizing the cross terms of a generalized ambiguity function and 
the work of Zhao, Atlas, and Marks [3] is based upon enforcing finite-time support while 
smoothing the cross-term support region of a non-stationary autocorrelation function. The result 

_p? 
of Choi and William's analysis is an exponential kernel shape <D(~,--c) = e---..,--r.-!a and the result 
of Zhao et al's analysis is a cone-shaped kernel support region <j)(t ,--c) = rect(--c-t). (<D(~,1:) is 
the 1-D Fourier transform of <j)(t ,1:).) It should be noted that an exact equivalence of the two 
kernel shapes is not possible. 

In this paper we compare the performance of the exponential and the cone-shaped kernel. One 
signal studied is a discrete version of an abruptly changing sinusoid with finite-time support: 

{ 

sin[2rc(l/16)(n -101)], lOO<n s350 
f (n) = sin[2rc(3/16)(n-351)], 350<ns600 

0, otherwise 

An analysis of this signal shows that the support region for the interference terms is a cone 
centered between n = 350 and n = 351. The cone-shaped kernel can thus "fill out the cone" 
and fully smooth the interference tenns. Figure 1 shows the distributions for both types of ker
nel where a Hanning window was used for the taper of the cone-shaped kernel in 1:. There are 
two main differences in the performance: The exponential kernel has more smearing in f and 
the cone kernel has negative-going side lobes flanking the tones. It should also be noted that 
even though finite-time support is achieved for both kernels there is a finite rise time for the 
tones in both representations. We have studied comparisons between other signals and can con
clude that the cone-shaped kernel gives a more compact display at the expense of (sometimes 
desirable) artifacts such as negative side lobes. 
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(a) GTFR with Cone Kernel 

(b) GTFR With Exponential Kernel 

Figure 1 - Comparison of GTFRs Computed with tJ1e Cone Kernel and the 
Exponential Kernel 



Patent Disclosure: Szasz Series Windows 
in Signal Processing 

Robert J. Marks II 

Septe1nber 15, 1989 

There exist a number of signal processing algorithms wherein a window, 
1.p(k), shifts across a signal to give an alternate representation of the sig
nal. Included are weighted running averages, spectrograms and zamograrns 
[1, 2, 3]. Conventionally, weighted running averages are computed using 
the equivalent of an finite impulse response (FIR) filter the taps of which 
correspond to the window samples. Digitally computed spectrograrns are 
traditionally computed by weighting the signal samples in a interval by the 
window weights followed by a fast Fourier transform (FFT). Digital zarno
grams also require the use of FFT's for each point in time in which a spectral 
line is computed [3]. 

For windows and that are uniform (i.e. rectangular or boxcar windows), 
the value of a signal representation generated from a sliding window can be 
obtained by adding to the ·current representation new data introduced by 
the shift and deleting data no longer included in the window. \i\Tith non
rectangular windows, however, shifting alters the weights of all data and the 
procedure is no longer applicable. An approach with similar computational 
advantages occurs when the window is of the form <p( k) = esk. Then, since 
<p( k ± l) = e±s esk, shifting from k to k ± l is equivalent to multiplying 
each data point by e±s. Unfortunately, there are no useful windows that are 
exponential except the degenerate case of the rectangular window. There 
are, however, a number of commonly used windows that are superpositions 
of weighted exponentials. \i\Te refer to a weighted sum of exponentials as a 
Szasz series [4, 5]. Trigonometric polynomials are special cases. The Szasz 
components of the signal representation can be individually computed using 
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the exponential updating approach and the components superimposed to ob
tain the desired processing output. The generic procedure for the updating 
using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the 
previous window but not that in the current window. Likewise, 
add the newly introduced terms. 

2. Multiply each of the elements common to both windows by the 
Szasz increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs. 

Two Szasz components may be complex conjugates of each other. In 
such cases, it is many times computationally convenient to combine the two 
components into a single composite component as shown in Fig. 2. Similarly, 
only the real portion of the output of a Szasz component may be required in 
certain cases. 

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spectrograms and zamograms are then 
presented. 

1 Szasz Series Windows 

A linear exponent Szasz series can be written as 

<p( k) = I": O:qesqk 

q 

(1) 

where the { o:q} 's and the {Sq} 's are possibly complex. Vve will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be 
even. We then use the alternate form 

<pe(k) = <p(I k I) (2) 

Some popularly used windows and their Szasz series representations a.re 
in Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that rpe(k) = <p(k). Each window is assumed to be zero for 
I k I> L. Other windows that a.re not exactly equal to a. Sza.sz series can 
always be approximated to an arbitrary accuracy by a Szasz series. 
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signal 

\. 
• 
• 

aolol new 

ola ta 

subtract 
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#Q 

• 
• 
• 
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#Q 

Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which renrnins 
is updated by a common Szasz factor. 

~ 
ITDJ 

Table 1: Rectangular: cp(k) = 1, Q = l. 
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update by 
Szasz Factor 

#i'j 

add new Szasz 
data 

subtract 
coMponent 

old data #q 

update by 
Szasz Factor 

#q 

add new Szasz 
data 

subtract 
coMponent 

old data #q 

update by 
Szasz Factor 

#A 

add new Szasz data 

subtract CDMponent 
old data #q 

Figure 2: A single composite component on top may replace the two Szasz 
components shown on the bottom when they are related by a complex con
jugate. 

O:q Sq 
1 0 2 
1 j1r/L 4 
1 -j1r/L 4 

Table 2: Hanning: <p(k) = cos2 (;f), Q = 3. 

O:q Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: <p(k) = 0.54 + 0.46 cos(f ), Q = 3. 
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O'.q Sq 

0.42 0 
0.25 j,rr/L 
0.25 -j,rr/L 
0.04 j21r/L 
0.04 -j21r/L 

Table 4: Blackman: r_p(k) = 0.42 + 0.5 cos(1r£) + 0.08 cos( 2£k),Q = 5. 

v(n+L> p D D D 
, , , 

-J'C-U -f'C-L+D -f'C-L+2) -J'CL-D -f'<U 
-~ " ,if 

z(n) 

Figure 3: An FIR implementation of the weighted running average filter. 
The D denotes a unit delay. 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n)= L r_p(k)v(n-k) (3) 
k=-L 

As is shown in Fig. 3, this process can be straightforwardly implemented on 
an FIR filter with 2L + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

(4) 

where 
L 

Zq(n) = aq L esqkv(n - k) (5) 
k=-L 
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Clearly, then 

zq(n + 1) 
L 

CYq L esqkv(n+l-k) 
k=-L 

L-1 

CYq L esq(k+l)v(n - k) 
k=-L-1 

L-1 

CYqesq L esqkv(n-k) 

k=-L-1 
e8 qzq(n) + CYqe-sqLv(n + L + 1) - aqesq(L+l)v(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse 
response (IIR) filter. The results of Q such filters can then be sunm1ed to 
give the desired output, z( n ). One such realization for Q = 3 is shown in 
Fig. 4. Note the applicability of the algorithm illustrated in Fig. 1 here. The 
Szasz factor is esq, the new data is aqcsqLv(n + L + 1) and the old data is 
CYqesq(L+l)v(n - L). 

When Lis large, the realization of the weighted running average in Fig. 4 

requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift register are required from in the 
IIR realization. The FIR realization requires 2L + 1 taps. 

2.1 Computing Complex Szasz Components Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z( n) can be computed separately. If we e::-..1ness z( n) in terms of it's real and 
imaginary parts: 

(7) 

then, if v( n) is real, the iteration in Eq. 6 can be written in component form 
as 

z;(n)~[esq] - z!(n)S'[esq] 

+~[aqe-sqL]v(n + L + 1) - ~[aqesq(L+l)]v(n - L) (8) 
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v<n+L +1) z,<n> 

v(n-U -ex, es1(L+l> / es, 
, 

0(_2 e-s2 L 
(zfn+D 

- n - zJn> -
-cx2 es2<L+l> / e 52 

rzfn+l) 

- \ n -
z(n) 

'------CX---"a_e_s_o_<L_+_L> __ _,,/ L._ __ e_s_o ___ -~ 

Figure 4: An IIR implementation of the weighted running average filter. 
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v(n+L +1> I 

Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

and 

z~(n + 1) z;(n)S'[esq] + z~(n)?R[esq] 

+S'[aqe-sqL]v(n + L + l) - S'[aqesq(L+l)]v(n - L) (9) 

where ?R/8' denotes the real/imaginary part of and 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component 
can by realized by the IIR filter illustrated in Fig. 5. The real and imagi
nary parts of all Szasz components are summed to obtain zr(n) and zi(n) 
respectively. 

2.1.1 C01nbining cornplex conjugate Szasz components 

If, in addition to v( n ), the window, c.p(k ), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a com
plex conjugate. Motivated by this observation, assume that V q 3 either aq 

8 



or sq is complex (or imaginary), :3q 3 o:q = a; and sq = s;. In such cases, 
the two Szasz terms can be combined into a single IIR filter. Define 

zq(n) zq(n) + zq(n) 
23{zq(n) (11) 

This can be computed simply by multiplying the real output in Fig. 5 by 
2. The two complex Szasz components at the top of Fig. 6 can therefore be 
replaced by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where o:1 is real and s1 = 0. Let o:2 = a 3 and 
s 2 = s; = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Since all of the multipliers become real, we implement the q = l term 
using the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 
terms are related by a complex conjugate. We therefore choose to implement 
them using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 

S(n,p) = ~ cp(k)v(n - k)e-j 21rpk/M (12) 
k=-L 

where p is a discrete frequency index and .M parameterizes the number of 
points in the frequency domain. 

The function I S(n,p) 1
2 is also referred to as the spectrogram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v( n ), is fed through a delay line and delayed values are weighted 
by samples of cp(k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 
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v(n+L +1) I O(q e-sqL 
(zq(n+l) 

- D 
zq(n>. 

v<n-U 
-O(q esq<L+[) 

/~ 
esq 

, 

O(qe-s/ (zq<n;l> zq(n) _ 

- ex.,.., esf/L +1> q 
/~ esq 

R[e 5 q] 

v(n+L+J) I R[O(q e-vJ 
D 2 

7 ~[esq] ~ 
~[ 0( esq<L +J> 2 z?n> q 

-R[ O(q e5 q<L +J>] -~[esq] 

v(n-U \. 
- ~[ 0( e-sqL ] q 

R[esq] 

Figure 6: When two Szasz components are related by a complex conjugate, 
then the two components (shown here at the top) can be replaced by a single 
one ( shown at the bottom). 
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D z(n) 

-ex, 1 

COS(TT/L) 

v(n+L +1) -ex, 

-ex. sin(rr/L) 

ex, COS(TT/L) 
v(n-L> 

COS(Tf/L) 

Figure 7: Implementation of a. Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages a.re special cases. 

v(n+L> D D D D D 

::f'(-U ::f'(-L +1) ::f'<-L +2) ::f'<L-1) ::f'<U 

FFT 

S<n,-L> S(n,-L+l) S(n,-L+2) S(n,L -1) S(n,L> 

Figure 8: Computation of the spectrogram amplitude using the FFT. 
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3.2 Spectrogram computation using Szasz series com
ponents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, 
then the spectrogram in Eq. 12 can be written as 

S(n,p) = LSq(n,p) 
q 

where 
L 

Sq(n, p) = aq L esqkv(n - k)e-i21rpk/M 
k=-L 

The qth Szasz component update is calculated as follows. 

L 
Sq(n + l,p) = aq L esqkv(n + 1- k)e-i21rpk/M 

k=-L 
L-1 

aq L esq(k+l)v(n - k)e-j21rp(k+1)/M 

k=-L-1 
L-1 

aqesqe-j21rp/M L esqkv(n - k)e-j21rpk/M 

k=-L-1 
esqe-i21rp/M Sq(n,p) + aqe-Lsqej21rpL/Mv(n + L + l) 

(13) 

(14) 

-aqe(L+l)sqe-j21rp(L+1)/Mv(n - L) (15) 

We are again following the procedure outlined in Fig.l. The new data is 
aqe-Lsqei21rpL/Mv(n + L + 1), the old data is aqe(L+1)sqci21rp(L+1)/Mv(n - L) 
and the Szasz factor is esqe-i21rp/M_ Implementation of the specific iteration 
in Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs 
by the arrays ei21rpL/M and e-i21rp(L+1)/M is common to each of the Q Szasz 
components, the alternate implementation shown in Fig. 10 is possible. 
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v(n+L+J) 
D SJn,p) 

v(n-L) 

-c< l e•1(L+l) e-j2rrp(L+1)/M e 5 1 e -J2Trp/ll 

D S2 (n,p) ,... ______ .-.!± 

D Sq(n,p) S(n,p) ::----... -~±-•---.-. 

- <Xq e'</L+l) e-f2rrp(L+1)/M 

Figure 9: Computation of the spectrogram when the window is represented 
as a Qth order Szasz series. The thick lines correspond to signal flow direc
tions of vectors paran1eterized by the frequency variable, p. The thin lines 
correspond to (possibly complex) scalars. 
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3.2.1 Realizing the real & imaginary parts of a Szasz component 
of a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and 
imaginary parts of the Szasz component in Eq. 15 can be written as 

s;(n + 1,p) = ~[esqci21rp/MJs;(n,p) - 8'[e8qe-i21rpfM]S~(n,p) 

+~[aqe-Lsqei21rpLfM]v(n + L + 1) 
-~[aqe(L+1)sqe-j21r(L+1)fM]v(n - L) (16) 

and 

S~(n + 1, p) 8'[ eSq e-i21rpf MJs; ( n, p) + ~[ eSq e-j21rpf M]s~ ( n, p) 

+8'[aqe-Lsqej21rpLfM]v(n + L + 1) 
-8'[aqe(L+1)sqe-j21r(L+1)fM]v(n - L) (17) 

where 
Sq(n,p) = s;(n,p) + jS!(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. Vve obtain 

(19) 

from 
sr(n,p) = I:s;(n,p) (20) 

q 

and 
Si(n,p) = I:-S!(n,p) (21) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series ·with, say, 
indices of q and q, are related by a complex conjugate: 

Then, using Eq. 12, we can immediately show that 

Sr/n,p) = s;(n, -p) 

14 
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v(n+L +1) 

v(n-L> 

D S 1 (n,p) 

e-j2r,p(L+l}/M 

I 
D SQ(n,p) S{n,p) _,__ _____ ~x:----~ 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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v<n-L> 

s;(n,p) 

t 

Figure 11: When a Szasz component of a spectrogram is complex, it's real 
and imaginary components can be realized as shown here. The real and 
imaginary components of the spectrogram are obtained by summing the real 
and imaginary components of the Szasz components. 
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sq <np> -------~± 
conjugo. te 

& transpose 

Figure 12: The two Szasz components of a spectrogram indexed by q and q_ 

shown on the left can be obtained by simple augmentation of the output of 
the qth Szasz component as shown on the right. Transposition replaces p by 
-pin the array Sq(n,p). 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of 
two Szasz components, indexed by q and q, by a simple augmentation of the 
output of the Szasz component with index q. The equivalent operation using 
the real and imaginary outputs of the Szasz component in Fig. 11 is shown 
in Fig. 13. 

3.2.3 Example: Hanning and Hamming windowed spectrograms 

In Fig. 14 we illustrate application of the Szasz series computation of a 
spectrogram for the a Q = 3 case when o:1 is real, s1 = 0, o:2 = o:3 and 
s 2 = s; = jJr / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with 
good resolution in both domains. In the discrete domain, the zamogram of 

17 
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s;{n,p) 
s; {n,p) + SJ:. {n,p) ____ ·r~~ q • '•-----~•I,-t-ra_n_s_p-os-e----,J -

s; {n,p) 

+ sft{n,p) 

i---.i transpose ,__ .. 

-1 

Figure 13: The real and imaginary components of the qth component of a 
Szasz component can be straightforwardly augmented to give the sum of the 
real and imaginary parts of two Szasz components. 
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v(n+L +J> 

v(n-U 

c< J cos (2rrpL/M) 

S~{n,p) 

s1(n,p) 

cos(2,,p/M) 

-c<2 cos (2rrpL/M) 

cos[" {t;- V )] s;(n,p) 

--...itranspose 

p 

s; {n,p) 

c< 2 sin[ " ( i -2P1f/ )] transpose 

-1 

Figure 14: Generation of a spectrogram using Szasz components. Hanning 
& Hamming windowed spectrograms can both be thusly implemented. 
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a temporal signal, x(n), can be written as 

oo oo k k . . 
C(n; p) = ~ ~ </>(n - ni; k)x(m + - )x*(m - - )e-J 21rpk/M (24) 

m=-oo k=-oo 2 2 

where, at time n, the kernel </>( n - m; k) is identically zero for indices, ( m, k), 
not in the set An. This set can be expressed as the intersection of three sets: 

where 

and 

For (m,k) E An, 

en= {(m, k) I -2L ~ k ~ 2L}, 

- I k I 
'r/n = { ( m, k) I m 2:: 

2 
+ n}, 

I k I 
(n = {(m,k) l,m ~ -

2
- + n} 

</>(n - m; k) = <.p(k) 

We will assume that <.p(k) = <.p(I k I) is even. 

4.1 Iterative Zamogram Procedure 

(25) 

(26) 

(27) 

(28) 

(29) 

Using Eq. 24, we will show that the zamogram can be iteratively updated as 

C(n + l;p) = C(n;p) + 2~x*(n + 1),B+(n,p) - 2~x*(n),B-(n,p) (30) 

where ~ denote the real part of, 

2L 

,B+(n,p) = ~ Dk<.p(k)x(n + k + l)e-i21rpk/M, (31) 
k=O 

and 
2L 

,s-(n, p) = ~ Dk<.p(k)x(n - k)ei 21rpk/M, (32) 
k=O 

and Dk=½ fork= 0 and is one otherwise. Note that the ,B±(n, p)'s are simply 
spectrograms which, as discussed in the previous section, can be generated 
using FFT's or Szasz series windows .. 
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The proof of these equations is straightforward. Let \:;- be the set on 
points in An but not in An+l . Then 

I k I ,\; = {(m, k) Im= -
2
- + n + l; I k l:S 2L} (33) 

Similarly, let A! denote the set of points in An+l that are not in An, Thus 

I k I 
A!= {(m, k) Im= --

2
- + n; I k l:S 2L} (34) 

Clearly, then 

C(n + l;p) [ ~ + ~ ~ ]cp(k) 
(m,k)EAn (m,k)E,\;t (m,k)E,\;;-

X x(m + ~)x(m - ~)e-jZnpk/M 
2 2 

(35) 

or, equivalently, 

C(n + l;p) = C(n;p) + B;;(m) - B;;,(rn) (36) 

where 
k k . 

~ cp(k)x(m + -)x(ni - -)e-JZnpk/M 
2 2 

(m,k)E,\~ 

B;(p) = (37) 

Equivalently, we can write 

B;(p) = 2~x*(n + l),B+(n,p). (38) 

and 
B;;,(p) = 2~x*(n),B-(n,p) (39) 

Substituting this and Equation(38) into Equation(36) establishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

We will now present two techniques to evaluate the iterations in Eq. 30. 
A signal flow graph at time n is shown in Fig. 15 for direct evaluation 

of Equation(30). The sample signals are introduced into a shift register as 
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shown on the left. The shift register is tapped and each of the samples is 
multiplied by stored weights, { ip( k)}, as shown. The two vectors of the win
dowed samples are fed into two pipelined FFT processors. Transposition of 
the output of the lower FFT is required because there is a ej21rpk/M term in 
Equation(32) rather than the e-j21rpk/M used in Equation(31). The trans
position replaces k with -k to take care of this. The delays in Fig. 15 are 
required to synchronize the samples x( n) and x(n+ 1) with the computational 
delays required in the processing to that point ( e.g. by the FFT). These two 
samples are weighted by either ±2 after which they multiply every elen1ent of 
the output of the FFT processors. The real part of the resulting two vectors 
are summed. The sum is added to the current zamogram register, and a new 
spectral line of the zamogram emerges in vector form from the processor. 
The parameter .6. is the total number of clock cycles required from input to 
output. 

4.1.2 Using a Szasz Window 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(30) can be written as 

C(n + l;p) = C(n;p) + [I x(n + 1) 12 
- I x(n) l2]ip(O) 

+23([x*(n + 1) I: b;(n,p) 
q 

-x*(n) I: b;(n,p)] 
q 

where the Szasz components, bt(n,p), can be updated as 

b;(n,p) = e-(sq- j~;r)b;(n - l,p) 

( L!O) 

-aqx(n + 1) + aqe-2L(sq- j~?)x(n + 2L + 1) (41) 

and 

( fl.!!E.) b;(n,p) = e sq- M b;(n - l,p) 

+aqx(n - 1) - aqe2L(sq-i~?)x(n - 2L - 1) (42) 

A proof will be presented after some discussion. 
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-fY2L> 
x(n+2L +1) \ 

x(n+2L> 
:P(2L -1) 

C: 

II x(n+2L-1) :P<2L-2> 

Q;. 
.f;; : 

:f(l) -p 
x(n+2) 111: ~ -p a ::s 

Cl 
x(n+J) f(0)/2 '- -&-

Q; t ::s 
_§ x(n) : ,5 : Q;O 

>-., f<0)/2 register 'L:_J: ~] Cl x<n-1) 
~ :f(l) 

-p x<n-2) :P(2) 
t,_ 

l: 
lJ) x(n-2L +1) 

:P<2L -1) 
x<n-2L> 

:P<2L> t signal 
saf'lples 

Figure 15: Iterative updating of a zamogram using FFT's. 
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bj{n.p) 

•t{np}: I 
* 2 x (n+l) 

2 2 I x(n+ 1)1 - jx(n)j 

b i(n.p) 

bi{np~ I D C(n,p) 

Figure 16: Iterative updating of a zamogram using Szasz components b;. 
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A signal flow diagram for the recursion in Eq. 40 is shown in Fig. 16. 
Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). 

We can express the complex b; ( n, p) 's in terms of their real and imaginary 
components as 

(43) 

Similarly, let 
( 44) 

A corresponding implementation equivalent to that in Fig. 16 is shown in 
Fig. 17 using real arithmetic. 

Note that both Eqs. 41 and 42 are iterations of Szasz components as 
illustrated if Fig. 1. The Szasz factors are exp± (sq - j~7). For Eq. 41, the 
new data is aqexp[-2L( Sq - j~7)]x(n+ 2L+ l) and the old data is aqx(n+ l ). 
In Eq. 42, the old data is aqexp[2L(sq - j~?)]x(n - 2L - 1)] and the new 
data is CYqX ( n - l). Implementation of the updates of the b;'s in Eqs. 41 and 
42 are illustrated in Fig. 18. 

Proof: To show Eqs. 40, 41 and 42, we substitute Equation(!) into 
Eq. 37: 

B;(p) = L L aqesqJklx(m + i)x(m - i)e-j21rpk/M (,15) 
(m,k)E,\~ q 

Using the definition in Eq. 33, we find that 

Bt(rn) =I x(n + 1) 12 cp(0) + 2~x*(n + 1) L bt(n,p) (46) 
q 

where 
2L 

bt(n,p) = CYq L e-sqkx(n + k + l)e-j21rmk/J.I (47) 
k=l 

The recursive form in Equation( 41) can easily be established from Equation( 4 7). 
Similarly, 

B;;,(p) =I x(n) 12 cp(0) + 2~x*(n) L b;(n,p) (48) 
q 

where 
2L 

b;(n,p) = CYq L e-sqkx(n - k)ej21rmp/M (49) 
k=l 

The recursion in Equation( 42) follows and the proof is complete. 
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b"'[(n.p) 

:1{np}: I 
bf(n.p) 

lx(n+l)l2
- lx(n)l 2 

. 
b'rj(n.p) 

bj(n.p) C{n,p) 

b1{np}: I 
b-'{;{n.p) 

b-j(n.p) 

b~j{np}: I 

Figure 17: Iterative updating of a zamogram using Szasz components and 
real arithmetic. 
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- 2L<s - J21rp/H) 
cx.q e q 

x(n+2L +1) 

x(n+l) 

x(n-2L-1) 

x(n-1) 

-ex. q 

I 
D 1a;<n-l,p) ---~+---.... --... --. 

-(s - J21rp/H) 
o< e q 

q 

D 1a;<n-l,p) 

___ ...,_+--... --... -· 

(sq - J2rrp/H) 
o< e 

q 

Figure 18: Iterative updating of the Szasz components for the zamogra.m. 
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Realizing the real & imaginary parts of a Szasz component of a 
zamogram: Assume that the signal, x(n), is real. From Eq. 41, the real 
and imaginary components of bt(n,p) follow as 

bt(n,p) = 3t[e-(sq- i~7)Jbt(n -1,p) - S'[e-(sq• i~?)Jbti(n -1,p) 

-3t[aq]x(n + 1) + 3t[aqe-2L(sq-i~?]x(n + 2L + 1) 

and 

bti(n,p) = S'[e-(sq-i~?)]bt(n -1,p) + 3t[c(sq-i~?)]bti(n - 1,p) 

-S'[aq]x(n + 1) + 8'[aqe-2L(sq-i~?]x(n + 2L + 1) 

(50) 

(51) 

The computational algorithm shown at the top of Fig. 19 implements these 
equations. 

Similarly, from Eq. 42, the real and imaginary components of bt(n,p) are 

( 11:!!..P.) ( 11:!!..P.) ' bt(n,p) = 3t[e sq- 111 ]bt(n -1,p) - S'[e sq- 111 ]bt(n - 1,p) 

+3t[aq]x(n - 1) - 3t[aqe2L(sq- i~?l]x(n - 2L - 1) (52) 

and 

' ( 11:!!..P.) ( 11:!!..P.) ' bt(n,p) = S'[e sq- 111 ]bt(n -1,p) + 3t[e sq- 111 ]bt(n -1,p) 

+S'[aq]x(n -1) - 8'[aqe2L(sq-i~?l]x(n - 2L -1) (53) 

These two equations are implemented at the bottom of Fig. 19. 
If x( n) is real and <p( k) is real and even, then an inspection of Eq. 24 

reveals that C ( n, p) is also real. In this case, Eq. 40 can be written as 

C(n + l;p) = C(n;p) + [x2 (n + 1) - x2 (n)]<p(0) 
+2x(n + 1) I: bt(n,p) 

q 

-2x(n) I: b;r(n,p)] 
q 

( 5L1) 

With reference to Fig. 19, the 2bt(n,p) terms can be generated as shown in 
Fig. 20. 
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x(n+cL +1> b+;;<n-1,p) 

x(n+l) 
b~(n-1,p) 

R [ e <sq - Ji!Trp/H> ] 

I -------xi.---. 
x(n-2L-1) 

x(n-1> 
b~(n - 1,p) 

RI e (sq- Ji!Tfp/N) l 
Figure 19: Evaluating the real and imaginary parts of b;(n,p) (top) and 
b;(n,p) (bottom). 
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x(n+2L +1) D 

'$- [ ex e-[!L(sq - J2"p/H) ] 
q 

-R[ cx
9

J 

'¥ 

x(n+l) D 

ID [ -(s - J2"p/M) 
J\, e q l 

R [ e (sq - J2"p/M) l 

I 
------•x}411111---. 

x(n-2L-1) 

x(n-1) 

------txi..--.. 
.R [ e (sq- J2"p/M) ] 

Figure 20: When r.p(k) and x(n) are real, only bt(n,p) contributes to C(n,p). 
These real components can be generated as shown here. 
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Combining conjugately related Szasz components: If two Szasz com
ponents with indices q and q_ are related by a complex conjugate as 

bt ( n, JJ) = [ b; ( n, JJ)] * (55) 

then, for cp(k) and x(n) real, the contribution of the conjugate pair to C(n,p) 
is simply 2b;(n,p). The implementation follows directly from Fig. 19 and is 
shown in Fig. 21. 

Example- Zamograms with Hanning & Hamming windows: To il
lustrate computation of zamograms using a Szasz series window, consider 
again the Q = 3 case where a 1 is real and s1 = 0. Let a 2 = a 3 and 
s 2 = s; = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Implementation of our running example is shown in Figs. 22, 23 and 24. 
Figure 22 shows generation of bt(n - l,p) on top and, for the conjugate 
terms, 2bf (n - l,p) on the bottom. The generation of b1r(n - l,p) and 
2b-:;7. ( n - l, p) is similarly shown in Fig. 23. The terms are gathered as shown 
in Fig. 24 to produce the zamogram, C(n,p). 

Note that in Figs. 22 and 23, the multiplication of x(n + 2L + l) and 
x(n - 2L - 1), respectively, by the sinusoidal arrays is common to both the 
q = l and q = 2 stages. As in Fig. 10, the commonalty allows a single 
sinusoidal array multiplication. Such modification of Fig. 22 is shown in 
Fig. 25. A similar modification is readily applicable to Fig. 23. 

5 Notes 

Some final remarks follow. 

1. The Szasz series window is also potentially applicable to cer
tain other generalized time-frequency representations ( GTFR's) 
[6]. Kernels with Hourglass and diamond shapes [3] in the (m,, k) 
plane can be evaluated by Szasz series windows when, within the 
shape, the window is cp( k). The zamogram has a cone-shaped 
kernel [3] in the ( m, k) plane . 

2. In many spectrograms and GTFR's, output spectral lines are 
not computed at every signal sample point. The Szasz series 
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x(n+2L +1) 

~ [ O(qe-2Usq- J2"p/M)] 

-.R[O(q] 

'¥ 

x(n+J) 

x(n-2L-1> 

x(n-1) 

.R [ ;;<sq - J2"p/M) ] 

I 
.----""xi..--

It) [ -(s - J2"p/M) 
J\. e q l 
.R[ e(sq-Jc"p/M) l .. 

.----~ x~--

D 

D 

.R[ e <sq Jf!rrp/M> ] 

Figure 21: If two Szasz components with indices q and q are related by a 
complex conjugate and rp( k) and x(n) are real, then the contributions of both 
terms to C(n,p) are simply 2bt(n,p). As shown here, they can be generated 
as shown here by simply multiplying the outputs in the previous figure by 2. 
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cos(2rrp/M) 

x(n+2L +1) D 

oc1 sin(4rrLp/M) 

x(n+l) 
y 

-----~-- D 

------ixi..--... 
cos(2rrp/M) 

cos[ rr ( ;,P-f )] 

.----•xi.---. 

D 

oc 2 sin ( 4rrLp/M) 

~->y D 

cos [ 7f ( 1-+ ) ] 
Figure 22: Generation of the bf (n - l,p)'s for Hanning and Hamming win
dows. 
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cos (2rrp/M) 

x<n-2L-1> D 

cx.1 sin(4rrLp/M) 

y 
x(n-1) I __ --.-___ ___,__ D 

cos (2rrp/M) 

cos [ 7f i ;f -f )] 

f I > 

2 

D 

cos[rr(~-f)] 
Figure 23: Generation of the b'2r(n -1,p)'s for Hanning and Hamming win
dows. 
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x 2 (n+l) - x 2 (n) 

2h;[(n.p) 

~ C(n,p) ~1'!-----------. 
h[<n.p) 

2h1;<n,p) 

Figure 24: Generation of the zamogram using the inputs generated in the 
previous two figures. 
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x(n+2L +1) 

X 

x(n+l) 

COS(21rp/M) 

.-----xi.---
cos (4rrLp/M) 

sin< 4rrLp/M) 

I 

cos(21rp/M) 

cos[rr ( ~ -f)] 

2 

cos[rr ( ~-f )] 
Figure 25: A modification wherein the sinusoidal array common to both 

components is computed but once. 
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window approach can be adapted to such cases in one of two ways. 
First, and most obvious, the iteration can proceed at each point 
with outputs generated periodically. Secondly, the iteration can 
be modified to the longer period. For example, in the weighted 
running average example, if there is to be an output at every 
other input sample point, then, at each iteration, two new samples 
would be introduced (instead of one) and two old samples would 
be deleted (instead of one). Each Szasz factor would be squared. 

3. For the spectrogram ( and the spectrogram component of the 
zamogram), computation of the output spectral line can be viewed 
as a number of multiplexed IIR filters parameterized by p. The 
only time one filter "talks" with another is in the operation of 
transposition. 

4. There exist a number of modifications to the implementation of 
the Szasz signal processing algorithms that correspond directly 
to the commutative, distributive and associative laws applied to 
multiplication and addition. Performing a single sinusoidal array 
operation in Fig. 25 ( compare with Fig. 22) is an example of a 
variation due to the distributive law. 
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Contents: 
ZAMOGRAMS™ 

♦ Q: What is a Zamogram™? 

A: A time-frequency representation with 

remarkable resolution attributes. 

♦ We will contrast Zamograms ™ with 

Spectrogra1ns, Choi-Williams displays & the 

Wigner Distribution. 

SZASZSERIES*WINDOWS 

♦ Can be used to generate spectrograms & 
zamograms™ without using FFT' s. 

♦ Q: . Why are Szasz series windows better? 

A: • Fewer FLOPS than FFT. 

• Modularity. 

• Window flexibility. 
· 

0 length need not be 2N. 
0 window can vary with frequency. 

• Nonlinear frequency bins (e.g. in decades) 

*E. Masry, "An extension of Szasz's theorem and its applications", IEEE Transactions 
on Information Theory, vol.IT-19, pp.184-187 (1973). 
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Q: What is a Zamogram™? 
A: A time-frequency display with high resolution in both 
time and frequency. 

Zamogram™: 

L n+ lkl12 
Z[ n;u] = L L cp[k] x[ n-k12] x* [ n+k12] exp(-j2nku) 

k=-L m=n- I k I 12 

Spectrogram: 
L 

S[n;u] = L w[k] x[n-k] exp(-j2nku) 
k=-L 

THE CLASSIC RESOLUTION PROBLEM: 

M• 

♦ High frequency resolution is achieved in a 
spectrogram by using a WIDE & FLAT sliding widow. 

PROBLEM: Poor time resolution. 

♦ Good time resolution is achieved in a spectrogram by 
using a NARROW & PEAKED sliding widow. 

PROBLEM: Poor frequency resolution. 

Multidimensional Systems Corporation 
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THE SOLUTIONS: 

♦ CLASSIC SOLUTION: Compromise between poor 
frequency & time resolution. 

♦ A MORE RECENT SOLUTION: Use non-linear 
generalized time-frequency representations such as 
the Wigner-Ville Distribution and the Choi-Williams 

distribution.1 
♦ M-D SYSTEMS SOLUTION: Use a zamogram™2-4 

computed using a Szasz series window. 
• The zamogram™ displays better time-frequency 

resolution of time-varying signals than any 
technique thusf ar demonstrated. 

• Using Szasz series windows (instead of FFT's) 
1. reduces the flops by a factor of about l/2, 

2. uses a totally parallel architecture (no 
butterflies) and 

3. increases the flexibility of representation. 

PUBI.lC DOMAIN INFORMATION ON ZAMOGRAMS™ CAN BE FOUND IN TI-IE FOLLOWING PUBLICATIONS. 

SOME OF THE FIGURES IN THIS PRESENTATION HA VE APPEARED IN THESE PAPERS. 

1. L. Cohen, "Time-frequency distributions - a review", Proceedings of the IEEE, 
vol.77, pp.941-981 (1989). 

2. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the generalized time-frequency 
representation to speech signal analysis", Proceedings of the IEEE Pacific Rim 
Conference on Communications, Computers and Signal Processing, pp.517-519, 
Victoria, B.C. Canada, June 4-5, 1987. 

3. Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 

4. W.C. Kooiman, "Time-frequency speech displays that are an improvement over the 
spectrogram", M.S. Thesis, Department of Electrical Engineering, University of 
Washington ( 1989). 

5. L.E. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 

6. L.E. Atlas, W.C. Kooiman and M. Stoermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 
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COMPUTING ZAMOGRAMSTM USING DIFFERENTIAL 

INCREMENTS: 

Choi-Williams, Wigner-Ville and, to date, the zamogramTM, require two

dimensional representation arrays. Zamogram TM implementation using the 

method of differential increments requires only one-dimensional FFf's. 

A 

x(n+2L +1) 
-P<2L> 

x(n+2L> -P<2L-J> 

x(n+2L-1) -P<2L-2> 

x(n+2) -P(J) 

f-<0)/2 x(n+J) 

x<n> 
f-<0)/2 

x<n-1) 
-?<1) 

~ 
register 

x(n-2> 
-?<2) 

x(n-2L +1) 

f><2L-J> 
x(n-2L> 

-P<BL> A I signal 
sariples 

Notes: 
♦ The above figure is in the MDSC Report, "Use of Szasz series windows in 

signal processing" by R.J. Marks II (26 Oct 89). 
♦ The method of differential increments is described in the MDSC Report, 

"Architectures for computing time-frequency representations" by R.J. 
Marks II (27 Dec 89). 

♦ Note the FFf based spectrogram component. Using Szasz series based 
spectrograms in this same architecture results in attributes for Szasz series 
zamograms TM similar to Szasz series spectrograms. 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Sinusiodal Bursts (Note missed points) 
(a) Signal 
(b) Spectra gram 
(c) Wigner Distribution 
(d) Zarnogram 

r .7 r l 

r-- . .,,_,.. ·---, 
r;::f ·, ~.:~:2:·~:~~~ . ._ .. -. , . ' 

' 

) ~=:.;::.:::~;,:>:<') 
-- ml ..... 

• .· 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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EXAMPLE: 

Instantaneous Frequency Change: 
(a) Signal 
(b) Spectrogram 
(c) Zamogram 

:,-----------:--,<· 
II,' . 

,.,, ... 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Frequency - Modulated Signal 
(a) Signal 
(b) Spectrogram 
(c) Wigner Distribution 

(d) Zamogram 

.. . . .. . :, .. . . ,.., ... ,, 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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EXAMPLE: 

Speech: The Stop-Plosive' de' from "Academic" 

(a) Time Waveform 

(b) Spectrogram 

(c) Zamogram 

L.E. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Speech: "That You" spoken by female. 
(a) Signal 
(b) Spectrogram 
( c) Wigner Distribution 
( d) Zamogram 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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EXAMPLE: 

Comparison with Choi-Williams' representation: 

{ 
sin[21t(n-101)/16] ; 100 < n $ 350 

f(n) = sin[61t(n-351)/16] ; 350 < n $ 600 
0 ; othenvise 

Zamogram ⇒ 

L.E. Atl~s, W.C. Kooiman and_ M. S_toermer, "A comparison of cone-shaped and 
exponential kernels for generalized hme-frequency representations", submitted to 
ICASSP 1990. 
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SZASZ SERIES WINDOWS 

Background 

Box-car windows can be iteratively updated. For example: 

... 2 4 1 3 0 1 4 1 2 0 ... 
sum= 14 

Shift the window _one to the right: 

... 2 4 1 3 0 1 4 1 2 0 ... 
new sum= sum-4 + 2 = 12 

Note: This procedure can be extended to Fourier 

transformation of the signal within the window. 

Problem: Box-car widows are very leaky. 

Multidimensional Systems Corporation 
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Exponential Windows 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 
X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Sum of Products: 

4x2°+ 1X21+3x22+0x23+ Ix24+4x25+ Ix26 = 226 

Shift the window one to the right: 

Signal⇒ ... 2 4 1 - 3 0 1 4 1 2 0 ... 

Window⇒ 

Can compute the Sum of Products (SOP) in two ways: 

♦ Directly: 

New SOP=lx2° +3x21+4x22B+lx23 +4x24+1x25 +2x26 =239 

♦ Using exponential update: 
New SOP= (Old SOP - 4x20);2 + 2x26 = 239 

M• Multidimensional Systems Corporation 
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Notes: 
♦ The exponential update can be extended to Fourier 

transformation updating of the data within the 
exponential window. 

♦ Although there are no useful exponential windows, 
there are a number of useful windows that are 
weighted linear sums of exponentials. In general, 
within the window interval, let 

<j>(n) = L<z aq exp(sqn) 

where there are Q terms in the sum. The aq's and the 
Sq' s can be complex. 

♦ Example Szasz windows: 

crq Sq crq Sq 

.!. 0 2 0.54 0 
l j1r/L 4 0.23 j1r/L 
l -j1r/L :i' 0.23 -j1r/L 

Hanning: cp(k)°= cos2(;Z), Q = 3. Hamming: cp(k) = 0.54 + 0.46 cos(11"{), Q = 3. 

crq Sq 

0.42 0 
0.25 j1r/L 
0.25 -j1r/L 
0.04 1·21r / L 
0.04 -j2rr / L 

Blackman: tp( k) = 0.42 + 0.5 cos( 1r£) + 0.08 c~s(2t) ,Q = 5. 

~ZJ.!!J,1~'!!fie'!!af !!/f,u~J Jl!a!~'!'s Corporation 
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Alternate Explanation: Truncated Resonant Circuitry 

t;[n} 
r[n} 

•• T,. ir,. ir,. ir,. ir 
-----➔- Resonant 1---------> 

Circuit 

n 

r[n-4} 
••-•·· ir,. ir,. ir,. ir 

n 

t y[nj-y[n-4} 

• • i ! • • • • • • • • •n 

.L 
-4 -z 

--
n 

Periodic 1 y[n]-y[n-4] 
- Resonant - -' -- - .,,.. 

Circuit 

. ..L -4 -z 
~ -

n 
1 Periodic y[n]-y[n-4] 

- ~ - Resonant ~ ,. --- - -Circuit 
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_, 

Resonant Circuitry: . 

hq[ n] = c cos(0n) µ[n] 

y[n} 
--

1 I\ , -cos(8) 

X [n] C z-1 z-1 - - -- -

" '' 2 cos(8) " -1 

Multidimensional Systems Corporation 
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♦ Placing a number of such circuits in parallel results, in 

this example, of a Fourier series synthesis for the 

desired window. 

♦ For Hanning & Hamming windows, only two stages 
are needed: 

-z-2L --
x[n J 

1 f3o - 1 - ..... - - --- -~ 

-131 
y[n 

- -~ - - -1T - -
L 

J 

Multidimensional Systems Corporation 
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♦ A Blackman window requires three stages: 

x{n} - --
,~ 

-
-131 '~ 1 -~2L y[n} 

- -,. 
TT 

,. -- -,, 
L 

1 .....__ 

'' 

/32 -
~ 

21T 
L 
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I 

Obtaining a Spectral Line: 
(unmodulated window) 

L 
S[n;u] = L w[k] x[n-k] exp(-j2rcku) 

k=-L 

= exp(-j2rcnu) [ { x[ n] exp(j2rcnu)} * w[ n] ] 

j2rrnu 
e 

Using a Szasz series window: 

-j2rrnu 
e 

-z-2L 

S[n,·u} 

S{n,·u} Periodic 1 
1--..- Resonant i--~-~-t____;~ 

Circuit 

j21Tnu 
e 

-z-2L 

1 Periodic 
;--~-~-L._~ Resonant 

Circuit 

j2TTnu 
e 

-j2TTnu 
e 

-j2TTnu 
e 

S{n,·u} 
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Comparing the FLOPS For Hanning or Hamming 
windowed Spectrogram: 

For N output spectral lines: 

FFf requires (1 + 5 log2)V) N FLOPS* 

Szasz series window requires 21 N FLOPS.+ 

Therefore, the Szasz window has fewer FLOPS if N> 2. 

*There are Nf2 log2N butterflies in an FFr that does a transform on N input points. Each butterfly requires 
one complex multipication and two complex adds. This gives a total of 10 FLOPS per butterfly. In 
addition, there are N multiplies required in the windowing operation. Thus, we require a total of 

(1 + 5 log2N) N FLOPS per spectral line 

+In quadrature, the input is multiplied by cos(21t11u) and sin(21tnu) [2 FLOPS]. Each is sent to a Szasz 
window [2x6 = 12 FLOPS]. The delay line combination adds an additional FLOP. The output of each 
window is multiplied by cos(21tnu) and sin(21tnu) [4 FLOPS] and the quadrature components are added [2 
FLOPS]. This adds to 21 FLOPS per spectral line. Note: Computation of the cos's & sin's are not 
included in this number. . 

M• 
™ 
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Advantages of Szasz series windows for.spectrograms: 

♦ Fewer FLOPS than FFf's. 

♦ Shorter output lag time from the input to the output than 
is obtained using FFf' s or DFr' s. 

• FFf's require O{log2N} time cycles. 
• Szasz series requires O { 6} cycles. 

♦ The ability to arbitrarily place frequency bins in, for 
example, log intervals, without the matrix-vector 
operations required by the DFT. 

♦ The ability to arbitrarily compute each spectral line in 
parallel without the cross butterfly connections required 
by FFT's. 

♦ Modularity that allows a straightforward increasing of 
the number of output frequency bins. 

♦ Each spectral line can have a different window duration 
and/or type. 

♦ Use in computation of zamograms™ using the technique 
of differential increments. All of the above attributes 
are applicable to the zamogram™ thus computed. 

M• Multidimensional Systems Corporation 
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The technology can also be implemented using analog 
circuitry for continuous time spectrograms. Advantages 

here include 

♦ The absence of high Q circuits. 

♦ Shorter output lag time from the input to the output. 

♦ Totally parallel computation of each spectral line. 

♦ The ability to arbitrarily place frequency bins in, for 
example, logarithmic intervals. 

♦ Each spectral line can have a different window duration 
and/or type. 

M• Multidimensional Systems Corporation 
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Use of Szasz Series Windows in Signal 
Processing 

Robert J. 1v'Iarks II 

October 26, 1989 

There exist a number of signal processing algorithms wherein a win
dow, cp( k ), shifts across a signal to give an alternate representation of the 
signal. Included are weighted running averages, spectrograms and zamo
grams [1,2,3]. Conventionally, weighted running averages are computed 
using the equivalent of an finite impulse response (FIR) filter the taps of 
which correspond to the window samples. Digitally computed spectrograms 
are traditionally computed by weighting the signal samples in a interval by 
the window weights followed by a fast Fourier transform (FFT). Digital 
zamograms also require the use of FFT's for each point in time in which a 
spectral line is computed [3]. 

For windows and that are uniform (i.e. rectangular or boxcar windows), 
the value of a signal representation generated from a sliding window can be 
obtained by adding to the current representation new data introduced by 
the shift apd deleting data no longer included in the window. vVith non
rectangular windows, however, shifting alters the weights of all data and 
the procedure is no longer applicable. An approach with similar computa
tional advantages occurs when the window is of the form cp( k) = esk. Then, 
since cp( k ± 1) = e±s e3 k, shifting from k to k ± 1 is equivalent to multiplying 
each data point by e±s. Unfortunately, there are no useful windows that are 
exponential except the degenerate case of the rectangular window. There 
are, however, a number of commonly used windows that are superpositions 
of weighted exponentials. We refer to a weighted sum of exponentials as a 
Szasz series [4,5]. Trigonometric polynomials are special cases. The Szasz 
components of the signal representation can be individually computed us-

1 
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ing the exponential updating approach and the components superimposed to ob
tain the desired processing output. The generic procedure for the updating 
using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the 
previous window but not that in the current window. Likewise, 
add the nev.,-ly introduced terms. 

2. Multiply each of the elements common to both windows by the 
Szasz increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs. 

Two Szasz components may be complex conjugates of each other. In 
such cases, it is many times computationally convenient to combine the two 
components into a single composite component as shown in Fig. 2. Similarly, 
only the real portion of the output of a Szasz component may be required in 
certain cases. 

In the next section, the Szasz series is reviewed. Application of the Sza.sz 
series to weighted running averages, spectrograms and zamogra.ms ~re then 
presented. 

1 Szasz Series vVindows 

A linear exponent Szasz series can be written as 

(1) 

where the { aq} 's and the {sq} 's are possibly complex. \Ve will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be 
even. vVe then use the alternate form 

<pe(k) = cp(j k I) (2) 

Some popularly used windows and their Szasz series representations are 
in Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that 'Pe(k) = c.p(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a. Szasz series can 
always be approximated to an arbitrary accuracy by a Szasz series. 

2 
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add new 

data 

subtract 
old data 

update by 
Szasz Factor 

IJ 

Szasz 
cor'7ponenti---~ 

#1 

update by 
Szasz Factor 

,z 

input signal 
I add new Szasz 'J signa data r representation 

---~~---~~C t~--~I . ~ 

• 
• 
• 

subtract Or'7pOnen ~'0:) .,-

o<d do<o #2 I 

add new 
data 

subtract 
O(d data 

• 
• 
• 

update by 
Szasz Factor 

,o 

• 
• 
• 

Szasz 
cor'7ponentt------' 

#Q 

Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains 
is updated by a common Szasz factor. 

~ 
[III] 

Table 1: Rectangular: cp(k) = 1, Q = l. 

3 ./.J-4/(~ 
, V/;;vr: / ,g-7 
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update by 
Szasz ractor 

/fq 

add new Szasz 
data 

~ subtract 
coriponent 

olcl cla ta #q 

update by 
Szasz factor 

#q 

add new Szasz 
data 

subtract 
COfYlponen t 

olcl cla ta #q 

update by 
Szasz ractor ,a 

add new Szasz cla ta 

subtract cor1ponent 
old data #q 

Figure 2: A single composite component on top may replace the t,vo Szasz 
components shown on the bottom when they are related by a complex con
jugate. 

Ciq Sq 
1 0 2 
l jTC/L 4 
1 -jTC/L :i 

Table 2: Hanning: cp(k) = cos2(;2), Q = 3. 

Ciq Sq 

0.54 0 
0.23 jTC/L 
0.23 -jTC/L 

Table 3: Hamming: cp(k) = 0.54 + 0.46 cos('t), Q = 3. 

4 ii~€' 
=~===~~~==='oTzs/~J 
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aq Sq 

0.42 0 
0.25 j1r IL 
0.25 -j1r/L 
0.04 j21r/ L 
0.04 -j2,r / L 

Table 4: Blackman: ip(k) = 0.42 + 0.5 cos(:~)+ 0.08 cos(2t),Q = 5. 

v(n+L) 

z<n> 
> 

Figure 3: An FIR implementation of the weighted running average filter. 
The D denotes a unit delay. 

I 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n) = I: ip(k)v(n - k) (3) 
k=-L 

As is shown in Fig. 3, this process can be straightforwardly implemented on 
an FIR filter with 2L + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

where 

z(n) = I: zq(n) 
q 

L 

zq(n) = aq L esqkv(n - k) 
k=-L 

5 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

·@ 1990 by Multidimensional Systems Corporation 

(4) 

(5) 



Clearly, then 

L 
zq(n + l) - Ct.q L esqkv(n + l - k) 

k=-L 
L-1 

- Ct.q L esq(k+i)v(n - k) 
k=-L-1 

L-1 
Ct.qesq L esqkv(n-k) 

k=-L-1 
e3qzq(n) + a.

9
e-sqLv(n + L + l) - a

9
esq(L+i)v(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse 
response (IIR) filter. The results of Q such filters can then be summed to 
give the desired output, z(n). One such realization for Q = 3 is shown in 
Fig. 4. Note the applicability of the algorithm illustrated in Fig. 1 here. The 
Szasz factor is e3 q, the new data is a9e-sqLv( n + L + l) and the old data is 
a.

9
esq(L+l)v(n - L). 
·when L is large, the realization of the weighted running average in Fig. 4 

requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift register are required from in the 
IIR realization. The FIR realization requires 2L + 1 taps. 

2.1 Computing Complex Szasz Components Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z(n) can be computed separately. If we express z(n) in terms of it's real and 
imaginary parts: 

(7) 

then, if v( n) is real, the iteration in Eq. 6 can be written in component form 
as 

z;(n + 1) - z;(n)~[esq] - z!(n)S'[esq] 

+~[a.
9
e-sqL]v(n + L + 1) - ~[a.9esq(L+l)]v(n - L) (8) 

6 
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v(n+L +J) 

v(n-U 
·1 -c<, es' <L""l> 

/~ 
est 

(zfn+-1> 
'( 0 z,<n) 

ex, e-s,L 
(z,<n+-1) 

z(n) 
~ 0 

2 ~ 

-ex, es2<L•l> l es, 

z(n) 

Figure 4: An IIR implementation of the weighted running average filter. 
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Jt[esqj 

v(n+L+J) I ,R[ C<q e-sqLj , I z;<n> 

~,,,I 

>-

;r 
:si C< es0 <L •I) j q 

-,R[C<q ;s0 <L+I)) / -:s-(esq] 

v(n-L> \ ~jt D z~<n> 
I ~I ► 

. - ~( cx.q e-v l t 
Jt[eso] 

Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

and 

z~(n + 1) - z;(n)~[e-'q] + z!(n)~[e-'q] 

+~[o:qe-sqL]v(n + L + 1) - S'[o:qe"q(L+l)]v(n - L) (9) 

where ~/<;:J denotes the real/imaginary part of and 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component 
can by realized by the IIR filter illustrated in Fig. 5. The real and imagi
nary parts of all Szasz components are summed to obtain zr(n) and zi(n) 
respectively. 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, cp(k), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a com
plex conjugate. Motivated by this observation, assume that V q 3 either Ctq 
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or Sq is complex (or imaginary), :3q 3 O'.q = a; and sq= s;. In such cases, 
the two Szasz terms can be combined into a single IIR filter. Define 

zq(n) = z9(n) + zq(n) 
2?Rz9 ( n) ( 11) 

This can be computed simply by multiplying the real output in Fig .. s by 
2. The two complex Szasz components at the top of Fig. 6 can therefore be 
replaced by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where a 1 is real and s1 = 0. Let a:2 = a:3 and 
s2 = s3 = jr. / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Since all of the multipliers become real, we implement the_ q = 1 term 
using the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 
terms are related by a complex conjugate. We therefore choose to implement 
them using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 
S(n,p) = ~ cp(k)v(n - k)e-i2

.rpk/M (12) 
k=-L 

where p is a discrete frequency index and lvf parameterizes the number of 
points in the frequency domain. 

The function I 5 ( n, p) 1
2 is also referred to as the spectrogram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v(n), is fed through a delay line and delayed values are weighted 
by samples of cp(k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 
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v(n+L +/) 

v<n-L> 

z,/n> 

v(n+L +I) I 2 

v(n-L> 

-,R[ rxq es•(L+J)] 

\. 
- ~ rxq e-sqL ] 

Figure 6: ·when two Szasz components are related by a complex conjugate, 
then the two components ( shown here at the top) can be replaced by a single 
one (shown at the bottom). 
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C<, D z<n> 

1 

C:OS(rr/L) 

v(n+L +I) 

v(n-U 

~. / -stn(Tr/L) 

D 

t cosouu 

Figure 7: Implementation of a Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages are special cases. 

v(n+L) D D D D D 

I ~<-u I ~<-L•ll ~<-L•2>

0 

•• -U~,u 
FFT 

y 

S<n,-U S<n,-L+/) S(n,-L+2) S<n,L-I) S(n,U 

Figure 8: Computation of the spectrogram amplitude using the FFT. 
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3.2 Spectrogram computation using Szasz series com
ponents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, 
then the spectrogram in Eq. 12 can be written as 

S(n;p) = LSq(n,p) 
q 

where 
L 

Sq(n,p) = Ct.q L esqkv(n-:- k)e-i2.rpk/iH 
k=-L 

The qth Szasz component update is calculated as follows. 

L 

Sq{n+l,p) = Ct.q L esqkv(n+l-k)e-i2.rpk/i'vl 
k=-L 

L-1 
= Ct.q L esq(k+I)v(n _ k)e-j2.rp(k+1)/M 

k=-L-1 
L-1 

- Ct.qe'qe-j2.rp/iW L esqkv(n - k)e-i2.rpk/iW 

k=-L-1 
- e'qe-i2.rp/Msq(n,p) + Ctqe-Lsqei2.rpL/Mv(n + L + 1) 

(13) 

(14) 

-aqe(L+I)sqe-i2irp(L+1)/Mv(n - L) (15) 

vVe are again following the procedure outlined in Fig.l. The new data is 
CtqCLsq eihpL/ivf v( n + L + l ), the old data is a

9
e(L+I)sq e-i2.rp(L+I)/M v( n - L) 

and the Szasz factor is e3qe-i2.rp/M. Implementation of the specific iteration 
in Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs 
by the arrays ei21rpL/M and e-i 21rp(L+l)/M is common to each of the Q Szasz 
components, the alternate implementation shown in Fig. 10 is possible. 
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y(M·/.~J) D S 1 (n,p) 

v(n-L) 

D S2 (n,p) 

- C<z e•z(L+IJ e•/2-trp(l+1)/J1 

S(n,p) ~----.... --.<'.+,-----.... D Sq(n,p) 

Figure 9: Computation of the spectrogram when the window is represented 
as a Qth order Szasz series. The thick lines correspond to signal flow direc
tions of vectors parameterized by the frequency variable, p. The thin lines 
correspond to (possibly complex) scalars. 
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3.2.1 Realizing the real & imaginary parts of a Szasz component 
of a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and 
imaginary parts of the Szasz component in Eq. 15 can be written as 

s;(n + l,p) = ~[e5qe-i21rpfM]s;(n,p) - S'[e 5qe-i21rp/MJS!(n,p) 

+~[aqe-L3qei2:rpLfM]v(n + L + 1) 
-~[aqe(L+1)sqe-i2:r(L+1)/1W]v(n _ L) (l6) 

and 

S!(n + 1, p) - S<[e 5qe-i2:rp/1W]s;(n, p) + ~[e3qe-i2:rp/i'vf]S!(n, p) 

+S'[aqe-Lsqei2:rpLf,\.f]v(n + L + 1) 
-S'[aqe(L+1)sqe-j2:r(L+1)/M]v(n - L) (17) 

where 
Sq(n,p) = s;(n,p) + jS!(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. We obtain 

S ( n, p) = 5r ( n, p) + j s\ n, p) (19) 

from 
sr(n,p) = L s;(n,p) (20) 

q 

and 
Si(n,p) = L·S!(n,p) (21) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and q, are related by a complex conjugate: 

Then, using Eq. 12, we can immediately show that 

Sq(n, p) = s;(n, -p) 
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v(n+L +J) 

v(n-U 

D S 1 (n.p) 

,.,sJ ,,-j31Tp/J/ 

D S2 (n,p) 

,.,sz ,.,-i""P/11 

D SQ (n,p) S{n,p) 
·:----...... -IIJ,,(:-1--;:----..... 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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Figure 11: vVhen a Szasz component of a spectrogram is complex, it's real 
and imaginary components can be realized as shown here. The real and 
imaginary components of the spectrogram are obtained by summing the real 
and imaginary components of the Szasz components. 
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s. <n,p) ----~-± 
S.<n,p> 

• :_L_; 

I 

conjugate 
& transpose 

Figure 12: The two Szasz components of a spectrogram indexed by q and q 
shown on the left can be obtained by simple augmentation of the output of 
the qth Szasz component as shown on the right. Transposition replaces p by 
-p in the array Sq( n, p ). 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of 
two Szasz components, indexed by q and q, by a simple augmentation of the 
output of the Szasz component with index q. The equivalent operation using 
the real and imaginary outputs of the Szasz component in Fig. 11 is shown 
in Fig. 13. 

3.2.3 Example: Hanning and Hamming windowed spectrograms 

In Fig. 14 we illustrate application of the Szasz series computation of a 
spectrogram for the a Q = 3 case when a1 is real, s1 = 0, a 2 = a3 and· 
s 2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with 
good resolution in both domains. In the discrete domain, the zamogram of 
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s~ (n,p) 
sqr (n,p) + S!: (n,p) ,-------, ____ · r .. : , I.._ ____ _.,•\ transpose \- -

s;(n,p) 

s;(n,p) 

I 
+ s!..(n,p) 

,------, __ ·~ .. + q ► 
1 ~~-~1 transpose l 1 
I 
-1 

Figure 13: The real and imaginary components of the qth component of a 
· Szasz component can be straightforwardly augmented to give the sum of the 
real and imaginary parts of two Szasz components. 
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v(n+L+l) 

"'l co, (2'<pl,/M) 

S~{n,p} 

, 

-oc, CO$ (2:<pl,/M} 

s; {n,p} 

.___,.. transpose 

p 

s; {n,p) 

, transpose 

-1 

Figure 14: Generation of a spectrogram using Szasz components. Hanning 
& Hamming windowed spectrograms can both be thusly implemented. 
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a temporal signal, x(n), can be written as 

C(n;p)= f f <p(n-m;k)x(m+~)x*(m-~)e-i211"pk/M (24) 
m=-oo k=-oo 

where, at time n, the kernel <p(n - m; k) is identically zero for indices, (m, k ), 
not in the set An. This set can be expressed as the intersection of three sets: 

where 

and 

For (m,k) E An, 

en= {(m,k) I -2L ~ k ~ 2L}, 

- I k I 
T/n = {(m, k) Im 2: 

2 
. + n}, 

I k I 
(n = {(m, k) I, m ~ -

2
- + n} 

<p(n - m; k) = cp(k) 

We will assume that cp( k) = cp(I k I) is even; 

4.1 Iterative Zamogram Procedure 

(25) 

(26) 

(27) 

(28) 

(29) 

Using Eq. 24, we will show that the zamogram can be iteratively updated as 

C(n + l; p) = C(n; p) + 2~x*(n + l),B+(n, p) - 2~x*(n),B-(n, p) (30) 

where ~ denote the real part of, 

'2L 
,e+(n,p) = I: okcp(k)x(n + k + l)e-i 2:rpk/M, (31) 

k=O 

and 
2L 

,e-(n,p) = I: Dkcp(k)x(n - k)ei2:rpkf,v1, (32) 
k=O 

and Ok=½ fork= 0 and is one otherwise. Note that the ,B±(n, p)'s are simply 
spectrograms which, as discussed in the previous section, can be generated 
using FFT's or Szasz series windows .. 
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The proof of these equations is straightforward. Let A~ be the set on 
points in An but not in An+I . Then 

A;= {(m,k) Im= I~ I +n+l;I k j:::; 2L} (33) 

Similarly, let A! denote the set of points in An+I that are not in An. Thus 

A! = { ( in, k) I m = - I ~ I + n; I k I:::; 2L} (34) 

Clearly, then 

C(n + l;p) = [ L + L - L ]cp(k) 
(m,k)EAn (m,k)E,\t (m,k)E,\; 

k k xx(m + -)x(m - -)e-i2.rpk/M 
2 2 

(35) 

or, equivalently, 

C(n + l;p) = C(n;p) + Bt(m) - B;;(m) (36) 

where 
k k . 

B;(p) = L cp(k)x(m + -)x(m - -)e-12.rpk/iW (37) 
2 2 

(m,k)E,\; 

Equivalently, we can write 

B!(P) = 2~x*(n + 1),B+(n,p). (38) 

and 
B;;(p) = 2~x*(n),B-(n,p) (39) 

Substituting this and Equation(38) into Equation(36) establishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

vVe will now present two techniques to evaluate the iterations in Eq. 30. 
A signal fl.ow graph at time n is shown in Fig. 15 for direct evaluation 

of Equation(30). The sample signals are introduced into a shift register a~ 
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shown on the left. The shift register is tapped and each of the samples is 
multiplied by stored weights, { cp( k)}, as shown. The two vectors of the win
dowed samples are fed into two pipelined FFT processors. Transposition of 
the output of the lower FFT is required because there is a ei21rvk/,'vf term in 
Equation(32) rather than the e-i21rvk/M used in Equation(31). The trans
position replaces k with -k to take care of this. The delays in Fig. 15 are 
required to synchronize the samples x( n) and x( n+ l) with the computational 
delays required in the processing to that point ( e.g. by the FFT). These two 
samples are weighted by either ±2 after which they multiply every element of 
the output of the FFT processors. The real part of the resulting two vectors 
are summed. The sum is added to the current zamogram register, and a new 
spectral line of the zamogram emerges in vector· form from the processor. 
The parameter !::::. is the total number of clock cycles required from input to 
output. 

4.1.2 Using a Szasz vVindow 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(30) can be written as 

C(n + l;p) = C(n;p) + [I x(n + 1) 12 
- I x(n) l2]cp(O) 

+2lR[x*(n + 1) L bt(n,p) 
q 

-x*(n) L b;(n, p)] 
q 

where the Szasz components, b~(n,p), can be updated as 

b1(n,p) = e-(.,q-~)b1(n - l,p) 

(40) 

-aqx(n + 1) + aqe-2L(.,,,_~)x(n + 2L + 1) (41) 

and 

b;(n,p) = e(-'q-~)b;(n - l,p) 

+aqx(n - 1) - aqe2L(.,q-~)x(n - 2L - 1) 

A proof will be presented after some discussion. 
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Figure 15: Iterative updating of a zamogram using FFT's. 
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bf(n.p) 

bt{np): I 
2 2 I x(n+l)I - lx(n)I 

b 1(n.p) 

bi{np): I C(n,p) 

bq(n.p) 

Figure 16: Iterative updating of a zamogram using Szasz components b;. 
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A signal flow diagram for the re'cursion in Eq. 40 is shown in Fig. 16. 
Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). 

We can ~xpress the complex b;(n,p)'s in terms of their real and imaginary 
components as 

Similarly, let 

( 43) 

(44) 

A corresponding implementation equivalent to that in Fig. 16 is shown in 
Fig. 17 using real arithmetic. 

Note that both Eqs. 41 and 42 are iterations of Szasz components as 
illustrated if Fig. 1. The Szasz factors are exp± (sq - i;~?).- For Eq. 41, the 

new data is aqexp[-2L(sq - i~~i,)]x(n+2L+ 1) and the old data is aqx(n+ 1). 
In Eq. 42, the old data is aqexp[2L(sq - j~i,)]x(n - 2L - 1)] and the new 
data is aqx(n -1). Implementation of the updates of the b;'s in Eqs. 41 and 
42 are illustrated in Fig. 18. 

Proof: To show Eqs. 40, 41 and 42, we substitute Equation(!) into 
Eq. 37: 

B;(p)= L Zaqe 3qlklx(m+¾)x(m-¾)e-j2;rpk/M (45) 
(m,.~)E,\;;' q 

Using the definition in Eq. 33, we find that 

Bt(m) =I x(n + 1) 12 cp(0) + 2~x"(n + 1) L bt(n,p) (46) 
q 

where 
2L 

b1(n,p) = aq L e-,qkx(n + k + I)e-i 2;rmk/M (47) 
k=l 

The recursive form in Equation( 41) can easily be established from Equation( 4 7). 
Similarly, 

B;;(p) =I x(n) 12 cp(0) + 2~x"(n) Zb;(n,p) (48) 
q 

where 
2L 

b;(n,p) = aq L e-,qkx(n - k)ei2;rmp/M (49) 
k=l 

The recursion in Equation( 42) follows and the proof is complete. 
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bJ{n.p) 

b1{n p): I 

I x{n+l)l2
- l.x(n)l 2 

bj{n.p) C{n,p) 

. b1(n p): I 

b-j{n.p) 

b-l{n p): I 

Figure 17: Iterative updating of a zamogram using Szasz components and 
real arithmetic. 
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- 2L<s - J2"p/H) 
c<qe q 

x(n+2L+l) J 
-1•7 n b;<n-1,p! 

x(n+!) ,--.,:_+;--... -~ ..... -· 

... --?:--.. r 
-(s - ji:"p/H) 

°'- e q 2L(s - j2"p/H) 
-oe.q e a q 

C(q 

I 
x<n-1) . D b~<n-1,p) 

,---~+,---.... --.... -· 

Figure 18: Iterative updating of the Szasz components for the zamogram. 
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Realizing the real & imaginary parts of a Szasz component of a 
zamogram: Assume that the signal, x(n), is real. From Eq. 41, the real 
and imaginary components of b;(n,p) follow as 

bt(n,p) = ~[e-(sq-i:J")Jbt(n -1,p) - ~[e-(sq-1ir)]bti(n - 1,p) 

-~[etq]x(n + 1) + ~[aqe-2L(sq-iir]x(n + 2L + 1) (50) 

and 

b1i(n,p) = ~[e-(sq-4r)Jbt(n -1,p) + ~[e-(sq-i1¥)]bti(n - 1,p) 

-~[etq]x(n + 1) + ~[etqe-2L(sq-i1¥]x(n + 2L + 1) (51) 

The computational algorithm shown at the top of Fig. 19 implements these 
equations. 

Similarly, from Eq. 42, the real and imaginary components of b1(n,p) are 

bt(n,p) = ~[e(sq-1ir)]bt(n-1,p) - ~[e(sq-~)]b;i(n -1,p) 

+~[etq]x(n - 1) - ~[etqe2L(sq-~)]x(n - 2L - 1) (52) 

· and 

b;i(n,p) = ~[e(sq-i:~~")]b;r(n -1,p) + ~[e(sq-±ir)]b;i(n - 1,p) 

+~[etq]x(n - 1) - ~[etqe2L(sq-~)]x(n - 2L -1) (53) 

These two equations are implemented at the bottom of Fig. 19. 
If x( n) is real and c.p( k) is real and even, then an inspection of Eq. 24 

reveals that C(n,p) is also real. In this case, Eq. 40 can be written as 

C(n + l;p) = C(n;p) + [x 2(n + 1)- x2(n)]cp(0) 
+2x(n + 1) L bt(n,p) 

q 

-2x(n) L bt(n,p)] 
q 

(54) 

·with reference to Fig. 19, the 2bt(n,p) terms can be generated as shown in 
Fig. 20. 
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.----~◊~----

x(n+2L +1) D b';<n-1,p> 

x(n+J> D b~<n-1,p> 

.... ----rx",~--.. r 

b-;<n-1,p> 

b"",f <n-1,p) 

. RI e <sq- JZ"'p/H) J 

Figure 19: Evaluating the real and imaginary parts of bt( n, p) (top) and 
b;(n,p) (bottom). 
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~ [ c< e-2L<sq- Je'fp/HJ] 
q 

x(n+/) 

x<n-2L-l> 

x(n-1) 

-RIC(ql 
t 

._. ____ ~,...--.... 
r 

R [ e <sq - J!:1'p/HJ ] 

I -------~.,._ __ 
'<Y 

D 

D 

{), .... _ __. 
• 

R I e (sq - j!:1'p/H) I 
Figure 20: When c.p(k) and x(n) are real, only bt(n,p) contributes to C(n,p). 
These real components can be generated as shown here. 
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Combining conjugately related Szasz components: If two Szasz com
ponents with indices q and q are related by a complex conjugate as 

bf (n,p) = [b;(n,p)]* (55) 

then, for ip(k) and x(n) real, the contribution of the conjugate pair to C(n,p) 
is simply 2b~(n, p). The implementation follows directly from Fig. 19 and is 
shown in Fig. 21. 

Example- Zamograms with Hanning & Hamming windows: To 
illustrate computaticn of zamograms using a Szasz series window, consider 
again the Q = 3 case where a 1 is real and s1 = 0. Let a 2 = a 3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Implementation of our running example is shown in Figs. 22, 23 and 24. 
Figure 22 shows generation of bf ( n - 1, p) on top and, for the conjugate 
terms, 2bt(n - l,p) on the bottom. The generation of b1r(n - l,p) and 
2b:t(n - l,p) is similarly shown in Fig. 23. The terms are gathered as 
shown in Fig. 24 to produce the zamogram, C( n, p ). 

Note that in Figs. 22 and 23, the multiplication of x(n + 2L + 1) and 
x(n - 2L-1), respectively, by the sinusoidal arrays is common to both the 
q = 1 and q = 2 stages. As in Fig. 10, the commonalty allows a single 
sinusoidal array multiplication. Such modification of Fig. 22 is shown in 
Fig. 25. A similar modification is readily applicable to Fig. 23. 

5 Applications 

Time-frequency displays are used in a number of applictions. The Szasz 
series implementation of the spectrogram and zamogram are applicable in 
most all of these cases. They include use of Szasz series computed spectro
grams and zamograms: 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such 
as speech, sonar and seismic signals. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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Figure 21: If two Szasz components with indices q and q are related by a 
complex conjugate and cp(k) and x(n) are real, then the contributions of both. 
terms to C(n,p) are simply 2bt(n,p). As shown here, they can be generated 
as shown here by simply multiplying the outputs in the previous figure by 2.~ 
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Figure 22: Generation of the bf (n - 1, p)'s for Hanning and Hamming win
dows. 
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Figure 23: Generation of the b2r(n -1,p)'s for Hanning and Hamming win
dows. 
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Figure 24: Generation of the zamogram using the inputs generated in the 
previous two figures. 
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Figure 25: A modification wherein the sinusoidal array common 
components is computed but once. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a signal representation used as a template in a pattern recog
nition scheme such as matched filtering or as training data in a 
classifier such as a layered perceptron artificial neural network. 

6 Notes 

Some final remarks follow. 

1. The Szasz series window is also potentially applicable to certain 
other generalized time-frequency representations ( GTFR's) [6]. 
Kernels with Hourglass and diamond shapes [3] in the (m, k) 
plane can be evaluated by Szasz series windows when, within 
the shape, the window is cp(k). The zamogram has a cone
shaped kernel [3] in the (m, k) plane . 

2. In many spectrograms and GTFR's, output spectral lines are 
not computed at every signal sample point. The Szasz series 
window approach CQ,n be adapted to such cases in one of two 
ways. First, and most obvious, the iteration can proceed at each 
point with outputs generated periodically. Secondly; the itera
tion can be modified to the longer period. For example, in the 
weighted running average example, if there is to be an output 
at every other input sample point, then, at each iteration, two 
new samples would be introduced (instead of one) and two old 
samples would be deleted (instead of one). Each Szasz factor 
would be squared. 

3. For the spectrogram ( and the spectrogram component of the 
zamogram), computation of the output spectral line can be 
viewed as a number of multiplexed IIR filters parameterized 
by p. The only time one filter "talks" with another is _in the 
operation of transposition. 
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4. There exist a number of modifications to the implemendtad~ion ~f 
the Szasz signal processing algorithms that ~or~espon irec: Y 

t the commutative distributive and associative laws applied 0 
' 1 · 'd 1 to multiplication and addition. Performing a sing e smuso1 a 

array operation in Fig. 25 ( compare with Fig. 22) is an example 
of a variation due to the distributive law. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain time-frequency representations (zamograms) of a signal can be gen
erated. The architectures rely on accumulation of differential increments of 
the zamogram output. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograrr:is 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram· at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating the zamogram in both discrete and 
continuous form. 

3 Summary of the Invention 

The zamogram is a time-frequency representation. A cross-zamogram be
tween two signals, x( t) and y( t), can be written 

J
T [t+clrl-a+ . 

Z(t; u) = r=-Tle=t-clrl-a- cp(r)x(e- cr)y*(e + cr)e-J21rti1"dedr (1) 

where the superscript * denotes complex conjugation, cp( t) is a window that 
is zero outside of the interval -T ~ t:::; T, u is the frequency variable and c, 
a+ and a_ are all positive constants. The auto-zamogram of a signal, x( t), 
is obtained by setting x(t) = y(t) in this expression. 
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Similarly, for discrete signals x[n] and y[n], the discrete version of the 
cross-zamogram 1s 

L n+clkl-a+ 
Z[n;u] = L L cp[k]x[m - ck]y*(m + ckJe-}2rrku (2) 

k=-L m=n-clkl-a-+I 

where cp[n] is a discrete window that is zero outside of the interval -L $ k $ 
L and c&a+ $ a_ are all positive constants. vVe have assumed there are an 
odd number of points (2L + 1 when L is an integer) for cp(k]. Architectures 
similar to those embodiments described and illustrated herein result for an 
even number of points and are apparent to those skilled in the art. 

The auto-zamogram of a discrete signal, x[n], is obtained by setting x[n] = 
y[n] in Eq. 2. Note that we are using square brackets for discrete signals ( e.g. 
x[n] ) and parenthesis for continuous signals ( e.g. x( t) ). If bis not an integer, 
then [b] should be interpreted as the greatest integer not exceeding b. 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-vVilliams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

This patent presen"ts efficient architectures for computationally efficient 
generation of various forms of the cross- and auto-zamogram. In common to 
each architecture is the computation of the incremental change in the zamo
gram's output which is added to an accumulation of the previous zamogram 
output. For digital implementation, such an approach significantly reduces 
the required number of floating point operations (FLOPS) over, for exam
ple, direct evaluation of the double sum in Eq. 2. In the continuous case, 
such a characterization allows generation of zamograms using delay lines and 
common analog circuitry and spectrograms. 

The architectures for the zamogram depend on ( a) whether the zamogram 
is a cross-zamogram or an auto-zamogram (b) whether the processing is ana
log ( continuous time) or discrete time ( c) whether the signal to be processed 
is real or complex and ( d) whether the kernel displays certain symmetry 
properties. Each architecture embodiment contains two processing stages. 
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The first stage computes the zamogram's differential increment. The second 
stage has as its primary function the digital accumulation or discrete inte
gration that updates the zamogram's output with the differential increment. 
These accruance processors can also utilize the signals processed by the first 
stage in this update. 

Each zamogram processor employs one or more spectrogram processor 
components. These can be generated by conventional means, such as with the 
use of fast Fourier transforms (FFT's) or with methods yet to be developed. 
Each processor also contains one or more delay lines to properly phase the 
signal processing. 

4 Brief Description of the Drawings 

Figure 1 A schematic representation of a spectrogram. 

Figure 2 Computation of a number of linearly spaced spectrogram 
frequency lines. 

Figure 3 . Computation of a number of spectrogram frequency lines 
for a discrete signal using a discrete Fourier transform. 

Figure 4 . An architecture for the differential increment stage for a 
cross-zamogram for complex inputs. 

Figure 5 . The accruance stage for both cross and auto-zamogram 
processors of analog signals. When the differential increment is 
complex, so is the integration. Real differential increments require 
only real integration. 

Figure 6 . The accruance stage tor discrete cross-zamogram processors. 

Figure 7 . An architecture for the differential increment stage for a 
cross-zamogram for complex inputs when the zamogram kernel is 
in a certain cone form 

Figure 8 . Schematic representation of a conjugate multiply of two 
complex signals. 
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Figure 9 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a complex input. 

Figure 10 . The accruance stage for discrete auto-zamogram proces
sors. 

Figure 11 . An architecture for the differential increment stage for an 
auto-zamogram for complex inputs when the zamogram kernel is 
in a certain cone form 

Figure 12 . The accruance stage for a discrete auto-zamogram proces
sors when the zarnogram kernel is in a certain cone form 

Figure 13 . Schematic representation of a processor that generates only 
the real part of the spectrogram as its output. 

Figure 14 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a real input. 

Figure 15 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a real input when the zamogram 
kernel is in a certain cone form. 

5 Detaile~ ~escription of the Invention 

Direct conventional evaluation of the cross-zamogram expressions in Eqs. 2 
and 1 requires computation of the summand and integrand, respectively, 
over a portion of a two dimensional plane for each point in time the cross
zamogram output is computed. A more computationally efficient method re
sults when the differential increment of the output is computed at each point 
in time and accumulated to the previous cross-zamogram output. Computa
tion of the increment requires conventional or yet to be disclosed spectrogram 
circuity. 

SPECTROGRAM DISCUSSION. The spectrogram of a signal, x, 
corresponding to a window, w, can be written in the continuous case as 

S(t; u) = 1-:=-T w(r)x(t- cr)e-jZ1rur dr 
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The duration of the continuous window, w( t), is 2T. Vl e will parameterize 
the continuous window by D = T. Analogously, for the discrete signal, the 
spectrogram becomes 

L 

S[n; u] = L w[k]x[n - k]e-i2trku (4) 
k=-L 

When L is an integer, the duration of the discrete window, w[n], is 2L + 1. 
We will parameterize the discrete window by D = L. 

In order for the spectrogram relation to be causal, the output must ap
pear delayed. An total output delay of T +a will be allowed in the continuous 
case and a+ L in the discrete case. We will schematically depict the spectro
gram thus implemented as shown on Fig. 1. We can symbolically denote the 
schematic in Fig. 1 by the sequence {w,D,u,a,c}. The five parameters for 
the spectrogram are shown in the box 100. For an input, x 101, the output 
is a spectrogram, S 102. For a continuous input, x(t), the spectrogram is 
S(t - T - a; u) corresponding to a window, w(t). For a discrete input, x[n], 
the spectrogram is S[n - L - a; u] corresponding to a discrete window, w[n]. 

Typically, a sequence of spectrogram signals is desired. For example, 
as pictured in Fig. 2, M spectral lines are generated from a processor 250 
with an input, x[n]. Specifically, for 1 :::: p :::: 1vf, the spectral lines are 
SP= S[n - L - a; hl• The input 200 is presented to spectrogram processors 
201,202,203 to produce the corresponding spectral lines 204,205,206. One 
possible signal processing architecture 350 for the schematic representation 
in Fig. 2 250 is shown in Fig. 3. The input, x[n], 300 is placed into a sequence 
of unit delay lines. 301, 302, 303. The corresponding input 300 and delayed 
versions of the signal 304, 305, 306 are weighted ( e.g. amplified or multiplied) 
by their corresponding window weights by using multipliers 310, 311, 312, 
313. The outputs of these multipliers are fed into a discrete Fourier transform 
(DFT) processor 330. The outputs 320, 321, 322, 323 correspond to those 
in Fig. 2. The delays are dictated (1) the time to feed the signal through 
the delay lines and (2) the delay through the DFT processor. A fast Fourier 
transform (FFT) processor can be used in lieu of the DFT processor. The 
FFT is generally computationally more efficient than a matrix-vector DFT 
architecture and results in less delay. 

CROSS-ZAMOGRAMS. Zamograms, when computed using differen
tial increments, use spectrograms as components. We first illustrate for the 

. i 
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continuous case. The cross-zamogram output is first shifted. 

lT r-T+clrl-a+ . 
Z(t-T; u) = -r=-Tle=t-T-clrl-a- cp(r)x(e- cr)y*(e + cr)eJ2trUTdedr (5) 

By differentiating with respect to t and using Liebnitz's rule, the incremental 
output of the cross-zamogram follows as 

8Z(t - T; u) = (6) 

{x(t - T - a+)[1:_T cp*(-r)y(t - T - 2cr - a+)e-j21rur dr]* 

1
T . 

-x(t-T- a_)[ r=O <p*(-r)y(t-T-2cr- a_)e-i21rurdr]* 

+y*(t -T- a+)[1:_T cp(r)x(t-T-2cr - a+)e-j21rurdr 

-y*(t-T- a_)[1:
0 
cp(r)x(t-T-2cr - a_)e-j21rurdr]}8t (7) 

As shown in Fig. 4 with D. = T, each of the four integrals is recognized as a 
spectrogram with respective parameters { Wa, T, u, a+, c} 400, { wb, T, u, a+, c} 
401, { We, T, u, a+, c} 402 and { wd, T, u, a+, c} 403 where 

t+ I 
Wa(t) = <p*(-t)IT( T), (8) 

t- I 
wb(t) = cp*(-t)II( T), (9) 

t+ I 
Wc(t) = <p(t)IT( T), (10) 

and 
t - I 

wd(t) = cp(t)II( T)- (11) 

One preferred embodiment of a computational architecture for the dif
ferential increment of the continuous cross-zamogram in Eq. 7 is shown in 
Fig. 4. 

The boxes containing an asterisk (*) 415, 416, 417 correspond to complex 
conjugation. If the signal is represented directly in complex form, this means 
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that the imaginary component is negated. c;mplex signals can also be inter
preted to be in quadrature form. Here, complex conjugation corresponds to 
negating of the signal corresponding to the imaginary component ( typically 
the sin term). If the input into a complex conjugator is real, then the output 
is the same as the input. 

Delay lines 420, 421, 422, 423 are denoted schematically by arrows with 
the time delay written inside. In this architecture, we have assumed that 

a_= a++ C:.. (12) 

where 6. is a positive constant. Note that the two delay lines 421, 422 can 
be equivalently realized by two delay lines with delays D + a_ and D + a+. 
The input, y 410 is fed into two spectrograms 400, 401 and, after conjugation 
415,· through a delay line 421. Similarly, the input, x 412, is fed into two 
spectrograms 402,403 and a delay line 420. Each spectrogram output _is 
multiplied 430, 431, 432, 433 by a delayed version of one of the inputs. The 
outputs from each of these multipliers is summed 440 to yield the differential 
increment, t:..Z = oZ(t,;"tu) 445. Generation of the desired result, Z( t -
T; u) 503, is obtained by feeding the output 445, 501 through an integrater 
502 as shown in Fig. 5. The denoting of integration by 1/ s stems from 
Laplace transform theory wherein integration transforms to the reciprocal of 
the Laplace variable, s. 

The discrete form of the cross-zamogram can also be evaluated using the 
same computational procedure in Fig. 4 except that digital circuitry is used 
in lieu of analog. From Eq. 2, we compute the difference 

t:..Z[n - L; u] = Z[n - L; u] - Z[n - L - 1; u] 

-r.p[0]{x[n - L - a+Jy*[n - L - a+] - x[n - L - a_]y*[n - L - a_]} 
-1 

= x[n - L - a+]{ L r.p*[-k]y[n - L - 2ck - a+Je-i2
11"uk}" 

k=-L 

L 

. -x[n - L - a_]{L r.p*[-k]y[n - L - 2ck - a_Je-i2iruk}* 

k=l 
-1 

= x[n - L - a+]{ L r.p*[-k]y[n - L-'--- 2ck - a+Je-i2
11"uk}• 

k=-L 
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-1 

+y*[n - L - a+J L cp[k]x[n - L - 2ck - a+Je-jZ1ruk 
k=-L 

L 

-y*[n - L - a_] I: cp[k]x[n - L - 2ck - a_Je-jZ1ruk (13) 
k=I 

One preferred computational architecture for the differential increment 
of the discrete cross-zamogram in Eq. 13 is shown in Fig. 4. The windows 
for the discrete implementation follow from Eq. 13 are 

wa[n] = cp*[-n]; -L ~ n ~ -1 (14) 

W&[n] = cp*[-n]; 1 ::::; n ::; L (15) 

wc[n] = cp[n]; -L::; n ~ -1 (16) 

and 
wd[n] = cp[n]; 1 ::::; n ::; L (17) 

The boxes in Fig. 4 containing an asterisk (*) 415, 416, 417 correspond to 
complex conjugation. If the input into a complex conjugator is real, then 
the output is the same as the input. As in the continuous case, delay lines 
420, 421, 422, 423 are denoted schematically by arrows with the time delay 
written inside. In this architecture, we have assumed the relation in Eq. 12. 
Note that the two delay lines 421, 422 can be equivalently realized by two 
delay lines with delays D + a_ and D + a+. The input, y 410, is fed into two 
spectrograms 400, 401 and, after conjugation 415, through a delay line 421. 
Similarly, the input x is fed into two spectrograms 402, 403 and a delay line 
420. Each spectrogram output is multiplied 430, 431, 432, 433 by a delayed 
version of one of the inputs. The outputs from each of these multipliers is 
summed 440 to yield the differential increment, .6.Z[n - L; u] in Eq. 13. 

Generation of the desired result, .6.Z[n - L; u], can be performed using 
the accruance processor in Fig. 6. The output .6.Z[n - L; u] 445, 610 is input 
into the processing architecture along with the same inputs 412, 410 , x(n] 
613 and y*[n] (note conjugation) 616 that were used, respectively, to compute 
.6.Z in Fig. 4. The signals 616, 613 are multiplied 619 and fed to a delay 
line 620. The delay line output is run through a second delay line 621 and 
recombined with an undelayed version of the signal 622. This combination 
is weighted by cp 0 = cp(0) 630 and added 635 to the differential increment 

, , 
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610 and the previous zamogram output, Z[n - L-1; u] 640. This sum is the 
desired Z[n- L; u] 650. At the next discrete point in time, after being passed 
through a unit delay 645, this output value is used to compute Z[n-L+ 1; u], 
the next zamogram output value. 

CONE ZAMOGRAMS. A special case of the discrete architectures in 
Figs. 4 and 6 is when 6. = 1. 

Another special case occurs when a+ = a_ = a which dictated that 
6. = 0. The continuous differential increment in Eq. 7 can then be written 
as 

8Z(t-T;u) = (18) 

{x(t - T - a)[1:_T <p*(-r)sgn(-r)y(t - T - 2cr - a)e-i2=-r dr]* 

IT . 
-y*(t - T - a)[l-r=-T <p(r)sgn(-r)x(t - T - 2cr - a)e-321ru-r dr]}8t (19) 

where sgn(t) = -1 if t < 0, sgn(t) ·= 0 if t = 0 and is otherwise one. 
An architecture for generating the differential increment of the cone form 

of the continuous cross-zamogram is shown in Fig. 7. The inputs 710, 711, 
after proper conjugation 715, are fed to spectrograms 720, 721. The spec
trogram outputs,· in one case conjugated 735, are multiplied 740, 741 by an 
input fed through a delay line 730, 731. The outputs of the multipliers 740, 
741 are su:rnrqed 7~5 to obtain the differential increment i6.Z = oZ(t;T;u) 747. 
This output, when fed to an integrater 502, produces the desired zamogram 
output 503. 

The cone form for the discrete form of the cross-zamogram follows from 
Eq. 13 for a+ = a_ = a. 

i6.Z[n-L;u] = 

L 

x[n - L - al{ L <p*[-k]sgn(-k]y[n - L - 2ck - a]e-i21ruk}* 
k=-L 

L 

-y*[n - L - a] L cp(k]sgn[k]x[n - L - 2ck - a]e-jZ1ruk 
k=-L 

where sgn[kj = sgn(k). 
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An architecture for generating the differential increment of the cone form 
of the discrete cross-zamogram, shown in Fig. 7, is the same as for the con
tinuous case except that digital circuitry is used. The inputs 710, 711, after 
proper conjugation 715, are fed to spectrograms 720, 721. The spectrogram 
outputs, in one case conjugated 735, are multiplied 740, 741 by an input 
after being fed through a delay line 730, 731. The outputs of the multipliers 
740, 741 are summed 745 to obtain the differential increment .6.Z[n - L; u] 
747. This output is fed to the accruance processor shown in Fig. 6 along 
with the same inputs 613, 616 as in Fig. 7 611,612 except that, for the case 
of y, conjugation is required. 

AUTO-ZAMOGRAMS. The auto-zamogram is a special case of Eqs. 5 
and 2 when x = y for the continuous and discrete cases respectively. In both 
cases, we will assume that the kernel, tp, is an even function. 

For the continuous case, the expression for the differential increment fol
lows from Eq. 5 for x(t) = y(t) and tp(t) = cp*(-t). After some expression 
manipulation, we obtain 

&Z(t- T; u) = (22) 

2~x(t-T- a+)[1:_T tp(r)x(t-T-2cr - a+)e-j21ruTdr]* 

{T . 
-2~x*(t -T- a_)[JT=O tp(r)x(t-T- 2cr - a_)e-J21ruTdr] (23) 

where ~ denotes the real part of Note that this differential increment is real 
even for complex signals. 

In order to describe the processor for this continuous auto-zamogram, we 
introduce a schematic for conjugate multiplication in Fig. 8. Two complex 
numbers, f 810 and g 820 are c<?mbined to give 

h - ~Jg* 

- ~Jg* 
- ?R_f X ?R_g + r;}f X r;}g (24) 

where r;} denotes the imaginary part of This operation is schematically de
picted by the circle inscribed within a box with a multiplication sign written 
in the circle 840 and will be referred to as conjugate multiplication. 

An architecture for the auto-zamogram in Eq. 23 is schematically de
picted in Fig. 9. The input, x = x(t) 900, is doubled 905 and input into two 
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spectrograms 910, 915 and a delay line 920. The expressions for the contin
uous spectrogram windows are given in Eqs. 10 and 11. The output of one 
spectrogram 915 is conjugately multiplied 921 by the delay line output. The 
delayed signal, after passing through a second delay line 925 is conjugately 
multiplied 930 by the output of the second spectrogram 910. The outputs of 
the conjugate multipliers are combined 935 to produce the differential incre
ment, 6.Z = 8Z(t -T;u)/8t 940. This differential increment is placed into 
the integrater 502 to yield the desired output, Z( t-T;u) 503. . 

An expression for the discrete auto-zamogram differential increment is 
obtained by setting y[n] = x[n] in Eq. 13 and assuming a Hermetian relation 
for the kernel. 

cp[k] = cp*[-k] (25) 

After some manipulation of Eq. 13, we obtain 

6.Z[n - L; u] = (26) 

Z[n - L; u] - Z[n - L - 1; u] - cp[O]{I x[n - L - a+ 1
2 

- I x[n - L - a_ 1
2

} 

-1 

= 2~x*[n - L - a+J L cp[k]x[n - L - 2ck - a+Je-i2
1ruk. 

k=-L 
L 

-2~x*[n - L - a_J L cp[k]x[n - L - 2ck - a_Je-i21ruk}(27) 
k=l 

An architecture for the auto-zamogram in Eq. 27 is schematically depicted 
in Fig. 9. The input, x = x[n] 900, is doubled 905 and input into two spec
trograms 910, 915 and a delay line 920. The expressions for the continuous 
spectrogram windows are given in Eqs. 16 and 17. The output of one spec
trogram 915 is conjugately multiplied 920 by the delay line output. The 
delayed signal, after passing through a second delay line 925, is conjugately 
multiplied by the output of the second spectrogram 910. The outputs of the 
conjugate multipliers are combined 935 to produce the differential increment, 
6.Z = 6.Z[n - L; u] 940. This differential increment 940, 1010 is placed into 
the accruance processor illustrated in Fig. 10 with the purpose of generating 
the desired result, Z[n - L; u]. \Vith reference to Eq. 27, 

Z[n - L; u] = 6.Z[n - L; u] + Z[n - L - l; u] 
+cp[O]{I x[n - L - a+ 1

2 
- I x[n - L - a_ 1

2
} 
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The signal input into the first processor 900 is also introduced here 1020. 
First, in accordance to Eq. 28, the magnitude squared 1030 of the signal is 
computed 1025 

I x[n] 1
2= {?Rx[n]} 2 + {~x[n]}2 (29) 

(If x[n] is real, I x[n] 1
2= x2 [n]). This is placed into a delay line 1035. 

The delay line output is fed into a second delay line 1040 the output of 
which is combined 1045 with the output of the first delay line. This value 
is weighted by r.p0 = cp[0] 1050 and added 1055 to the differential increment 
1010 and the previous zamogrnm output, Z[n - L - 1; u] 1060. This sum 
is the desired Z[n - L; u] 1065. At the next discrete point in time, after 
being passed through a unit delay 1070, this output value is used to compute 
Z[n - L + 1; u], the next zamogram output value. 

AUTO CONE ZAMOGRAMS. A special case of the discrete archi
tectures in Figs. 9 and 10 is when 6. = 1. This corresponds to the cone kernel 
zamogram published by Zhao, Atlas and Marks when the input is complex. 

Another special case of the discrete procedure occurs when 6. = 0 and 
a+ = a_ == a. The differential increment in Eq. 27 becomes 

' 

6.Z[n - L; u] = Z[n..:.. L; u] - Z[n - L - 1; u] 
L 

= -2?Rx*[n - L - a] I: r.p[k]sgn[k]x[n - L - 2ck - a]e-i2
11"uk (30) 

k=-L 

The architecture for this second cone shaped kernel is shown in Fig. 11. The 
input, x = x[n] 1110, is multiplied by negative two 1120 and input into a delay 
line 1130 and a spectrogram 1140. The outputs are conjugately multiplied 
1150 to produce the differential increment, 6.Z 1160 which is input 1210 
into the accruance processor shown in Fig. 10. For the parameters under 
consideration, we have 

Z[n - L; u] = 6.Z[n - L; u] + Z[n - L - 1; u] (31) 

The processor input 1210 is simply added 1215 to the previous zamogram 
output, Z[n - L - 1; u] 1220 to produce the desired result, Z[n - L; u] 1225. 
This result is fed through a unit delay line and used to compute Z[n-L+l; u], 
etc. 

AUTO-ZAMOGRAMS WITH REAL INPUTS. To this point, we 
have allowed for all signals to be complex of represented in quadrature form. 
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Until otherwise stated, we will henceforth restrict all signals, kernels and 
windows to be real. The kernel functions, r.p, will be assumed to be an even 
functions. In such cases, the auto-zamogram is real. From Eq. 23 and 27, 
the differential increment is also real. 

For our working assumption, the continuous differential increment in 
Eq. 23 can be written as 

8Z(t - T; u) = ~8Z(t - T; u) (32) 

= 2x(t -T- a+) 1:_T r.p(r)x(t-T - 2cr - a+)cos(21rur)dr 

-2x( t - T - a_) 1:0 r.p( T )x( t - T- 2cT - a_ )cos(21rur )dr (33) 

From this expression, we conclude that only the real part of the spectrograµi 
is now required. From Eq. 3 

. T 

~S(t; u) = l,,.=-T w(r)x(t- cr)cos(21rur)dr (34) 

This operation, using a cosine transform rather than a Fourier transform, is 
schematically depicted in Fig. 13. It is similar to the spectrogram schematic 
in Fig. 1 except that the frequency variable 1310 is circled 1315. For the 
continuous case, the input, x = x(t) 1320, into the processor 1325, yields 
an output of ~S(t - T - a; u) 1330, which is the real component of the 
spectrogram. 

The auto-zamogram architecture corresponding to Eq. 33 is shown in 
Fig. 14. The input, x = x(t) 1410, is doubled 1415 and input into two 
spectrograms 1420, 1425 and a delay line 1420. The expressions for the 
continuous spectrogram windows are given in Eqs. 10 and 11. The output 
of one spectrogram 1425 is multiplied 1430 by the delay line output. The 
delayed signal, after passing through a second delay line 1435 is multiplied 
1440 by the output of the second spectrogram 1420. The outputs of the 
multipliers are combined 1445 to produce the differential increment, 6.Z = 
8Z(t - T; u)/fJt 1450. This differential increment is placed into the (real) 
integrater 502 to yield the desired output, Z(t-T;u) 503. 

For the discrete case, from Eq. 27 

6.Z[n - L; u] = ~6.Z[n - L; u] 
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= Z[n - L; u] - Z[n - L - 1; u] - cp[0]{I x[n - L - a+ 1
2 

- I x[n - L - a_ 1
2

} 

-1 

= 2x[n - L - a+ L cp[k]x[n - L - 2ck - a+Jcos(21ruk) 
k=-L 

L 

-x[n - L - a_] L cp[k]x[n - L - 2ck - a_cos(21rnk)(36) 
k=l 

Again, only the real component of the spectrogram is used to compute the 
differential increment. From Eq 4, 

L 

~S[n; u] = L w[k]x[n - k]cos(21rku) (37) 
k=-L 

This operation is also schematically depicted in Fig. 13. It is similar to 
the spectrogram schematic in Fig. 1 except that the frequency variable 1310 
is circled 1315. For the discrete case, the input, x = x[n] 1320, into the 
processor 1325, yields an output of ~S[n - L - a; u] 1330, which is the real 
component of the spectrogram. 

The auto-zamogram architecture corresponding to Eq. 36 is shown in 
Fig. 14. For the discrete case, the input, x = x[n] 1410, is doubled 1415 
and input into two spectrograms 1420, 1425 and a delay line 1420. The 
expressions for the continuous spectrogram windows are given in Eqs. 16 and 
17. The output of one spectrogram 1425 is multiplied 1430 by the delay line 
output. The delayed signal, after passing through a second delay line 1435 is 
multiplied 1440 by the output of the second spectrogram 1420. The outputs 
of the multipliers are combined 1445 to produce the differential increment, 
6.Z = 6.Z[n - L - a; u] 1450. This differential increment is input 1010 into 
the accruance processor in Fig. 10 along with the original processor input 
1020, 1410. 

AUTO CONE ZAMOGRAMS WITH REAL INPUTS. A special 
case of the discrete architectures in Figs. 14 and 10 is when 6. = 1. This cor
responds to the cone kernel zamogram published by Zhao, Atlas and Marks 
when the input is real. 

Another special case of the discrete procedure occurs when 6. = 0 and 
a+ = a_ = a. The differential increment in Eq. 36 becomes 

6.Z[n - L; u] = Z[n - L; u] - Z[n - L - 1; u] 
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L 

= -2x[n - L - a] I: cp[k]sgn[k]x[n - L - 2ck - a]cos(211'uk) (38) 
k=-L 

The architecture for this second cone shaped kernel is shown in Fig. 15. The 
input, x = x[n] 1510, is multiplied by negative two 1520 and input into a 
delay line 1530 and a spectrogram with a real output 1540. These outputs 
are multiplied 1550 to produce the differential increment, '6.Z = '6.Z[n-L; u] 
1560 which is input 1210 into the accruance processor shown in Fig. 10. For 
the parameters under consideration, Eq. 31 is applicable. The processor input 
1210 is simply added 1215 to the previous zamogram output, Z[n - L - l; u] 
1220 to produce the desired result, Z[n-L; u] 1225. This result is fed through 
a unit delay line and used to compute Z[n - L + l; u], etc. 

SEQUENTIAL VS. PARALLEL IMPLEMENTATION: Consider 
generation of P frequency lines of a cross-zamogram corresponding to a set of 
P frequency bins { u = Up Ip= l, 2, ... , P} and to the two (possibly complex) 
signals, x and y, each of finite duration. The frequency bins can, for exam
ple, be spaced logarithmically. Furthermore, consider any embodiment of a 
cross-zamogram processor with a single ( complex) output corresponding to a 
tuneable frequency u. The P lines may be computes by (1) sequentially feed
ing the same signals through the same processor P times each time changing 
the processor frequency corresponding to one of the desired frequency bins, 
(2) feeding the signals into a bank of P processors each of which is tuned to a 
desired frequency or (3) a combination of the first two methods. Tuning the 
frequency of the cross-zamogram processors is equivalent to choosing the fre
quency parameter of the spectrogram components. The previously discussed 
FFT and DFT approaches can, of course, also be used in the auto-zamogram 
architecture. 

A similar architecture flexibility is also available (or the auto-zamogram. 
Consider 'generation of P frequency lines of a auto-zamogram correspond
ing to a set of P frequency bins {u = up Ip= 1,2, ... ,P} and the finite 
duration (possibly complex) signal, x. The frequency bins can, for exam
ple, be spaced logarithmically. Furthermore, consider any embodiment of a 
auto-zamogram processor with a single output corresponding to a tuneable 
frequency u. The P lines may be computes by (1) sequentially feeding the 
same signals through the same processor P times each time changing the 
processor frequency corresponding to one of the desired frequency bins, (2) 
feeding the signals into a bank of P processors each of which is tuned to a 
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desired frequency or (3) a combination of the first two methods. Tuning the 
frequency of the auto-zamogram processors is equivalent to choosing the fre
quency parameter of the spectrogram components. The previously discussed 
FFT and DFT spectrogram approaches can, of course, also be used in the 
auto-zamogram architecture. 

ARCHITECTURE VARIATIONS. There exist numerous variations 
to the zamogram architectures thus far discussed that are apparent to those 
well versed in the art. Many deal with equivalent component substitution. 
These include, but are not limited to 

1 The variations on spectrogram representation. The spectrogram 
can be reconfigured in many ways. Suppose a common input, 
x, were placed into two spectrogram processors corresponding to 
{wA,D,u,a,c} and {w,s,D,u,a,c} and the outputs of the two 
processors were added. The result is the same as a single spectro
gram processor with parameters { WA + ws, D, u, a, c}. Similarly, 
for a given set of parameters, the spectrogram of x added to the 
spectrogram of y is identical to the spectrogram of x + y. Fur
thermore, the spectrogram processors commute with respect to 
both time delay and amplitude scaling. Multiplying a signal by 
a factor prior to placing it into a spectrogram is equivalent to 
placing it through the spectrogram and then multiplying by the 
factor. Similar, a time delay prior to the spectrogram is equiva
lent to a delay after the spectrogram. These, and other algebraic 
aspects of the spectrogram, allow numerous perturbations to the 
preferred architecture embodiments presented in this work. 

2 The equivalence of delay and conjugation and delay to delay and 
conjugation. Thus, in Fig. 4, one or both sequential operations 
of conjugation and delay can be reversed with no effect on the 
resulting outcome. 

3 Delays of D + a+ and D + a_ are required in Figs. 4, 6, 9, 10, 11 
and 14. In these figures, this is accomplished by two delay lines 
with delays D + a+ and .6.. Clearly, the same operation can be 
performed with two delay lines with delays of D + a+ and D +a_. 

4 The equivalence of weighting a delay with delaying a weighting. 
For example, in Figs. 6 and 10, the weight, r.p0 630, 1050 can be 
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removed; replaced by an identity operation, and placed immedi
ately after the multiplier in Fig. 6 or the magnitude squared box 
in Fig. 10. Similarly, the weighting factors of ±2 in Figs. 9 , 11 
14 and 15 (905, 1415, 1120 1520) can, in each case, be placed 
at the processor output rather than the processor input without 
effecting the processor's algorithmic performance. The factors 
may also be placed internal to the processor in a number of ways 
without effecting the processor's algorithmic performance. 

5 In many instances, only proportional outputs are required. That 
is, we require a signal that is only proportional to the zamogram. 
In such cases, the zamogram processor can be scaled by an ar
bitrary factor. The multiplier in Fig. 9 905, for example, can be 
deleted if the corresponding input 1020 into the accruance pro
cessor Fig. 10 1065 is halved. If the weight 1120 in Fig. 11 is 
deleted, the output 1225 of the accruance processor in Fig. 6 will 
be -½Z[n - L; u] rather than the Z[n - L; u] shown. Similarly 
deletions of the weights in Fig. 14 1415 and Fig. 15 1520 can be 
made. 

6 Numerous scalings can also occur internal to the zamogram pro
cessor that still allow proportional computations. The delay line 
920 in Fig. 9, for example, can contain attenuation of, say ,. 
That is, the input is not only delayed, but weighted by ,. In the 
same processor, assume lossy multiplies. That is, suppose both 
conjugate multipliers 930, 921 yield a factor of /3 times the ideal 
multiply. Then the output 940 will be equal to ( ,/3)2 6.Z rather 
than 6.Z. The accruance stage in Fig. 10 must, at some point, 
scale the input 1020 by the same factor. This can be done, for 
example, by using (, /3)2 a 0 rather than a0 for weighting 1050. 
Similar variations to other zamogram processors herein will be 
apparent to those well versed in the art. 

7 The use of half wave rectification on the zamogram signal to set 
all negative values to zero. This has been shown to be an effective 
display device in the work of Zhao, Atlas and Marks. 

Applications. Time-frequency displays are used in a number of appli
cations. Zamograms computed using the differential increment approach are 
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applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals in'clude, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures·such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as computational means of visual display of zamograms. 
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1 Field of the Invention 

The invention relates to digital evaluation of the real and imaginary of com
ponents of a discrete spectrogram when the signal window can be expressed 
as a truncated trigonometric series. The untruncated series can always be 
expressed as the response to a discrete resonant circuit. Truncation is ac
complished by the coherent superposition of the untruncated signal with the 
a shifted version of the same untruncated signal in such a manner as to make 
the overall circuit impulse response of finite dura.tion. When there is both 
sinusiodal pre and post multiplication, the resulting output is a single line of 
a spectrogram. A number of such circuits can be placed in parallel tuned to 
arbitrary frequency bins to achieve spectrograms with any desired frequency 
scaling. Alternately, the same filter can be sequentially exposed to the same 
input with each presentation corresponding to a differently chosen resonance. 
The circuitry can be damped to assure stability. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
of signals. The zamogram is a TFR with quite good resolution in both time 
and frequency that uses the spectrogram as a component. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 
w[k], is 

L 
S[n; u] = L w[k]x[n - k]e-i 2

1Tku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 
window. This patent contains computationally efficient architectures for the 
generating spectrograms when the windows can be mathematically expressed 
as a truncated Fourier cosine series. vVe also present architectures for the 
more general case of when the window is expressed as the weighted superpo
sition of exponentials with complex coefficients. 
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3 Summary of the Invention 

The present invention describes a digital signal processi~g architecture for 
generation of lines of a spectrogram. vVindowing is accomplished through 
the use of conventional infinite impulse response (IIR) digital filters. A delay 
line is used to in conjunction to this IIR filter to make the composite response 
finite in duration. The composite impulse response is the window used in the 
spectrogram. Each IIR/ delay filter processor generates a single frequency line 
of a spectrogram. A number of such processors have the ability to compute 
in parallel the spectrogram over any desired sampled frequency interval with 
arbitrarily chosen spacing. Logarithmic spacing, for example, can be chosen. 
In addition, the window from line to line can be chosen to vary .. Alternately, 
the same UR/delay filter processor can by swept sequentially with the same 
signal with each sweep tuned to a different frequency and/ or window. 

4 Brief description-of the,drawings 

Figure 1 .. Architecture for generating a spectrogram using a filter with 
the impulse response of a window. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained from a periodic resonant circuit and delay 
circuitry. 

Figure 3 . Use of periodic resonant and delay circuitry in the genera
tion of a line of a spectrogram. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate a 
Hamming or Hanning windowed spectrogram line. 

Figure 6 . Use of periodic resonant and delay c1rcmtry to generate a 
Blackman windowed spectrogram line.• 

Figure 7 . Architecture for generating a spectrogram using a filter with 
the impulse response of a damped window. 
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Figure 8 . A digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

5 Detailed description of the invention 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] e-i 2rnu L w[k]x[n - k]ei21r(n-k)u 

k=-L 

- e-i21rnu X {(w[n]ei21rnu) * x[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L ::Sn < L. An architecture for this 
operation, using complex arithmetic operations is shown in Fig. 1. The input 
signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The product 
then serves as the input into a digital filter 140 with impulse response, w[n]. 
The filter output is multiplied 125 by a complex sinusiod 130 to produce the 
spectrogram 135. 

This patent claims architectures for th~ window filter 140 based on digi
tal periodic resonant cucuits and. e1a1uped resonant circuits. An ,llustrative 
example of the fundamental idea using periodic resonant circuits is shown in 
Fig. 2. A discrete impulse (or Kronecker delta), c5[n], is one for n = 0 and 
is zero otherwise. The response of a causal resonant circuit 215 to an input 
delta 210 is a causal periodic sequence, y[n] 220. By a causal periodic signal, 
we mean that, for n < 0, the signal is identically zero. For n 2: 0, the signal 
is periodic with some period, N. For the signal represented in Fig. 2 220, 
N = 4. Consider, then, placing the output of the periodic resonant circuit 
225 into a delay line whose delay is N. Using the notation z-1 for a unit 
shift in time, the delay line 230 in the example in Fig. 2 is denoted by z-4

• 

The minus sign 237 is used to reflect the multiplication of.the signal by -1. 
The original signal unshifted filter output is added to this invPrtP,d r:1°]?..y to 
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produce the output y[n] - y[n - 4] 240. Thus, from the original signal 220, 
we have subtracted the signal shifted to the right by a period 245 to obtain 
a single period of the original signal 250. The response to the cascaded filter 
and delay line circuitry to an input impulse 255 is now a single period 250 
of the previous causal periodic response. 

The procedure can be extended to multiple periods. A delay line of length 
2N, for example, would result in two periods of output, etc. Typically, a 
period of the periodic resonant circuit's response will be used as the window, 
w[n - L]. The delay is required due to causality. Typically, we choose 
N=2L. 

The ordering of the delay line configuration and the resonant circuit can 
be switched. The delay line circuitry 260 can be placed prior to the periodic 
resonant circuit 265 and the same response 270 to an input impulse 275 is 
achieved. With reference to the general architecture in Fig. 1, the resulting 
architectures for the spectrogram are illustrated in Fig. 3. The modulated 
input stage 305, 306 is fed either into a cascaded periodic resonant to delay 
circuit 310 or a cascaded delay to resonant circuit 315. In both cases, the 
Hne delay is for 2L time units corresponding to the duration of the window. 
In either case, the resulting output, sinusoidally weighted 320, 321, gives the 
desired spectrogram output 325, 326. 

For one skilled in the art, there exists numerous methods to design cir
cuitry for a given pole zero constellation on the complex z plane. In the most 
general case, one can easily design digital circuitry corresponding to impulse 
responses of the form 

Q 

. h[n] = I)-1)q,Bqcos[21rnuq - ¢q]e-uqnµ[n] (3) 
- q=O 

where µ[n] denotes the unit step. Such circuitry can be designed with the 
use of multipliers (including inverters), adders and unit delays. The quan
titative values of the multipliers and the topology of all of the components 
are dictated by the parameters Q, ,Bq, ¢q, uq, and O"q. There exists numerous 
computational topologies for a given set of parameters. Such circuitry can 
be designed straightforwardly by those skilled in the art. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
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special cases of the cosine series 

Q n 
w[n] = L /3qcos[21rnq/(2L + l)]II[--] 

q=O 2L + 1 
(4) 

The Hanning and Hamming windows use Q = 1 and the Blackman window 
Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

Q n-L 
w[n - L] = I:(-1r (3qcos[21rnq/(2L + l)]II[ L ] (5) 

q=O 2 + 1 

Compare this with the special case of Eq. 3. 

Q 

h[n] = L(-l)q(3qcos[21rnq/(2L + l)]µ[n] (6) 
q=O 

The window in Eq. 5 is recognized as the first period of Eq. 6. A periodic 
resonant circuit can be straightforwardly designed with an impulse response 
given by Eq. 6. Delay line circuitry is then cascaded with this circuit to 
achieve the desired composite window filter. 

One straightforward way to design the resonant circuit in Eq. 6 is by 
designing circuitry for each of the Q + 1 stages and connecting them in 
parallel. For n =/- 0, we rewrite Eq. 6 as 

Q 

h[n] = L hq[n] (7) 
q=O 

where, for q =I- 0, 
(8) 

where Bq = 21rq/(2L + l) and cq = (-1 )q (3q, The z transform of this equation 
is 

n=O 
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Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is equal 
to the discrete convolution of the input 410 with the impulse response in Eq. 8 
with c = Cq and 0 = 0q, Recognizing there exists a number of other digital 
filter architectures to generate the same operation, we will schematically 
represent the input 410, 420 output 415,425 relationship of this operation by 
a solidly outlined box 430 inscribed with parameters c and 0. For n = 0, 
ho[n] = co = ,BcO). This operation can be performed by a simple multiply. 

Consider the Q = l example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, ,80 = ,81 = 0.5. For Hamming windows, 
,80 = 0.54and,81 = 0.46. For these parameter choices, both the Hanning and 
Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 315 shown in 
Fig. 3. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 515 and the q = l 520 stages of the circuitry 
The outputs of both stages are added 525 to obtain the windowed output 
530. 

A Q = 2 example will be given for the Blackman window. Here, ,80 = 0.42, 
,81 = 0.5 and ,82 = 0.08. The architecture in Fig. 6 is a special case of the 
periodic resonant to delay processing 310 shown in Fig. 3. The input 605 is 
fed to the q = 0, l and 2 stages 610,615, 620. The outputs of each stage are 
summed 630 and fed into the delay circuitry 630 the result of which is the 
windowed output 650. 

The window architectures presented to this point are marginally stable. 
All of the circuits poles lie on the unit circle of the complex z plane. Stability 
can be assured by slightly perturbing the design to require all of the circles 
lie strictly within the unit circle. 

The source of the marginal stability in the circuitry is unit feedback ( e.g. 
in Fig. 4 435). Damping feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp(-O'n) where O' is a positive 
number just slightly less than one. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-"n 
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where h[n] has period 2L. Then, for n > L, 

h[n - 2LJ = e20-Lhg[n] 

We can therefore generate the damped window 

( 11) 

(12) 

This can be accomplished as shown in Fig. 7 710. The damped resonant 
circuit 715 has impulse response h(n]. The damped window in Eq. 12 is 
obtained by cascading this filter with a damped delay line. The output of 
the delay line is added 725 to the damped resonant circuit's output to achieve 
the desired damped frequency response. As in the UJ:!damped case, the delay 
circuitry commutes with the damped resonant circuit without changing the 
overall response 730. In either case, the damped window can be used to 
generate the spectrogram S[n - L; u] 735, 740 where 

L 

S[n; u] = L w[k]x[n - k]e-i211"ku (13) 
k=-L 

corresponding to input x[n] 740, 741. 
We can write Eq. 10 as 

Q 

h[n] = L hq[n] (14) 
q=O 

where 
(15) 

For c = cq and () = 1rq/ L, one of many possible digital filters for this impulse 
response is shown if Fig. 8. The input 805 into the circuitry 810 produces an 
output that is the discrete convolution of the input with the impulse response 
in Eq. 15. We denote the general class of digital circuits with this response by 
the parameterized bold outline box 820 shown in Fig. 8. The input into this 
parameterized box produces the same output 830 as in the specific damped 
circuitry. 

A digital filter for Q = 1 damped Hanning and Hamming windows is 
shown in Fig. 9 using the delay to damped resonant circuitry cascade 730. 
The input 910 is fed to the damped delay circuitry 915. Then= 0 component 
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of Fig. 15 can be realized by a first order feedback circuit 920. The output 
of the delay circuitry is fed into this circuit and the n = 1 stage 925. The 
outputs from both stages are added to produce the damped windowed output 
935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using the damped resonant to delay circuitry cascade 710. The input 1010 is 
fed to the q = 0, 1, 2 stages 1015,1020,1025. The outputs of the three stages 
are summed 1030 to obtain the damped windowed output 1035. 

More generally, those skilled in the art can straightforwardly design filters 
with impulse responses of the form 

(16) 

where 'iZ!q is a phase factor. Eq. 12 results in a window of finite duration. 
This allows additional flexibility in the design of damped windows through 
the method of Fourier series representation. 

We emphasize the existence of a number of implementations of digital 
circuitry for a given impulse response. One can, for example, combine the 
q = 0, 1 stages 920, 925· in Fig. 9 by writing the z transform transfer function 
equations for the q = 0 stage 920 and the q = 1 stage 925 and combine them 
with a common denominator. The resulting equation can be implemented in 
the Direct form II method described by Oppenheim, Willsky and Young. The 
resulting circuitry will be different than that in Fig. 9, yet the input-output 
relationship will be different. Indeed, similar procedures can be applied to 
combine the delay and resonant circuitry. 

Applications._ Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable .in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 
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Computational Complexity of Generalized Time Frequency Representations 
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Abstract: 
Bilinear time-frequency representations, as generalized by Cohen, can produce superb resolution 
simultaneously in both time and frequency. The computational complexity of generating generic 
GTFR's exceeds that of computing a conventional sliding window spectrogram. Using an FFT, 
the spectrogram can be computed in O(N log N) operations per frequency line. In this 
presentation. we demonstrate that spectrograms can be computed in O(N) operations. Certain 
GTFR's, such as those with double diamond and cone kernels, can also be computed with O(N) 
operations per frequency line. In addition, the frequency calibration of these approaches need 
not be linear. Logarithmic spacing, for example, can be achieved at this low computational 
complexity. Different windows and kernels can also be used at different frequencies to achieve 
constant-Q type displays for both spectrograms and GTFR's. 
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Time vs. Frequency Resolution Tradeoff 

Sliding window Fourier transforms: 

S(t;u) = f x(t-'t) w( 't) exp(-j21tu't) d't 

THE CLASSIC RESOLUTION PROBLEM: 

♦ High frequency resolution is achieved in a 
spectrogram by using a WIDE & FLAT sliding widow. 

PROBLEM: Poor time resolution. 

♦ Good time resolution is achieved in a spectrogram by 
using a NARROW & PEAKED sliding widow. 

PROBLEM: Poor frequency resolution. 

Q: Can simultaneous high resolution be acheived in 
both time and frequency? 



Solutions: 
1. Classic 

♦ Tradeoff Compromise 

2. More recent 

♦ Use Wigner-Ville Distribution 

3. Today 

♦ Use High Resolution Cohen Class GTFR 

• Choi-Williams 
• Cone Kernel GTFR 
• Double Diamond GTFR 
• POCS Kernel GTFR 
• Adaptive Kernel 

♦ Other Approaches 

• Fuzzy Interpretation 
• Projection Synthesis 

Problem with today's solutions: Computational Complexity 



EXAMPLE: 

I. Instantaneous Frequency Change: 
(a) Signal 
(b) Spectrogram 
(c) Zamogram 

. . . . . . . . . .. 
. . . . . . _.:.::.: . : . : . 

. . . . . . . . . . 

::,; ___________ _ 
i.......-----------..-i;-t"' 11/ 

,.,, ' .. 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing · 



Example: 
a. Signal 
b. Spectrogram 
c. Wigner Distribution 
d. Zamogram (GTFR with cone kernel) 

(a) 

(b) 

(c) 

(d) 

Note: Time decimation in the zamogram missed some transition 
points. 



Cohen's GTFR 

l oo loo A T T . 
C(t; u) = ¢(t - ~; r)x(~ + -)x*(~ - -)e-J21rurd~dr r=-oo €=-co 2 2 

The kernel in other domains: 



NOTES: 

Support for cone and double diamond kernels: 

---T----

t t 

1. The spectrogram has the support of a single diamond. 
Spectrograms have low mid frequency interference and high 
frequency resolution. . 

2. The DD is subsumed in the cone of infinite extent. 
3. Both supports are parameterized by T. Both can be evaluated 

knowing the signal in intervals of 2T for each frequency line . 



Converging 
!inear chirps: 
( Frequency resolution 

& Interference) 

Spectrogram ➔ 

Wigner ➔ 

Choi Williams 

Cone Kernel ➔ 

Double Diamond ➔ 

... - .. 

;::::: ::;.;:::_ .--=.: £.::. _:;.;_;_ = .. ., . . ... 
: :~t?sm:ti®i1;;); '··•~-.:.:.....~;. ~~ 

f 

t 



Waterfall 
displays: 
(35dB, Hanning 
windows) 

Spectrogram ➔ 

Wigner 

Choi Williams ➔ 

Cone Kernel ➔ 

Double Diamond ➔ 



Tone Sequence: 
(Effect of 
JOdB SNR) 

Spectrogram ➔ 

Wigp.er ➔ 

Choi Williams ➔ 

Cone Kernel ➔ 

Double Diamond ➔ 



Tone Sequence: 
(Effect of 
3dB SNR) 

Spectrogram ➔ 

Wigner ➔ 

Choi Williams ➔ 

Cone Kernel ➔ 

Double Diamond ➔ 



ATTRIBUTES: 

1. Spectrogram relation: 

For the case of a superposition of a number of sinusoids, the 
DD and.Cone GTFR's asymtotically approach the spectrogram. 

Assume that 

x( t) = I: xi ei21rj;t 

t 

If 0( u) is bounded and has finite energy, then 

where 

and 

lim Pos[C(t, f; 0)] =AI: IX1l28(f - Ji) 
T-+oo . 

t 

A = 21-: Pos{ Re[0(1\,B)]}d,B 

Pos(x) = { ~ x>O 
X < 0. 

.~-· 

-·, 



·4 

2. Interference term: 

The DD and ZAM GTFR are shown to significantly outperform 
the Wigner distribution in terms of interference suppression. 
Indeed, the DD GTFR has interference characteristics that are 
nearly indistinguishable from those of the spectrogram. 

B(t. T) = { C(t, (!1 + h)/2; p)} 
, max C( f. ) . t, 1, p 

Both DD and cone have interference terms 0( T ~f2) 



The DD and spectrogram interference plots are graphically 
indistinguishable: 

lQl ---.. .. .. 
... 

·, 
- I 

I _, 

- 1Q4 -. . . 
-. 

Bw(t; T) . 
:!-1 

100 I: .. '\····\ .... ··• ....................................................................................................................................................... _ 
l: . \ : 10° 
L. I • 

I • 
I- I • 
I- I • 

_ ~ '.,, BzAM(t, T) • 
\ 

' I', .. 

10·1 I: / \,, 
r, \ .. 

I... ... 

10-2 t:: .. .... 
I
L. 

I-

... 

r -,, 
r, fl\ fl->-"--r'~ ,,.,. 

/',•t: .Jl 
l I r r r , 

, , ' , 
' , ' , 

!3nn(t, T) 
, /I r I 

:-

. 

• lQ-4 

. . . 

. 

: 10-s 
. 

" " ~(\{\{\; 

10·3 ~-'-'-~JL.IL.l~...IWL.-»-:-1;-JUU~~.:J.J'I ~JULllJLJUJU..JLJLWWJL•llij°lrW ~--~ liJ ~~ 10-12 
0 5 10 15 20 25 30 35 40 45 50 

ZAM (cone) & Wigner use the scale on the left. DD & 
spectrogram use the scale on the right. 



3. Time resolution: 

The ability of the TFR to make the transition in an 
instantaneous frequency change is an indication of the TFR' s 
time resolution capabi1ity. We illustrate that the rise time for the 
DD and ZAM GTFR's can be close to that of the Wigner 
distributions. The ripple in the DD ZAM GTFR can be 
substantially smaller than that of the Wigner distribution. The 
DD GTFR, in particular, displays impressive ripple 
perrformance. It's response prior to point of transition is nearly 
zero. The spectrogram displays correspondingly poor time 
resolution performance. 



Time resolution measure: 

{ 

Xei21!'fit 

x(t) = 
Xei21f'/2t t>O 

The performance of a TFR in resolving this transition will be illustrated by the 

function 

C(t; T) = C(t, f2; p) 
C(T, f 2 ; p) 

For the rectangular windowed double diamond, this function is 

•{ (1 + ,){,sinc(2,p) + (1 - ,)sinc(2(1 - ,)]} 
Cnn( t; T) = +½{ (1 - ,)2sinc2 ((1 - ,)p] - --t2sinc2

( 1 p) - sinc2
( 1 p)} 

, + (1 - ,)sinc(2(1 - ,)p] 

where 1 = t/T. 

For the rectangular windowed ZAM GTFR, this function is 

[sinc(p)]2 - 2,sinc(2p) 

CzAM(t; T) = +2,(1 + ,)sinc(2,p) - 2,2 (sinc(,p)]2 t < 0 

1 - (1 - ,)2{1 - (sinc[(l - ,)p])2
} t > 0. 

t < 0 
t > 0 

The corresponding functions for the Wigner distribution and spectrogram are, 

respectively, 

. { 2,sinc(,p) + (1 - ,)sinc[(l - ,)p] 
Cw(t;T) = 

1 + (1 - ,)sinc((l - ,)p] 

t<O 

t>O 

and 

~([1 + 1 )2 + 2(1 - , 2 )sinc[2(1 - ,)p) 
4 . 

+(1 - ,)2{sinc((l - ,)p]} 2
] 



Time resolution comparison: 

100 

(!1 -h)T = so 

10·1 

10-2 . II II 11 ' I I 
I 11 II 11 I 
I II II 11 I 
I 11 II 11 I 
I II 11 11 I 
I 11 II II I 
I II II II I 
I 11 II 11 I 

10·3 I II II II I 
II II II II I 
11 II II II I 
11 II II ft I 
II fl II II I 
II II II It I 
II 11 II II I 
II II II II I II II II ,, 

II II II I 
II II II II It 
II 
II II II 

" 11 
lQ-4 II I I II 

II II 
I II 

I I 
I I 

I ! 
10-s I l 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 

·•····· ···•·· 

CzAM(t; T) 

Cw(t; T) 

CDD(t;T) 

0.6 0.8 
t/T 

1 



Time resolution comparison: 

100 

U1 -h)T- 5 

C,( t; T) 

10-1 

10-2 

-0.2 0 0.2 0.4 

CzAM(t; T) 

Cw(t; T) 

0.6 0.8 
t/T 

1 



lQ-4 

10-10 

lQ-16 

lQ-22 

10·28 

Leakage: Same as previous plot, different scale: 

--- ... , --- - ....... , ........ -~··· ,·••,c"';'··, .,,. .. -
... • I ....... ,· ·;·, ,· , • ·' 1 f \.' ' ~ ,· ,,, ... l ( 

' .• , • • • • I ,, \ I I I 
I ·' • \' •' • 'I \••I 
•' It ~ ~ I ~ >' I • ,1 d II I I I 

•I If •• I, I 11 '1 1'1 II I I, I• I 11 
If ti ti I i 
11 1'l ", ii 1 ,, I I ,, I 

I ~ ~ ,f ! 

J I 
l I 

CDD(t;T) 

(!i-h)T = 5 

CzAM(t;T) 

c,u(t;T) 

C.,(t;T) 

lQ-34 ..__ _ _,_ __ _.__ _ __. __ ......_ __ ...__ _______ ....._ _ __. __ __.__ _ __, 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 

t/T 

DD displays near zero leakage. 



4. Noise Properties 

When a signal is corrupted by additive white noise, the DD and 
ZAM GTFR's displays an unbiased estimate of the 
corresponding GTRF of the noiseless signal. TI1is is contrast to 
the Wigner distribution and spectrogram where the power 
spectral density of the noise is added to the result. 



SWFT: 

♦ Q: What is this GTFR's Kernel?? 

Xw[n; u] == L w[n - k]x[k]e-i21rku 

k 

Cross-GTFR: 

Cw,w[n, u] - LL x[p]y*[q]w[n - p]w*[n - q]e-j2
1ru(p-q) ; 

p q 

- LLw[n-m- k]w*[n-m+ k] 
m k 2 2 

k k ·2 k xx[m + -]y*[m - -]e-J 1r u 
2 2 

where the following variable substitution was used. 

Resulting Kernel: 

1 1 
2 2 

1 1 

q 

p 

m 

k 

" k k 
<fa[n; k] = w[n - -]w*[n + -] 

2 2 



♦ Q: What is the support of the Kernel?? 

0 
k 

0 

0 

0 

/\ 
0 0 /.\ 0 0 

I \ 
I \ 

0 0 1 • .\ 0 I \ 
I \ 

Q //. • • ) Q 
I I 

0 (. • • ;
1 

0 
\ I 

0 \\ e •1
1 

0 0 
\ I 

\ I 
0 0 \./ 0 0 

V 

0 0 0 0 0 
ex. 

0 
B /\ a 

0 /.\ 0 0 
I \ 

0 

0 

0 

I \ 

0 1 • .\ 0 0 I \ 
I \ 

0 ( e e e \\ 0 
\ \ 

0 \\ e e e) 0 
\ I 

0 0 \\. • ;1 0 
\ I 

\ I 
0 0 \./ 0 0 

V 

0 

0 0 

0 

0 0 

0 

0 0 

0 
b 

0 0 

0 

0 0 

0 

0 0 

0 

0 0 0 0 0 0 0 

For a-P=a-b and P = a, ⇒ Double Diamond Kernel. 
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Fora<a<b<P 
k 

0 0 0 0 0 0 0 

0 0 0 • 0 0 0 0 

0 0 • • 0 0 0 

0 0 • • • 0 0 0 

0 • • • • 0 o( 
0 0 • • • • 0 0 

0 0 • • • 0 0 

e e e•• • e e e n 
a ex. b B 

0 0 • • • 0 0 

0 0 • • • • 0 0 

0 • • • • 0 0 

0 0 • • • 0 0 0 

0 0 • • 0 0 0 

0 0 0 • 0 0 0 0 

0 0 0 0 0 0 0 

For w = co and x = y ⇒ Spectrogram 
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Auto GTFR's 

♦ Choose x= y 

-or-

♦ Recognize SWFT is shift invariant 
• Delay SWFT one period 
• Conjugate multiply delayed & current outputs 

-or-

♦ Subtract two little spectrograms from one big one⇒ 

M-D Systems: Proprietary and Confidential Material 



♦ Subtract two little spectrograms from one big one 

u w 

X T 

a 

C 
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♦ Kernel Crafting 

• Let <I> denote GTFR kernel. C <I> = GTFR at frequency u. 

• Schematic: 

X 

M-D Systems: Proprietary and Confidential Material 



♦ The GTFR is Linear WRT It's Kernel 

i.e. summing GTFR's gives a composite GTFR with a kernel 

equal to the sum of the component kernels: 

X 

6) 
~) 

I 
• • • • • • • • • 
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Notes 

♦ The frequency to which the GTPR line is tuned is the same as 
the SWFT. 

• PFT SWPT' s require linear frequency calibration. 
• DPT' s can give constant Q displays at log frequency 

. 
spacings. 

• Szasz series SWPT' s have same flexibility as DPT' s. 

♦ The computational complexity of the GTPR is the same order 
as that of the SWFT. Per frequency line, this is 

• PFT ⇒ O(N log N) 

• DPT ⇒ 0(N2) 

• Szasz ⇒ O(N) 

M-D Systems: Proprietary and Confidential Material 



SZASZ SERIES WINDOWS 

Background 

Box-car windows can be iteratively updated. For example: 

... 2 4 1 3 0 1 4 1 2 0 ... 
sum= 14 

Shift the window one to the right: 

... 2 4 1 3 0 1 4 1 2 0 ... 
new sum= sum-4 + 2 = 12 

Note: This procedure can be extended to Fourier 
transformation of the signal within the window. 

Problem: Box-car widows are very leaky. 

M• Multidimensional Systems Corporation 
proprietary & confidential technical information. ·· 
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Exponential Windows 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 
X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Sum of Products: 

4x2°+1x21+3x22+0x23+1X24+4x25+1x26 = 226 

Shift the window one to the right: 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 

Window⇒ 

Can compute the Sum of Products (SOP) in two ways: 

♦ Directly: 

New SOP=lx2° +3x21 +4x22B+lx23 +4x24+1x25 +2x26 =239 

♦ Using exponential update: 

New SOP= (Old SOP - 4x20)/2 + 2x26 = 239 

M• Multidimensional Systems Corporation 
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Notes: 

♦ The exponential update can be extended to Fourier 

transformation updating of the data within the 
exponential window. 

♦ Although there are no useful exponential windows, 
there are a number of useful windows that are 
weighted linear sums of exponentials. In general, 
within the window interval, let 

<I>( n) = L aq exp( Sqn) 

where there are Q terms in the sum. The aq' s and the 
Sq' s can be complex. 

♦ Example Szasz windows: 

Ctq Sq Ctq Sq 

.!. 0 2 0.54 0 
l j1r/L 4 0.23 j1r/L 
l -j1r/L -; 0.23 -j1r/L 

Hanning: cp(k)°= cos2(;1), Q = 3. Han1ming: cp(k) = 0.54 + 0.46 cos(1r{), Q = 3. 

Ctq Sq 

0.42 0 
0.25 j1r/L 
0.25 -j1r/L 
0.04 j21r / L 
0.04 -j2rr/L 

Black1nan: 'P(k) = 0.42 + 0.5 cos(1r{) + 0.08 C(?s(2t ),Q· = 5. 

M• 
TM 



Alternate Explanation: Truncated Resonant Circuitry 

t>[n} ty[n] 
.. _r,.rr,.r,,.rr,.r, 

----~> Resonant 1----~> n 
Circuit 

r[n-4} 
..... fr,. r,,. r,,. r, 

n 

t y[n}-y[n-4} 

• • i ! • • • • • • • • •n 

.L 
-4 -z 

.... ,... 

n 
Periodic 1 y{n}-y{n-4} 

- Resonant - -, -, 
~ 

.,. 
Circuit 

.L -4 -z -.,. 
n 

1 Periodic y{n}-y{n-4} 
- - Resonant -.,. .,. ,,. 

Circuit 
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I 

/ 

Resonant Circuitry: 

hq[ n] = c cos(0n) µ[n] 

y[n} 
--

1 " ,, -cos(e) 

X [n] C z-1 z-1 - -- -- ~ 

, ' "2cos(e) ,, 
-1 

· _x_[ n_J_---'l►~, c el--__ .r:_[ n~j 
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♦ Placing a number of such circuits in parallel results, in 

this example, of a Fourier series synthesis for the 
oesired window. 

♦ For Hanning & Hamming windows, only two stages 
are needed: 

-z-2L -,... 
x[n J !3o 1 - 1 ..... -,... , ,... -,.. 

-13 y[n 
1 11 

J 
. - -1T - , 

L 
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♦ A Blackman window requires three stages: 

x[n} - -, 

,1, 

-!31 ' II 1 -z-2L y[n} - - - - -1T 
' ~ - -

L 
1 ..._ -,11 

/32 -- 21T 
L 
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I 

Obtaining a Spectral Line: 
(unmodulated window) 

L 
S[n;u] = L w[k] x[n-k] exp(-j2rcku) 

k=-L 

= exp(-j2rcnu) [ { x[n] exp(j2rcnu)} * w[n] ] 

j2rrnu 
e 

-j2rrnu 
e 

S[n,·uj 

Using a Szasz series window: 

TM 

-z-2L 

Periodic 1 
S{n,·u] 

1--~ Resonant t--~-~-L____:~ 
Circuit 

j2rrnu 
e 

-z-2L 

x{n] 
1 Periodic 

/--~-~-L__~ Resonant 
Circuit 

j21TnU 
e 

-j2TTnu 
e 

-j2TTnu 
e 

S{n,·u] 
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The technology can also be implemented using analog 
circuitry for continuous time spectrograms. Advantages 

here include 

♦ The absence of high Q circuits. 

♦ Shorter output lag time from the input to the output. 

♦ Totally parallel computation of each spectral line. 

♦ The ability to arbitrarily place frequency bins in, for 
example, logarithmic intervals. 

♦ Each spectral line can have a different window duration 
and/or type. 

M ulndimensional Systems C orporanon 
proprietary & confidential technical information. ·· 

TM 



Advantages of Szasz series windows for spectrograms: 

♦ Fewer FLOPS than FFf's. 

♦ Shorter output lag time from the input to the output than 
is obtained using FFI'' s or DFf' s. 

• FFf's require O{log2N} time cycles. 
• Szasz series requires O { 6} cycles. 

♦ The ability to arbitrarily place frequency bins in, for 
example, log intervals, without the matrix-vector 
operations required by the DFT. 

♦ The ability to arbitrarily ~ompute each spectral line in 
parallel without the cross butterfly connections required 
by FFf's. 

♦ Modularity that allows a straightforward increasing of 
the number of output frequency bins. 

♦ Each spectral line can have a different window duration 
and/or type. 

Multidimensional Systems Corporation 
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Dangling Topics: 

1. Unmodulated Szasz series windows 
♦ Szasz series SWFT' s computed without oscillators. 
♦ Computational complexity remains O(N). 

2. POCS design of GTFR kernels 
♦ All proposed constraints on kernel are convex. 
♦ POCS = projection onto convex sets 

⇒ optimal kernel design. 
♦ POCS synthesis of GTFR's 

3. Cone kernel GTFR's using method of differential increments 
♦ Complexity still that of a component SWFT. 
♦ Useful in cone kernel and POCS kernel architectures. 

4. Adaptive kernels 
♦ M-D System's architectures can use FIR and IIR filters 

that can be adapted by straightforward conventional 
techniques. 

♦ Signal dependent POCS 

5. Heisenberg's Fuzzy Principle 
♦ Fuzzy ~ Uncertain 
♦ Interpret spectrogram or GTFR as a fuzzy membership. 
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POCS Kernel 



POCS kerne1 
w/o margina7s 

POCS kernel 
w/ marginals 

Cone kernel 
w/ uni form 
Hanning taper 

Wigner 
distribution 

Spectrogram 
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1 Field of the Invention 

This invention relates to digital signal processing (DSP) computational archi

tectures for generating spectrograms and to computational architectures for 

generating digital windows and similar impulse responses. Spectrograms are 

a common representation for characterizing the frequency content of a tem

poral signal as a function of time. Windows are used in numerous DSP appli

cations including architectures for spectrograms as well as for data smoothing 

and spectral estimation. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 

frequency content of a signal as a function of time is referred to as a time

frequency representation (TFR). Music, for example, is written as a TFR. 

Notes can be viewed as a frequency representation. The placing of these notes 

side by side then represents a temporal sequence of frequency. Spectrograms 

are probably the most commonly used scientific TFR's for representations 

of signals. The zamogram is a TFR with quite good resolution in both time 

and frequency that can be architecturally configured to use the spectrogram 

as a component. 
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Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 

This patent contains computationally efficient architectures for generating 

spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 

w[k], is 
L 

S[n; u] = L w[k]x[n - k]e-i21rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the win

dow. Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. ·windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes digital signal processing (DSP) architectures 

for generating sliding windows and similar impulse responses and their use in 

DSP spectrogram architectures. The sliding window, an impulse response of 

finite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. A 
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specific embodiment of this architecture occurs when the second IIR filter is 

simply a delayed and possibly weighted version of the first. Then a single 

IIR filter can be factored from each processor. The IIR filter, appropriately 

augmented with delay circuitry to coherently cancel the response of the filter 

beyond a specified time, can be used to generate the composite window 

impulse response. Such is the case when the required impulse response can 

be expressed as the superposition of causal possibly damped sinusoids with 

arbitrary phase. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type ei

ther specifically or in context will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In any of the embodiments described herein, the 

architectures may be used to monitor a single frequency line of the spec

trogram or generate frequency lines sequentially. The window shape can be 

changed in real time simply by an alteration of the filter parameters. Alter

nately, the processors can be placed in an array to generate the spectrogram 

frequency lines in parallel with arbitrary ( e.g. logarithmic) frequency bin 

spacing. The window shape may be changed from frequency line to frequency 
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line or changed in real time. In parallel embodiments, common circuitry such 

as delay lines and weightings may be factored from the array so that a single 

circuit, common to each of the processor lines, can serve the entire array 

thereby reducing the overall computational requirements of the processor. 

The specific embodiments wherein the spectrogram's frequency spacings are 

uniform and/ or integer multiples of the reciprocal of the window's duration 

result in computation simplification. 

In the case where a periodic replicatiol). is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent or negligible. 

The previously described architectures are also applicable to the genera

tion of time decimated spectrograms. Data common to both of two tempo

rally adjacent time decimated spectrogram points in time is used to update 

the spectrogram, as before, using weighted delay circuitry. The contribution 

of the new data introduced into the window and the old data which exits 

the window is evaluated using short time Fourier processing techniques some 
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embodiments of which are public domain. Parallel embodiments of the time 

decimated spectrogram architectures wherein the spectrogram's frequency 

spacings are uniform result in architectural simplification since one compo

nent filter can contribute to more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be con

strued to generate the squared magnitude of the spectrogram or the real and 

imaginary part of the spectrogram. 

The spectrogram architectures described m this patent are applicable 

to evaluation and display of spectrograms for acoustic, electric, electromag

netic, electrochemical, mechanical and electromechanical signals in applica

tions such as fault detection, radar, speech analysis and synthesis , sonar, 

seismology and biology. The spectrograms resulting from the spectrogram 

architectures can be used as templates for pattern recognition or as com

ponents in other signal processing architectures, such as architectures for 

computing zamograms. Use of the procedures described herein for software 

simulations and emulations of spectrograms or other processors using slid

ing windows can result in simplification of the software code and reduced 

computational requirements. 

4 Brief description of the drawings 
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Figure 1 . Architectures for generating either the squared magnitude 

or the real and imaginary components of a spectrogram using 

either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 
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Figure 7 . Architectures for generating a spectrogram using a filter 

with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant-and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of an architecture for a A filter and its schematic 

representation. 

Figure 12 . A A filter architecture using real multiplies for real inputs 

and a corresponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 . Realization of a J( filter using a bank of A filters and the 

schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 
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Figure 16 . An architecture for a single modulated window for gener

ation of the real and imaginary parts of a spectrogram line. 

Figure 17 . An architecture for a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . An architecture for generation of the magnitude squared 

of a spectrogram line without end point correction. 

Figure 19 . Parallel modulated window based architecture for gener

ating a number of real and imaginary output spectrogram lines 

with arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 
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Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to a= 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram at arbitrarily 

spaced frequency bins using an disjoint unmodulated window and 

a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily' spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 
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Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at Up= 
2
j, using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at Up = fr using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, Sq = sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen-
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tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series (e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 filter and its schematic represen

tation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced when the desired 

window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced when the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 
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5 Detailed description of the invention 

Schematics for Signal Flow. A number of signal fl.ow diagrams will be 

shown in this section that use schematic representations which are standard 

for characterizing digital signal processing (DSP) computational architec

tures. Signals fl.ow in the direction of arrows. A number, variable or com

bination thereof, written directly adjacent to an arrow generally means that 

the signal is weighted (multiplied) by that quantity. One exception is the 

notation z-J which, from the theory of z transforms, means that the signal 

is delayed for J time units. The second exception is at the input or the 

output of the processor when the notation by the arrow is, respectively, the 

processor's input and output signal. In subprocessors, the input will typi

cally be denoted by the sequence, x[n], and the output by y[n]. Also, x[n] 

will generally denote the signal for which the spectrogram is computed. At 

other than the input and output, a combination, such as (1 + j)z- 3
, where j 

is the square root of -1, means that the signal is multiplied by the complex 

number 1 + j and is delayed by 3 units of time. This, is course, is equivalent 

to the weighting and then delaying. If no number, variable, shift or com

binations thereof appear adjacent to an arrow, then the signal is unaffected 

(i.e., multiplied by 1 ). The signal coming from a node ( a point where two or 

more signals meet) is equal to the sum of signals going into a node. If more 
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than one signal come from a node, each has a value of the sum of the signals 

coming into the node. Time decimation is denoted by a boxed ! N where 

N is the decimation order. Repeatedly used circuits will be defined as ap

propriately parameterized block processing elements. Portions of processors 

may be isolated using a dashed line closed curve such as a box or circle in 

order to be referenced in the text. 

Spectrogram Architectures. The spectrogram in Eq. 1 can be written 

as 

L 

S[n; u] e-j2-rnu L w[k]x[n - k]ej21r(n-k)u 
k=-L 

e-j21rnu X {(x[n]ej21rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L '.S n '.S L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-jZ1r(n-L)u{(x[n]ejZ1rnu) * w[n - L]} (3) 

An architecture for this operation, using complex arithmetic operations is 

shown at the top of Fig. 1. (See, for example, Lim & Oppenheim). The 

input signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The 

product then serves as the input into a digital filter 140 with impulse re

sponse, w[n - L]. For reasons which will be made clear, we will refer to this 
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impulse response as an unmodulated window. The filter output is multiplied 

125 by a temporally varying complex sinusiod 130 to produce the spectro

gram 135. Note that the term exp(j21r Lu) in the post complex sinusiod 

multiplication 125 term 130, exp(-j21r( n - L )u) could also by placed in the 

premultiplication 115 term 120 or, for that matter, could be a weight at any 

point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 (w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, if s = c.p + j ,.,,, and both c.p and ,.,, are real, then I s 1
2= c.p 2 + K2

• The 

real number i is arbitrary. It's effect along with the post multiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for real 

¢; we have the relation I exp(-j21rnef; I= 1. When only the squared magnitude 

of the spectrogram is required, we can use the processor shown at the bottom 

of Fig. 1. The input 142 is again premultiplied by a complex sinusiod 150. 

The product is fed into a digital filter 155 the impulse response of which is 

the desired shifted window, w[n - L]. The magnitude squared operation 160 

is preformed on the filter's output. The result of this operation 165 is the 

squared magnitude of the spectrogram as given in Eq. 4 
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Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be input into a digital filter the impulse response of which is 

the modulated window 177. The output is then the desired spectrogram 179. 

If the magnitude squared is only required in the using a modulated win

dow, then 

I S[n; u] 12=1 (w[n; u]ej21riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows from Coherent IIR Cancellation This patent claims ar

chitectures for the windows and similar filters with finite temporal duration 

whose impulse responses are generated by the coherent cancellation of the 

response of an IIR filter beyond a certain point in time. A general overview of 

this operation is shown at the top of Fig. 2. A discrete impulse ( or Kronecker 
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delta), c5[n), is one for n = 0 and is zero otherwise. The response 209, y1 [n], 

to a Kronecker delta 205 input into a digital filter 207 with impulse response 

h1 [ n ], is shown and, appropriately, is termed the filter's impulse response. 

If the filter's impulse response is not finite in duration, it is appropriately 

termed an IIR filter. Consider a second IIR filter 213, h2 [n] whose response 

215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume that, for n 2: 6, 

(8) 

In other words, as shown, shifting y2[n) six units to the right in discrete time 

yields an identical signal to y1 [ n] for n 2: 6. We can then connect the two 

filters together in parallel with h2 [n] connected in series with a delay line 222 

of six units. The delay line, as shown, also inverts the signal. The result, 

then, is a composite filter 220 whose response 230 to an impulse 218 is equal 

to Y1 [ n] for n ::;- 5 and is zero for n > 5. The response of h1 [ n] has been 

coherently canceled by the delayed response of h2 [n]. 

The coherent cancellation can be more straightforwardly achieved if the 

filter h1 [ n] has a causal periodic response. The filter is then referred to as a 

periodic resonant circuit. To illustrate, suppose that, in Fig. 2, the response 

236 to an impulse 232 input to a periodic resonant circuit 234 has a period, 

as shown, of four. Thus, for n 2: N and N an integer, y[n - 4N] = y[n]. 

To cancel this impulse response for n > 4, we require a second filter, h2 [n], 

19 



whose impulse response is y[n- 4] 238. This can be done simply by delaying 

the response of the periodic resonant circuit by four units. Therefore, the 

periodic resonate circuit 244 can be connected in cascade with delay line 

circuitry 248 so that its impulse response coherently combines with a delay 

of the same impulse response. The result is a circuit whose response 250 to 

an impulse 242 is the desired y[n] - y[n - 4]. As shown 240, the composite 

impulse response is finite in duration. The specific case of y[n] =constant 

has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the new composite response 260 to an input of a Kronecker 

delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. If µ[n] is the unit step ( =1 

for n 2:: 0 and 0 otherwise) then, for example, an impulse response of h[n] = 

sin(1rn/N)µ[n] added to the same impulse response deleted N units results 

in a composite impulse response that is the first positive half cycle of the sin 

only. 
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Coherent cancellation can also be performed using delay lines with digital 

:filters the response of which are damped periodic functions. As illustrated 

in Fig.3, consider the example where the response 310 of a damped resonant 

circuit 308 to an input Kronecker delta 306 is 

y[n] = y[n]esn (9) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 

constant. Note then, that for n 2:: 4, 

y[n - 4] = y[n]e- 48 (10) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4). This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 340 can be fed first to the delay circuitry 
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330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then actual damping does not take place. Nevertheless, the same principals 

of cancellation apply. We will generally denote the real part of s by -a. 

Since two or more periods of a periodic function can be considered a single 

period, the procedure can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response to an impulse 340 is 

y[n] = cos(7rn/2)e-unµ[n]. (11) 

Application of coherent cancellation after the first period of the cosine will 

result in the response shown 346. In certain cases, such as windowing, we 

desire the end point of the period which the cancellation circuitry places to 

zero. We would like to have the end point, rather, at the point shown by the 

hollow dot 350. Addition of this point to the impulse response is referred to 

as end point correction. 
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A number of such composite coherent cancellation circuits can be placed 

in cascade and/ or parallel to achieve even greater flexibiiity in the design of 

impulse responses. In certain instances, as we shall see, common circuitry 

can be factored from such combinations to yield a reduction in overall com

putational requirements. We will show that windows expressed in a finite 

cosine series, for example, can be synthesized by a parallel combination of 

second order IIR filters and the delay circuitry can be factored so that a 

single delay circuit can serve the entire array. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq(n] (12) 
q=O 

where 

(13) 

Such circuitry can be designed with the use of multipliers (including invert

ers), adders and unit delays. The quantitative values of the multipliers and 

the topology of all of the components are dictated by the parameters Q, iq, 

uq, and O'q. There exists numerous computational topologies for a given set 
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of parameters. Such circuitry can be designed straightforwardly by those 

skilled in the art. Since 

we conclude that 

Clearly, wq[n] is zero for n ~ Mq and the composite IIR filter 

Q 

ro[n] = L wq[n] 
q=O 

(14) 

(15) 

(16) 

has a response that is finite in extent. The realization of windows of the 

type in Eq. 15 using the superposition of the IIR filter response, hq[n], with a 

weighted version of the same impulse response postponed Mq units through a 

delay line and the application of such circuitry and its variations to generation 

of spectrograms constitute the primary claims of this patent. 

Many commonly used windows (Hanning, Hamming and Blackman) are 

special cases of this cosine series 

Q n 
w[n] = L/Jqcos(?rnq/L)IT[L] 

q=O 2 
(17) 

where nm] = 1 for -1 s; n s; 1 and is otherwise zero. The Hanning and 

Hamming windows require Q = 1 and the Blackman window Q = 2. 
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Motivated by causality, we look at the shifted version of the cosine series 

window 

(18) 

Compare this with the special case of Eq. 15. 

Q 

h[n] = I)-l)q,Bqcos(1rnq/L)µ[n] (19) 
q=O 

The window in Eq. 18 is recognized as the first period of Eq. 19 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] (20) 

A periodic resonant circuit can be straightforwardly designed with an impulse 

response given by Eq. 19. Deli.y line circuitry is then cascaded with this 

circuit to achieve the desired composite window filter. The window's end 

point can be inserted with the use of a weighted delay line and, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 19 is by 

designing circuitry for each of the Q + l stages and connecting them in 

parallel. For n =/:- 0, we rewrite Eq. 19 as 

Q 

h[n] = L hq[n] 
q=O 

where, for q =/:- 0, 

25 
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where 0q = 1rq/2L and cq = (-1 )q ,6q. The z transform of this equation is 

00 

Hq(z) = L hq[n]z-n 

(23) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 22 with c = cq and 0 = 0q. Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For n = 0, h0 [n] = c0 = ,60 . This operation can be performed by a simple 

multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 

length 2L + 1. For Hanning windows, ,60 = ,61 = 0.5. For Hamming windows, 

,60 = 0.54 and ,61 = 0.46. For these parameter choices, both the Hanning 

and Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 

special case of the delay to periodic resonant circuit cascading 265 shown in 

Fig. 2. The input 505 is fed into the delay circuitry. The output of the delay 

circuitry is fed into the q = 0 and the q = 1 stages 515 520 of the circuitry 

The end point correction is obtained by an additional weighted delay 540 of 
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the signal. The outputs of all stages are added 525 to obtain the windowed 

output 530. Note that, for Hanning windows, w[L] = 0 and the end point 

correction is not needed. Indeed, for any window, the effect of not using end 

point correction diminishes as L increases. In such cases, one may choose 

not to use the end point correction in the computational architecture. 

A Q = 2 example will be given for the Blackman window for the case 

where end point correction is not used. Here, (30 = 0.42, (31 = 0.5 and 

(32 = 0.08. The architecture in Fig. 6 is a special case of the periodic resonant 

to delay processing 270 shown in Fig. 2. The input 605 is fed to the q = 0, 1 

and 2 stages 610 625 620. The outputs of each stage are summed and fed 

into the delay circuitry 630 the result of which is the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 
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Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp( -CJn) where CJ is a positive 

number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-a(n-L) (24) 

where h[n], given by Eq. 19, has a period 2L. Then, for n > 2L, 

(25) 

We can therefore generate the damped window 

w[n - L] - w[n - L]e-a(n-L) 

h[n] - e- 2aLh[n - 2L] + w[L]8[n - 2L] (26) 

where 

w[L] = w[L]e-aL (27) 

is the value of the end correction factor. 

An architecture for computing Eq. 26 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with damped delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 

to produce a windowed output 735 of the input 705. The undamped case is 
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a special case of this processing procedure for the case where a- = 0. As in 

the undamped case, the end point correction factor has less and less effect 

on the output as L increases. In such cases where the end point correction 

factor can be omitted, the end point correction factor stage 725 of Fig. 7 can 

be omitted. As in the undamped case, when the end point correction factor 

is deleted, the delay line circuitry becomes commutable with the damped 

resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 

shown 140 where, now, 

L 

S[n; u] = L w[k]x[n - k]e-j21rku (28) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 28. 
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We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 24 as 

Q 

h[n] = L hq[n] (29) 
q=O 

where 

(30) 

For c = cqeaL and 0 = rrq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the _circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 30. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry. 

For q = 0, 

ho[n] = coe-a(n-L) µ[n]. (31) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-er) 

cascaded with a multiply of exp( er L )co. For Co = /3o and sq = /3qexp( er L)' 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Hanning, Hamming and Blackman Windows. A digital filter for 

Q = 1 damped Hanning and Hamming windows is shown in Fig. 9 using a 
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slight variation of the architecture 334 shown in Fig. 3. The input 910 is fed 

to the damped delay circuitry 915. Then= 0 component of Eq. 30 is realized 

by a first order feedback circuit 920. The output of the delay circuitry is fed 

into this circuit and the n = l stage 925 (ffiq = /3gexp( a L)) and the end point 

correction factor stage 940. The outputs from all stages are added 930 to 

produce the damped windowed output 935. 

· A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, l, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 

more typically, one desires a number of parallel lines each corresponding to 

as different frequency. This can be.performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen-
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c1es. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the (Jg's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For such 

architectures, the complex sinusiondal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits For the damped spectrogram in Eq 28, we write 

L 

S[n;u] L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (32) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] w[ kl e-j21rnu 

Q 

I::w9 [n; u] 
. q=O 
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and 

(34) 

The undamped case, as before, follows by setting a = 0. In our discussions 

concerning modulated windows to follow, we will include both the damped 

and the undamped case. The undamped case can be considered as a special 

case of the damped case for a = 0. Motivated by causality, we write 

V\Te therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L h9 [k; u] (36) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 37 
(X) 

H9(z; u) = L h9[k; u]z-k (38) 
k=O 

which gives 
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where 

A( ) [1 -J-21T"v -a -1]-1 z; v = - e e z . ( 40) 

Note that, for q = 0, 

(41) 

The A (lambda) filter in Eq. 40 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1150 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 40 as 

A(z; v) 
1 - 2ca cos(21rv )z-1 + e-2a z- 2 

Ar(z; v) + jAi(z; v) (42) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 
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the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 

to with transfer function Ar(z; u) for a real input, x[n] 1205. Similarly, yi[n] 

is equivalent to the output of a filter with transfer function Ai(z; u) for a real 

input, x[n] 1205. The schematic 1240 for the depiction of the real 1220 and 

imaginary 1225 components for a real input 1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, (i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put, yr[n] 1305 is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A :filters, as shown in Fig. 14, can be used to realize :filters with 

transfer functions 

I<(z; u) - H(z; u)e-jZ1ruL 

Q 1 
- /30 et7LA(z;u) + L 2(-l)q/3qAi(z;v)et7L 

q=l 

q q 
x [A(z;u- 2L) + A(z;u + 

2
L)] (43) 
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where H(z; u) is the z transform of h[n; u]. 

(X) 

H(z; u) = L h[n; u]z-n 
n=O 

(44) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q 

½(-l)qexp(a-L),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 43. Schematically, we will depict the I< 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the I< 

filter is parameterized by the frequency u, damping coefficient a-, filter order 

Q, and vector of Fourier coefficients iJ, The vector iJ is of length Q + l. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the J( filter 1440. From Eqs. 33, 34 and 36, we can establish 

the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-2aLh[n - 2L; u] + w[L; u]8[n - 2L] ( 45) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 45. 
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Define 
00 

D(z;u) = I:w[n;u]z-n. ( 46) 
n=O 

The z transform of Eq. 45 is then 

where we have used Eq. 43. From Eq. 32, the output of a filter with this 

transfer function when presented an input of x[n ], is the spectrogram line 

S[n - L;u]. 

The transfer function for the delay and the exponential shift in Eq. 47 is 

defined as 

(48) 

One embodiment of an architecture for this transfer function is. shown at 

the top of Fig. 15. The input 1505 is placed through the delay circuitry 

1510, is post multiplied by a complex exponential 1515 to give the desired 

output 1520. This embodiment has the advantage of isolating the complex 

exponential 1515 which, when the squared magnitude of the spectrogram is 

desired, can be deleted. An alternate architecture for D(z) requiring fewer 

FLOPS is shown at the bottom of Fig. 15. The input 1525 is fed through 

delay circuitry 1530 with different weights than before 1510 to :tchieve the 

desired output signal 1535. 
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Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the I< filter 1440, we can generate circuitry for synthesis of 

the spectrogram line based on the modulated window. As with the previously 

discussed spectrogram architectures, we will present architectures whereby 

the squared magnitude of the spectrogram is generated or both the real 

and imaginary parts of the computed. As before, in any embodiment, end 

point correction may or may not be used. The contribution of end point 

correction to the final result diminishes as L increases. Both serial and 

parallel implementation will be discussed. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 47, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a J{ filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 

of the circuitry (i.e. u, L, a, /J and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 
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exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the I< filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the I< filter, delay circuitry and exponential shift 1620 

can be cascaded in any order dPsired. Such arbitrariness in the cascading of 

two or more linear time invariant filters is well known. One of these six 

orderings is shown in Fig. 17. The input 1705 is first fed into a I< filter 

1710 and then into the delay circuitry 1715. After post multiplication by 

the complex sinusiod 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 1
2

, is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 

Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a J{ filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

(without end point correction). 

A parallel architecture for generating spectrograms using modulated win-
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<lows is shown in Fig. 19. Using Eq. 4 7 for 1 < p < P, we propose an 

architecture for the transfer functions 

where n(z; up) is the z transform of w(z; up), The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

1( filters 1915. For P spectral lines, there are P separate 1( filters the pth 

of which is tuned to frequency up and is of order Qp with Fourier coefficient 

vector /3p· The input to each J{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each 1( filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 

on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

I< filters 2015. The output of each 1( filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 
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When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(50) 

then a computationally simplified parallel architecture can be realized. Equa

tion 39 becomes 

The q = 0 case warrants special statement. 

(52) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l · Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 

Other computational aspects ai'ise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 
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circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 

not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

( em e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed 
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to a delay circuitry 2212 the output of which serves the bank of A filters 

2210. The outputs of the filter bank are weighted by F~urier coefficients, 

combined, and magnitude squared 2220 to give the magnitude squared of 

the spectrogram frequency line 2215. All of the fanouts from the bank of 

A filters are not shown. If, for example, there was to be a frequency line 

generated at Up = P2j,
2

, then the A filter in the bank 2212 parameterized 

by fr would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the ffw 

This same statement applies to the corresponding processor in Fig. 21 for the 

generation of the real and imaginary components of the spectrogram. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, has requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 
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capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 28, 

S[n - L; u] = ej21r(n-L)u{(x[n]ejz-imu) * w[n - L]} (53) 

where w[n] is the damped window in Eq. 26. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when a= 0. We can write the window expression in Eq. 26 as 

w[n - L] = h[n] * {8[n] - e-ZuL8[n - 2L]} + w[n]8[n - 2L] (54) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 29. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = L h[k]z-k (55) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is li[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 54 into Eq. 53 followed by straightforward convolution 
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algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-jZ1r(n-L)u + e-jZ1r(n-L)u 

x[h[n] * {ejZ1rnu(x[n] - e-ZaLe-j41ruLx[n - 2L])}] (56) 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an iI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. Theexp(j21rLu) term in thepostmultiply2425 term, exp[j21r(n-L)u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the iI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the iI filter and the delay line) are not connected. 

This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting a reduction of the required number of FLOPS. Without end point 
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correction, the squared magnitude of Eq. 56 is 

where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 57 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an f-I filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 ~ p ~ P, we can replicate Eq. 56 as 

where we have explicitly all allowed the windows, wP[n], and therefore corre

sponding impulse responses, hP[n], to vary for varying p. One embodiment 

of the corresponding processor is shown in Fig. 26. The input 2606 is fed 
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to delay circuitry 2610 which services the remainder of the processor. The 

delayed signal is weighted by complex phase terms 2515 and is recombined 

with the undelayed signal 2520. The combination is placed into a band of 

pre-multipliers which service a bank of if filters 2630 the outputs post mul

tiplied 2635 by time varying complex exponentials. The multiplier values of 

exp(±j27r( n ± ½ )up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j27r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry if not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen

tial term, exp(-20-L), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, { iv I 1 S p S P} 

which, in turn, are fed into squared magnitude processors 2730 the outputs 
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of which are the magnitude squared of the spectrogram lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. up = ft;). It follows that exp( -j41rupL) = 1. Thus, the bank of 

complex multiplies such as is required 2615 in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 

which to multiply. IN such cases, Eq. 56 becomes 

(-I)P{ul[L]x[n- 2L] 

+1¥2-tP[hP[n] * {W;{(x[n] - e-2"Lx[n - 2L])}]} (59) 

where we have used the common DSP notation 

w:J - ejn:J/L 
2L - (60) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810 the combination of the output of which services a 

number of pre-multipliers 2820. As before, the outputs of the pre-multipliers 

are fed to a bank of iI filters 2825 the outputs of which are post multiplied 

by time-varying complex sinusoids 2830. These outputs are added 2835 to 

the end point correction factor 2840 and are then weighted by (-l)P to give 
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the real and imaginary components of the spectrogram lines 2845. A single 

stage of this processor can be used for sequential generation of spectrogram 

lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 59 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through H filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. 'Ne will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 
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O:q Sq 

1 0 2 

1 j1r/L 4 

1 -j1r/L 4 

Table 1: Hanning: 1.p(k) = cos2(;£), Q = 3. 

We rewrite the causal form of the spectrogram in Eq.1 as 

L . 
S[n - L; u] = L x[n - L - k]w[k]e-j21rku (62) 

k=-L 

where the write the window with a tilde to denote that it can be represented 

by the Szasz series 
Q 

w[k] = L O:qe-sqk (63) 
k=-Q 

Where Q parameterizes the order of the series and the possibly complex Szasz 

series coefficients and exponential factors are respectively { O:q I Q ::; q ::; -Q} 

and { Sq I Q ::; q ::; -Q}. Note that we have chosen to truncate the duration 

of the window in Eq. 62 by the sum rather than explicitly in Eq. 63 by 

a rectangle function. The cosine series in Eq. eq:cosin is a special case of 

w[k]II[k/ (2L )] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

With a slight alteration of the s/s definitions ( -a is added to each 
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aq Sq 

0.54 0 

0.23 j1r/L 

0.23 -j1r/L 

Table 2: Hamming: cp(k) = 0.54 + 0.46 cos(7,), Q = 3. 

aq Sq 

0.42 0 

0.25 j1r/L 

0.25- -j1r/L 

0.04 j21r/L 

0.04 -j21r / L 

Table 3: Blackman: cp(k) = 0.42 + 0.5 cos(7,) + 0.08 cos( 2~k),Q = 5. 
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term), the corresponding damped windows in Eq. 27 are also special cases of 

w[k]II[k/(2L)]. Indeed, for a fixed u, the corresponding modulated windows 

in Eq. 33 are also special cases. 

We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L aqSq[n - L; u] 
q=-Q 

L 
Sq[n - L; u] = L x[n - L - k]esqke-i21rku 

k=-L 

(64) 

(65) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 65 by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-i21rku 

k=-L 

L+N 
- e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (66) 

k=-L+N 

The summand is the same as that in Eq. 65, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I:+ I: I: (67) 
k=-L k=-L+N k=-L 

Substitution into Eq. 65 followed by application of Eq.66 gives the following 

recurrsion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-i21ru)N S[n-:- N - L; u] + St[n] (68) 
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where 
-L+N-1 L+N 

sMn] = { I: L }x[n - L - k]e(sq-j21rn)k_ (69) 
k=-L k=L+l 

As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-~-;;~~f-1 + ~f;f+l term in Eq. 69 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. We shall first describe evaluation of 

SMn] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for SMn] is shown in Fig. fig:firk. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(70) 

We denote a vector of these values by x_. The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 
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every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around l N is the standard schematic notation for 

downsampling by a factor of N. The output of this box is the desired output 

3045. We schematically abstract the processor for generation of St[n] by an 

appropriately parameterized box 3050 inside of which is an encircled S°FJ. 

Two other architectures for computing St[n] in Eq. 69 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

(71) 

where 
-L+N-1 

st[n] = { I: x[n - L - k]e(sq-jZ'.rrn)k. (72) 
k=-L 

and 
L+N 

SN[n] = I: }x[n - L - k]e(sq-jZ1rn)k_ (73) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our 

case (2L + 1 )/ N) is an integer, we can straightforwardly establish from these 

equations the identity 

(7 4) 
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This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 

yield S_t[n]. This signal, at a clock rate equal to 1/ Nth that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of S_t[n] 

via Eq. 74. (The notation z·;/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter. 

An IIR filter 3170 that is an alternate architecture to compute S_t[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of S_t[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given architecture to compute st[n] 3050, we can generate the spectral 

line as given in the recurrsive relation in Eq. 68 using the architecture shown 

if Fig. 32. The previous output 3210 of the processor, Sg[n - L - N; u], is 

made available through a delay 3220. This output is added to St[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 
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output component 3215. We schematically abstract this processor with an 

appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.64 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is. parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, aq = a_q. In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by aq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 
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parameterized bu u and X.q· The outputs of filters corresponding to q > 0 

filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As in previous architectures, this embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p!:::,. where !:::,. 

is the uniform spacing. Furthermore, let sq = -o- + j21rq!:::,.. As before, o- is a 

damping factor and can be set to zero for the undamped case. Under these 

conditions, Eq. 68 becomes 

L 
Sq[n - L; u] - I: x[n - L - k]e-uke-i21r(p-q)k~ 

k=-L 

- 3[n-L;p-q] (75) 
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The utility of the redefinition of this Szasz component of the spectrogram as 

a 3 (xi - pronounced see) filter will become evident shortly. Using Eqs. 68 

and eq:spm, we can establish the recurrsion 

where 
L L+N 

st[n;p] = { I: L }x[n - L - k]e-o-ke-j211"pkLi (77) 
k=-L k=L+l 

An architecture for generating the recurrsion for the 3 filter in Eq. 76 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the S:jJ filter in Fig. 32 

when we use 

(78) 

The output of the st filter is fed into an IIR filter 3520 which generates 

the desired output 3525 by computational evaluation of the recurrsion in 

Eq. 76. The schematic representation 3530 of this circuitry is shown as two 

intersecting rectangles, appropriately parameterized, with a 3 written in the 

center. When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the 

delay line may be factored from each 3 filter so that a single delay ine feeds 

the en tire bank. 

A bank of 3 filters can be used to efficiently generate spectral lines m 

parallel when the frequency bins are evenly spaced. For a given Q, the 
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generation of the spectral line at u = p.6. uses 2Q + 1 of the 3 filters with p 

parameters in the interval -Q ::::; p ::::; Q. The frequency line at u = (p + 1 ).6. 

uses 3 filters in the interval -Q + 1 ::::; p ::::; Q + 1. There is only one 3 filter 

that was not used in u = p.6. spectrogram line that is not used here. As 

illustrated in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to 

the output of a number of frequency lines. Here, the input 3605 is fed to a 

bank of 3 filters the outputs of which are weighted by desired a coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos~ 

sible when the aq coefficients are even functions of q, i.e. aq = CLq, This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 

3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a1. For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a2, etc. The 

results of these weighted combinations are added 3715 to generate the output 
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spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. vVe emphasize the existence of a number of 

implementations of digital circuitry for a given impulse response. One can, 

for example, combine the q = 0, 1 stages 920, 925 in Fig. 9 by writing the z 

transform transfer function equations for the q = 0 stage 920 and the q = 1 

stage 925 and combine them with a common denominator. The resulting 

equation can be implemented in the Direct form II method described by 

Oppenheim, Willsky and Young. The resulting circuitry will be different than 

that in Fig. 9, yet the input-output relationship will be identical. Indeed, 

similar procedures can be applied to combine the delay, end point correction 

and resonant circuitry. Such design variations are well known to those well 

versed in the art. 

As has been noted, linear time invariant components is ser:es within a 

circuit can be interchanged in order without changing the composite response. 
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In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2[n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /Jq 's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight /30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = l stage is replaced by /Ji/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ /30 • The output 530 would then 

be changed from y[n] to y[n]/ /30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 

in outputs of S[n - L; u]/ /30 instead of S[n - L; u] 135 and I S[n - L; u]/ /30 12 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry O:'i = a_ 1 . 

Therefore, replacing both 0:'±1 by 1 and O:'o by ao/ 0:'1 will yield an output 
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of S[n - L : u]/a1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 

as used, for example, in radar and lidar. 

2. as a means of representing or displaying acoustic signals such as 

speech and sonar. 

3. as a means of representing or displaying electric current, voltage 

and power waveforms. 

4. as a means of representing or displaying mechanical signals such 

as vibration. Specific applications include monitoring and fault 

diagnosis of machinery and electromechanical signals. 

5. as a means of representing or displaying vibrational signals which 

have propagated in the atmosphere, a body of water and/or solid 

portions of the earth. The signal sources can either be due to 

nature and/or man. Included are seismic signals. 
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6. as a means of representing or displaying signals whose source 

is biological. Sources of biological signals include, but are not 

limited to, the cardiovascular and neurological systems of man 

and animal and electrochemical signals. 

7. as a model in software simulations and emulations of spectro

grams or other processors using sliding windows. 

8. use as a signal representation in pattern recognition procedures 

such as fault monitoring or as a template for matched filtering 

or as training data in a classifier such as a layered perceptron 

artificial neural network. 

9. as component in other signal processing architectures including 

architectures for zamograms. 

CLAIMS. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which ,, 

exclusive property or privilege is claimed are defined as follows: 

1. Digital signal processor architectures for window and similar finite 

duration impulse responses wherein two infinite impulse response 
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filters with causal impulse responses other than a constant or 

single exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time. This cascade connection is joined in parallel with the second 

filter in such a manner that the second filter's impulse response 

is coherently canceled by that of the cascade connection at and 

beyond the given time thereby producing a composite impulse 

response that is equal to the impulse response of the second filter 

up to but not including the given time and is zero thereafter. 

2. Digital signal processors for windows and similar impulse re

sponses of finite duration wherein a resonant circuit with com

posite causal impulse reponse{ possibly damped and other than 

a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that the com

posite response is equal in time to that of the resonant circuit up 

to but not including the duration of the delay line and is zero 
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then on. Also, the embodiment of this architecture wherein the 

ordering of the resonant circuit and delay circuitry are reversed 

in order. 

3. Architectures of the type in Claim 2 with or without end point 

correction wherein the resonant circuit is synthesized as the par

allel combination of two or more infinite impulse response filters 

each of which has the response of a specified Fourier cosine series 

component, possibly damped, of the desired window or similar 

impulse response. 

4. Unmodulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines of 

a sp~trogram at arbitrary frequency spacings wherein the input 

is premultiplied by a sinusoid and input into a window of the type 

in Claim 3. 

5. Modulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines 

of a spectrogram at arbitrary frequency spacings wherein each 

frequency line can have a different window wherein, for two or 
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more frequency lines with windows of the same duration, a single 

weighted delay line and weighted version of the input services a 

bank of resonant circuits synthesized as in Claim 3. 

6. Modulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

7. Disjoint unmodulated window architectures of the type in Claim 3 

used in digital signal processors for generating the squared magni

tude or real and imaginary components of one or more frequency 

lines of a spectrogram at arbitrary frequency spacings wherein the 

delay circuitry and resonant circuitry of the window are not in 

physical contact wherein, for two or more frequency lines, when 

all window durations are the same, a single delay circuit, appro-
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priately weighted, feeds a bank of processors each arm of which 

contains a premultiplication by a complex sinusoid, resonant cir

cuit filtering through a filter of the type in Claim 3 and either 

post complex conjugate multiplication for generating the real and 

imaginary components or squared magnitude operation for gen

erating the spectrogram's squared magnitude. 

8. Disjoint unmodulated window architectures of the type in Claim 7 

used in digital signal processors for generating the squared magni

tude or real and imaginary components of one or more frequency 

lines of a spectrogram at frequencies that are integer proportional 

to the reciprocal of the window's duration prior to end point cor

rection. The delay circuitry that feeds the bank of processors is 

computationally simplified at these frequency. The pre weight

ings required in the more general case of Claim 7 are no long~r 

present. 

9. Digital signal processors of the type described in Claim 2 for 

generating decimated time spectrograms wherein the decimation 

downsampling is at least two input time units and whereby the 

contribution common to the spectrogram in two adjacent deci

mated time intervals is updated through combination delay and 
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resonant circuitry and the cumulative contribution to the spec

trogram of data uncommon to both is evaluated by short time 

Fourier analysis processor techniques either known or to be dis

covered. 

10. Spectrogram architectures of the type in Claim 9 used in dig

ital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines of 

a spectrogram at arbitrary frequency spacings wherein each fre

quency line can have a different window wherein, for two or more 

frequency lines with windows of the same duration, a single delay 

line services a bank of circuits synthesized as in Claim 9. 

11. Time decimated spectrogram architectures of the type in Claim 9 

used in digital signal processors for generating the squared mag

nitude or real and imaginary components of two or more fre

quency lines of a spectrogram at equally spaced frequency in

tervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each ~ filter component in a filter bank con

tributes to the ~utput of more than one spectral line including 

that embodiment whereby a single delay line services the filter 
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bank. 

12. Time decimated spectrogram architectures of the type in Claim 11 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the Szasz coefficients thereby reducing the number of required 

multiplications. 

13. The short time Fourier analysis processor required in Claim 9 

whereby the cumulative contribution of new data to the spectro

gram in adjacent decimated time intervals is saved in weighted 

delay circuitry to the point where the data exits the sliding win

dow and is thereupon, after weighting, is subtracted from the 

spectrogram. 

14. The use of spectrogram processors using modulated or unmodu- --,, 

lated windows of the type in Claim 2 (a) as a means of represent-

ing or displaying electromagnetic signals as used, for example, 

in radar and lidar, (b) as a means of representing or display-

ing acoustic signals such as speech and sonar, ( c) as a means 

of representing or displaying electric current, voltage and power 

waveforms, ( d) as a means of representing or displaying mechan-
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ical signals such as vibration. Specific applications· include mon

itoring and fault diagnosis of machinery and electromechanical 

signals, ( e) as a means of representing or displaying vibrational 

signals which have propagated in the atmosphere, a body of water 

and/ or solid portions of the earth. The signal sources can either 

be due to nature and/or man. Included are seismic signals, (f) 

as a means of representing or displaying signals whose source is 

biological. Sources of biological signals include, but are not lim

ited to, the cardiovascular and neurological systems of man and 

animal and electrochemical signals, (g) use as a signal represen

tation in pattern recognition procedures such as fault monitoring. 

or as a template for matched filtering or as training data in a clas

sifier such_ as a layered perceptron artificial neural network, (h) 

as a component in other signal processing architectures includ

ing architectures for zamograms. and (i) as a model in software 

simulations and emulations of spectrograms or other processors 

using sliding windows. 
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Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the wind.ow determines the properties 

of the spectrogram in manners well known to those well versed in the art. 

This patent contains computationally efficient architectures for generating 

spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 

w[k], is 
L 

S[n; u] = I: w[k]x[ri - k]e-j 2
1rku (1) 

k=-L 

where u is the frequency variable and L parameterizes the duration of the win

dow. Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes digital signal processing (DSP) architectures 

for generating sliding windows and similar impulse responses and their use in 

DSP spectrogram architectures. The sliding window, an impulse response of 

finite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. A 
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specific embodiment of this architecture occurs when the second IIR filter is 

simply a delayed and possibly weighted version of the first. Then a single 

IIR filter can be factored from each processor. The IIR filter, appropriately 

augmented with delay circuitry to coherently cancel the response of the filter 

beyond a specified time, can be used to generate the composite window 

impulse response. Such is the case when the required impulse response can 

be expressed as the superposition of causal possibly damped sinusoids with 

arbitrary phase. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type ei

ther specifically or in context will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In any of the embodiments described herein, the 

architectures may be used to monitor a single frequency line of the spec

trogram or generate frequency lines sequentially. The window shape can be 

changed in real time simply by an alteration of the filter parameters. Alter

nately, the processors can be placed in an array to generate the spectrogram 

frequency lines in parallel with arbitrary ( e.g. logarithmic) frequency bin 

spacing. The window shape may be changed from frequency line to frequency 

6 



line or changed in real time. In parallel embodiments, common circuitry such 

as delay lines and weightings may be factored from the array so that a single 

circuit, common to each of the processor lines, can serve the entire array 

thereby reducing the overall computational requirements of the processor. 

The specific embodiments wherein the spectrogram's frequency spacings are 

uniform and/or integer multiples of-the reciprocal of the window's duration 

result in computation simplification. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent or negligible. 

The previously described architectures are also applicable to the ·genera

tion of time decimated spectrograms. Data common to both of two tempo

rally adjacent time decimated spectrogram points in time is used to update 

the spectrogram, as before, using weighted delay circuitry. The contribution 

of the new data introduced into the window and the old data which exits 

the window is evaluated using short time Fourier processing techniques some 
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embodiments of which are public domain. Parallel embodiments of the time 

decimated spectrogram architectures wherein the spectrogram's frequency 

spacings are uniform result in architectural simplification since one compo

nent filter can contribute to more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be con

strued to generate the squared magnitude of the spectrogram or the real and 

imaginary part of the spectrogram. 

The spectrogram architectures described in this patent are applicable 

to evaluation and display of spectrograms for acoustic, electric, electromag

netic, electrochemical, mechanical and electromechanical signals in applica-. 

tions such as fault detection, radar, speech analysis and synthesis , sonar, 

seismology and biology. The spectrograms resulting from the spectrogram 

architectures can be used as templates for pattern recognition or as com

ponents in other signal processing architectures, such as architectures for 

computing zamograms. Use of the procedures described herein for software 

simulations and emulations of spectrograms or other processors using slid

ing windows can result in simplification of the software code and reduced 

computational requirements. 

4 Brief description of the drawings 
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Figure 1 . Architectures for generating either the squared magnitude 

or the real and imaginary components of a spectrogram using 

either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 
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Figure 7 . Architectures for generating a spectrogram using a filter 

with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of an architecture for a A filter and its schematic 

representation. 

Figure 12 . A A filter architecture using real multiplies for real inputs 

and a corresponding schematic abstraction. 

Figure 13 . Realization of a A filter when the input is complex. 

Figure 14 . Realization of a J{ filter using a bank of A filters and the 

schematic representation of a J{ filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 

10 



Figure 16 . An architecture for a single modulated window for gener

ation of the real and imaginary parts of a spectrogram line. 

Figure 17 . An architecture for a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . An architecture for generation of the magnitude squared 

of a spectrogram line without end point correction. 

Figure 19 . Parallel modulated window based architecture for gener

ating a number of real and imaginary output spectrogram lines 

with arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = l. 
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Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to er= 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram at arbitrarily 

spaced frequency bins using an disjoint unmodulated window and 

a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 
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Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at up = IT using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at Up = IT using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contrib,utions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, sq = Sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen-

13 



tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series ( e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 2 filter and its schematic represen

tation. 

Figure 36 . Use of a bank of 2 filters to generate output spectrogram 

lines when the frequencies are equally spaced when the desired 

window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 2 filters to generate output spectrogram 

lines when the frequencies are equally spaced when the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 
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5 Detailed description of the invention 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown in this section that use schematic representations which are standard 

for characterizing digital signal processing (DSP) computational architec

tures. Signals flow in the direction of arrows. A number, variable or com

bination thereof, written directly adjacent to an arrow generally means that 

the signal is weighted (multiplied) by that quantity. One exception is the 

notation z-J which, from the theory of z transforms, means that the signal 

is delayed for J time units. The second exception is at the input or the 

output of the processor when the notation by the arrow is, respectively, the 

processor's input and output signal. In subprocessors, the input will typi

cally be denoted by the sequence, x[n], and the output by y[n]. Also, x[n] 

will generally denote the signal for which the spectrogram is computed. At 

other than the input and output, a combination, such as (1 + j)z- 3
, where j 

is the square root of -1, means that the signal is multiplied by the complex 

number 1 + j and is delayed by 3 units of time. This, is course, is equivalent 

to the weighting and then delaying. If no number, variable, shift or com

binations thereof appear adjacent to an arrow, then the signal is unaffected 

(i.e., multiplied by 1). The signal coming from a node (a point where two or 

more signals meet) is equal to the sum of signals going into a node. If more 

15 



than one signal come from a node, each has a value of the sum of the signals 

coming into the node. Time decimation is denoted by a boxed 1 N where 

N is the decimation order. Repeatedly used circuits will be defined as ap

propriately parameterized block processing elements. Portions of processors 

may be isolated using a dashed line closed curve such as a box or circle in 

order to be referenced in the text. 

Spectrogram Architectures. The spectrogram in Eq. 1 can be written 

as 

L 

S[n; u] e-j27rnu L w[k]x[n - k]ej27r(n-k)u 
k=-L 

e-j27rnu X {(x[n]ej27rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L :S n :S L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i27r(n-L)u{(x[n]ei21l"nu) * w[n - L]} (3) 

An architecture for this operation, using complex arithmetic operations is 

shown at the top of Fig. 1. (See, for example, Lim & Oppenheim). The 

input signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The 

product then serves as the input into a digital filter 140 with impulse re

sponse, w[n - L]. For reasons which will be made clear, we will refer to this 
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impulse response as an unmodulated window. The filter output is multiplied 

125 by a temporally varying complex sinusiod 130 to produce the spectro

gram 135. Note that the term exp(j21r Lu) in the post complex sinusiod 

multiplication 125 term 130, exp(-j21r(n-L)u) could also by placed in the 

premultiplication 115 term 120 or, for that matter, could be a weight at any 

point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12 =1 (w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, ifs = c.p + j "', and both c.p and "' are real, then I s 1
2 = c.p2 + K-

2
• The 

real number i is arbitrary. It's effect along with the post multiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for real 

cp we have the relation I exp(-j21rncp I= 1. When only the squared magnitude 

of the spectrogram is required, we can use the processor shown at the bottom 

of Fig. 1. The input 142 is again premultiplied by a complex sinusiod 150. 

The product is fed into a digital filter 155 the impulse response of which is 

the desired shifted window, w[n - L]. The magnitude squared operation 160 

is preformed on the filter's output. The result of this operation 165 is the 

squared magnitude of the spectrogram as given in Eq. 4 
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Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be input into a digital filter the impulse response of which is 

the modulated window 177. The output is then the desired spectrogram 179. 

If the magnitude squared is only required in the using a modulated win

dow, then 

I S[n; u] 12=1 (w[n; u]ej21riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows from Coherent IIR Cancellation This patent claims ar

chitectures for the windows and similar filters with finite temporal duration 

whose impulse responses are generated by the coherent cancellation of the 

response of an IIR filter beyond a certain point in time. A general overview of 

this operation is shown at the top of Fig. 2. A discrete impulse ( or Kronecker 
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delta), 8[n], is one for n = 0 and is zero otherwise. The response 209, yi[n], 

to a Kronecker delta 205 input into a digital filter 207 with impulse response 

h1 [n], is shown and, appropriately, is termed the filter's impulse response. 

If the filter's impulse response is not finite in duration, it is appropriately 

termed an IIR filter. Consider a second IIR filter 213, h2 [n] whose response 

215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume that, for n ;:=: 6, 

Y2[n - 6] = Y1[n] (8) 

In other words, as shown, shifting y2 [n] six units to the right in discrete time 

yields an identical signal to yi[n] for n ;:=: 6. We can then connect the two 

filters together in parallel with h2 [n] connected in series with a delay line 222 

of six units. The delay line, as shown, also inverts the signal. The result, 

then, is a composite filter 220 whose response 230 to an impulse 218 is equal 

to y1 [ n] for n :::; 5 and is zero for n > 5. The response of h1 [ n] has been 

coherently canceled by the delayed response of h2 [n]. 

The coherent cancellation can be more straightforwardly achieved if the 

filter h1 [n] has a causal periodic response. The filter is then referred to as a 

periodic resonant circuit. To illustrate, suppose that, in Fig. 2, the response 

236 to an impulse 232 input to a periodic resonant circuit 234 has a period, 

as shown, of four. Thus, for n ;:=: N and N an integer, y[n - 4N] = y[n]. 

To cancel this impulse response for n > 4, we require a second filter, h2 [n], 
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whose impulse response is y[n - 4) 238. This can be done simply by delaying 

the response of the periodic resonant circuit by four units. Therefore, the 

periodic resonate circuit 244 can be connected in cascade with delay line 

circuitry 248 so that its impulse response coherently combines with a delay 

of the same impulse response. The result is a circuit whose response 250 to 

an impulse 242 is the desired y[n] - y[n - 4]. As shown 240, the composite 

impulse response is finite in duration. The specific case of y[n] =constant 

has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the new composite response 260 to an input of a Kronecker 

delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. If µ[n] is the unit step (=1 

for n 2:: 0 and 0 otherwise) then, for example, an impulse response of h[n] = 

sin( 1rn/ N)µ[n] added to the same impulse response deleted N units results 

in a composite impulse response that is the first positive half cycle of the sin 

only. 
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Coherent cancellation can also be performed using delay lines with digital 

filters the response of which are damped periodic functions. As illustrated 

in Fig.3, consider the example where the response 310 of a damped resonant 

circuit 308 to an input Kronecker delta 306 is 

y[n] = y[n]esn (9) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 

constant. Note then, that for n 2: 4, 

y[n - 4] = y[n]e- 48 (10) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4). This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n)=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 340 can be fed first to the delay circuitry 
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330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then actual damping does not take place. Nevertheless, the same principals 

of cancellation apply. We will generally denote the real part of s by -0'. 

Since two or more periods of a periodic function can be considered a single 

period, the procedure can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response to an impulse 340 is 

y[n] = cos(1rn/2)e-anµ[n]. (11) 

Application of coherent cancellation after the first period of the cosine will 

result in the response shown 346. In certain cases, such as windowing, we 

desire the end point of the period which the cancellation circuitry places to 

zero. We would like to have the end point, rather, at the point shown by the 

hollow dot 350. Addition of this point to the impulse response is referred to 

as end point correction. 
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A number of such composite coherent cancellation circuits can be placed 

in cascade and/ or parallel to achieve even greater flexibility in the design of 

impulse responses. In certain instances, as we shall see, common circuitry 

can be factored from such combinations to yield a reduction in overall com

putational requirements. We will show that windows expressed in a finite 

cosine series, for example, can be synthesized by a parallel combination of 

second order IIR filters and the delay circuitry can be factored so that a 

single delay circuit can serve the entire array. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = I:: hq(n] (12) 
q=O 

where 

hq[n] = 1qej21rnuqe-o-qnµ[n] (13) 

Such circuitry can be designed with the use of multipliers (including invert

ers), adders and unit delays. The quantitative values of the multipliers and 

the topology of all of the components are dictated by the parameters Q, %, 

uq, and O"q, There exists numerous computational topologies for a given set 
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of parameters. Such circuitry can be designed straightforwardly by those 

skilled in the art. Since 

h [n - M] - e-j21rMquqea9 M9 h [n] q q - q ' 

we conclude that 

tvq[n] = hq[n] - ej21rMquqe-aqMqhq[n - Mq]• 

Clearly, wq[n] is zero for n 2 Mq and the composite IIR filter 

Q 

w[n] = L wq[n] 
q=O 

(14) 

(15) 

(16) 

has a response that is finite in extent. The realization of windows of the 

type in Eq. 15 using the superposition of the IIR filter response, hq[n], with a 

weighted version of the same impulse response postponed Mq units through a 

delay line and the application of such circuitry and its variations to generation 

of spectrograms constitute the primary claims of this patent. 

Many commonly used windows (Hanning, Hamming and Blackman) are 

special cases of this cosine series 

Q n 
w[n] = L ,Bqcos( 1rnq/ L )II[ L] 

q=O 2 
(17) 

where nm] = 1 for -1 S n S 1 and is otherwise zero. The Hanning and 

Hamming windows require Q = 1 and the Blackman window Q = 2. 
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Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n - L] = 1)-1 )9 ,Bqcos( 1rnq/ L )II[~] 

q=O 
(18) 

Compare this with the special case of Eq. 15. 

Q 

h[n] = I:(-1 )q ,Bqcos( 1rnq/ L )µ[n] (19) 
q=O 

The window in Eq. 18 is recognized as the first period of Eq. 19 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] (20) 

A periodic resonant circuit can be straightforwardly designed with an impulse 

response given by Eq. 19. Delay line circuitry is then cascaded with this 

circuit to achieve the desired composite window filter. The window's end 

point can be inserted with the use of a weighted delay line and, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 19 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. For n =/= 0, we rewrite Eq. 19 as 

where, for q =/= O, 

Q 

h[n] = L hq[n] 
q=O 

hq[n] = cqcos(n0q)µ[n] 

25 
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where 0q = 1rq/2L and cq = (-1 )q ,Bq, The z transform of this equation is 

00 

Hq(z) = E hq[n]z-n 
n=O 

cqz-1 cos( 0q) 
1 - 2z-1cos(0q) + z-1 

(23) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 22 with c = cq and 0 = 0q, Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For n = 0, ho[n] = co = ,80 • This operation can be performed by a simple 

multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 

length 2L + 1. For Hanning windows, ,80 = ,81 = 0.5. For Hamming windows, 

,80 = 0.54 and ,81 = 0.46. For these parameter choices, both the Hanning 

and Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 

special case of the delay to periodic resonant circuit cascading 265 shown in 

Fig. 2. The input 505 is fed into the delay circuitry. The output of the delay 

circuitry is fed into the q = 0 and the q = l stages 515 520 of the circuitry 

The end point correction is obtained by an additional weighted delay 540 of 
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the signal. The outputs of all stages are added 525 to obtain the windowed 

output 530. Note that, for Hanning windows, w[L] = 0 and the end point 

correction is not needed. Indeed, for any window, the effect of not using end 

point correction diminishes as L increases. In such cases, one may choose 

not to use the end point correction in the computational architecture. 

A Q = 2 example will be given for the Blackman window for the case 

where end point correction is not used. Here, /30 = 0.42, /31 = 0.5 and 

/32 = 0.08. The architecture in Fig. 6 is a special case of the periodic resonant 

to delay processing 270 shown in Fig. 2. The input 605 is fed to the q = 0, 1 

and 2 stages 610 625 620. The outputs of each stage are summed and fed 

into the delay circuitry 630 the result of which is the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

27 



"-

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp( -crn) where cr is a positive 

number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-u(n-L) (24) 

where h[n], given by Eq. 19, has a period 2L. Then, for n > 2L, 

h[n - 2L] = e2uLJiq[n] (25) 

We can therefore generate the damped window 

w[n - L] = w[n - L]e-u(n-L) 

h[n] - e- 2uLJi[n - 2L] + w[L]8[n - 2L] (26) 

where 

w[L] = w[L]e-uL (27) 

is the value of the end correction factor. 

An architecture for computing Eq. 26 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with damped delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 

to produce a windowed output 735 of the input 705. The undamped case is 
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a special case of this processing procedure for the case where <7 = 0. As in 

the undamped case, the end point correction factor has less and less effect 

on the output as L increases. In such cases where the end point correction 

factor can be omitted, the end point correction factor stage 725 of Fig. 7 can 

be omitted. As in the undamped case, when the end point correction factor 

is deleted, the delay line circuitry becomes commutable with the damped 

resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 

shown 140 where, now, 

L 

S[n; u] = L w[k]x[n - k]e-j21rku (28) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 28. 
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We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 24 as 

Q 

h[n] = L hq[n] (29) 
q=O 

where 

hq[n] = cqcos(1rnq/ L )e-u(n-L) µ[n]. (30) 

For c = cqeuL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 30. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry. 

For q = 0, 

ho[n] = coe-u(n-L) µ[n]. (31) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-o-) 

cascaded with a multiply of exp(o-L)co, For Co= f3o and sq= {3qexp(o-L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Hanning, Hamming and Blackman Windows. A digital filter for 

Q = 1 damped Hanning and Hamming windows is shown in Fig. 9 using a 
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slight variation of the architecture 334 shown in Fig. 3. The input 910 is fed 

to the damped delay circuitry 915. Then = 0 component of Eq. 30 is realized 

by a first order feedback circuit 920. The output of the delay circuitry is fed 

into this circuit and the n = 1 stage 925 ([3q = /3qexp( a L)) and the end point 

correction factor stage 940. The outputs from all stages are added 930 to 

produce the damped windowed output 935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 

more typically, one desires a number of parallel lines each corresponding to 

as different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid(s) are tuned to different frequen-
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c1es. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the (Jg's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For such 

architectures, the complex sinusiondal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 28, we write 

L 

S[n; u] L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (32) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] w[k]e-j21rnu 

Q 

I:wq[n;u] 
q=O 

32 
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and 

. k 
Wq[k; u] = ,Bqcos(?rqk/ L )e-crke-J211'ukrr[2L ]. (34) 

The undamped case, as before, follows by setting a = 0. In our discussions 

concerning modulated windows to follow, we will include both the damped 

and the undamped case. The undamped case can be considered as a special 

case of the damped case for a = 0. Motivated by causality, we write 

wq[k - L; u] = (-1 )q ,Bqcos(?rqk/ L )e-cr(k-L)e-j21ru(k-L)rr[k ~ L]. (35) 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (36) 
q=O 

where 

hq[k; u] = (-1 )q ,Bqcos( ?rqk/ L )e-a(k-L)e-i21ru(k-L) µ[k]. (37) 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 37 
00 

Hq(z; u) = L hq[k; u]z-k (38) 
k=O 

which gives 

1 L ·2 L q q Hq(z;u) = 2(-l)q,Bqea e1 1ru [A(z;u-
2
L)+A(z;u+ 

2
L)]. (39) 
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where 

A( ) [1 -j21rv -a -1)-1 z; v = - e e z . (40) 

Note that, for q = 0, 

(41) 

The A (lambda) filter in Eq. 40 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1150 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 40 as 

A(z;v) 
1 - 2e-acos(21rv)z-1 + e-2az-2 

Ar(z; v) + jAi(z; v) (42) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 
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the complex output 1145 y[n] = yr[n]+ jyi[n]. The output yr[n] is equivalent 

to with transfer function Ar(z; u) for a real input, x[n] 1205. Similarly, yi[n] 

is equivalent to the output of a filter with transfer function Ai(z; u) for a real 

input, x[n] 1205. The schematic 1240 for the depiction of the real 1220 and 

imaginary 1225 components for a real input 1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put, yr[n] 1305 is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

I<(z; u) H(z; u)e-j21ruL 

Q 1 
f3oeuLA(z;u) + I:-(-l)q(3qA\z;v)euL 

q=l 2 
q q 

x [A(z; u - 2L) + A(z; u + 2L)] (43) 
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where H(z; u) is the z transform of h[n; u]. 

(X) 

H(z; u) = L h[n; u]z-n 
n=O 

(44) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~g 

½(-l)qexp(a-L),Bg) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function I<(z; u) in Eq. 43. Schematically, we will depict the I< 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the I< 

filter is parameterized by the_frequency u, damping coefficient a-, filter order 

Q, and vector of Fourier coefficients fJ. The vector fJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I< filter 1440. From Eqs. 33, 34 and 36, we can establish 

the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-2aLh[n - 2L; u] + w[L; u]8[n - 2L] ( 45) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 45. 
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Define 
00 

n(z; u) = I: w[n; u]z-n. (46) 
n=O 

The z transform of Eq. 45 is then 

O(z; u)z-L 

where we have used Eq. 43. From Eq. 32, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 47 is 

defined as 

(48) 

One embodiment of an architecture for this transfer function is shown at 

the top of Fig. 15. The input 1505 is placed through the delay circuitry 

1510, is post multiplied by a complex exponential 1515 to give the desired 

output 1520. This embodiment has the advantage of isolating the complex 

exponential 1515 which, when the squared magnitude of the spectrogram is 

desired, can be deleted. An alternate architecture for D(z) requiring fewer 

FLOPS is shown at the bottom of Fig. 15. The input 1525 is fed through 

delay circuitry 1530 with different weights than before 1510 to achieve the 

desired output signal 1535. 
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Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the J{ filter 1440, we can generate circuitry for synthesis of 

the spectrogram line based on the modulated window. As with the previously 

discussed spectrogram architectures, we will present architectures whereby 

the squared magnitude of the spectrogram is generated or both the real 

and imaginary parts of the computed. As before, in any embodiment, end 

point correction may or may not be used. The contribution of end point 

correction to the final result diminishes as L increases. · Both serial and 

parallel implementation will be discussed. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 47, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a J{ filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 

of the circuitry (i.e. u, L, o-, iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

38 



exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the I< filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the I< filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading of 

two or more linear time invariant filters is well known. One of these six 

orderings is shown in Fig. 17. The input 1705 is first fed into a I< filter 

1710 and then into the delay circuitry 1715. After post multiplication by 

the complex sinusiod 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 12, is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 

Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a J{ filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

(without end point correction). 

A parallel architecture for generating spectrograms using modulated win-
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<lows is shown in Fig. 19. Using Eq. 47 for 1 < p < P, we propose an 

architecture for the transfer functions 

where D(z; up) is the z transform of w(z; up), The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

J{ filters 1915. For P spectral lines, there are P separate J{ filters the pth 

of which is tuned to frequency Up and is of order Qp with Fourier coefficient 

vector /3p• The input to each J{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each J{ filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 

on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

J{ filters 2015. The output of each J{ filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

40 



When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up= -

2L 
(50) 

then a computationally simplified parallel architecture can be realized. Equa

tion 39 becomes 

The q = 0 case warrants special statement. 

(52) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l • Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = (-1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 
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circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

weighted 2140 by ( -1 )P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by ( -1 )P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 

not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

( em e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed 
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to a delay circuitry 2212 the output of which serves the bank of A filters 

2210. The outputs of the filter bank are weighted by Fourier coefficients, 

combined, and magnitude squared 2220 to give the magnitude squared of 

the spectrogram frequency line 2215. All of the fanouts from the bank of 

A filters are not shown. If, for example, there was to be a frequency line 

generated at Up = r
2
1i,2 , then the A filter in the bank 2212 parameterized 

by fr would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the iJP. 

This same statement applies to the corresponding processor in Fig. 21 for the 

generation of the real and imaginary components of the spectrogram. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, has requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 
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capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 28, 

S[n - L; u] = ei21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (53) 

where w[n] is the damped window in Eq. 26. The undamped case will not 

be .treated separately since it a special case of the dampened architectures 

when a = 0. We can write the window expression in Eq. 26 as 

w[n - L] = h[n] * {8[n] - e-2uL8[n - 2L]} + w[n]8[n - 2L] (54) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 29. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = L h[k]z-k (55) 
k=O 

is shown in Fig. 23. The input 23.05 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 54 into Eq. 53 followed by straightforward convolution 
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algebra results in the expression 

S[n - L; u] = w[L]x[n - 2LJe-j21r(n-L)u + e-j21T(n-L)u 

x[h[n] * {ei21rnu(x[n] - e-2uLe-i41ruLx[n - 2L])}] (56) 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21r Lu) term in the post multiply 2425 term, exp[j21r( n-L )u ], 

can alternately be generated by a multiply at a number of other locations 

including before or after the fI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the fI filter and the delay line) are not connected. 

This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting a reduction of the required number of FLOPS. Without end point 
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correction, the squared magnitude of Eq. 56 is 

where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 57 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 ::S; p ::S; P, we can replicate Eq. 56 as 

where we have explicitly all allowed the windows, wP[n], and therefore corre

sponding impulse responses, hP[n], to vary for varying p. One embodiment 

of the corresponding processor is shown in Fig. 26. The input 2606 is fed 
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to delay circuitry 2610 which services the remainder of the processor. The 

delayed signal is weighted by complex phase terms 2515 and is recombined 

with the undelayed signal 2520. The combination is placed into a band of 

pre-multipliers which service a bank of iI filters 2630 the outputs post mul

tiplied 2635 by time varying complex exponentials. The multiplier values of 

exp(±j21r(n ± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry if not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen

tial term, exp( -2a-L ), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, { iP J 1 :s; p :s; P} 

which, in turn, are fed into squared magnitude processors 2730 the outputs 
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of which are the magnitude squared of the spectrogram lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. up= fr). It follows that exp(-j41rupL) = 1. Thus, the bank of 

complex multiplies such as is required 2615 in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much e·asier number by 

which to multiply. IN such cases, Eq. 56 becomes 

(-l)P{ wP[L]x[n - 2L] 

+ltf12Lnp[hP[n] * {l½nl(x[n] - e- 20-Lx[n - 2L])}]} (59) 

where we have used the common DSP notation 

(60) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810 the combination of the output of which services a 

number of pre~multipliers 2820. As before, the outputs of the pre-multipliers 

are fed to a bank of iI filters 2825 the outputs of which are post multiplied 

by time-varying complex sinusoids 2830. These outputs are added 2835 to 

the end point correction factor 2840 and are then weighted by ( -1 )P to give 
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the real and imaginary components of the spectrogram lines 2845. A single 

stage of this processor can be used for sequential generation of spectrogram 

lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 59 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through fI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 
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O:q Sq 

1 0 2 

1 j-1r/L 4 

!. -j1r/L 4 

Table 1: Hanning: <p(k) = cos2(;£), Q = 3. 

We rewrite the causal form of the spectrogram in Eq.l as 

L 

S[n - L; u] = L x[n - L - k]w[k]e-i2nku (62) 
k=-L 

where the write the window with a tilde to denote that it can be represented 

by the Szasz series 
Q 

w[k] = L O:qe-sqk (63) 
k=-Q 

Where Q parameterizes the order of the series and the possibly complex Szasz 

series coefficients and exponential factors are respectively { O:q I Q :S q :S -Q} 

and {sq IQ :Sq :S -Q}. Note that we have chosen to truncate the duration 

of the window in Eq. 62 by the sum rather than explicitly in Eq. 63 by 

a rectangle function. The cosine series in Eq. eq:cosin is a special case of 

w[k]II[k/ (2L )] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

With a slight alteration of the s/s definitions ( -a- is added to each 
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CYq Sq 

0.54 0 

0.23 jn-JL 

0.23 -j1r/L 

Table 2: Hamming: 1.p(k) = 0.54 + 0.46 cos(f ), Q = 3. 

CYq Sq 

0.42 0 

0.25 j1r/L 

0.25 -j1r/L 

0.04 j21r / L 

0.04 -j21r/L 

Table 3: Blackman: 1.p(k) = 0.42 + 0.5 cos(f) + 0.08 cos(2t),Q = 5. 
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term), the corresponding damped windows in Eq. 27 are also special cases of 

w[k]II[k/(2L)]. Indeed, for a fixed u, the corresponding modulated windows 

in Eq. 33 are also special cases. 

We begin be decomposition of the spectrogram line into components. 

Q 

S[n - L; u] = L aqSq[n - L; u] (64) 
q=-Q 

where 
L 

Sq[n - L; u] = L x[n - L - k]e89ke-i21rku (65) 
k=-L 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 65 by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]e89 ke-i21rku 

k=-L 

L+N 
e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (66) 

k=-L+N 

The summand is the same as that in Eq. 65, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

E E + E E (67) 
k=-L k=-L+N k=-L 

Substitution into Eq. 65 followed by application of Eq.66 gives the following 

recurrsion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-i21ru)N S[n - N - L; u] + St[n] (68) 
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where 
-L+N-1 L+N 

st[n] = { L L }x[n - L - k]e(sq-j21rn)k_ (69) 
k=-L k=L+l 

As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-~;f~f-1 + ~f;!f+i term in Eq. 69 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. We shall first describe evaluation of 

St[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for St[n] is shown in Fig. fig:firk. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - l and last N - l delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(70) 

We denote a vector of these values by X· The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 
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every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around l N is the standard schematic notation for 

downsampling by a factor of N. The output of this box is the desired output 

3045. We schematically abstract the processor for generation of st[n] by an 

appropriately parameterized box 3050 inside of which is an encircled st. 

Two other architectures for computing SH[n] in Eq. 69 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

SH[n] = s_t[n] - Sjy[n] (71) 

where 
-L+N-1 

St[n] = { L x[n - L - k]e(sq-j21rn)k_ (72) 
k=-L 

and 
L+N 

Sjy[n] = L }x[n - L - k]e(sq-j21rn)k_ (73) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our 

case (2L + 1) / N) is an integer, we can straightforwardly establish from these 

equations the identity 

s_t[n + 2L + 1) = e(2L+1)(sq-j21Cusjy[n] (74) 
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This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 

yield S_t[n]. This signal, at a clock rate equal to 1/Nth that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of S_t[n] 

via Eq. 7 4. (The notation z-;/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter. 

An IIR filter 3170 that is an alternate architecture to compute S_t[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of S_t[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given architecture to compute St[n] 3050, we can generate the spectral 

line as given in the recurrsive relation in Eq. 68 using the architecture shown 

if Fig. 32. The previous output 3210 of the processor, Sq[n - L - N; u], is 

made available through a delay 3220. This output is added to St[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 
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output component 3215. We schematically abstract this processor with an 

appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.64 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1. ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is parameterized by a given u and Xq (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, aq = a_q, In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by aq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

56 



parameterized bu u and X,q• The outputs of filters corresponding to q > 0 

filter are added to the -qth filter output 3420. These terms are weighted by 

the O:q coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As in previous architectures, this embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p!:::,,. where !:::,,. 

is the uniform spacing. Furthermore, let sq = -(j + j21rq!:::,,.. As before, /j is a 

damping factor and can be set to zero for the undamped case. Under these 

conditions, Eq. 68 becomes 

L L x[n - L - k]e-uke-j 2?r(p-q)kA 

k=-L 

3[n - L;p- q] (75) 
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The utility of the redefinition of this Szasz component of the spectrogram as 

a S (xi - pronounced see) filter will become evident shortly. Using Eqs. 68 

and eq:spm, we can establish the recurrsion 

Sn - L;p] = e-uNe-j2?rpN~S[n - L- N;p] + st[n;p] (76) 

where 
L L+N 

st[n;p] = { I: L }x[n - L - k]e-uke-j2?rpk~ (77) 
k=-L k=L+l 

An architecture for generating the recurrsion for the S filter in Eq. 76 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

X 
_ e-uke-j2?rpk~ 

k- . (78) 

The output of the st filter is fed into an IIR filter 3520 which generates 

the desired output 3525 by computational evaluation of the recurrsion in 

Eq. 76. The schematic representation 3530 of this circuitry is shown as two 

intersecting rectangles, appropriately parameterized, with a S written in the 

center. When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the 

delay line may be factored from each S filter so that a single delay ine feeds 

the en tire bank. 

A bank of S filters can be used to efficiently generate spectral lines m 

parallel when the frequency bins are evenly spaced. For a given Q, the 
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generation of the spectral line at u = pfl. uses 2Q + 1 of the 3 filters with p 

parameters in the interval -Q :S p :S Q. The frequency line at u = (p + l) Cl. 

uses 3 filters in the interval -Q + 1 :S p :S Q + l. There is only one 3 filter 

that was not used in u = pfl. spectrogram line that is not used here. As 

illustrated in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to 

the output of a number of frequency lines. Here, the input 3605 is fed to a 

bank of 3 filters the outputs of which are weighted by desired a coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the Ctq coefficients are even functions of q, i.e. Ctq = a_q, This 

is illustrated in Fig. 37 for Q = l. The input 3605 is again applied to the 

3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a1, For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 
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spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. We emphasize the existence of a number of 

implementations of digital circuitry for a given impulse response. One can, 

for example, combine the q = 0, 1 stages 920, 925 in Fig. 9 by writing the z 

transform transfer function equations for the q = 0 stage 920 and the q = 1 

stage 925 and combine them with a common denominator. The resulting 

equation can be implemented in the Direct form II method described by 

Oppenheim, Willsky and Young. The resulting circuitry will be different than 

that in Fig. 9, yet the input-output relationship will be identical. Indeed, 

similar procedures can be applied to combine the delay, end point correction 

and resonant circuitry. Such design variations are well known to those well 

versed in the art. 

As has been noted, linear time invariant components is ser;es within a 

circuit can be interchanged in order without changing the composite response. 
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In Fig. 14, for example, the coefficient multiplication. 1415 can be done after 

the i\. filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /3q 's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight /30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = l stage is replaced by /Ji/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ {30 • The output 530 would then 

be changed from y[n] to y[n]/ /30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 

in outputs of S[n - L; u]/ /30 instead of S[n - L; u] 135 and I S[n - L; u]/ /30 1
2 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_ 1 . 

Therefore, replacing both a±1 by 1 and ao by ao/ a1 will yield an output 
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of S[n - L : u]/a-1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 

as used, for example, in radar and lidar. 

2. as a means of representing or displaying acoustic signals such as 

speech and sonar. 

3. as a means of representing or displaying electric current, voltage 

and power waveforms. 

4. as a means of representing or displaying mechanical signals such · · 

as vibration. Specific applications include monitoring and fault 

diagnosis of machinery and electromechanical signals. 

5. as a means of representing or displaying vibrational signals which 

have propagated in the atmosphere, a body of water and/or solid 

portions of the earth. The signal sources can either be due to 

nature and/ or man. Included are seismic signals. 
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6. as a means of representing or displaying signals whose source 

is biological. Sources of biological signals include, but are not 

limited to, the cardiovascular and neurological systems of man 

and animal and electrochemical signals. 

7. as a model in software simulations and emulations of spectro

grams or other processors using sliding windows. 

8. use as a signal representation in pattern recognition procedures 

such as fault monitoring or as a template for matched filtering 

or as training data in a classifier such as a layered perceptron 

artificial neural network. 

9. as component in other signal processing architectures including 

architectures for zamograms. 

CLAIMS. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which it 

exclusive property. or privilege is claimed are defined as follows: 

1. Digital signal processor architectures for window and similar finite 

duration impulse responses wherein two infinite impulse response 
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filters with causal impulse responses other than a constant or 

single exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time. This cascade connection is joined in parallel with the second 

filter in such a manner that the second filter's impulse response 

is coherently canceled by that of the cascade connection at and 

beyond the given time thereby producing a composite impulse 

response that is equal to the impulse response of the second filter 

up to but not including the given time and is zero thereafter. 

2. Digital signal processors for windows and similar impulse re

sponses of finite duration wherein a resonant circuit with com

posite causal impulse reponse{ possibly damped and other than 

a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that the com

posite response is equal in time to that of the resonant circuit up 

to but not including the duration of the delay line and is zero 
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then on. Also, the embodiment of this architecture wherein the 

ordering of the resonant circuit and delay circuitry are reversed 

in order. 

3. Architectures of the type in Claim 2 with or without end point 

correction wherein the resonant circuit is synthesized as the par

allel combination of two or more infinite impulse response filters 

each of which has the response of a specified Fourier cosine series 

component, possibly damped, of the desired window or similar 

impulse response. 

4. Unmodulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines of 

a spectrogram at arbitrary frequency spacings wherein the input 

is premultiplied by a sinusoid and input into a window of the type 

in Claim 3. 

5. Modulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines 

of a spectrogram at arbitrary frequency spacings wherein each 

frequency line can have a different window wherein, for two or 
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more frequency lines with windows of the same duration, a single 

weighted delay line and weighted version of the input services a 

bank of resonant circuits synthesized as in Claim 3. 

6. Modulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

7. Disjoint unmodulated window architectures of the type in Claim 3 

used in digital signal processors for generating the squared magni

tude or real and imaginary components of one or more frequency 

lines of a spectrogram at arbitrary frequency spacings wherein the 

delay circuitry and resonant circuitry of the window are not in 

physical contact wherein, for two or more frequency lines, when 

all window durations are the same, a single delay circuit, appro-
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priately weighted, feeds a bank of processors each arm of which 

contains a premultiplication by a complex sinusoid, resonant cir

cuit filtering through a filter of the type in Claim 3 and either 

post complex conjugate multiplication for generating the real and 

imaginary components or squared magnitude operation for gen

erating the spectrogram's squared magnitude. 

8. Disjoint unmodulated window architectures of the type in Claim 7 

used in digital signal processors for generating the squared magni

tude or real and imaginary components of one or more frequency 

lines of a spectrogram at frequencies that are integer proportional 

to the reciprocal of the window's duration prior to end point cor

rection. The delay circuitry that feeds the bank of processors is 

computationally simplified at these frequency. The pre weight

ings required in the more general case of Claim 7 are no long~r 

present. 

9. Digital signal processors of the type described in Claim 2 for 

generating decimated time spectrograms wherein the decimation 

downsampling is at least two input time units and whereby the 

contribution common to the spectrogram in two adjacent deci

mated time intervals is updated through combination delay and 
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resonant circuitry and the cumulative contribution to the spec

trogram of data uncommon to both is evaluated by short time 

Fourier analysis processor techniques either known or to be dis

covered. 

10. Spectrogram architectures of the type in Claim 9 used in dig

ital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines of 

a spectrogram at arbitrary frequency spacings wherein each fre

quency line can have a different window wherein, for two or more 

frequency lines with windows of the same duration, a single delay 

line services a bank of circuits synthesized as in Claim 9. 

11. Time decimated spectrogram architectures of the type in Claim 9 

used in digital signal processors for generating the squared mag

nitude or real and imaginary components of two or more fre

quency lines of a spectrogram at equally spaced frequency in

tervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the. output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 
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bank. 

12. Time decimated spectrogram architectures of the type in Claim 11 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the Szasz coefficients thereby reducing the number of required 

multiplications. 

13. The short time Fourier analysis processor required in Claim 9 

whereby the cumulative contribution of new data to the spectro

gram in adjacent decimated time intervals is saved in weighted 

delay circuitry to the point where the data exits the sliding win

dow and is thereupon, after weighting, is subtracted from the 

spectrogram. 

14. The use of spectrogram processors using modulated or unmodu- -i 

lated windows of the type in Claim 2 (a) as a means of represent-

ing or displaying electromagnetic signals as used, for example, 

in radar and lidar, (6) as a means of representing or display-

ing acoustic signals such as speech and sonar, ( c) as a means 

of representing or displaying electric current, voltage and power 

waveforms, ( d) as a means of representing or displaying mechan-
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ical signals such as vibration. Specific applications include mon

itoring and fault diagnosis of machinery and electromechanical 

signals, ( e) as a means of representing or displaying vibrational 

signals which have propagated in the atmosphere, a body of water 

and/ or solid portions of the earth. The signal sources can either 

be due to nature and/ or man. Included are seismic signals, (f) 

as a means of representing or displaying signals whose source is 

biological. Sources of biological signals include, but are not lim

ited to, the cardiovascular and neurological systems of man and 

animal and electrochemical signals, (g) use as a signal represen

tation in pattern recognition procedures such as fault monitoring 

or as a template for matched filtering or as training data in a clas

sifier such as a layered perceptron artificial neural network, (h) 

as a component in other signal processing architectures includ- . 

ing architectures for zamograms. and (i) as a model in software 

simulations and emulations of spectrograms or other processors 

using sliding windows. 
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1 Field of the Invention 

This invention relates to digital signal processing architecture (DSP) com
putational architectures for generating spectrograms and to computational 
architectures for generating digital windows and similar impulse responses . 
Spectrograms are a common representation for characterizing the frequency 
content of a temporal signal as a function of time. Windows are used in 
DSP applications including architectures for spectrograms as well as for data 
smoothing and spectral estimation. 
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Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
ofsignals. The zamogram is a TFR with quite good resolution in both time 
and frequency that can be architecturally configured to use the spect_rogram 
as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 
or Blackman windows. The choice of the window determines the properties 
of the spectrogram in manners well known to those well versed in the art. 
This patent contains computationally efficient architectures for generating 
spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 
w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-jZ1rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the win
dow. Temporally sliding windows can be viewed as filter impulse responses 
that are typically of finite duration. Windowing is used in other applications 
including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes digital signal processing (DSP) architectures 
for generating sliding windows and similar impulse responses and their use in 
DSP spectrogram architectures. The sliding window, an impulse response of 
finite duration, is generated using two infinite impulse response (IIR) filters. 
The second filter, postponed through a delay line, cancels the response of 
the first to yield a composite impulse response that is finite in duration. A 
specific embodiment of this architecture occurs when the second IIR filter is 
simply a delayed and possibly weighted version of the first. Then a single 
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IIR filter can be factored from each processor. The IIR filter, appropriately 
augmented with delay circuitry to coherently cancel the response of the filter 
beyond a specified time, can be used to generate the composite window 
impulse response. Such is the case when the required impulse response can 
be expressed as the superposition of causal damped sinusoids with arbitrary 
phase. 

When used as components in spectrogram architectures , the sliding win
dows come in two types: modulated and unmodulated. Reference to a win
dow herein without specification of type either specifically or in context will 
be to the unmodulated window. The IIR and delay components of the win
dows can be either joined or disjoint in the spectrogram architecture. In any 
of the embodiments described herein, the architectures may be used to mon
itor a single frequency line of the spectrogram or generate frequency lines 
sequentially. The window shape can be changed in real time simply by an 
alteration of the filter parameters. Alternately, the processors can be placed 
in an array to generate the spectrogram frequency lines in parallel with ar
bitrary ( e.g. logarithmic) frequency bin spacing. The window shape may be 
changed from frequency line to frequency line or changed in real time. In 
parallel embodiments, common circuitry may be factored from the array so 
that a single circuit, common to each of the processor lines, can serve the 
entire array thereby reducing the overall computational requirements of the 
processor. The specific embodiments wherein the spectrogram's frequency 
spacings are uniform and/or integer multiples of the reciprocal of the win
dow's duration also result in computation simplification. 

In the case where a periodic replication is canceled using a possibly 
weighted delay, the output contribution corresponding to the end point of 
the window will not be forthcoming. Circuitry for end point correction can 
be applied to compensate for the final point of the window's contribution to 
the spectrogram. In certain cases, however, end point correction need not be 
used in the architectures since the contribution to the overall spectrogram 
may be nonexistent or negligible. 

Any of the embodiments of the spectrogram architectures can be con
strued to generate the squared magnitude of the spectrogram or the real and 
imaginary part of the spectrogram. 

The spectrogram architectures described in this patent are applicable 
to evaluation and display of spectrograms for acoustic, electric, electromag
netic, electrochemical, mechanical and electromechanical signals in applica-
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tions such as fault detection, radar, speech analysis and synthesis , sonar, 
seismology and biology. The spectrograms resulting from the spectrogram 
architectures can be used as templates for pattern recognition or as com
ponents in other signal processing architectures, such as architectures for 
computing zamograms. 

4 Brief description of the drawings 

Figure 1 . Architectures for generating either the squared magnitude 
or the real and imaginary components of a spectrogram using 
either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained by coherent cancellation of the response 
of an IIR circuit beyond a certain point in time. For periodic 
impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 
a specified point in time by using weighted delay circuitry. To 
maintain symmetry in the resulting composite impulse response, 
end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 
a Hamming or Hanning windowed spectrogram line. End point 
correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 
Blackman windowed spectrogram line. End point correction is 
not used. 

Figure 7 . Architectures for generating a spectrogram using a filter 
with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 
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Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of an architecture for a A filter and its schematic 
rep res en ta tion. 

Figure 12 . A A filter architecture using real multiplies for real inputs 
and a corresponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 Realization of a J( filter using a bank of A filters and the 
schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 
D(z). 

Figure 16 . An architecture for a single modulated window for gener
ation of the real and imaginary parts of a spectrogram line. 

Figure 17 . An architecture for a single modulated window processor 
without end point correction for generating the real and imag
inary parts of a spectrogram line. The squared magnitude of 

. the spectrogram line can be generated with a slight architecture 
modification. 

Figure 18 . An architecture for generation of the magnitude squared 
of a spectrogram line without end point correction. 

Figure 19 . Parallel modulated window based architecture for gener
ating a number of real and imaginary output spectrogram lines 
with arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 
point correction for generating the squared magnitude of a num
ber of spectrogram lines at arbitrary frequency spacings. 
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Figure 21 . · Parallel modulated window based architecture for gener
ating the real and imaginary components of spectrogram lines at 
equal interval frequency bin spacings for Q = 1. 

Figure 22 . Parallel modulated window based architecture for generat
ing the magnitude squared of spectrogram lines at equal interval 
frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 
representation. The undamped case corresponds to a= 0. 

Figure 24 . Generating the real and imaginary component of a spec
trogram using a disjoint unmodulated window with the delay cir
cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with
out end point correction using a disjoint unmodulated window 
with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram at arbitrarily 
spaced frequency bins using an disjoint unmodulated window and 
a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correction 
at arbitr.arily spaced frequency bins using a disjoint unmodulated 
window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram when the fre
quency bins are at up= fr using an disjoint unmodulated window 
and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correc
tion when the frequency bins are at up = fr using a disjoint 
unmodulated window and a single delay line. 
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5 Detailed description of the invention 

Schematics for Signal Flow. A number of signal flow diagrams will be 
shown in this section that use schematic representations for which are stan
dard for characterizing digital signal processing (DSP) computational archi
tectures. Signals flow in the direction of arrows. A number, variable or 
combination thereof, written directly adjacent to an arrow generally means 
that the signal is weighted (multiplied) by that quantity. One exception is the 
notation z-J which, from the theory of z transforms, means that the signal 
is delayed for J time units. The second and final exception is at the input_ or 
the output of the processor when the notation by the arrow is, respectively, 
the processor's input and output signal. In subprocessors, the input will typ
ically be denoted by the sequence, x[n], and the output by y[n]. Also, x[n] 
will generally denote the signal for which the spectrogram is computed. At 
other than the input and output, a combination, such as (1 + j)z-3

, where j 
is the square root of ( -1), means that the signal is multiplied by the complex 
number 1 + j and is delayed by 3 units of time. This, is course, is equivalent 
to the weighting and then delaying. If no number, variable, shift or combina
tions thereof appear adjacent to an arrow, then the signal is unaffected ( e.g., 
multiplied by 1 ). The signal coming from a node is equal to the signals going 
into a node. If more than one signal come from a node, each has a value of 
the sum of the signals coming into the node. Repeatedly used circuits will 
be defined as appropriately parameterized block processing elements. 

Spectrogram Architectures. The spectrogram in Eq. 1 can be written 
as 

L 
S[n; u] = e-i21rnu L w[k]x[n - k]ei21r(n-k)u 

k=-L 

e-j21rnu X {(x[n]ej21rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L :s; n :s; L. As written in Eqs. 1 
and 2, the operations are not causal. Causality can be achieved by delaying 
the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (3) 

An architecture for this operation, using complex arithmetic operations is 
shown at the top of Fig. 1. (See, for example, Lim & Oppenheim). The 
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input signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The 
product then serves as the input into a digital filter 140 with impulse re
sponse, w[n - L]. For reasons which will be made clear, we will refer to this 
impulse response as an unmodulated window. The filter output is multiplied 
125 by a temporally varying complex sinusiod 130 to produce the spectro
gram 135. Note that the term exp(j21r Lu) in the post complex sinusiod 
multipication 125 term 130, exp( - j21r( n - L )u) could also by placed in the 
premultipication 115 term 120 or, for that matter, could be a weight at any 
point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 
is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12 =1 ( w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, ifs = <p + jw, and both <p and w are real, then I s 1
2= <p2 + w2

• The 
real number i is arbitrary. It's effect along with the post multiplying complex 
sinusiod 130 is annihilated by the magnitude squared operation since, for real 
<p we have the relation I exp( -j21rn¢ I= 1. When only the squared magnitude 
of the spectrogram is required, we can use the processor shown at the bottom 
of Fig. 1. The input 142 is again premultiplied by a complex sinusiod 150. 
The product is fed into a digital filter 155 the impulse response of which is 
the desired shifted window, w[n - L]. The magnitude squared operation 160 
is preformed on the filter's output. The result of this operation 165 is the 
squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j 21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 
the input 175 be input into a digital filter the impulse response of which is 
the modulated window 177. The output is then the desired spectrogram 179. 

If the magnitude squared is only required in the using a modulated win
dow, then 

I S[n; u] 12=1 (w[n; u]ej2
1riu) * x[n] 12 (7) 
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where, as before, i is an arbitrary phase term. The input 181 is fed into 
a filter 183 with impulse response w[n; u]exp(j21l"iu). The filter's output is 
magnitude squared 185 to generate the squared magnitude of the spectrogram 
187. 

Windows from Coherent IIR Cancellation This patent claims ar
chitectures for the windows and similar filters with finite temporal duration 
whose impulse responses are generated by the coherent cancellation of the 
response of an IIR filter beyond a certain point in time. A general overview of 
this operation is shown at the top of Fig. 2. A discrete impulse ( or Kronecker 
delta), 8[n], is one for n = 0 and is zero otherwise. The response 209, y1[n], 
to a Kronecker delta 205 input into a digital filter 207 with impulse response 
h1 [n], is shown and, appropriately, is termed the filter's impulse response. 
If the filter's impulse response is not finite in duration, it is appropriately 
termed an IIR filter. Consider a second IIR filter 213, h2 [n] whose response 
215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume that, for n 2: 6, 

Y2[n - 6] = Y1[n] (8) 

In other words, as shown, shifting y2 [n] six units to the right in discrete time 
yields an identical signal to y1 [n] for n 2: 6. We can then connect the two 
filters together in parallel with h2 [n] connected in series with a delay line 222 
of six units. The delay line, as shown, also inverts the signal. The result, 
then, is a composite filter 220 whose response 230 to an impulse 218 is equal 
to y1 [n] for n ~ 5 and is zero for n > 5. The response of hi[n] has been 
coherently canceled by the delayed response of h2 [n]. 

The coherent cancellation can be more straightforwardly achieved if the 
filter h1 [n] has a causal periodic response. The filter is then referred to as a 
periodic resonant circuit. To illustrate, suppose that, in Fig. 2, the response 
236 to an impulse 232 input to a periodic resonant circuit 234 has a period, 
as shown, of four. Thus, for n 2: N and N an integer, y[n - 4N] = y[n]. 
To cancel this impulse response for n > 4, we require a second filter, h2 [n], 
whose impulse response is y[n- 4] 238. This can be done simply by delaying 
the response of the periodic resonant circuit by four units. Therefore, the 
periodic resonate circuit 244 can be connected in cascade with delay line 
circuitry 248 so that its impulse response coherently combines with a delay 
of the same impulse response. The result is a circuit whose response 250 to 
an impulse 242 is the desired y[n] - y[n - 4). As shown 240, the composite 
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impulse response is finite in duration. The specific case of y[n] =constant 
has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 
linear time invariant circuits, their order may be reversed without effecting 
the composite impulse response. In other words, as illustrated at the bottom 
of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 
circuit 256 then the new composite response 260 to an input of a Kronecker 
delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 
other variations on such coherent cancellation. If µ[n] is the unit step (=1 
for n ~ 0 and 0 otherwise) then, for example, an impulse response of h[n] = 
sin(1rn/N)µ[n] added to the same impulse response deleted N units results 

· in a composite impulse response that is the first positive half cycle of the sin 
only. 

Coherent cancellation can also be performed using delay lines with digital 
filters the response of which are damped periodic funtions. As illustrated in 
Fig.3, consider the example where the response 310 of a damped resonant 
circuit 308 to an input Kronecker delta 306 is 

y[n] = y[n]esn (9) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 
constant. Note then, that for n ~ 4, 

y[n - 4] = y[n]e- 43 (10) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 
the impulse response four units in time and weighting the delay by exp( 4s) 
to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 
output of the damped resonant circuit 318 into delay circuitry 320 which 
appropriately weights 322 and delays 324 the response to the impulse 316 
so that, when coherently superimposed, we generate the desired composite 
impulse response 326 which is finite in duration. Such coherent cancelation 
has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 
318 are linear and time invariant and can therefore be interchanged in the 
order of cascading. An impulse input 340 can be fed first to the delay circuitry 
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330 and then to the damped resonant circuit 333 to generate a composite 
response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 
special case of cancelation in the damped case when s = 0. If s is imaginary, 
then actual damping does not take place. Nevertheless, the same principals 
of cancellation apply. We will generally denote the real part of s by -0'. 

Since two or more periods of a periodic function can be considered a single 
period, the procedure can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 
it may be advisable to use end point correction. Such occurs, for example, 
when certain symmetry aspects of the desired impulse response are needed. 
Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 
response to an impulse 340 is 

y[n] = cos( 1m/2)e-"nµ[n]. (11) 

Application of coherent cancellation after the first period of the cosine will 
result in the response shown 346. In certain cases, such as windowing, we 
desire the end point of the period which the cancellation circuitry places to 
zero. We would like to have the end point, rather, at the point shown by the 
hollow dot 350. Addition of this point to the impulse response is referred to 
as end point correction. 

A number of such composite coherent cancellation circuits can be placed 
in cascade and/ or parallel to achieve even greater flexibility in the design of 
impulse responses. In certain instances, as we shall see, common circuitry 
can be factored from such combinations to yield a reduction in overall com
putational requirements. We will show that windows expressed in a finite 
cosine series, for example, can be synthesized by a parallel combination of 
second order IIR filters and the delay circuitry can be factored so that a 
single delay circuit can serve the entire array. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 
the art, there exists numerous methods to design circuitry for a given causal 
impulse response. One approach is use of a Fourier series synthesis of the 
impulse response. In the most general case, one can easily design digital 
circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (12) 
q=O 
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where 
hq[n] = tqej21rnuqe-uqn µ[n] (13) 

Such circuitry can be designed with the use of multipliers (including invert
ers), adders and unit delays. The quantitative values of the multipliers and 
the topology of all of the components are dictated by the parameters Q, ,q, 
uq, and O'q. There exists numerous computational topologies for a given set 
of parameters. Such circuitry can be designed straightforwardly by those 
skilled in the art. Since 

h [n - M] - e-j21rMquqeuqMqh [n] q q - q ' 

we conclude that 

wq[n] = hq[n] - ej211"Mquqe-uqMqhq[n - Mq]-

Clearly, wq[n] is zero for n ~ Mq and the composite IIR filter 

Q 

tv[n] = L wq[n] 
q=O . 

(14) 

(15) 

(16) 

has a response that is finite in extent. The realization of windows of the 
type in Eq. 15 using the superposition of the IIR filter response, hg[n], with a 
weighted version of the same impulse response postponed Mq units through a 
delay line and the application of such circuitry and its variations to generation 
of spectrograms constitute the primary claims of this patent. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
special cases of this cosine series 

Q n 
w[n] = L,Bqcos(7rnq/L)II[

2
L] 

q=O 
(17) 

where II[?] = 1 for -1 S n S 1 and is otherwise zero. The Hanning and 
Hamming windows require Q = 1 and the Blackman window Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

Q n-L 
w[n -L] = L(-1)q,Bqcos(7rnq/L)II[-L-] 

q=O 2 
(18) 
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Compare this with the special case of Eq. 15. 

Q 

h[n] = I)-l)q,Bqcos(1rnq/L)µ[n] (19) 
q==O 

The window in Eq. 18 is recognized as the first period of Eq. 19 except at 
the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]o[n - 2L] (20) 

A periodic resonant circuit can be straightforwardly designed with an impulse 
response given by Eq. 19. Delay line circuitry is then cascaded with this 
circuit to achieve the desired composite window filter. The window's end 
point can be inserted with the use of a weighted delay line and, in certain 
cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 19 is by 
designing circuitry for each of the Q + 1 stages and connecting them in 
parallel. For n -/- 0, we rewrite Eq. 19 as 

Q 

h[n] = L hq[n] (21) 
q==O 

where, for q -/- 0, 
hq[n] = cqcos(n0q)µ[n] (22) 

where 0q = 1rq/2L and cq = (-l)q,Bq, The z transform of this equation is 

00 

Hq(z) = L hq[n]z-n 
n==O 

cqz-1 cos( 0q) 
1 - 2z-1cos(0q) + z-1 

(23) 

Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is 
equal to the discrete convolution of the input 410 with the impulse response 
in Eq. 22 with c = Cq and 0 = 0q, Recognizing there exists a number 
of other digital filter architectures to generate the same operation, we will 
schematically represent the input 410 420 output 415 425 relationship of this 
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operation by a solidly outlined box 430 inscribed with parameters c and 0. 
For n = 0, h0 [n] = c0 = /30 • This operation can be performed by a simple 
multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, /30 = /31 = 0.5. For Hamming windows, 
/30 = 0.54 and /31 = 0.46. For these parameter choices, both the Hanning 
and Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 265 shown in 
Fig. 2. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 and the q = I stages 515 520 of the circuitry 
The end point correction is obtained by an additional weighted delay 540 of 
the signal. The outputs of all stages are added 525 to obtain the windowed 
output 530. Note that, for Hanning windows, w[L] = 0 and the end point 
correction is not needed. Indeed, for any ~indow, the effect of not using end 
point correction diminishes as L increases. In such cases, one may choose 
not to use the end point correction in the computational architecture. 

A Q = 2 example will be given for the Blackman window for the case 
where end point correction is not used. Here, /30 = 0.42, /31 = 0.5 and 
/32 = 0.08. The architecture in Fig. 6 is a special case of the periodic resonant 
to delay processing 270 shown in Fig. 2. The input 605 is fed to the q = O, 1 
and 2 stages 610 625 620. The outputs of each stage are summed and fed 
into the delay circuitry 630 the result of which is the windowed output 650. 

Stability Assurance. The window architectures presented to this point 
are marginally stable. All of the circuits poles lie on the unit circle of the 
complex z plane. Numerous modifications can be applied to the fundamental 
architecture to assure stability. Each feedback iteration sum, for example, 
can be rounded towards zero. Alternately, stability can be assured by slightly 
perturbing the design to include slight damping that will move all of the cir
cles strictly within the unit circle. In other words, the source of the marginal 
stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 
feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp(-a-n) where a- is a positive 
number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-11(n-L) (24) 
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where h[n], given by Eq. 19, has a period 2L. Then, for n > 2L, 

h[n - 2L] = e2uLhq[n] 

We can therefore generate the damped window 

w[n - L] = w[n - L]e-u(n-L) 

(25) 

- h[n] - e- 2uLh[n - 2L] + w[L]8[n - 2L] (26) 

where w[L] = w[LJe-uL is the value of the end correction factor. 
An architecture for computing Eq. 26 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob
tained by cascading this filter with damped delay line circuitry 720. The end 
point correction factor is computed 725 and added to the filter output 730 
to produce a windowed output 735 of the input 705. The undamped case is 
a special case of this processing procedure for the case where a = 0. As in 
the undamped case, the end point correction factor has less and less effect 
on the output as L increases. In such cases where the end point correction 
factor can be omitted, the end point correction factor stage 725 of Fig. 7 can 
be omitted. As in the undamped case, when the end point correction factor 
is deleted, the delay line circuitry becomes commutable with the damped 
resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 
top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam
ple, performs identically with the same number of floating point operations 
(FLOPS). The numerical value of the used in the multiplies to achieve the 
end correction factor, for example, is different. Either architecture 750 755 
can be used in the two spectrogram architectures in Fig. 1 as the window 140 
(with w[n] replacing w[n]) to generate spectrograms with damped windows. 
Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
shown 140 where, now, 

L 

S[n; u] = I: w[k]x[n - k]e-i2
1rku (27) 

k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 
w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 
the expression for the spectrogram is now given by Eq. 27. 
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We now discuss a possible architecture for the damped resonant circuit 
that parallels the undamped case. We can write Eq. 24 as 

Q 

h[n] = L hq[n] (28) 
q=O 

where 
hq[n] = cqcos(1rnq/ L)e-u(n-L) µ[n]. (29) 

For c = cqeuL and () = 1rq/ L, one of many possible digital filters for this 
impulse response is shown if Fig. 8. The input 805 into the circuitry 810 
produces an output that is the discrete convolution of the input with the 
impulse response in Eq. 29. We denote the general class of digital circuits 
with this response by the parameterized bold outline box 820 shown in Fig. 8. 
The input 825 into this parameterized box produces the same output 830 as 
in the specific damped circuitry. 

For q = 0, 
ho[n] = cae-u(n-L) µ[n]. (30) 

An architecture for this impulse response is a single loop feedback circuit 
with a forward gain of one and a unit delay feedback weighted by exp(-a) 
cascaded with a multiply of exp(aL)c0 • For c0 = /30 and ~q = /3qexp(aL), 
this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Hanning, Hamming and Blackman Windows . A digital filter for 
Q = l damped Hanning and Hamming windows is shown in Fig. 9 using a 
slight variation of the architecture 334 shown in Fig. 3. The input 910 is fed 
to the damped delay circuitry 915. Then= 0 component of Eq. 29 is realized 
by a first order feedback circuit 920. The output of the delay circuitry is fed 
into this circuit and the n = l stage 925 (~q = /3qexp( a L)) and the end point 
correction factor stage 940. The outputs from all stages are added 930 to 
produce the damped windowed output 935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 
The input 1010 is fed the delay circuitry 1012 and then to the q = 0, l, 2 
stages 1015 1020 1025 and the end point correction stage 1040. The outputs 
of all of the stages are summed 1030 to obtain the damped windowed output 
1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 
far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 
as different frequency. This can be performed in parallel where a number of 
spectrogram processors are each tuned to different frequencies and all spec
trogram lines are computed at the same time in parallel. Alternately, the 
same processor can be exposed to the same signal a number of times. For 
each presentation, the complex sinusoid(s) are tuned to different frequen
cies. The lines of the spectrogram are thus computed sequentially. In either 
the parallel or sequential embodiments, the choice of frequencies need not 
be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
Similarly, in either case, the window from spectral line can be changed from 
spectral line to spectral line. For the sequential embodiment, this requires 
the changing of the window parameters (the /3q's and possibly Q) for each 
presentation of the signal. Other spectrogram processors that use common 
circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 
modulated windows and their use in the generation of spectrograms. For such 
architectures, the complex sinusiondal premultiplies 115 145 are no longer 
required. In parallel embodiments, a single delay line circuit can service the 
all of the resonant circuits. For the damped spectrogram in Eq 27, we write 

L 

S[n; u] L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (31) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 
for damping. 

and 

w[n; u] w[ k ]e-i21rnu 

Q 

L wq[n; u] 
q=O 

Wq[k; u] = /3qcos( 1rqk/ L )e-o-ke-j2,rnkrr(2: ]. 

(32) 

(33) 

The undamped case, as before, follows by setting a- = 0. In our discussions 
concerning modulated windows to follow, we will include both the damped 
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and the undamped case. The undamped case can be considered as a special 
case of the damped case for a= 0. Motivated by causality, we write 

wq[k - L; u] = (-1 )q ,Bqcos(7rqk/ L )e-o-(k-L)e-j21ru(k-L)rr[k ~ L]. (34) 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (35) 
q=O 

where 
hq[k; u] = (-l)q ,Bqcos( 7rqk/ L )e-o-(k-L)e-j21ru(k-L) µ[k]. (36) 

Digital filters with this impulse response can be straightforwardly generated 
by those skilled in the art. One approach is to analyze the z transform of 
Eq. 36 

00 

Hq(z; u) = L hq[k; u]z-k (37) 
k=O 

which gives 

1 L ·2 L q q 
Hq(z; u) = 2(-l)q,Bqeo- e3 1ru [A(z; u -

2
L) + A(z; u + 

2
L)]. (38) 

where 
A(z;v) = (1- e-j21rve-o-z-1J-1. (39) 

Note that, for q = 0, 

Ho(z; u) = ,Boeo-Lej21ruL A(z; u). ( 40) 

The A (lambda) filter in Eq. 39 can be implemented using the IIR filter ar
chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 
unit delay feedback 1120. A schematic representation 1150 of the filter, ap
propriately parameterized with input 1130 and output 1145 corresponding 
to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 
however, can be either real or complex depending on the use of the A filter. 
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Using real multiplies, the A filter can be implemented for real inputs 1205 as 
is shown in Fig. 12. We can write Eq. 39 as 

A(z;v) 
1 - ej21rve-Uz-l 

1 - 2e-u cos(21rv )z-1 + c 2u z- 2 

Ar(z; v) + jA\z; v) (41) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 
and imaginary output components, respectively, of the A filter. The real 
input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 
imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 
the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 
to with transfer function Ar(z; u) for a real input, x[n] 1205. Similarly, yi[n] 
is equivalent to the output of a filter with transfer function Ai(z; u) for a real 
input, x[n] 1205. The schematic 1240 for the depiction of the real 1220 and 
imaginary 1225 components for a real input 1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 
12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 
xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requires 
more computational circuitry. One such embodiment is shown in Fig. 13 
uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out
put, yr[n] 1305 is the sum of the real response of the real input 1310 and 
the negated 1315 imaginary response to the imaginary input 1320. Similarly, 
the imaginary response 1325 is the sum of the imaginary response of the real 
input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
transfer functions 

K(z; u) = H(z; u)e-i21ruL 
Q 1 

- ,BoeuLA(z;u)+ L2(-ll,BqAi(z;v)euL 
- q=l 

q q 
x [A(z;u-

2
L)+A(z;u+

2
L)] (42) 

where H(z; u) is the z transform of h[n; ·u]. 
00 

H(z; u) = L h[n; u]z-n 
n=O 
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Q 

L Hq(z; u) (43) 
n=O 

An input 1410 is weighted proportional to Fourier coefficients 1415 (feq 
½(-l)qexp(aL),Bq) which in turn are fed into a bank of appropriately tuned A 
filters 1420. The outputs of the A filters are summed 1425 to yield an output 
1430 which is equivalent to the response of the input 1410 to a digital filter 
with transfer function K(z; u) in Eq. 42. Schematically, we will depict the]{ 
filter by the representation 1440 shown in Fig. 14. Note that the architecture 
can be construed for either real or complex inputs 1410 depending on whether 
the A filters are constructed for real or complex inputs. In either case, the I< 
filter is parameterized by the frequency u, damping coefficient a, filter order 
Q, and vector of Fourier coefficients if. The vector if is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 
line circuitry and the I< filter 1440. From Eqs. 32, 33 and 35, we can establish 
the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-2uLh[n - 2L; u] + w[L; u]8[n - 2L] ( 44) 

where w[L; u] is the value of the end point correction factor. The correspond
ing modulated window transfer function results from a z transform of Eq. 44. 
Define 

CX) 

O(z; u) = L w[n; u]z-n. (45) 
n=O 

The z transform of Eq. 44 is then 

f2(z; u)z-L [1 - e-j41ruLe-2uLz-2L]H(z; u) + w[L; u]z-2L 

[1 - e-j41ruLe-2uLz-2L]ej21ruL I<(z; u) + w[L; u]z-2L ( 46) 

where we have used Eq. 42. From Eq. 31, the output of a filter with this 
transfer function when presented an input of x[n], is the spectrogram line 
S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 46 is 
defined as 

D(z) = [1 _ e-j41ruLe-2uLz-2L]ej21ruL (47) 

One embodiment of an architecture for this transfer function is shown at 
the top of Fig. 15. The input 1505 is placed through the delay circuitry 
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1510, is post multiplied by a complex exponential 1515 to give the desired 
output 1520. This embodiment has the advantage of isolating the complex 
exponential 1515 which, when the squared magnitude of the spectrogram is 
desired, can be deleted. An alternate architecture for D(z) requiring fewer 
FLOPS is shown at the bottom of Fig. 15. The input 1525 is fed through 
delay circuitry 1530 with different weights than before 1510 to achieve the 
desired output signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 
delay circuitry and the I< filter 1440, we can generate circuitry for synthesis of 
the spectrogram line based on the modulated window. As with the previously 
discussed spectrogram architectures, we will present architectures whereby 
the squared magnitude of the spectrogram is generated or both the real 
and imaginary parts of the computed. As before, in any embodiment, end 
point correction may or may not be used. The contribution of end point 
correction to the final result diminishes as L increases. Both serial and 
parallel implementation will be discussed. 

An architecture for generating a single spectral line of a spectrogram 
based of Eq. 46, is shown in Fig. 16. The input 1605 is fed to delay circuitry 
1610 the output of which is fed to a J{ filter 1616 the output of which, in 
turn, is shifted in phase 1620. The end point correction factor 1625 is added 
to give the desired spectrogram output 1630. One or more of the parameters 
of the circuitry (i.e. u, L, a, iJ and Q) can be changed and the same 1605 
or alternate input can be applied to generate a second output spectrogram 
line. 

As is the case with other embodiments in the descriptions of this patent, 
the architecture in Fig. 16 has a number of variations in detail design that 
are evident to one skilled in the art. The multiplication by the complex 
exponential 1620 in Fig. 16, for example, can be performed immediately 
prior to the I{ filter 1616 instead of directly after. Indeed, if end point 
correction is not used, the I< filter, delay circuitry and exponential shift 1620 
can be cascaded in any order desired. Such arbitrariness in the cascading of 
two or more linear time invariant filters is well known. One of these six 
orderings is shown in Fig. 17. The input 1705 is first fed into a I< filter 
1710 and then into the delay circuitry 1715. After post multiplication by 
the complex sinusiod 1720, we achieve the desired spectrogram line 1725 
(without end point correction). This embodiment has the advantage that A 
filters with real inputs can be used if the processor input 1705 is real. Note 
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also, that if the only the squared magnitude of the spectral line, I S[n -
L; u] 12, is desired (rather than the output shown 1725), then the complex 
sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 
operation. A variation such magnitude squared computation is shown in 
Fig. 18. A different cascading order, though, is used here. The input 1805 is 
placed first into the delay circuitry 1818 and is then fed into a K filter 1815. 
A magnitude squared operation 1820 is performed on the output of this filter 
to yield the desired squared magnitude of the spectrogram output line 1830 
( without end point correction). 

A parallel architecture for generating spectrograms using modulated win
dows is shown in Fig. 19. Using Eq. 46 for 1 :::; p :::; P, we propose an 
architecture for the transfer functions 

n(z; up)z-L = [1 - e-j411"upLe-2aLz-2L]ej21rupL K(z; up)+ w[L; up]z-2L ( 48) 

where fl(z; up) is the z transform of w(z; up)• The embodiment of this archi
tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 
K filters 1915. For P spectral lines, there are P separate K filters the pth 
of which is tuned to frequency Up and is of order Qp with Fourier coefficient 
vector (3p, The input to each K filter is the sum of a weighted 1950 input 
1905 and weighted 1955 delay. The output of each K filter is added to the 
end point correction factor 1925 to generate the real and imaginary portions 
of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 
squared of the spectrogram output is required. In such a scenario, if end 
point correction is not used, the complex sinusiod weights 1950 have no effect 
on the processor output and can therefore be deleted from the architecture. 
An embodiment of such a processor is shown in Fig. 20. The input 2005 is 
placed through delay circuitry 2010 the output of which services the bank of 
K filters 2015. The output of each K filter is magnitude squared 2020 which 
gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 
When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up= 2L (49) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 38 becomes 

1 L p-q p+q 
Hq(z;u) = 2(-l)P+q,Bqe 17 [A(z; ~) + A(z; ~)]. (50) 

The q = 0 case warrants special statement. 

Ho(z; u) = (-l)P,BoeuL A(z; 
2
~ ). (51) 

For linear frequency spacing (and Q > 0), some of the same A filters required 
to generate the line at, say, up, are also required to generate the frequency 
lines at Up±l · Indeed, one or more common A filters are required up to 
and including the Up±Q frequency lines. We can configure the processing 
architecture so that a A filter can be used for a number of frequency lines in. 
the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 
in the delay circuitry all become real. The complex sinusoid, for example, 
becomes exp(j21ruPL) = ( -1 )P which is obviously computationally simpler 
to implement. 

An embodiment for the bank of shared A filters for generating spectro
grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 
circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 
each A filter services three spectrogram frequency lines. The outputs are 
weighted proportional to the Fourier series coefficients 2125 and are com
bined 2130 with the end point correction factors 2135. These sums are then 
weighted 2140 by (-l)P to generate the real and imaginary components of 
the spectrogram frequency lines 2145. If, instead of weighting by ( -1 )P, a 
magnitude squared operation is performed, then the output lines become the 
magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 
using basically the same bank of A filters. Additional A filters would have 
to be added to contribute to the lower and higher spectral lines. Extending 
from Q = 1 to Q = 3, for example, would require the addition of two A filters 
and the low frequency end and two at the high frequency end. In general, 
for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
not at either end will contribute to a total of 2Q + 1 frequency lines. Note 
that this architecture can also be implemented using FIR embodimants of 
the A filter delay line circuitry combination. 
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An embodiment for parallel generation of the magnitude squared of a 
spectrogram using a bank of A filters without end point correction for Q = 2 
( em e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed 
to a delay circuitry 2212 the output of which serves the bank of A filters 
2210. The outputs of the filter bank are weighted by Fourier coefficients, 
combined, and magnitude squared 2220 to give the magnitude squared of 
the spectrogram frequency line 2215. All of the fanouts from the bank of 
A filters are not shown. If, for example, there was to be a frequency line 
generated at Up = P2j,

2
, then the A filter in the bank 2212 parameterized 

by fr would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the fv· 
This same statement applies to the corresponding processor in Fig. 21 for the 
generation of the real and imaginary components of the spectrogram. Note 
that this architecture can also be impleTI_1ented using FIR embodimants of 
the A filter delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin
gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 
for the damped case, has requires a delay line for each spectrogram frequency 
line. With the modulated window, we see that a single delay line can serve 
the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 
form, the unmodulated window can also be used to generate spectrogram 
circuitry in parallel with the use of a single delay line. Discussions of this 
capability and corresponding illustrative architectures are the topics of this 
section. 

From Eq. 27, 

S[n - L; u] = ej21r(n-L)u{(x[n]ei2 'lmU) * w[n - L]} (52) 

where w[n] is the damped window in Eq. 26. The undamped case will not 
be treated separately since it a special case of the dampened architectures 
when a= 0. We can write the window expression in Eq. 26 as 

w[n - L] = h[n] * { 8[n) - e- 2aL8[n - 2L]} + w[n]8[n - 2L) (53) 

where w[n] is the value of the end point correction factor. The impulse 
response, h[n], is that of the damped resonant circuit and, for this discussion, 
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is given by Eq. 28. For a given Q, a processor architecture with transfer 
function 

00 

H(z) = L h[k]z-k (54) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos
ite impulse response of which is h[n] to generate the desired output 2315. 
We schematically denote the damped resonant circuit by the appropriately 
parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 53 into Eq. 52 followed by straightforward convolution 
algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-i21r(n-L)u + e-i21r(n-L)u 

x[h[n] * {ei21rnu(x[n] - e-2aLe-j41ruLx[n - 2L])}] (55) 

An architecture for generating a spectral line based on this expression is 
shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
which is premultiplied by a temporally varying complex exponential 2415, 
passed through an H filter 2420 and is post multiplied by a temporally vary
ing sinusiod 2425 the output of which is added to the end point correction 
factor 2430 to give the real and imaginary components of the spectrogram 
2435. The exp(j211' Lu) term in the post multiply 2425 term, exp[j211'(n-L)u], 
can alternately be generated by a multiply at a number of other locations 
including before or after the iI filter or the pre-multiply 2415. Note that in 
this embodiment, and in those to be described, that the disjoint unmodu
lated window does not appear in a lumped form as schematically depicted in 
Fig. 1. It's components ( the H filter and the delay line) are not connected. 
This is the reason for the use of the word disjoint in the description of the 
window. 

As in previous cases, the spectrogram processor in such embodiments 
can be modified to display the squared magnitude of the output spectrogram 
resulting a reduction of the required number of FLOPS. Without end point 
correction, the squared magnitude of Eq. 55 is 

I S[n - L; u] 12 =1 h[n] * { ei21r(n-i)u( x[n] - e-2aLe-i41ruLx[n - 2L])} 12 (56) 

where the effects of the arbitrarily chosen positive number, i, are totally 
eliminated by the magnitude squared operation. An embodiment of an ar
chitecture corresponding to Eq. 56 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 
a time varying complex sinusiod 2515 and placed through an iI filter 2520 
and is magnitude squared 2525 to generate the desired squared magnitude 
output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 
25 may be sequentially fed signals to generate a number of spectrogram lines 
or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 
For 1 ::; p::; P, we can replicate Eq. 55 as 

S[n - L; Up] = ul[L]x[n - 2L]e-j21r(n-L)up + e-j21r(n-L)up 

x[hP[n] * {ei21rnup(x[n] - e-2aLe-j41rupLx[n - 2L])}](57) 

where we have explicitly all allowed the windows, wP[n], and therefore corre
sponding impulse responses, hP[n], to vary for varying p. One embodiment 
of the corresponding processor is shown in Fig. 26. The input 2606 is fed 
to delay circuitry 2610 which services the remainder of the processor. The 
delayed signal is weighted by complex phase terms 2515 and is recombined 
with the undelayed signal 2520. The combination is placed into a band of 
pre-multipliers which service a bank of iI filters 2630 the outputs post mul
tiplied 2635 by time varying complex exponentials. The multiplier values of 
exp(±j21r(n ± ½)up) were chosen here in part to illustrate the flexibility of 
placement of the term exp(j21rLu) (in the post multiply 2425 in Fig. 24) in 
the processing architecture. The outputs of the post multipliers are added 
2640 to the end point correction factor 2645 to give the real and imaginary 
components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 
spectrogram lines based upon replication of the processor type illustrated in 
Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 
processor. End point correction circuitry if not included. The input 2705 is 
fed into delay circuitry 2710 which serves the entire processor. The exponen
tial term, exp(-20'L), present in the delay circuitry 2610 if Fig. 26, is not 
included here but is, rather, combined with the weighting factors 2715 of the 
delayed signal. The weighted delay signals are added 2720 to the original sig
nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip 11 ::; p::; P} 
which, in turn, are fed into squared magnitude processors 2730 the outputs 
of which are the magnitude squared of the spectrogram lines 2730. 
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Equally Spaced Frequency Lines Using Disjoint Unmodulated 
Windows and a Single Delay Line. The computational requirements for 
generating spectrograms using disjoint unmodulated windows and a single 
delay line are less when the frequencies are integer multiples of the inverse 
of 2L (i.e. up = fr). It follows that exp( -j41rupL) = 1. Thus, the bank of 
complex multiplies such as is required 2615 in Fig. 26 is no longer required. 
Furthermore, exp( ±j21r Lup) = ( -1 )P becomes a much easier number by 
which to multiply. IN such cases, Eq. 55 becomes 

S[n - L; up] (-l)P { uiP[L]x[n - 2L] 

+W2Lnp[hP[n] * {vV2nl(x[n] - e-2uLx[n - 2L])}]} (58) 

where we have used the common DSP notation 

w.J - ej1rJ/L 
2£ - (59) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
the delay circuitry 2810 the combination of the output of which services a 
number of pre-multipliers 2820. As before, the outputs of the pre-multipliers 
are fed to a bank of if filters 2825 the outputs of which are post multiplied 
by time-varying complex sinusoids 2830. These outputs are added 2835 to 
the end point correction factor 2840 and are then weighted by (-l)P to give 
the real and imaginary components of the spectrogram lines 2845. A single 
stage of this processor can be used for sequential generation of spectrogram 
lines. 

A further computation reduction can be realized if only the squared mag
nitude of the spectrogram is required. The squared magnitude of Eq .. 58 
deleting end point correction is 

I S[n - L; up] 12=1 hP[n] * {W;[(x[n] - e-2uLx[n - 2L])} 12 (60) 

An illustration of a corresponding architecture for the parallel implementa
tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 
circuitry 2910 the summed output of which feeds the rest of the processor. 
The summed output is pre-multiplied by time varying sinusoids 2915, passed 
through if filters 2920 and magnitude squared 2925. The result 2930 is the 
squared magnitude of the spectrogram lines. 

Architecture Variations. We emphasize the existence of a number of 
implementations of digital circuitry for a given impulse response. One can, 
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for example, combine the q = 0, 1 stages 920, 925 in Fig. 9 by writing the z 
transform transfer function equations for the q = 0 stage 920 and the q = 1 
stage 925 and combine them with a common denominator. The resulting 
equation can be implemented in the Direct form II method described by 
Oppenheim, Willsky and Young. The resulting circuitry will be different than 
that in Fig. 9, yet the input-output relationship will be identical. Indeed, 
similar procedures can be applied to combine the delay, end point correction 
and resonant circuitry. Such design variations are well known to those well 
versed in the art. 

As has been noted, linear time invariant components is series within a 
circuit can be interchanged in order without changing the composite response. 
In Fig. 14, for example, the coefficient multipication 1415 can be done after 
the A filter bank 1420 rather than before, as is shown. Similarly, the series 
combination of'h2 [n] followed by the delay, -z-6 at the top of the processor 
220 in Fig. 2 can be reversed without effecting the composite impulse response 
230 of the entire processor 220. Such commutative aspects of digital filters 
are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 
or window is required. In such cases, for example, all of the values of the 
(3q 's can be weighted by some appropriately chosen value. In Fig. 5, for 
example, the weight (30 in the q = 0 stage 515, for example, can be replaced 
by one if the value of /31 in the q = 1 stage is replaced by (Ji/ (30 and the 
end point correction weight 540 is changed from -w[L] to -w[L]/ (30 • The 
output 530 would then be changed from y[n] to y[n]/ (30 • The resulting filter 
used, for example, in the two unmodulated window spectrogram processors 
in Fig. 1, would result in outputs of S[n - L; u]/ (30 instead of S[n - L; u] 
135 and I S[n - L; u]/ /30 1

2 instead of I S[n - L; u] 1
2 165. Thus, by allowing 

proportional outputs, we are able to save a multiply. Similar scalings and 
variations in other architectures described in this patent will be apparent to 
those well skilled in the art. 

Applications. Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar and lidar. 

2. as a means of representing or displaying acoustic signals such as 
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speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery and electromechanical signals. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal and electrochemical signals. 

7. use as a signal representation in pattern recognition procedures 
such as fault monitoring or as a template for matched filtering 
or as training data in a classifier such as a layered perceptron 
artificial neural network. 

8. as component in other signal processing architectures including 
architectures for zamograms. 
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PUBLICATION AS A CONTRIBUTION If this work was published as a contribution to a periodical, serial, or collection, give information about the 
collective work in which the contribution appeared. Title of Collective Work T 

If published in a periodical or serial give: Volume T NumberT Issue Date T On Pages T 

... ,.,.,.,.. . . NAME OF AUTHO~ V . ...... ...... ' ······· ..... . .. . DATES OF BIRTH AND DEATH ..... . .. 2 Pi Robert J . Marks II Yeal 9sr Yea, DiedT 

NOTE 
Under the law. 
the ·author· of a 
·work made for 
hire" is generally 
the employer. 
not the em• 
ployee (see in
structions). For 
any part of this 
work that was 
"made for hire" 
check "Yes· in 
the space pro
vided. give the 
employer (or 
other person for 
whom the work 
was prepared) 
as "Author" of 
that part. and 
leave the space 
for dates of birth 
and death blank. 

See instructions 
before completing 
this space. 

Was this contribution to the work a AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
"work made for hire"'! Name of Country LJ SA THE WORK If the answer to either 

0 Yes { er f ►---------------- Anonymous? 0 Yes~ No of these questions is 
OR 1 

izen ° "Yes: see detailed 
0 No Domiciled in ►--------------- Pseudonymous? 0 Yes No instructions. 

NATURE OF AUTHORSHlP Briefly describe nature of the material created by this author in which copyright is claimed. T 

Author of entire document 
NAME OF AUTHOR V 

'Ji!::> 

Was this contribution to the work a 

D Yes 

0 No 

"work made for hire"? 
AUTHOR'S NATIONALITY OR DOMICILE 
Name of co:mtry 

{ 
Citizen of ► 

OR Domiciled in ►-------------

DATES OF BIRTH AND DEATH 
Year Born V Year Died V 

WAS THIS AUTHOR'S CONTRIBUTION TO 
THE WORK it the answer to either 
Anonymous? 0 Yes O No of these questions is 
Pseudonymous? 0 Yes O No "Yes.· see detailed 

instructions. 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyright is claimed. T 

NAME OF AUTHOR 'f 

Was this contribution to the work a 

D Yes 

0 No 

"work made for hire"? 
AUTHOR'S NATIONALITY OR DOMICILE 
Name of Country 
OR { Citizen of ► 

Domiciled in ►---------------

DATES OF BIRTH AND DEATH 
Year Born V Year Died ,, 

WAS THIS AUTHOR'S CONTRIBUTION TO 
THE WORK If the answer to either 
Anonymous? 0 Yes O No 

Pseudonymous? O Yes O No 

of these questions is 
"Yes,· see detailed 
instructions. 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyright is claimed. T 

COPYRIGHT CLAIMANT(S) Name and address must be given even if the claimant is the 
same as the author given in space 2.Y 

UJ 

APPLICATION RECEIVED 

ffi "'":_iz_O_N_E_D_E_P_O_S_IT_R_E_C_E_IV_E_D _________ _ 

Robert J. Marks II ~o 
1131 199th Street SW ~~-TW-o-0E_P_o-s1-Ts_R_E_c_E_1v_rn _______ _ 
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in space 2, give a brief statement of how the claimant(s) obtained ownership of the copyright.T 
00 
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MORE ON BACK ► • Complete all applicable spaces (numbers 5-11) on the reverse side of this page. 
• See detailed instructions. ' • Sign the form at line 10. 
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CERTIFICATE OF COPYRIGHT REGISTRATION FORM TX 
UNITED STATES COPYRIGHT OFFICE 

This certificate, issued under the seal of the Copyright 
Office in accordance with the provisions of section 410(a) 
of title 17, United States Code, attests that copyright reg
istration has been made for the work identified below. The 
information in this certificate has been made a part of the 
Copyright Office records. 

~lf) 

REGISTRATION NUMBER 

TX\J 453 752 

TX 
EFFECTIVE DATE OF REGISTRATlbt:>J 

' TXU / 

~-"'., 

' 1 l 0; 
Month Day Year 

OFFICIAL SEAL REGISTER OF COPYRIGHTS 
United States of America 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 
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PREVIOUS OR ALTERNATIVE TmES T 

PUBLICATION AS A CONTRIBUTION If this work was published as a contribution to a periodical , serial, o r col lection . g i, e 1n l1,rm ,1t1 on abo ut the 
collective work in which the contribution appeared. Title of Collective Work T 

If published in a period ical or serial give: Volume T Number T Issue Date T On Pages T 
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NOTE 
·' Under the law. 

the ·author· of a 
"work made for 

r-.... 
I.I) 

Cl 
=r 
Cl 

Was this contribution to the work a AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CO NTRIB UTION TO 
"work made for hire"? Name of Count ry LJ SA THE WORK . ir,e answer to either 

D Yes { Ct' f ►--------------- Anonymous ' D l'es)t: '\ .- 1 ·0 -se quest ions 1s 
OR 1 

lZen ° :X, ..... ~ see detailed 
D No Domiciled in ► Pseudon ymous ' D Ye, ' " "SJructions 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyrigh t is claimed • 

Author of entire document 
NAME OF AUTHOR T 

Was this contribution to the work a 

D Yes 

0 No 

"work made for hire"? 
AUTHOR'S NATIONALITY OR DOMICILE 
Name of country 

{ 
Citizen of ► 

OR 
Domiciled in ►--------------

DATES OF BIRTH AND DEATH 
Yea r Born T lt',tr 111,-.J .., 

WAS THIS AUTHOR'S co,TRIBUTION TO 
THE WORK · ·- .. ,nswer to e1 tner 
Anonymou s? 0 ) e, 

Pseudon vmou s? 

, .. · t.., ,,se uuest1ons 1s 
... .., · see deta iled 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in w hich copvri g ht 1s cla1mt'J • 

NAME OF AlJTHO:R T 

Was this contribution to the work a 

D Yes 

0 No 

" work made for hire"? 
AUTHOR'S NATIONALITY OR DOMICILE 
Name of Country 
OR { Citizen of ► 

Domiciled in ►--------------

DATES OF BIRTH AND DEATH 
Yea r Born T , .... ir : 'i t •d • 

WAS THIS AUTHOR ·s CO'\ TRlBUTIO N TO 
THE WORK •"' ·'"' ' O ci tner 
Ano nymo u s., 

Pseudon vmo u:- ., = lt·, ,. 
-, ·· :u..,s:ions 1s 

-~ ·":! Jeta1led 

NATURE OF AUTHORSHIP Briefly describe nature of th e material created by this author in w hich copv right ts cla1me>J • 
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See instructions 
before completing 
this space. 

COPYRIGHT CLAIMANT(S) Name and address must be given even if the claimant is the 
same as the author given in space 2.T 

APPLI CATION Ri: 
I\ ' ! 1 1 ' 

UJ : 1 . ~ ' • 
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Robert J. Marks II ::i::~ 11 •1 1, -

1131 199th Street SW ~w .i•,:l I : . · 
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in space 2, give a brief statement of how the claimant(s) obtained ownership of the copyright.T Zu., 
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n CORRESPONDENCE 
j..JYes 

□ DEPOSIT ACCOUNT 
FUNDS USED 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 
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FOR 
COPYRIGHT 

OFFICE 
USE 

ONLY 
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'REVIOUS REGISTRATION Has ~gistration for this work, or for an earlier version of this work, already been made in the Copyright Office? 
J Yes 00 No If your answer is "Yes," why is another registration being sought? (Check appropriate box) T 

J This is the first published edition of a work previously registered in unpublished form . 

J This is the first application submitted by this author as copyright claimant. 

J This is a changed version of the work, as shown by space 6 on this application . 

f your answer is "Yes," give: Previous Registration Number T Year of Registration T 
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>ERIVATIVE WORK OR COMPILATION Complete both space 6a & 6b for a derivative work; complete only 6b for a compilation . 
. Preexisting Material Identify any preexisting work or works that this work is based on or incorporates. T 

Material Added to This Work Give a brief, general statement of the material that has been added to this work and in which copyright is claimed . 'Y 

.-IANUFACTURERS AND LOCATIONS If this is a publish~cl work consisting preponderantly ~i nondramatic llterary material in English, the law ma y 
equire that the copies be manufactured in the United States or Canada for full protection . If so, the names of the manufacturers who performed certain 
,rocesses, and the places where these processes were performed must be given. See instructions for details. 
o/ ames of Manufacturers 'Y Places of Manufacture T 

~EPRODUCTION FOR USE OF BLIND OR PHYSICALLY HANDICAPPED INDMDUALS A signature on this form at s pace 10. and a 
:heck in one of the boxes here in space 8, constitutes a non-exclusive grant of permission to the Library of Congress to reproduce and distribute solely for the blind 
tnd physically handicapped and under the conditions and limitations prescribed by the regulations of the Copyright Office: (1) copies of the work identified in space 
. of this application in Braille (or similar tactile symbols); or (2) phonorecords embodying a fixation of a reading of that work; or (3) both . 

a O Copies and Phonorecords b O Copies Only c O Phonorecords Only 
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JEPOSIT ACCOUNT If the registration fee is to be charged to a Deposit Account established in the Copyright Office, give name and number of Account . 
'lame 'Y Account Number T 

:ORRESPONDENCE Give name and address to which correspondence about this application should be sent. Name /Address /Apt /City/State/Zip,. 

Rribert J. Marks II 
1131 199th Street SW 
Lynnwood, WA 98036 (206) 776 8995 

Area Code & Telephone Number " 

O other copyright claimant 
Check one ► 

0 owner of exclusive right(s) 

::ERIIFICATION• I, the undersigned, hereby certify that I am the IXiXJ author 

~f the work identified in this application and that the statements made O authorized agent of ______________ _____ _ _ 

,y me in this application are correct to the best of my knowledge. Name of author or other copyright claimant, or owner of exclus,ve ngn11 s1 • 

Typed or printed name and date ~ If this is a published work, this date must be the same as or later than the date of publication given in space 3. 

MAIL 
CERTIFI
CATE TO 

Certificate 
wlllbe 
malled in 
window 
envelope 

Robert 

Name,. 

Robert J. Marks II 
Number/Street/Apartment Number,. 

1131 199th Street SW 
City/State/ZIP ,. 

Lynnwood, WA 98036 

date ► 
12-4-90 

H■v■ you: 
• Completed all necessa, ., 

spaces? 
• Signed your applicat1on n soac.e 

10? 
• Enclosed check or mone, Jt :Je, 

for $10 payable 10 Reg·sre, . .I 
Copyrights ? 

• Enclosed your depos,1 --ia1e, 1d1 
with the application ano iee.., 

MAIL TO: Register ol Copy,,gnrs 
Library of Congress . Wasn1ng1or: 
D.C. 20559. 
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See instructions 
oefore completing 
this space. 

······-•-•.•,•·······-·············:•.•.•.• . 

See instructions. 

Be sure to 
give your 
daytime phone 

◄ number. 

:;::::::::::::::::::::::::::::::::::;:;:;:;:;:;:;:;:::: 

• 17 U.S.C. § 506(e): Any person who knowingly makes a false representation of a material fact in the application for copyright registration provided for by section 409. or ,n any written s1 a,,,,.,.,n1 l,led ,n 
connection with the application. shall be fined not more than $2,500. 
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UNITED STATES COPYRIGHT OFFICE 

REGISTRATION NUMBER 

TX TXU 
EFFECTIVE DATE OF REGISTRATION 

Month Day Year 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 
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TITLE OF THIS WORK V 
Notes on Generalized Time-Frequency Representations 

PREVIOUS OR ALTERNATIVE TITLES V 

PUBLICATION AS A CONTRIBUTION If this work was published as a contribution to a periodical, serial, or collection, give information about the 
collective work in which the contribution appeared. Title of Collective Work T 

If published in a periodical or serial give: Volume T Number T Issue Date T On Pages T 

,{f'\} ···· NAME OF ~"vTHORV · ······ ······. ..... - ... ··· . . ~!TB~~/{fBIRTH AN.-~e~/b1;f~ ···· · 
_.,,,,,,/:'';:: rt Robert J. Marks II 1950 

,;:::,:;:;::::;:;:;:;:; ,,.,.,.,..,,.-===,,...,.==.,,...--~.,,.,.==..,...---------
Was this contribution tu the work a AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 

NOTE 
Under the law. 
the ·author· of a 
"work made for 
hire" is generally 
the employer. 
not the em
ployee (see in
structions). For 
any part of this 
work that was 
"made for hire~ 
check "Yes· in 
the space pro
vided, give the 
employer (or 
other person for 
whom the work 
was prepared) 
as 'Author· of 
that part. and 
leave the space 
for dates of birth 
and death blank. 

See instructions 
before completing 
this sp&ce. 

"work made for hire"? Name of Country LJSA THE WORK If the answer to either 
D Yes { Cf f ►---------------- Anonymous? D Yes~ No of these questions is 

OR 
1 izen ° "Yes: see detailed 

D No Domiciled in ►---------------- Pseudonymous? D Yes No instructions. 

NATURE OF AUTHORSHIP Briefly describe nature of the material creatt>d by this author in which copyright is claimed. T 

Author of entire document 
NAME OF AUTHOR V 

]:y 
Was this contribution to the work a 

D Yes 

0 No 

"work made for hire"? 

NATURE OF AUTHORSHIP 

NAME OF AUTHOR T 

Was this contribution to the work a 

D Yes 

0 No 

"work made for hire"? 

DATES OF BIRTH AND DEATH 
Year Born T Year Died T 

AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
Name of country THE WORK it the answer to either 

{ 
Citizen of ► Anonymous? D Yes D No of these questions is 

OR Domiciled in ►--------------- Pseudonymous? D Yes D No ;~~~;~itfin~etailed 

Briefly describe nature of the material created by this author in which copyright is claimed. T 

DATES OF BIRTH AND DEATH 
Year Born T Year Died 'f' 

AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
Name of Country THE WORK If the answer lo either 
OR { Citizen of ► Anonymous? D Yes D No 

Domiciled in ►--------------- Pseudonymous? D Yes D No 

of these questions is 
"Yes: see detailed 
instructions. 

NATURE OF AUTHORSHIP Briefly desciibe nature of the material created by this author in which copyright is claimed. T 

w 
ffi~zONE DEPOSIT RECEIVED 

Robert J. Marks II ~o 
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in space 2, give a brief statement of how the claimant(s) obtained ownership of the copyright.T 
00 
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MORE ON BACK ► • Complete all applicable spaces (numbers 5-11) on the reverse side of this page, 
• See detailed instructions, ' • Sign the form at line 10. 
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CHECKED BY 

□ CORRESPONDENCE 
Yes 

□ DEPOSIT ACCOUNT 
FUNDS USED 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 

FORM TX 

FOR 
COPYRIGHT 
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USE 

ONLY 
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PREVIOUS REGISTRATION Has registration for this work, or for an earlier version of this work, already been made in the Copyright Office? 
0 Yes I};) No If your answer is "Yes," why is another registration being sought? (Check appropriate box) T 

O This is the first published edition of a work previously registered in unpublished form. 

0 This is the first application submitted by this author as copyright claimant. 

O This is a changed version of the work, as shown by space 6 on this application. 

If your answer is "Yes," give: Previous Registration Number T Year of Registration T 

5 
• : • • ,: •• :.:.:•:•:•:•:•:•:•:•:•:•:•:•:•:: • • •. • • .•. :.:•:.:•:•:•:•:•:•:•:❖·•::: • h _'_ :.:•:•:•:•:•:•:•:•:•:•:•:•:•:•:•! .. : .. :.:•:•:•:•:•:•:•:•:;:::. • • •. !•:•'.•:••••••••••=•••••=•••:•:•:: ·::: .... !•'.•~ >·•=•••:•:•:•:•:•:-:•:•:,:: • ... '.•'.•'.• .. •.••:•:•:•:•:•:•:•:•:-:•:-:: - ❖'.•'.•'.•'.:'.:.:•:•:-:•:•:•:•:•:•:.",: ·•'.•'.•: •. ••'.•.••••:•:•:•:-:•:•:•: •..•• • • ••'.•" • •••••••••:•:•:•:: .• • •• • • ••=•-•=••••=•••••:•:•••••=•• -... • • • ·•=•=•~•==- :•:.:•:•=•=•••=•••=•••• -•••=•=•••:::. • 

DERIVATIVE WORK OR COMPILATION Complete both space 6a & 6b for a derivative work; complete only 6b for a compilation. 
a, Preexisting Material Identify any preexisting work or works that this work is based on or incorporates. T 

b. Material Added to This Work Give a brief, general statement of the material that has been added to this work and in which copyright is claimed. V 

6 
See instructions 
before completing 
this space. 

:-:-:-:,:-:-:-·-•-•:-:-:-:-:-:-:-:-:-:-:-:-:-·-:-:-:-:-:❖:❖: .: .•. :-:-:-:-:-:•:•:•:•:•:•:•:•:-·❖:::.:❖:-::_:•:•:•:•:•:-:-:•:-:-:•:-:-:-:-:-:-:,:,:-:-:.::•:-:-:-:•:•:•:•:-:•:•:•:•:•:•:-:-:-;.;.;::-:.·-:.: _:•:•:•:•:•:-:-:-:-;.·.· - :-:•:-:,:-:-:-:,_ ••• _.•:-:-:•:•:•:•:-:-·,·.· =·=·=·=·=·=·=·········•·❖=❖:-;-;.-.· ·•· •• ;.;.;.;.;.:.❖-•.·····=•:•:•:•:•:•:•::.·.·❖:-:-:-:-:.:-::.: .• -:-:-:-:-:,:-:,:-:•:•··· ··=·=·=·=·=·=·=·❖=•:•.•:•:-:,;-:.;.-.·❖:-:•=❖:-:.: •. :-:-:-:-:-:-:-:•:-:-:,--:-:-:-:-:-:-:-:-:,::::-:-:,:•:•:•:-:•:•:•·❖:❖: 

MANUFACTURERS AND LOCATIONS If this is a published work consisting preponderantly of nondramatic literary material in English, the law may 
require that the copies be manufactured in the United States or Canada for full protection. If so, the names of the manufacturers who performed certain 
processes, and the places where these processes were performed must be given. See instructions for details. 
Names of Manufacturers T Places of Manufacture T 7 

!~:~~!;,~~~i?b~x=~h!r~!;p~c!:, ~!~~u~e~ tn~!~!~!t~~r~n~~~;~~~i~~~ ~~~i~;;~~~;~gress to ~;~~~:~~r::; ;i~!~~t; s:~:;a~er ~~e ~~!~ . .. .,.,,'.,_._r::_
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and physically handicapped and under the conditions and limitations prescribed by the regulations of the Copyright Office: (1) copies of the work identified in space . . . 
1 of this application in Braille (or similar tactile symbols); or (2) phonorecords embodying a fixation of a reading of that work; or (3) both. 

a O Copies and Phonorecords b O Copies Only c O Phonorecords Only See instructions. 
:•:•:-:-:• - ;.;.;,;.;.::::.:-:-:•:-:,;-:,:-:-:-:-·❖:-:-:,:-:,:-:.:.:-. ·-:❖:❖:•:•:•:•· :-:-:,:,:-:•=·=·=·-······=•:•:•:•:•:•:•:-:-·-·.- :-:-:❖:.:-:,:.;.;,:,::.:,;.;.:,:.:❖:❖:-:•:-· :•:•:•:-:-:-:-:.:-:,::: .:•:•:•:•:-:-:-:-:-:--. :•:-:-:•:-:-:.:-: _.•.-:•:•:-:-:❖:❖- ·•·. ··=·=-:-:•:-:-:.;,•.··•·❖!❖:❖:❖:❖·-· - :-:-:,:.:-:❖:-:.-.❖:❖:•:-:-:•:❖:❖-. :-:-:-;.:.:-:,:-:,y:❖:❖:❖:-:•:-:-·-·.- :-:-:-:,:-;::.:-:-·.•,❖:-:•:•:•:-:-:-·,·.- :•:-:-:-:.:-:'.:-:-::.:•:•:•:•:•:•:-:-:-:•·❖:❖:-:-:,::: ..•.. • .. _ ... 

DEPOSIT ACCOUNT If the registration fee is to be charged to a Deposit Account established in the Copyright Office, give name and number of Account. 
Name T Account Number T 

CORRESPONDENCE Give name and address to which correspondence about this application should be sent. Name/Address/Apt/City/State/Zip 'I' 

Robert J. Marks II 
1131 199th Street SW 
Lynnwood, WA 98036 (206) 776 8995 

Area Code & Telephone Number ► 

9 
Be sure to 
give your 
daytime phone 

◄ number. 

:-:•:•:•:•:•:•:•:•:•:-:-:-. :.: . . :.:.:•:•:-:-:•:•:-:,:❖:❖- :-:-:::, .... : .:.:-:.:-:•:•:•:-:-:-:-:-:.;.;,;.;,:,::: .:. _:_:.:•:•:•:-:,:-:-;.;.;,;.;.;.;.;.;.;.: ... :.:,:•:•:•:-:-:-:,:-:-:•:❖:❖:-:-:.;.;,:::: .. :.:•:-:-:-:-:-:-:•:-:-:-:-::,;.;.;.:-:-:-:.;._ .: .• •:•:•:•:•:•:•:•:•:-:-:-:•:•:❖:❖:-:-:-: .. _:•:-:-:-:-:-:-:-:-:-:•:•:•:•:•:-:-:-:-: •. :. ,_:-:-:-:•:•:•:•:•:,:-:-:,:-:-:,:-:,:-:-:-: _:•:•:❖:❖:-::: - :❖:❖:-:-:,:-:.•.•:•:•:•:-:-:-:::.- ... :-:-:,:.: -········=·=·=·=•:-;:: ..... :-:-: _.·.❖,·-·=·=·=:•: 

CERTIFICATION* I, the undersigned, hereby certify that I am the 

Check one ► 

of the work identified in this application and that the statements made 
by me in this application are correct to the best of my knowledge. 

XfXl author 

O other copyright claimant 

0 owner of exclusive right(s) 

0 authorized agent of ____________________ _ 

Name of author or other copyright claimant. or owner of exclusive right(s) A 

Typed or printed name and date l" If this is a published work, this date must be the same as or later than the date of publication given in space 3. 

MAIL 
CERTIFI
CATE TO 

Certificate 
will be 
mailed in 
window 
envelope 

Robert 

Name 'I' 

Robert J. Marks II 
Number/Street/Apartment Number 'I' 

1131 199th Street SW 
City/State/ZIP 'I' 

Lynnwood, WA 98036 

date ► 12-4-90 

Have you: 
• Completed all necessary 

spaces? 
• Signed your application in space 

10? 
• Enclosed check or money order 

for $10 payable to Register of 
Copyrights? 

• Enclosed your deposit material 
with the application and fee? 

MAIL TO: Register of Copyrights. 
Library of Congress. Washington. 
D.C. 20559. 

::: • :: • :,:-:-::.:_:•:-:,:-:-:-:-:❖:❖- - •••• · ....... _._._;.;,:-:-:•:•:•:-:::.;.;.;.;:;.;:: ... :. _:•:•:•:-:•:-:-:-:-:-:,:-::❖;. :-:-: .: .••. :.:-:.:-:-:-:•:•:-:-:-:-:-:,:.: •• ;.;:; •• :.: .. :-:-:-:-:-:-:-:•:-:-:-:-:-:-:,:::.;.;.;:::!:-:-:•:•:-:-:•:-:-:-::::❖:-:-:::::-:,::: _:_:•:•:•:•:•:•:•:-:-:-::. :-:•:❖ .. -:-:-::.:-:-:,:-:-:•:-:-:•:❖·:. :-:-:-:.:-.: .• ,.❖:❖:❖:•:-:-:-:::: ·: ••• :-:-: •. :-.-,•:•:•:•:•:-:-:-:: ..• ·:. '.•'.•:•.•. _:-.•:•:•:•:•:•:-:-;:.-. ·: ••••••• :-:-.:•.··•-❖!❖:-

• 17 U.S.C. § 506(e): Any person who knowingly makes a false representation of a material fact in the application for copyright registration provided for by section 409. or in any written statement filed in_ 
connection with the application, shall be fined not more than $2,500. 

<•U.S. GOVERNMENT PRINTING OFFICE: 1987-181-531/40,024 April 1987-200,000 
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S [n - L · u] = --s- L [n f.],v [ J -d 2.1ru k 
I c_k~-L X ·L-t w k . e ~ ~ac 
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~ -q o( 1 S 1 [ n - L ; u ] ·e:: i t 
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We can factor delay l~ne oc.rts;de_ 
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_ ~·2L+le'2..L+,)(S,-J21ru) 

I tl.....__ On' r N Mult:p l,75 to ~; II Up; 
Thv:s

1 
we- nave Oe lay f, .,,e... I 
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_, 
~H 
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+[ -L-t).1-1 k] e s,k ,._ 

S n]: L x[n-L- · s
1

=-s1-j, Lt 
~ . k.: -L - J I 
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+ ~ s k I -s L 
Sm[n] = L__ x[n-L-k] e , 

1
· s_+[m]::.x(n]e 1 

k=-L L 
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t.__' X n-L-k] e 9 e I i 
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=. es1N e-J-zrruAJ - [ ] ± ..::.- n-L-N j p-J + S111 [.n 
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+ ==.± [n i pJ 



cs 

-----· I ,/ 

;I',' 

N 
~ -

---,i~ L --
p 

I. 



8ank 
. . 

t 

• 
I 

_ __l_ c.cr 



x[n} 

• • • 

• • • 

ex 1 

ex_l 
exa S{n -L,·u J 

p+ 

ex 1 

ex 1 
ex 0 - S{n-L,·u PJ 

ex 1 

ex_l 
exa S{n -L,·l{_) 

ex 1 

ex_l 
ex 0 S{n-L,·1{-d 

/ 

lord 



... . .. 
x[n} -7 

>< >< >< >< >< >< I 
I I I t--< t--< t--< 

t--< t--< t--< -+ -+ -+ I -+ 
... -+ ...... (\) . .. < ...... < I I 

...... -------------

3005~--

.71?.30. 

., 
' .. - "'",:. 



firl 



----~~~ 3230 (3235 

-x--=[n_}_ ..... 1 esq e-J2rruN 

i--- ------ c'220 Sq[n-L,·u} 
I 7 z-1 
1S [ ,1 -----(N~-- I 
L:l._~-L-N;u} _____,1' : 

-------- _J 

3210__,;--
3215 

x[n} 

Y~.32. 

big 



c3305 

x{n} 

3 3 IO~ 3 3 I 5) ,------, ,--, 
I I I 
I I Cx l I 

L ______ _j 

exo 
I 
I 
I 
I 
I 

Cx-11 

L_ __ _J 

332°? 

S{n-L,·u} 

bucks 



3405) 

x{n] 
II I I I 
IL _ _j L J 
I -
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

...,__ I 
I I 
IL _ _j 

I 
I 

L ________ _j .9"~.34. 

;ames 



\3510 3520\ 

3505 

x{n} 

,----7 
e0N e-J2rrpN6 

I ~[n-L;p} 

z;;1 I 
L ____ _J 

3530\ 3525 

~[n-L;p} 

)(' v'/ . 
James 



(3605 

x{n} 

• • • 

• • • 

I 
I 
I 

.7~.36. 

I 
11 I 

I ls[ n -L,· up_) I 
I 

11 I 

11 I 
S{ n - L,· l{_J I 

11 I 
11 I 

llsrn-L·u JI 
~-~---~f-+--~_,_,___-.-++-_L ·____,...._' p- I 

_JL_ =--7J, 
3620 -u 

fjre 



(3705 

x{n} 

• • • 

• • • 

1 
Cx1 

exa 

~~ 
Cx1 

~o 

Cx1 

exa 

Cx1 

I 
I 
I 

Ii 
I 
I 
I 
I 

l i 
I 
I 
I 
I 
I 
I 

I 
I 
I 

Cx1 I 

~o j: 
I 

I I 
I I 

L _______ ~ L-------~ 

\__3710 ~3715 

r-------7 
I I 

:s[n-L;up+J: 
> 

I I 
I I 
I I 
I I 
I I 
1S n-L;up+J, 

I 
I 
I 
I 

I I 

:s[p-L,-up+l: 
I I 
I I 
I I 
I I 
I I 
,S[n-L,·u Pl 1 

I > I 
I I 
I I 
I I 
I I 
I I 
1S[n-L,·¼_J, 

I 
I I 
I I 
I I 
I I 

:s[n-L,·up_J: 
I 
I 
I 
I 

I I 

: s[ n-L,·Up-J: 
I > I 
I I 
I I 
L _______ ~ 

~3720 

zend 



I . 
A3 
- I -





Modvlat-ccl Windows -:JI: 2 ! tli rm 
. L . k 

S [ n; u J : i: w [ k] x [n - I<] e -d zrru 
l<=-L 

w [ k i u] : w [ k] e -j 2rruk e - &(k + L) 
Q.. 

- I - 11 

,4.1. 

. ,ns 

= ~, =o 4J1 [ki t-4] 
WT [ k i u] =- ,s, CCQ. ( !Ti: k ) e -j 211' ku IT [ J<L ] e -~(k •L) 

: Make it causa}: 

WT [n- L; U] : /3'! Ccr.)... [ ¥- ( rl -L )] e· J z-.r (n-L)nl.l- '-J -en 
,.Tf[2L e 

=- B., (- I ) 'I c.c;i,,(rrc !) ) e -J zrr(., -L) u 1T [ ()__.; t- e ·Crn 

To cance I us,n?"" d e.ll!ly / ines c.ve must-
choose b I ~ 

U = p/2L 
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Con~ider: 



* A-t I 
- I.{ -



;Recursion 

:J" ·4-c ~ ) + ( ) 
i !'.., c j f 1 + 1 : I< , .,. 1 c ; p 
Ki(e;p+1) = I{1_1 (rjp) 

1 I'J" 's "o,... Thu~ we can u.se. -1::ne same .".. t-
ditferer,t fre7"()e.f)c/ b~ns. 

Boh Ma,..f<:..s 

3 / ~ / 'iO ·,,, N.a,,-l:es
1

Frqn 



l1odulated ~J',ndc~.s w/ e1uall 1 spc1c..eJ 
f re1 v enc'( b , n S · 

D a l'Y\ p e:.d uJ ~ Y) Jo r.v s p e.e- -1::r'"'og; r a f'Y) 

( Ur1 a a f'Yl p e d .5 f e c.. ; a I C c! 5 e J-o.,.. er ~ 0 ) i 

[ J ;:=. - CJ'(f<. +L) - . ~-rreJk,. P! 
5 n; p = k~ I w [ I< ] e ')(' [ n - J< J e d i LJ = 24 

- I 
w [ k ; o J - w [ k J e - <Y ( I< +- L ) e -j rr"' P / L i 

I 

: L..~
0 

t.v1 [k;p] 
/) ( 7T' 1.. k ) -d TT" k p IL - & U< t- L ) [ ..b_ w, l k; pJ -= ,ui Co-1. L e e TT 2.L 

r7 a k e ·, t: c a u s a } : 

-,- ~ 

A2 



= I - ~ e . ~ e. - I ;;;_ct: (.±er - F ) J + e- 2.5' r. -~ 

K~(c;p) .:A■(c; P~1) 
I 

Thu~ 

~ .. , -1U -& 
-z:. ea Le 

Hfi.:f l = -½ C-, )"+" /3'1 [ A. (-i! i P ·'f) + A C.:z; p i-(1 )] 

- 2 - ;4 
A2 
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For '1:.0 
P oo -{J1f!!r-&)k 

Ho ( ~; f, ~ c-, ) 80 L e. · 2- -
1
' 

k=o 

~ ("" I ) f' /3 O 1{ ; ( ~ i f ) 

Now: 
:.c-, )p !3o A (:e i p) 

[ 
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t-or q = i 

-- JL(1:;p•2) 

• . . 

-s
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Count:;ng; the FLOPS. 

A ss urn e : ~ L out: fut I ; n es 

=-> :2L+ ~~ JL filters 

* FCJr eac..t, A .J; /t:er: 

... , 

1 complex mu/t:iplv=- C:, /:LOPS 
J. com I ex add* I =- .2. ,= LDPS 

B PI..OPs/Jl J:/te~ 

'==i> ■ I G, ( L + Q.) FLOPS r-oR A f; lters 

* 1=nd poit1t" correc;ti or) 
[L Gcmp I ex ac/g +I complex mvltipll]X 2L /re1, b;ns 

=-l6L FLoPs ■ ~wow. 
~ Fovri e.r weig-ht-s 

~ ecomP,Je)( adds of conj. cornf ::;>2QF"LO 
~-+1.. multiplies (re.a/Xccmp/ ~iQ+~~ 
~ complex add.so!! comronenr,s~ 29F1..0 

1 > (, Cy + 2 ) 2 L : L/ ( 3 9_ + I) L FLoP.S 

ln =svmma~y: * W;t h end poy~-t e:o~ r ~c-t ;~l'I 
32.L+ ,,q_+ Ll(3Cy+J)L r;LoP:5 

= 3QL +- I~ 'l_ + J~ LQ. l=LOP5 = FLOP5'4/ 

,YWithout e~d roint cor-rec.ti~~ 

0 1,(L+~)1- L/(s~+t)L 

::. 2-0L + Jl,(2 + l~Q.L .:: FLOPSwo 



FF T r e 1 ui r-e.s 

(1. i- 5 ~,~ L) ) Z L Fl.OPS 

N:2L 
Q-1 

.==;;, FLoPsFH =- (1 + s4,2 N )N ~ 
,FLOPSw = 18 N r /{( Q. + t, /JJQ::. :l.L/N +I{:, 

FLOPSv.10 =- Io N + Jt, ~ + , Q_N= lbN + i l, 
FOR N>>l N+l~N Let- l&:,(.N+1.) 

j • 

A/a11 t:es F,,-qn ce 
I 

/114 rl!!..~ If 'iO 
I 
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Analysis Jo.,. p=-o 
For p = o I r J,, e ../L( i!: i p ±Cf) 's :Pov-Y>1 

cor')jvg-a-tc pa',rs for Q_> 1.. The!( 

e-a r1 be com b i t'l e cl : 

-'LC~ i , ) .,. .A. C ~; -7 ) 

= 

-. -
I -. 2 ~ -A. ( ~i?) 

.. ·_ Can sir11f /; -1- j _, ~ use 

1 Jl_ ( 'i= i / ) ==- A(~/ / + 2 L ) 

:at'lcl vse adjac.erTt f.;/-ters c1-I:. J,;6~ 

e~d -~ same_ a Y' ;t::'1"" ~ t-'i c. 6 



I 
w'nat a hov-t Q_ == 2 1 F = i ? 

: We. have.· 
I • 

ACc-/p-9); <o 

Bvt: 

_;1_ c 'l:. /. r- 1 ) - A* c i! i 9 -r ) 
, Q t.Je s i:-- i o t1 : 

Ca,, we use. -L 'p < L and cut:" 

t: h e FLOP s i "' h a / t' ? 
A ,, s w e rr ·. 0 I- c. o v,.. s e ! Th i s i s 

!-le.,.,,.,,_ e t- i a YI S /,,,. ,., "'-t-,... 7 ! Ov,,. cr2 I)' 

r~ivirem~nt- is -t-ha-t- t'1e. ;viput is f'eaf. 

Q: ,'1;5 r-educes t~e FLOPS~ 1/2. Ooe..s 
is also v--e.dvce -t:he FLOP ? 0 's 
~,i f. - 7 - by abov-1:. Y 2. ~ 



. 
'.JL' ( i!-; ..l ) :: 

IJo,€: 00c'5, c~VIIIA-LE:"NT .9€A/OMl~,4To~.s 1,4.,f,OL'( 

F€:WE:tl FLOPS-:: ( TUIJ..AJS OUT .. , No) 

' I 
./L(~il) 

real if\ vt:-

FLOPS: 

i 

1 
2·' 

4 real 
LI real 
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" 0 
(/t 

>,) 
('b 

I 
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s 
r-

r~ 
"-' 

c·' 

(\ 
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N 
~ 

-,o -



~ T'1 us 

h;[k+:i~;a,, c-1 J'l,81 C&.l.,[fl(k+2L)J 
I •e-o-(l<+2d ecJ2.rru(k+L/ [k] 

=f-, ) 1 ;9"1 e-o-k e -J 2-rru(k-L) [ kJJ 
')( e - 2.Cr"L e -j ZIT U (2.lv 

-J-
43 



- 2-

or 

hf[kiu] ~ 
No-te t: her') 

I I 

-2.<o/L -Jl/TrUL I [I J e e n 1 <-2L; u 

t:. hat-

or 

uJ [ k -L • ul = h [ k · u J 
i ' ~ / 

- 2~ L ,o -d· ~ rru L h [ k J -e '-- -2.L'U . j I 

+ w,[L] e-o:ziruL f;[k-2L] 



1 

t 

1. 

~xc.e.ft .Po,- I= o. He re . k.. . 
H ( ~ . U ) ~ /.2 ~ ao re -(9- - d 2 tr ll r_ - I] e i-d 2rr 1.-u 

o , tvo L-k=o~ e 
1 

L -
_, -~ -d- 2Tl 4 2e e 
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W (I I e.. J 2.TT L u I " e c. a t"l i a ct o,,.. o vt: t n e ......, 

• ( ) -J .ZrTLU H1 2-;u e 
0 f ~ ( · I ) 1 /3 'j [ I{,+ ( i':; u ) ~ X,? c; u iJ / 'j t o 

L J3 0 I< f ( ~ / Ll ) / i =: 0 

1-J. ( i!,' 4) e -J 2TTLLl "- L-- ~o H 'I ('lei (J) e.·d 21TL(.J 

j. ~ITLU e 
• I -(Y -j.27T(J 

2 e_ea 

- 1 + .i o;::t -~ -j 2..ifLI 
2 e u '-<::. e u 

FLOPS :: LJ c..o ,.,,f le)( ,n uf t:. 
+ :2.. recil x Cornn' ~u 1-t 
+ S comp lex adJ:ls 

= 
2 tl FLOP.:S 

'-/ FLOPS 
IO t="LOP..S 

38 ~LoP.s 

-4-
3 



Jl(~ju) ?..-L . 

~ ( 1 - e -2. c,, L e -rJ 2.TT u L) J-1 ( c; u ) 

+ w ~ [ L J e -d ,rru L 2 - z L 

e- 2.&_L _ __, 

----.11~--11.,._--'--~ H (i.;Q)'---_,.,._~-~ 

.. , 

-s
A-3 



11
/VJcclu/3ted 

L 
Bn-L· u)-= L 
I ' ! k.: -L 

I wU;wJ' 
I 
I 

I 

I./' d ,, w,n cw..s 

W [() - L 'u] ~ 1 / 

W ,~ [ n • L ; u ] ~ d_ ;3 j (- I ) i [ = { 2 7T n ( u · ti::- J 1 
+ ~ l 2 TT ( U 4-~ )J Tf l ~-c J 

-f{-e;'c:.. • ' q 
0~ [()-L;u J:: -;_ t8

1 
(-i) 9 [_ ~ ~ 2rrn (u - 2.L )3 

+ ~ t 2rrn(u tft:-)31 TT[~,=] 



e-e-/~(fl.n+cp)~ 
/l,<. [.n J 

t - 2 e -er 2- - i C--0":l. n_ + 7::. - 2. 

I 

~ 

i-/ 9 [ t; LI] 2:- L 

_ [{1-~n.~-'}-j~n.r:~ 
- 01 1 - 2 2~• ~.n., +'2.A~ 

{. J. - ~ 122. e .. 'J _d ... ~J2'2. -c _, J 
+ I - 2. ~ - '· C-C":l... J1 2. t ~ - z.. 

i<a 

-zc-

- j_ 



1 -6<T.l.J2 . , 
-AM1.S21 

X ~. ~-1 

~-l 

2. ~ fl i -1 

. 
-/J.¼.._J]_ 

<... 
Z, -I 

Pr Ob J € rt1 : MI) Sf; c.h oc $ e. u -
2 TT ( tJ - fc. )( () - 2 L ) 

-=- 2 rr(u -1£_) - ~Tf( u -IT_) 2-l 

U IYI IJ S -t: S .,,.-#:. i S t ! 
~ - fr:.) 2.L = Tnt-~'S'er---

r.,t~t;:~,,... 
or U =- 2. L -

A.e. J L:k.e F1--r. 



Common De{ays i" Urin1ocluf.s-t.ecf l.Ji.-,dow 
Sf ec t roglr a .-11..s . 

5 C,., -L; u] ::: e-d zlT(I\ -L) u [ f x c riJ e) 2.vn IJ j ~ ~ [ fl - L] ] 

/\ -e-n 
'-"J [" J =- w [11 J e 
" ,\ - 2~ L I\ A 

,,._, [ n - L J =- h [n J - e J, [n - 2 L] -t- w [L] ~ [ n - 2 L] 
= h [ n] if [ S [ n] - e - z<',i.: S ln :,2..1.3 J + ,:, lL] ~[n-2 ] J 

._j ZTT(rl- L} U =eo 
I\ 

+ h [n] ~ 

[ 
" ] + J z rr(n - 2. c_) u 
W [LJ X [n - 2 L e 

( ~i.rrnu < .20-L -J'-'rrt.JL ~ 
<.. e x c n J - e e x [n .. -,_iJ/ 

/ 

/ x[n] / // / 
-----L--------------t/ 

i 



){ [11J 

> 
~ -z.1-

-2CX 
-e 

. ,. .. 

1 

"' w[L] 

' . , 

w [L] e -J ~rrL4 

V~,,. i ab o~..s 
I. Oei~/'; ,,~ ~ Lvinolow ;., Muft-itf' ~.S 

Z. M-a.c;5v1itve/e w/o ~~Jfo' f-cov~ . 
.3, Phc.s e. ot~er pfacf!:. 

ed2TT"f)U, eiz.TT('1-L)U I 
,-....---, 

m 
e-J 27r(f1-L)UZ: 

I 

!ill-_t I 
eel ZfTt)lf -i_ e cJ 2TT(tf ·t.)u I' 

-J2 Ltlp 

C :S_p 



B;,.,.s sp-ac.ed as Up= /2L 

e ±j 2TTL Up ::. (:" I ) r' 

X [n] 
► ,--....... --.-----------

- 2.&L e 

w-Pn 
2l. 

w ,.~}I l 
2.L 

(J 1-3 

t') 

f' I 
(- ,) 

s 
f-t/ 

w/o end f o ·, t1t cor ,rec..t-, o v, 

X[ri] z-, 
---~t,..-•------ _zo-L 

e 



L oo ~ '5'. 9~ 

t [n; u] = ~-L. f.-.._ cf ( 11-M i k) x (rn- ~ )ft~) e-d '2.rrk 

cp(n~i k) == a+(k) b [n+~J + ~c:l_(k) cS(n-l) 
f C 11 - "1 j /.,. ) ~ a/ k) b [ n -rn + : J -t d _ (I<. ) S (n -m - !u 

M=-n+" n-,.:an-!, 
... '- -

~[n i u] = f-., . .':l-t (k) X (") /* (n+/...) e -J -zrr klf 

-f. ? ... a -( k ) X ( n - k ) .>' >I' (,, ) e. -J '2.11' 101 

=- x (,i) ~ a i- (}<.) 7 >t (11 .. I<- ) e -j2.-,,l<Lf 

* "° ) ) -J -ztrk Lf 
+ f (n) b.;a_(k X(l'l-f... e 
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Y(s); XCs)+ c.s· 2 1l(s) 

.X-Cs) 1 Y(sJ -.\-.:~J . 
c.s-:a. 



(-,/' a s-• 1 1 1 ~ ( 111ruf) 

• ' 1 : r 1 : I > l : ~ ~~qrrur):: 
s· 2 (a•bl"- s·~ca-b)"- e·'ITS = ~ ~ 

s-z.<a 2.-t' h' 

@ • ~ • A ► 

s- 4 (a2.-b 2 ) 

.s-'2.(az-b2) 
- ... 

1. 

@)~<... ~ !!I-

s -~(a 2 t-h 2.; 

,.. 
Si (t;u) 

• 

' s
1

(t;14) 

a : 2TTU 

b: 1T;/:i.r 

~ 

1/eJ 

0 

~ 



Por I =- 0: 
L ( ) _ -j 2rru ( t - 2.. T) -rr(t - '2. T_) 
no t - ao e 1 1 1 4 T / 

j " rru T j 4 re. -J 2.,r1..d: - :s t:- , 
~ ► ao e e o1t-

o . 
J 47TU T i La T - (5 + J '- rrLf )-f::- I 

= a e e · ott-o 0 . 
- e d 'Uru T [ - ( S -t-;; ~:1ru ) 'i T J 

= ao s+J2.rr<J e. - 1 

__ a~o--[ej.4rrUT _ e-'-4STe-J•trUTJ 
= S + j <"ITU 

_ a 0 (s-J 2.,ru) [ jyrruT e-'I.ST e-d '11T4TJ 
- 5-Z. + (21ru)z. e -

h; (t)e,;s'2.~
0

(2:rru) 2. Ls (' -e.-
45

') ~ <TTt.fT' 

-+(::rlTU) ( I + e. 'I ST) .-4.ht, ( 21TLJT) J 
~ ae [ · ( -1./ST) 

ho(-t:) .. ► s '2.-t ( -2:rru) z - :2:rru I - e Co;;L 2.rr u T 

( -LfST) f , J + S I t- e J. A-UL~'TTUT) 

07 



08 

O(s) -------.1-.1 C 

1 C«L. (2rn.1 T) - (zrru) s·' 

~(2rruT) 



cl
0 

S - • do S -I 

I + (2rru)'~· 5-2. = t + a-z.s-2.. 



,- q =- 0 ror I 
-~©c~, -...----.-,-------,----- s:(t: -2 7' £-t) 

® 

© 

2. 
(2JJ'"u) s· 2 

. 
$ 

1 
( i. · Z T1 U} 

0 ' 



I 

Ana log r:.amogram 

1 
T J tt-Cl11-a+ 

r_(t;u)= --f(1') 
I 'r= - T 5 = t - cl71- a_ 

C ) ~c ) e -j '2 TT LI 'r I j r 
X ~ .. c ?- / 3 + C.1"' ~ a 3 a 

T ;-t"f ctr/- a+ 
l-(t-2r·u):} -f(-r) 

1 r= .. r J = t - 2 r- cf11- a_ 

* -J zrru; 
x(3-c't)f (3+c.;)e J3d·?- (er) 

a 1 T 
5 t- :Z. (-1: - T j U ) :: 't=.. T f> ( r) 

x [ t - n cf?1- a+ -cT] ,Y~ [t - T + ch·l-a+ + c, 

e -J -z:rru, d I 

-1 T f(?-) 
i= .. T 

x [ c - r- c 1-r I - a_ - c. -r J )' * [ t: - T -c I '1" I - a _ + c ,:] 

e -i) 'Z.lTU ,,_ J -r Ce 7) 



I 

I s 
I ~t ~ ( t - T; l,f ) 

=-1 r ·-f(?') X [t -
'r=o 

J * [ 1 -j2.rr 1'1 
T---a+ y t - T + 2C7"-a_.Je di 

0 

+ 1 f ( -r-) x[ t. · r- .zc'i'"'-a 1-] 7 1r.[ t - T - a +J e -j -z-rrc.t, J , 
1'=· r 

I T -1 f(,) x {t - T - ~c ,~a_] v*lr t -2 T-- a .. ] e-j ,nu;d 
i=o I 



f 
r -~2rru;: 

5c_(t.- T-a; u)= _ 
7 

W(T)x(t:- r-a-c,)ev dt' 

5 ( ) ; 
T ) .. j,rrui- 1 

C tj u :: .. T w (t') X ( t - C. I e a d-,-



It t:=-o 

-cl'rl -a_ <5 < 

-c.7-r~ _a-

!11 -a + 

-a+> - a_ 
=>a_> a+ 

a_= a ... +- 6 

) 

S (t- T- a U 
c. - I 



JI --!7(t ~ ~*(--t. 
t+ nn~~·y-----------_L 

·.r 

' WJ{t: J : 

y(1:.) 

)((t.) 

f*(-t) rr (~~) 

-f(-1:. ) TT ( t; ;. 17'-L) 

~(£) rrC¥1,) 

cc a c. 

e-s( 'T+a_. 

W c. T 

tA 

a.,, c. 

T 

a. c. 

a_= a,.+a 



2 [ n +- i i u ] - ~ [ n i u J - f x [""' J / ~ [ m J 
• 

: z++-I y.t.'[p] t. f[k] X [p-2ck] e-J-.:rrl<~ 
p=n-a+t1 I I k=-2L 

. 
n-a_+, -1 

- L 
p=- n-a_ 

• n-a_-t, -1 

- L 
f =n-a_ 

i_ -f(k) 7* [p +- zck] e -J -ztrb-1 
1::.::-zL 

n-a++I 

+~ 
f = n -a.,. +- I 

= .6i [nj u] 

Can c.onsi:ruct usi()g 

LJ;(n+1_;u] -6i [n;u] 



6;[n·r1;u]- 6~[nju] 

-I 
=- y * [ n -a+ t- i -t 1 1 L f (/< ] x [ r1 - a + + i + , - 2 d<-] 

k=-2L -·zrrk11 
x e d "i 

- y* [n 



G 1. 

i < T> n-,. c J k I - ~ + 
: Z; [n; u J :: [: L 

k = <-T) m:::. n - c I k J - a.+ r 

[ k] x:[ J -J2-rrku 
XX m-c I m+c.k. e 

Make.. ;t: causal: 

~[n- <T>; u] 
<T) n - < r> + c.l k I - a.,. -f [ I< J 

= L L 
k:: {T) m: n -< T > -cf k I - a _,t, 1 

[ k J [ k -·, 'Z lt ''< u 
x x m -c / * m + c J e (T 

0~ f .t ere n Ce : 

~ [ n - < T) i u ] - l [ n - 1 - ( T ) ; u J 
( T> [ n -< T> -t- c \kl - a + n - 1 - ( T > -t- c I kl - a -t 

=L L- . -2 
l<-=<-T) rn=t1-<T>-clkl-a.+1 n1;:n-1.-<T)-clkl-a;.1 

• -f[ k] X [rr1-ck] 1* [111 +ck J e-d z1rkt..1 

<T) ✓ c..lc. 
=- L.. --f[kJx[n-<r)+clkl-a.,.J;/fn-fr)rclkl- t+c~ 

k = <-r) _d. z:n-u k 
" e 

<r> 
- ~ i'[k] x[n-(T)-clkl -a:ck] ;/'[n-(-r>-cl I< 1-a_•cl 

I<={ T/ . ~• L 
X e -d :2.1T'"vo " 



Ca.se..1.! T',s an~Ateger

T= L 

,~[n-Lju]• Z:[n-L-1.;u] 
L 

--- . 

; :: L l[k] x [n-L + cl k J-a~ -c/c:.] 
k : . L * [ k J -d· 21f U k xi n-L+clkl-a++c e. 

L 
- L 1 [ k] x [ n .. L - c I k l - a_ - c I< J 

k- -L *[ ( J -dp "ZlTU l<; - " y n - L - c I" I - a _ + c k e 

" -f lo]f [n ·L -a.,.] f * [ n - L -a,..] 

- x [ ()• L - a.] y >1t [ n - L - a_] J 
- J • 

+ L :f [t.] x [n - L ;;;?=k- a+] y* [n-L-a+J e ·J ?.7ru 

k.: -L 

L.. J J~TT + F. 'f' [k] X [n- L - a,.. l / 11n -L ... :ic.k-a-i, e 
.. I . • k -EL f [ k] X [n-L-a_JJ )t [n-L+:zck-aJedzrr: 

- k_ f[k]x [n-L-~cl<-a.]7*[n-L-a_ le·d ~rruk 
k:. I 

CZ. 
I 



1 

:: ~ [n -Liu] - ~ [.,, - L - I; u J 

- -f[o] {x[n-L- a➔] y"[n-L-a+-] 

-x[n - L - d_] y ;r: [n - L- .;1_J J 
-, J, 

=- L -f [ k] >< [ n - L - 2.. c I<. -a+] y ,r [ 111 - L -a+Je. -J c.rrt-1 <[ 
k =-L. I 

-I I 
t- L i' l -I< J >< [ 11 - L -cI + J / * [ n - L - 2. c..l< - a +J et-i L rr

4 ~ 
k.=-L 

L . J 
- {;; -f [ • k] x [ n -L -a_] /Jt [n -L - 2.c:..fv a_Jeprru "" 

-± f[k] x [n-L-2c.k-a_J v"[n-L-d.]e.ci",,.."k 
I<= I I 

= >< [ n -L -a .. ] {z::':. f ~ [ • le. J ! Ln - L - z c(,. - c1. +J e -J ~ ITU 
1j * 

I<. a -l 

- x[t> -L -a_] [ ±:_ f * [-k J y [n ·L-2.d,. -a_] e ·J-..nuj 
/(:.. f 

+- / * [rH -a +] .i:::_ -f [ k J )( [ n -L - 2. c. I< - d + J c::_ -,j'• rru le., 
k=-L. 

J cf=- [ J [ J -1'l.rruk. - / *[,,-L -.;;i_ c.._ 'f k x V\ - L .. 2..c fc.. - a_ e u 
k= I 

G3 



G'-{ 

w L 
X[n] 

u 1------1 ... S [n- L -a ·u 
C:. I 

a C 

~ J [ J -j c. rru k Sc [ n; LI] = c_ w [ I< >< n --ck. e <:1 

As.s vm e. a_ =- a+ 1-A 

Ca~ use. ~cro5S 

Wa [n] .::. f"' [-n] . -Lfn~-1 
/ 

wb L,..,] : t ~c-,, 1 . l ~ n~ L / 

We. [n] :. -f [n J . ·L~r)f-/ 
/ 

WJ[ n] :. --r [ (\ J . t ~ r\ ~ L 
,I 

F r-or>J G3 

2 f.n - l · u] =- 2 [n -L-J ' u J 
I I 

-f- fl ~ [n - L ' U] 
I 

+ f[o]f x[n-L-a.,.]y~[11-L-a..,J 

- >< [tl-L- ~-] 1 *fn-L-a_]j 



Gone.. Cross Z:-amog-raM 
I 

a1-=a_--=a 'if l:l=o 

From C. 3: 

7'[k]={ -~ 

I 

U.se ~c.rscon e.. 

· I<< o 
/ 

· k=-o 
I 

. /<. >CJ 
I 

w'l [n J =

w,_ [ n J = 

f-c- [-k] o/ L-kJ 

f[/._] I [k] 

· I k / f L 
/ 

~ } k} ~ L 
/ 

c.s 
I 



•· Auto ~amog-rar'Y) 

X =- y 1 f' [ I< ] =- f' " [ - /-w 
: Frol'Y> G 3 

·Ll 2.- [n-L · u] . I 
I 
I 

* - I -d· crru~ 
! = ~ ~ x [ n - L - a+ J L '-f [ I< ] x [ n -L - 2.c I<: - a + J e 1' 
' k=--L 

!- :Z ((.a. x* [n - L - a .. J ±:_ -f [ k] x [fl- L- 2.cl<--cilJ L-J "l. u I<. 
k:. I 

U.se ~2u-l:-o 

Furt:~ermore now G~ bec:.o~es 
~ 

Z [ n - L; LA] ~ ~ [I) - L - I ; u l 
t 6 ~ [r, -Li u] 

Can use 

+ jJ[o] {fx(n-L-a+)I~ 

-lx(n-L-a_)(~ 

~um wj x = ( or- "csvm 2-



I 

G~a 
---~~Po~i~n~r~~C~e~n~t~e~~- Avto -.~~~-L-.._ca_LLLS.4L--L.CULL-t-~~ 

or- a_=a+-1 :a1--=- a_-1. -=-a 
i /a_ = a.,. -1- .1. 
i 

= a_ - i + ~ > ~ = 1 
F,,..om G 3 .' 

LJ~[n-L;uJ 

, o t ] [ ~ * J [ k ] -i '2.TT'ltk 1 ~21~X[t1-L-a L--f [./< X n-L-zc -cl ea _j 
f<_:::.-L 

- 2~Xi<[n-L-a-t] [t_ f*[-k]x[n-L-zck.±Je""d ;,u'J 
k:: I 



G7 

Aut:o- Cone ~amag-rarY) _ 

x= y ~ -f [k]: f'~[-k.] f cJ_= a-+=a 

6 ~ [n - L; u] 

Use ~a t::ocone 



Auto ~ama g-r-arn s 
1 

Ll r-[n - L · u J , s 
I 

)f: From Gt.: 

1/::;~[n-L·u] 
I. ,, 

; =zx[n-L-a-+] 
I 
I 

L 

a ,-e._ rea J 

real 

~ Sc[,,;u]==- L w[k]x[r-,-k]C-82.[-zrrul<._] 
k=- -L 

US e.. ~ SU""1 

G8 



' f Fro~ 

I 
I 6 ~ [n-L; u] 

L 

=-_zx[n-L-a] l::L-f[k.]r[k] 

x [,., - L- -:z..c /<. - a] ~ ( ,rru k ) 

Use. 'z:. at: oc.o - ,-.. 

1 =c-surn- r 

GCf 
I 



Case~ t Ven Po; (')t:ed w~ od ow 

Case i: 

Case 2.. 

~even:tt:-o-P 
s arvap les 

ln~tead oJ G.1 use 
L. Jo+c.Jkl-a+ 

~[n;u]~ L_ L t°[k-½] 
l<::-L+i m:.11~clk/-a_+1 

x[m-ck] 7* [m+ck] e-Jzn-kLf 

G10 



lspe..cial Cases 

* T-/ f(t)= /J *(--t:) 

Wa ( t ) = WJ (t-) ~ W .b :: We. 

I 

X 1 f 

I 

cc s 

a r-e. re c1 I no 
/ 

I 
c.c. ...s 

* Erv; va I e.,1t- de/ a y Ii II e c_i r-cu; t: r-y 

* Sfec.tr-og;raM e1u;valenf:s 

(c1) 
w T -sh a 

e 
' 

a 
w~ 

--
a+ 

-sb Wa T 
e 

a c. 

" 

T 

C 



(h) 
w, T 

a C 
\JJ1-4-W2. 

,... 

-~, --
W2. T 

C 

a C 

(c) 

5 (t · u) = 
C I 

Sc. ( t - ?z_; u ) = 



CROSS CoNE: J-<E"R.NE:L 

a+ = a_ =- a 
Li=- 0 

Can use E"5 with l> =o 1 d+ = ;;/_=a 9-.:') 
Fl"'om f E" 3 

6 ~(~-, Tiu) 

~-t [ 0 . - * J ~ -J '2.iTIJ ,-1 . 
=- x(-1:.- T-a) ""' i' (-1")/(-t-2r-zc,--a)e cl,J 

1:- . .r . 
i T , 
i [ J · :,:, -J -zrru-r1~1 

;- x(t- T-a) ~=o 'f (-'t) 7(-1:.-2.T .. :zc-r-a)e d1-J 
I 
I 

I o 

I+ 7* (t- T-a) [ J-r=- /C-rl x (t-2.T· :2."-"t-.i) e. ·.J .._"J;] 
i r 
l-1* ( t: - r- a) L( 

0 
f (-r) x {-t -2T - 2.c -,..-;;i) e_ -J .. ..,. tt'IJ 1" 

. I 

£"8 

I I 

I .:: ~ X (i: - r- a)~ T -f*(--r) ~t-r) r<t ·ZT- zc1--a) e·J -.nut.,. J* 
I ~t= - 1 rJ 
I 

-r'(-t • T-d ) f .. (_r Tf(-r) d ( 1') X (t.-2T-ZC'1"-a )e ii""" dJ-'h 

Oe:hne 

w1 ( t) = flt) 7: (-t ) 

w
2 

( t J ~ wJ.*( -t:) 

- f{-1-) r (--t) 



y(t) 
Wz T 

u cc. 

a C 

cc 
e-( T+a) 

.Zt- r·u" 
/ ' 

X (t) 

a C 



sf ec::.ia I Cases 

,t I r; f (t) = f~(-t; ) _, t'1en 

*,Tf X ~ / are re.a/ J no 

~ Spec-trog;rawi 

1:10 

W, =Wa 
I 

cc s 



ti/ 

@ T-f X= '/ :fr f(t)= f~(-t) 

From C:3 

I 52(t.- .T;u) 
~t-

: x(t - T- a+) 

[j T ..plt , ) -;, "2.Trt.l1'1 J* 
,- X ( 't - T- a - ) "?-:: O / ( - 7' J X ( -C - T- zc ,-d. _ e_ f' / 

I 

. 0 . 

j+ x'h- T- a.- ) [ ]1'= _ . T -f (r) x (re - T - :z.c ?"- d.+J e -J -z.rru 7j-,.] 

i_ x*(t- T-a_)[f
7
=: f(r) x(t- T-2.c-r--a_) e--J ,1ruTJ~.J 

!=2~ x(t- T-a+)[/r=~ 
7
-f-;~:(-t- T-2c?'-d+)e-J"1r J-~]1' 

2 ,,e._ x* ( t - T - a_ ) [ ]
1 
=: -f (I) 'X (e - T - .2. c?--d_) e-J :.rrd'-,. J 
~ 

\Pl 



E / ::2.. 

wj 

u 

aAI C 

2 e 
_ (zT+a.)s 

~ 
X(t: J -~~ -/ 

~c T 

u 

a C. 

• o<. ~ o<,.. .... d o<; 

/3 = /3r + J /3; 

Va r-- ·, a t ·,on s : 

* No c c. s ·, J X • s r ea/ 

* Delay t 5fec.cr-og-ram r;-1uiv. 

* 2. C.4 n b e.. rut- / ot .S Or} f' { a C e.s 

* a_-=- a+= a (see (f)) 
>k ~x = 12a x* 



b X = Y J f'( t ) = f * ( --t: } 
a_ = a+ =- a 

Can wr;te ell as 

, =-~ & x(t.- T-a) 

[! 
T , 

...LJ( ) (~) X 11 - ) - j "2.TTll?f 1 * r=· T 1 ~ ~,, , -.,t: r-2c1"-a e dt.J 

w, ('1'} 

w, T 
/ 

X(t) 
u -.z 

\ 
a C "-. 

e-C T+-a)s 

Variat'1ons 

* 
* * 
* x(t, real 

s rectrogf'a m ovt:ru-c

M., 1 c; p I y b/ lxl2. 

,..,, 



:a-

* 

~or rea I i (\ rut-s: 

Avt-oramog-rams are Rea/! 
b ~ . I 
St 15 rea 

Q,,., I I re a I fa rt o .j.. s pe.c:t: ro '6' am 

is needed (i.e. Cos;ne Xfor-m) 

X(t) w T {Z;_ . @ -

~ a CV 

[ 5, ( -t: - T - a ; u ) J 
,__ _____ .e,_ 

~ } w( 1') x (t - -r-} ~ ~rrur) · ?' 
1ec2.. 

Tnen 1=11 b ec..om e.s 

~~(t:-T·l-C) Jo 
<z>t ' ::. ::2. x(t.-T-a+) -r f(7') x(-1::.-r-zc.1"'-a ) 

U1;J..{2rrlli) ·J t' 

- 2. x (t- T- a_) J: i'(;) x(t-T-<-c.'1'- a_) 

~lzrru1') Jr 

.See 7e.au-l:::o -r 

can use 1 ri11t 



S,,.,,,·/arly) EJ3 becomes 

6 ?.(t:-T;u) 
b-t:- -- = ~2.. ><(-1::.-T-a) 

~ J_ : -f (-;- ) ef ( 7 ) 

X (-t: - T- -:z..c--r- a ) ~c -zrru,)drl 

Se. e 2.a-l::.oco - r 



i t ~ Q; ft er-enc.e... 
--------

z.L m=n+clk.{-.a,-
~ [n; u] = L ~ --f[k] X [ w, - c.lc.] 

k-= -2. L m-= n - c I kl -a_ 

[ ] -d· -z.:rr ku I )t rY1 +- C I<. e, . 

~ [r1 + ii u J - ~ [ n ~ u ] 

~ t [ z=_ n + cl k. I - a+ + ~ 2.c/ k I - a+ J -f [ k] 

k = - 2. L m : r1 - c I kl - a - + i m = n - c. I kl - a - • 

J e -J 2.rr l<.u 
x[m-ck.] y*[tn+-c.k 

• n-c(kf-a_t-1 n + cl k 1 - a++- i 

-r ___...~----s-r------i ______ ... f'>? 

n-c/kl-a- n-t elk( - a+ 

n+c l l<l - a t- t- ; 

z_ 
n+cll<.f-at 

-L 
m= n-clkl-a_ + ~ wi =- n -cl k. I - ci -

• t'l+c.Hd -a,.. +-1 o -c J k I - a,..+ ; - 1 

=- L -L_ 
m.:. n + c. I kl - cl.- .. ( m=-n-c.ll<l -a_ 

Fi 



F2.. 

Z [n r i · u] .. 
I , 

[ 
()-a++ I 

~"E_ 
m= n--a ..,+1 

l[niuJ 
n- a.+ J - 1 

- L. J i[k] X [m]y">t[m] 

n+ck-a_+; -1 

-L Jf(k) 
m ::. tJ .- c.k - a _ 

x(rn-ck] 7" [m+c.k] e-J-urku 

'ZL 

+L [ z=k-a+ + i _ oz=. •a.+ i -1] -f( k) 
k = 1 m = n +c k. -a 1- f- I m =- n - c. k - a _ 

· X [m -ck.] y * [m + ck] e. ·j-ztrkll 



F3 

n-a_t-i -L 

- L ] f(k) 
m:. n-a _ 

Then: 
,1 

"z=[n+iiu]- -l [n;u] - f x[mJ 1*[m] 
• _, 

= z:_ --f (k) X [ p- 2.cl<.] I *[p] e-j -.:rrk1.1 

I<= -2. L f = n -a++ L 
0 

n-a+ +, 

L 

-1 n-a_.,..;-1 . k 
- L L f'(k) x[pJ7:t[m+<.ck]e-J'rr t.t 

k = -.z L f= n- a_ 

® 

2.L n-a+ + i 
-f[k] x [p] ,/' [rn + 2c.k] e --J z-rrkll +L L 

k;I p:: n-a,.. ... L 

<JD 

, 

2L n-a. 1" 1 - 1 

-L L- --f(J<J x[r-::zc.k] y~[p] e-Jzrrk1.1 
J<:1 p=n-a_ 

© 



... \.. 
L n+c.lkJ-b .. 

! 2 [n- Lj u J = L L_ - ~ [ k- ½] 
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k--L+ 1 . I J -_j -z.n-ku - 1 ~[n-L+c.Jk -a++c.k e_u 
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We,1 [n] =- f[k-i-] 1.. L I<.~ L 
/ 

ObtaT Y) r- b ( s imf le. ac.c_um u IQ te. 

Use ~sum - e.. 



C ;- o s s - Cone. - ~ c1 mo g-r- a~ 

a+ =- a_ =-a 

~"2[n-L;u] 

:: x[n-L-a] 

-1 * [t1 - L - a ] 

L-1 E-L 1 "'[-1<-·fl r tk-~J 
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- I\ 1'-: 2 (t -t 
,\ 

t = t-.I. 
2 

t:-r 

t\ 
1"= 2.(t-t) 

A 

t.= t+f 

t+T 
"' --+-------t-----'I'----+-- t 

-- - - --------

= 1
2.T l-r+ l!l C(tjU) -

" l.1l. 'f ( 1' ) 
7= ~zr t = t - 2. 

" 1:) *it\ L) -J zrru r, " 
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C(ttflt•u)- C(t·u) 

-J '2.T I [ J t +L:Jt'+ 1_;L 
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I), l:_::t+At- 2. ,.:-zr u 

t; t l1:.l 

-1 ~] -f(r) 
t.=-t:- 2. 

As ~t _.,. dt, we r-ec.og-n~~e that-
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a J( ~)d~ "'dt: :f(a) 
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- X ( -l ) X ;t< ( t •1"'" ) ed 'rru 1' J J r 



n+L 
i=/C, I 

Flt. Z. 
i\ 

t-------w:----_,j~---- t'l 

r n + I ::. r I\ t A n-t - A : 
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'Thus 
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k=.1 " A I\ 

n - I< =- n - k- 1 =.> k -=- k r l ; k = k - , 
2L I ~ " -( ) ~ -s, (I<+•) ( /I\ ) j ~UTM ( I<. +,)/M ' 
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-1\ I 

/<.::0. ; 
• A A 

_ •s1+ d2;~ ~ 1 
- s, k ( ," ) ·1 "Z.ffM k/M - e c_ e X n-1<~1 e" 
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Q [ z /)~ + = L a4 Ix (n +- 1) ( + ~ /Ca. x ( n +, ) o( (n, m) 
1 ::. I 

where . 

2'L I< 
0( ,+<n,m).: L.. e -s, X ( ,i +I+/< ) e-j 7.TTWll</M. 

J<.:. I 

2... 



z L - s k . /.;/ 
o( + ( n - I , M ) = z:.. e 'l . X ( n + l<. ' : e -d 2. rrrr, ,.,, 

j k~I . 
2 L - S1 k - . z rr k-1 k / "1 t\ 

o( 1 c n ; m ) .:: z. e x c n t- k.-J) e d · k = I<+ 1 
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''' 5eq u.-r1 t ia I Comput:a t:-i or, a£ 
: with Laplace ~e-nels" 

! Cone @ t i~e n : 

2L ~ - - - - - - - - -----

• Oef;11e ·•Y)teger pa·1f'S ,>1 cot")e ,n t:he set:: 

~,, = f ( n ·, k ) I ( n ~ k ) E Cone~ (I) 

Note -that- t J..ie kertle J has -the rroper+1 
cp ( n i k) = 'f ( I<. ) j ( n; k) € ~ (2) 

We ca'1 then wr-~te: 

cp(t1;k)=- 0 For lkl>2L. 
-the 

$,, ... , 

,-, / ~-
// A,() - ~,., () $,n r{ 

0 e f; r> e the set-.s of itl-ce6 e,- p ·rs: 

cln = { ( n., I<. ) ' ( n I k ) e 
~ ...... 

~n = f(n, k) J (s) 



2.. 

/Vow 

C,J n ~,' rfl, ¢ ) = L -f (I._) X ( n, + ~) x*(n '- ~ ) e -d zrr,.,k)H (, \ 
lfl; k) E $'l+, , 

l3vt: 
,... 

~11+, :: 
o + R - f' >9-" ("} I') (;\__ ,, 

z:. == 

0 :k J~ ,l,,, H 

we ge-t-

Let '.s look closer a-c O<,,., and £.f\. 
Clearly 



Tl.. u s 

R ( n, m ) = Z._ -f ( k. ) x ( n 't- ~ ) x .-.:(,., '- ~) e -J -z rr~ k I~ : 
en; f<.)€R,, 

2.L 
) [_Jkl k] [-/1<1 k] -a2,r""1/..t, 

= ,- 'f ( k. ) x T + 11 • ;::- x * 2 + n - , e l 11 ) 

K-= -2L · 

: l<(fJ,,.,,) = -f(· J / -xCn) I 2-
2.L - k/ 

i + L Y' ( k ) x (" ) x ~ ( n - k ) e -J ,-rrm Af 

/<..=I 

+ ±_ ~( 'v, ) x ( n +-k) x-. (t1 J e -J ·urtM 1< 1~ 
k:: -2.L 

= f(k) lx(n)J2. 

+ X ( n ) ~ X :t' (,, - k ) e -J ~ TT "'1 k I,.,, -f ( I« ) 
k =- • 

ZL 
+X*(A\ L-

or .since 
I 

I<..::. I 

R(n/Yt) = --f ( o) / X (n)}' 
~ ._(){ C"XlnJ ) -J' ~rr"' k/>t -ztrrW l.th,l + L- I k ) X ( n -I<. e + X * ( n} )( (fl-k) e ~ 

I<.= I 

= f(o) /x(n>I~ 

+- 2 ,#, -f (/.,.} ~ [x (n) X :t- ( n -k ) e -j -z1T n,k/"1] (13) 



4 

. S;m;Ja,..ly 

: r,. = s-cn',k) J l.. kt. L , ,kl ~ <:\., l -2L - - 2 .J n = 2 + n-.., .3 (11.J\ 

and 

L/n'r-1 ) :: s- -f(k) (, k) .-t(. k) -Jzrrtt1k/M 
l 1 • Jm - L_ X n-+-'" X n - - e 

c n; I< ) E ["' '" 

or 

_ Jk k * /kf I<. ZL j J 
-k~L-f(k)x[z:-+n+1+2.. x [2+n+1-i:J 

x e-J z.11 f\\ k/.Y 

= f(o)/x(n+,)1
4 

+ t: 'f'( k) X ( n + k + J) X * (fH·I ) e -j zrrm k / M 
k-:.1 

-ZL 
+ E.. f ( k ) x ( n +, ) x ~ ( n + , - k ) e -j -z. rr~ k / '1 

k=-1 

- f CD) / x ( n +,)I<-

+ t_ f ( k J )(' ( n ... ( < ... ' ) x ~ (" .c. ' ) e -J z.,,.,.,, k / M 

k;: I 

+- E..L f(-k) x(t1 ti) X * ( n f k -t- J ) e j. -z.rrrn k/Af 

k=~' 

= -f(o) lx(n+1))' 

f(t<.) ~ [x(n +1) x ~n+/ +I< )ej2.rrrti /A4J 
(15) 

L(n,m) = f(o) I x(n)I~ 
2L [ 

+ 2. L f ( I< ) f<ii. X ( n ) x .ir ( n 
k=-1 



~ ewrite (<t) as 

C><(n+1 1 m,<p) = C"(n,m,.·ef,)+ R(n,rn)-L(fl+l,rn): 

=- C ,c ( tl, m; cp ) + ~ A ( n, m ) { 17 ) 

: where 

A(n,m) = 'f(o) [/x(n)l-z.- /x(f'>t-r)J<-J 
Z..L • I / 

+ .2. X(n) L f(k) x~(n-k.) e-J,rrr\11< ,._, 
I<.:: I 

2~ . 
- 2 X ( t1 + I } L -f ( /<. ) X * ( r1 + k + I ) e J 'Z rr m k IM 

k = I 

= 'f(o) [lx(n>I'- /x(n+,}) 2
] 

+ 2X(n) O<(n,n1) 

- 2 X (n-t- 1) /3 ( n, M) (,a) 

Where.. 
'Z.L -f _. ) p-i 2,;Mlff;../M 

o<. ( n, M ) =- L ( k ) X ( Y) - k '-
k=' 

2.L · ,rr.-... k/A-f 
,8 ( n, l'>-l ) = L: f ( k ) x ~ ( n -+ k + 1 ) e cJ. ( 20) 

k = I 

\Je. wi If be able -f:o recursively 

vpda-te both o<.(n,rn) ""? ~(Yl,t111) when 

t- he. k er n e I ; .s La F I a 'c ; a n :. 

-f( k)::. p e - >. k 

= p b k ; b = e ->. 

Note
1 

t:h en t:-hat: 
_;( 1. ) _ A ( k + , ) 
I I< +I : f' e 

= b i'(k) 

(z,J 



: FroM (I q ) ,. 

. o< ( fl + I, m ) = £ f ( k ) x ,t ( n + ; - k ) e -j a·"" le/ "1 

k=1 

= £' -f ( I< +I) X ,r ( n - k ) e -; ?Tr m { h I ) / M 

l<.=o 

= be -J z-rrm/,.. L' -f( k ) X ,r ( r) -k) e j 2TTM l</1 
k=o , 

where 
-( A ..., j 2rrm/M) b _j-zrr'M/M e : e O" (2<1) 

I? 1'-' i v a / e l'l -1:-: ',r : 
o<.(,i,m):: C/ [o<.(n-1,m) + f-l(o) x*(n-1} 

- f ( 2 L) X k ( n -2 l - I ) e -j q r,- r>f L/ M J (2.s) 

Note -t ha t i f 2 1/M ::: r.,, t:: eger.., -t:. J, e 

;·,,,a. I ex f.O n e11-tia/ goes a a.va y. 
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( 2.c) b ecorn es 

ZL ~ A kA/ C.. 'f(k) x~{n+k-+z) eJ .,_,.,."" "" 
I<= I 

- 2z... 1
-f (k-1) X * ( n + k+t) e +j "ZTT"1 (k+, )/,.,, 

k =- z. (2., ) 

jctear-lyl however-

'f(k-1) = t----f(k> 
Thus 

2.L+ I 

;(3( n +I, Wl) :: _b_e ___ J2._,r_m_/M- L.. 'f(k )x (ntk+,} ejwml<;l 
k=-2 

= t- [ /3( n, m) - f (, ) x* (n t ~) ej 2.1Tm/~ 

-1- f ( 2 L+ I) X * ( n + ~ L f- :Z) e j 2 
irm l 2L + 

1
) Mj 

{zs) 

or
1 

e7ui va lent.I/ 

/3(nj m) = c{-[.<3 (n-1 ,m) - f(,) x*(n+1) ejzrrmj, 

+ f(2u,) x't'c () 4-2 UI) ej ;e:rr,.,(2.L ... ,){i\f J lz.1) 



I 

·Let's rewrite our basic e7uat-ions 

ji'l ve~-t~r (over ~re7ueV1cf) :Fo.-- WI. 

: 5 vb s -t , -t, n g; ( , 8 ) ,- n t: o c, 7 ) 

, C0 +
1 

= C" + l{.t., [ 'f(o){/x(n)lz__lx(fl+i>I] f 
~ 

+ :ix(n)°cx,, - 2x(n+1) /43,.,] 

where 
.pl 

A- = [ I I ' . . . 

E1. ( 25) becomes 

dn = 1 [ ixn-a + 'f(o) ><~(n - I) ;t 

- 'f(2L)X*(n-2L-l) e(~U] 
-...l, 

wher-e e(r) is 

elen1et1f:s cZre 

a vector e,vhose 
f e-J 2-rrrm/1-t j. 

15;,,,,; tc1 r ly., ( 2q ) becomes 

--" ..J._[ _. .t ,)t 
,8,, = 1 ..S,,~, - -f(,) x (n -,., ) e(1) 

------* + f(2L-1-t) x"(n+zL+I) e(zL+1) 

E1 s. ( 3o), (32) "' (33) are the. 

basis for the Flow gra pl, on the nex-t-

pag-e ~ 

8 

' 

\ (3o) 

(3,) 



n=-n+1 

1 • 

I ·: ' I ,. ,., ,. ·-y . 
X ( n - 2 L, - ; ) . J-lli-----:--X-:(;,..n;..:,)_ 

to )((fl+2Lt-r) Ufc:fate 1. po,,., t- f'~.,.. 
cycle • ..-------·•··-------

__., [ -o<n=1 «n-1 

+ f(o) x,_.(n-,) e(o) 

- f(2L)x*(n-2L-I) e(2~il 
)t - )t: 

+ f(2t-u)X (n+2L +-I) e(2L+ I) 

1 I• 

c,,+l = Cn + /2?.,[f(o)[/x(n)l 2
- /X'(n+1)l"§ eco' 

+ 2X(n)o<r, - 2X(n+-1);;§"] 
---------.----------~ 

◄ f 

n t:" Freq ue (\ C '( 

Ii ne.. i" 1-t: ite. 
zarnog-t"' a.,..,, 



Anot:h er-
S,g-nc1 I Flow - ... 

' v,ew; 

-j x (n-~L-1) I X(o-2 L) [ Ix (n-;J[x<_n·•) j x (n) jx<~'" 1) I X(n+ 2~ --- X(f1t-~L) j x(n-t-2.L+-J) f 

"' .. t • 
.... [~ 
o<n : ~ 0( n-• 

~ 

Bn-= t [ '3~-, 

+ f(D)X1c(n-1) a;) - -f'(d x"'(nt,) e(1)* 

- -f(2L)X~(fl-2L- 1) e (2Lj] -+ 'f{2.Lfl )x~(n-t:Zlr/) e(2L:in 

Memory 

<t 
f (o) e, ,' ) i._v, 

-
Cn+1 

f(2 L) e(2L) 

tc,) e( 1ft; 
f(2L+1) eT2L+i;* 

L .... i 

' r ~ • 
~ en --l- ~ [ f(o) f /x(n)J~ lxcn+J)/~l e(o) 

+2x(o)o<n - 2X(nt-t)~] 

~ 

• 
Ovt: fut:. Cn t-, 

! 

I 

► 

,, 

~ 



I kll'\:a¥ - - - - - - - \ - - - -

\ 

\ 
K - . . . . - - ... 

--t-------1-~o~---------m 

"_rm=n- (~ -K) 
Flt:. I 

( k,,,i", k"tla)( K ) 
± / k rn ~ { ( m I k ) I k E I k .J m !:. n ± ( ~ - K) j 

rl<. = ! k I k,.,;,, f k f knt.ix3 

E'valva-te 



I 

+ ±: 
<0-(ri+1

1
pl = GJCn,f) + L -f(I,.) x [ n .. / :I: ( ~-g) -:J 

/<.E Ik · 

7 [ n + I ± ( \ - g: ) + ½] e -J 21r kp / M 

i G/(n+-1,p) = ekn, F).,. X(ll -K •1) e+ (n, p) 

6)-(()+1,p)= (f;)-{,,,p)t-y(n+K'+-1) e-(n,p) 

w~ere 

'e+(n,p),. L f(/,..) f ( n+ k-K+ 1) e-J-ztrkp/M 
~I . 

k 

= f 8-;cn,p J 
+ l-<-,a>< S, k. · -z..rr I< p / M 
~ ( n, p) =°'? L e. y ( n t k - &: + i) e -cJ 

kE= rt( 
k=-k...,;., 

+ k.,,. a " s k .. k / J 
c9'1 ( t') ... I' p) =a L e , 7 ( n + /<. - K" T 2) e. -d 

2

,r p . , 
11<::. km.,. 



1 

~(n+1Jp):: e e 9,Cn,rzi) 
s1 kma" -j 2TT k,.,,a" p/M 

-1- 0( <J e e I ( n + I'< ma )f - K + .2) 
_ s,(kmi,,-1) e-J2.rr(ktttil)·l)p/M ( k _ + )• ~, e I n+ "";,, R: , i 

or, let-

b ~ es, , 
-if -i:rr /M w = e M 



xcn-Jr-t-1) 

L R 

-:it ... 
r-------i ...Q 

I 0 ~-
y(n+ k,,_l,x .. &:'+1) 

4-

~2. (n,p) ____ 

Ftt;. Z. 

;j'.'c 
;i_ 

..Q 

,ry(n+k .-g) 
""'"' 



eo 

•. • I .-~, 

L 

□ Common t:.o E:ach box 

5 

01 

ycn+k,.._;,Z-+•J 
Kd_,b~)( 

~
(n+Jc .-r .... "'•n 
0(. b le..,,.-, 

~-------__,.i __.., 1 



To Pig
Lo,, 

f'· q 

, 

• 

i 
i 

i 
Y(n+k .-~) 

;If'"' 

w:<k.,;., - t > I 



• 
a.. 
)( 

_j 
3 

+ 
~ , 

)C 

f 
~ ... 

C: ->-...., 

-"\ -'c ... 
:l 

bk,..:-;.• t 
o<, ' s 

~ 
IC -l 
~ 
+ 
C: ._, 
>-.. 

7 l 



8 

: Si mi I a ,.. I y : 
/ G-(n ... 1,p) = GJ-(fl

1
p) + y(n-,.x+,) e-(n,p) 

= o(, b1 w/ [S1,~(n,p) 

bk~" k,.,a-1e r 
- 1 wt,1 X (n- kW18J4,.,.. .K +I) 

b k..,;,.-1 J:k•i1t-1)p ( 1 '1) + 1 M X n - I<...,;., + ::g: + 2.. u 



'l 

\l(n) 

Q(,,,p) 

c(n) 



i 
I 
I 

"""' a.. -C -...., 

~ 

Proc:; 

I nGl 
WN'l.f 

ft\ 

10 

=----:-__-+-- ~ 

I 

I I 

1 V(n}. 
I . 



" o,_ 
c:· 
~ 

o;-

I t1 
1 

~~ 

,, 

-
2 t: 
3 

::~I 
3 
""' 0 
C 
I 

C: ..., 
> 



Proc on ff 10 "1 I I ✓ 

-----·------ -·• 

- n. Q.. 
r;;:.--

" - rr. 2 

\/(n) 

V(n-no) ----------

. 
'5 

' 
j 

12 
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r. SPECTROGRAM 

k 
Yo(m,k) 

/ 
/ 

/ 

/ 
/ 

/ 
n 

/ F{C rO 
/ 

/ 
/ 

A. Even 'window 

4-'el n , P) =- t, -f (/ Id ) x ( 11 - k-) e -j -z. iT I<. P /M 

k: -L. 

=. f(o) X (p) 

+ t_ '/(k) X (n - /<._) e -JZTT"Kf'/..., 
1<.:.1 

+ i_ f ( t,_) 1< ( n + k. ) e.·,yz.rr k p/M 
I<.= I 

L 
®-( n. p) " r: '-f ( k) X ( n - ,._ ) e -J -z:rr,. p IM 

I<.=• 

=- [C: - L ] f'(/..) x(m-½) e-Jz-rrlcp/"f 
(K,,,,)€ r; (k,m)E r ;_, 



--- . 

''I 

-Ln.· : rn ~ - rn~, 
@_ ( n + 1, p ) = L f) ( le. ) x ( m _ ~ ) e -d ~ .,.,-1< PIM 

( k,m) € l";.: 1 

-Y,...+ I= { (~, k ) I 1 ~ I~ f L J m =- n -

Q (n +-,. \ = - ;fl 
±: f'( I<-) x(,, - I<.) e -J ,.,,-lc.p/M 
k = I 

--



IS 

6\(n,p)" [L .- C-.. J -f(lc.)x(,.,+;,)e:d·urlcp/11 . 
(/</1,e frt (k,•J tE f:_1 

r,,+ = f C "', I,. ) I t S Id L _) m ~ t-~ + ,, j 

6\ (n,r), t. F s-,k x( n + k) e ·J -z.TT" l.p/M 
/<.= ' 

= b-t p [ "-+ 
1 WM 61 (n,p) 

+o( e s,(L-+•) ( ) i,rr(L+-•),:,/M 
1 X l'l•L+J .. , ea I 

- o<, e scr x Cn) e j -z.-rrf'/"'1 J 

-- b-1 p [ /\ + :\ 
1 w,., e1 en; r) 

bL+• -(L+• )p 
+ o(1 'f WM X ( n + L) 

b --r J -o<4 1 WM X(n) 



r11 Svr,,,mar/: 

lfe.( n,p) =- f (o) x ( n) 

+ G)_(n,p) + @+(n,p) 

;'\ ::I:. a (n, p) =- f e., ( n, p ) 

F' 
+ o<41 b1 LvM x C n - , ) 

L+ I (Li-I J f' 
cx1 h1 WM x( n-L -1) 

Use ·P>"'o c... in ei th e..r- F"i b 8 or- '7 

V(n)= X(n-1) 
J 

\/ ( o - n
0

) :: X ( n .. L - l } 

\ ~:. o<, b, 
\ - Li- I ·" , : o<, b, c, = b1 
N3 = 1 

N :: 1 I 

,, 



.;\+". • I p ""' -" e'l ( t'\ , p ) :: b, w M e, ( n - , , p ) 

b -LP } -+ cx1 , wfff x (n-t-L. 

- o<, X (n)] 

V(n): )(,i1-L) 

V(n - n0 ) = x C..n ) 

N1 = -L 

Nz.-=- O 

A;~ o<, b1 

\ - + /\ c:i -:. o(, 
b -1 

c1 ::. , 
N3 ::. 1 

17 



1---------------f+~----' 

9,+(n,p) 

r 

· Proc. 

(5tat5. 
on f, lh) 

1-'roe. 

X (n -, ) 

x(n-L-1) 

X(n 

(St.its ) __.. X(tl+L) 
~" f · 17 -

X(n} 
... 

Fie; II 

18 



J, 
B. To t d / / i' s Cd s r 

L . 
lf's(n,p) = L 7°(k) x(n -I< )e -J '21Tl<p/M 

k= -L 

r,, - = i ( m I I<. ) I I I<. I f. L ., m .f n - ~ J . 

~(n,p) = f- fr(n,p) 
L S k. . 

f:,C",f)~~ L e 1 x(11-lc.Je_d,.1rkp/~ 
k.=-L 

711 (n+t, f) : O(r t e. s, k. ,< ( II t- ' - k) e -J -...rrt~f'I '1 
k=~ ~ ~ 

(<. :. /<. - I J<. = k + ' 
J 

'\ 

"c<1 if e s,U• ., ) x(n _,;) e-J-..rr(k +.Ji,., 
Ji.=- -L-1 

S - / L-1 S fc. . 
: 0<'7e fe(f'-.,,.pt"t Le, X(n-k)e·cJ"'-rrkp/.<1 

I~= -L-1 

b WP [-,t~ (n p) +ib s,(-L-1) ( ) -~ z;r(-1.-,)p/M 
1 M Tf t J( fl ... L t I e V 

or 
-~ s, L xl.n -U e -J-z.,rLf IJ 

b., w: J 1 Cn-,,p) 

b·L · - Lp 
+ex, 1 WM X(n+Li-1) 

b 
L+t (L-tl) p 

- o<cr er W. M X (n-L )] 



Tliis can h~ cl one with Pree ; .., l=";g; 7 or Cf 

wit-I,,: 

v(n)=- x(n+L+r) 

V(n-0 0 ) = X(n-L) 

A-+ :. o< b-L 
9 , ~ 

\ - b L+ J 
/\1 =- ex, 1 

N3>-= 1.. 

c 1 =- b1 
~(n,p) = 71,cn,p) 

; N, = - L 

j N'2..= L+I 

Proc.. 

( srec.s ) 
abcve. 

~ 
X(n+L-1) 

-

-p;(n,p) 

__. X (fl-L) 
~ 

2.0 



I 
Cfr. w I g- t'l er 
I k 
I 
I 

k m=-O-L-+ -z 
m.:: n+L-"t 

~.:: 2.(,i+L.-m) 

----- m =- n + L + ½ 
F, &. , z. k ~ .2(m - () - L ) 

- :2.L 

rl< = ftk fL 5: k S 2d f,:),. r/ t r, -
l t k I .. 2 L f. 1~ ~ - I ~ +or r _; 1 r 'it 

Yn: r,-- r7z+ + r~+- r; 



~ ?f+cn,f) + -r-cn,p) 
2L n+L-,1$.. 

7f 4-( ", f ) = ~ I E-L ~ ~ -f ( k ) X ( 111- : >rlm + .: ) e-J ,,_,... kp "1 

?.L n+L-½ , k . k /M 
f-(,,,f) = 5a E-;_'-.. is. i' (-/<.) x(m + =z:) f (m- ~) e,Frr 

<... 

* Spec.is. I Case ; /Iv-to-Wigner 

It $ --f(k) = -f (- k) 
l Or ,° ( k.) i 5 r- er f a Ced b / 'fa kl) 

and 

~X(m);y(m} 

lo.- x(m): y*(rn) 

Then 
n+L 

7/+(n:,p)+ rn~-L -f(p )x(m)y(rn)=- 7/ (n,pf 

and 

f}!(n,p)= 



ZL 

7j"'(n,p) =- L-
k=- I 

tl+L- -f;,_~ ';_ ft t~) x(rn- ~)/Cm+ f1: )e-J ~rr-kr rt 

fli-lt-L-~ 

:£-;; .... -L: ~ -f ( k) X ( ... - t) Jl""' ~) e.-J ~rkr/..., 
' 
I 

i 

: Y, +(n,p) + y(n+L +1) f\ (n ,p) -+ x(n-L) G_(n,p) 
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Contents: 
ZAMOGRAMS™ 

♦ Q: What is a Zamogram™? 

A: A time-frequency representation with 
remarkable resolution attributes. 

♦ We will contrast Zamograms™ with 
Spectrograms, Choi-Williams displays & the 

Wigner Distribution. 

SZASZ SERIES* WINDOWS 

♦ Can be used to generate spectrograms & 

zamograms™ without using FFT' s. 

♦ Q: . Why are Szasz series windows better? 

A: • Fewer FLOPS than FFT. 

• Modularity. 

• Window flexibility. 
· 

0 length need not be 2N. 
0 window can vary with frequency. 

• Nonlinear frequency bins (e.g. in decades) 

*E. Masry, "An extension of Szasz's theorem and its applications", IEEE Transactions 
on Information Theory, vol.IT-19, pp.184-187 (1973). 
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Q: What is a Zamogram™? 

A: A time-frequency display with high resolution in both 

time and frequency. 

Zamogram™: 

L n+ lkl12 
Z[n;u] = k~L m=~

1
k

112 
¢,[kl x[n-k12] x*[n+k12] exp(-j2nku) . 

Spectrogram: 
L . 

S[n;u] = L w[k] x[n-k] exp(-}2rtku) 
k=-L 

THE CLASSIC RESOLUTION PROBLEM: 

M• 

♦ High frequency resolution is achieved in a 

spectrogram by using a WIDE & FLAT sliding widow. 

PR.OBLEM: Poor time resolution. 

♦ Good time resolution is achieved in a spectrogram by 

using a NARROW & PEAKED sliding widow. 

PROBLEM: Poor frequency resolution. 

Multidimensional Systems Corporation 
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THE SOLUTIONS: 

♦ CLASSIC SOLUTION: Compromise between poor 
frequency & time resolution. 

♦ A MORE RECENT SOLUTION: Use non-linear 
generalized time{requency representations such as · 
the Wigner-Ville Distribution and the Choi-Williams 

distribution. I 
♦ M-D SYSTEMS SOLUTION: Use a zamogram™2-4 

computed using a Szasz series window. 
• The zamogram™ displays better time-frequency 

resolution of time-varying signals thah any 
technique thusfar demonstrated. 

• Using Szasz series windows (instead of FFT's) 
1. reduces the flops by a factor of about l/2, 

2. uses a totally parallel architecture (no 
butterflies) and 

3. increases the flexibility of representation. 

PUBLIC DOMAJN INFORMATION ON ZAMOGRAMS TM CAN BE FOUND IN TIIE FOLLOWING PUB LI CA TIO NS. 

SOME OF TIIE FIGURES IN TIIIS PRESENTATION HA VE APPEARED IN TIIESE PAPERS. 

1. L. Cohen, "Time-frequency distributions - a review", Proceedings of the IEEE, 
vol.77, pp.941-981 (1989). 

· 2. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the generalized time-frequency 
representation to speech signal analysis", Proceedings of the IEEE Pacific Rim 
Conference on Communications, Computers and Signal Processing, pp.517-519, 
Victoria, B.C. Canada, June 4-5, 1987. 

3. Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 

4. W.C. Kooiman, "Time-frequency speech displays that are an improvement over the 
spectrogram", M.S. Thesis, Department of Electrical Engineering, University of 
Washington (1989). 

5. L.E. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 

6. L.E. Atlas, W.C. Kooiman and M. Stoermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 
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C: 

II 

COMPUTING ZAMOGRAMS™ USING DIFFERENTIAL 

INCREMENTS: 

Choi-Williams, Wigner-Ville and, to date, the zamogram ™, require two

dimensional representation arrays. Zamogram ™ implementation using the 

method of differential increments requires only one-dimensional FFf' s. 

A 

x(n+2L +l) 
-P<2U 

x(n+2L) -P<2L-1> 

x<n+2L-1) -P<2L-2> 
<li • • 
~ r---_; A 

➔ 
.c;;: : lJ.,_ j 
t x(n+2) -Pm 2--=:f__ 
~ x(n+l) ~ 
~ r----~ ~=======:::!....~-=:=~ I x(n) I ~ con iuga 't'e! 

,--...., ),j con juqa 't'ej 

'":::;, ~►-~ - . Cl '.l 

<]~ >-tt 
: I : Q,O 

~ I x(n-1) 

<l vln-::J) 
-+-> x(n ._., 

I 
I dfayj 

-2--f 
i ~ ~>~a, 
~ ~ ~. ------

.?:: -
'-" I x(n-2L +l) I 

~ -P<2L-1> I x<n-2L> I -P<2L> 
A 
I signal 
saf'lples 

Notes: 
♦ The above figure is in the MDSC Report, "Use of Szasz series windows in 

signal processing" by R.J. Marks II (26 Oct 89). 
♦ The method of differential increments is described in the MDSC Report, 

"Architectures for computing time-frequency representations" by R.J. 
Marks II (27 Dec 89). 

♦ Note the FFf based spectrogram component. Using Szasz series based 
spectrograms in this same architecture results in attributes for Szasz series 
zamograms ™ similar to Szasz series spectrograms. 
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EXAMPLE: 

(a) 

(b) 

(c) 

(d) 

Sinusiodal Bursts (Note missed points) 
(a) Signal 
(b) Spectrogram 
(c) Wigner Distribution 
(d) Zamogram 

~ J _..,, .... ti;_C.;it,,•::11 

1

\/\/1/11\ ~w ~\r~WW ~W~l~~~l~W~~~w~w~~ 
/ .,;,'{/JI.',/·' ... ··.···•·.~,;,,Fl!"1 ·,'. /ii/1'•1''\'• ..... ;. :. ·•"'/!•:r,.· ,.,;,i'1'Jf'y' .·, ,. · ... ;, ·.·;; ,,w,, ..... !· v111!-.(,'r:•. :,;-.... ;;1··~1,'}11',·., 
," 11 1.•/•.i,·• .... :;"• ..... :;:-:·,u•H/11,l,~ :; 'i ,q,;r·.•.-.~::·::.·.,.::•,t,~J1I\.: .... !; -!·!L:, .. : •. ··:.::.:·<,1·<·, l!I .~· ,;;!,. ,£,,,.• ·;:.:·;.-:. .. ~-=··:·11. t,r.' ·. 

, , . ,,;;n•· ·- .. ~ =1•.,1!,11, ·,F· tu:~~1:r.\hh•;· d •.- .,, ,;;,- ~1... ; · ,, ~ · ~ 11~·.n;t :~11fa:.,:·.-. ·.•· ;::\,•1'~1~:.1.;.,/.1,,., ; . . ,·,1.· }!i'~~;,.,,,) .... : ::·,,:::.·,:,11(,~i;;~,f•,11 /(i1 ½11 ""·• l-;i,-.,:: .. ..-~·:,,:j ,,.:;)~· :tli'>.:i .'}··' ~ ul'l·:,1i: ;~•::: :;~ ~~,: ·,bi'l!l,MI ·,~l 
, .. ··• L\l········ .. , ...... • ~!J':1/~ ' 1/r, · 1.••·~f1H• ,, .. , ....... •··•,i.::1•"•t; , .,; ; ,z• ............... ~~ \ll 1 • ·~'?lmlutS·""'·~··-"0• Jl\,yl/ 1 ' 

! l))i'~f,,i't'~-1>1\~\:, '\~i"..~'.-11·:•;;:·.• .. •!•.: :11·,,¾. , H1 l\r~ r.11h::!::::· ·.:i·1'~l(i•~r;. 11rL · ~~J~~n~~l ,-.!I' I •• ~ .... ·-·~ .... •1~{1~ .• ,:I) : /I '·-~~,~.;i(?~~".":'~"-?lf\.~ l ~ •.• ,, J ; • 1'- .,_ II ..... IC • ~ d~ ,, \1 .... ' 1 : ft 

'11'~•"-:<,u•~· •··••. ,,.,,~11n~~•i\l.<. 11 •~1llilM .. 1·1· .......... i:••"'~l~ l;r{ t•w~•1)11t1 ......... fl., ~); '· I 'Ii. '"•.lq\l'i,•· ....... , . M1: .'H,: 
/:.:uJ.:.:llhll,l, :~~.; ·.•.;,IJ' 1~\; 11;· 1 IJll •.. ::· ~·1:·•ii1!1ii1l~ll ,~~\'<:·;.'..·;.:: 1:ll · u cl/: ~lll::·,::•·::..i-::-. ' ~ 

,,.,.. ucOll""4 11~1 1.-0,,,,, tl\4 \.09 •• C.""' •l--<Cf ~i,~~•1~(111 .. ~, w\ 

~

"··:: i:::·.~=::-i r-~,:;::::::~:~ .. , 
- ...... ·- ... ~ r' .-·, ........... ;•.:; 
: :::::.:-:;:- I h'.~;:::.Sf :: .... :, •• 
~~- \~}1,~~ 

t ,. . .......... :-. I· -·:·: ...... : .. ., · .. 
•••,. .... - ... ~ I • •"" •••••• •A 

•..:·~-:,~•~'-:,l, ~.:~-~ ::;~· 

1"4 Ll\lf"'II el~I Ir"~ U\4 I.GO GI C.,,_. IC.6<•1 

r l 
~ .... 

;
,~t?}It:-. 
-~ 
.J.-. .. ,,-·····- ...... .......................... 

~-~:::::ii- ... 

r ] 

r:::::: ~ ·:~ :~_:.::·~,.., r ..-:, ;•:::.~:;:: ,:--:---. 

~ 
... ··-····· . . . 

L• • • .... ·• •A 
)~--:''ii.·~·~• 

)a, .... 

Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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EXAMPLE: 

Instantaneous Frequency Change: 
(a) Signal 
(b) Spectrogram 
(c) Zamogram 
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Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Frequency - Modulated Signal 
(a) Signal 
(b) Spectrogram 
(c) Wigner Distribution 
(d) Zamogram 
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Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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EXAMPLE: 

Speech: The Stop-Plosive' de' from "Academic" 

(a) Time Waveform 

·?T~~r:l·'?\·.:?.·'.~~::?r'·'~::'..::;·/.:f! 

· .... ,-:~ ,,~:- :.!.•, ~--

(b) Spectrogram 
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(c) Zamogram 

L.E. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 
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(a) 

(b) 

(c) 

(d) 

EXAMPLE: 

Speech: "That You" spoken by female. 
(a) Signal 
(b) Spectrogram 
( c) Wigner Distribution 
(d) Zamogram 

_,r 
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Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 
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EXAMPLE: 

Comparison with Choi-Williams' representation: 

{ 
sin[2n(n-101)/16] ; 100 < n $ 350 

f(n) = sin[61t(n-351)/16] ; 350 < n $ 600 
0 ; otherwise 

Zamogram ⇒ 

Choi-Williams⇒-

L.E. Atlas, W.C. Kooiman and M. Stoermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 

M• Multidimensional Systems Corporation 
Proprietary Technical Information 

_,. 



SZASZ SERIES WINDOWS 

Background 

Box-car windows can be iteratively updated. For example: 

... 2 4_ 1 3 0 1 4 1 2 0 ... 
sum= 14 

Shift the window one to the right: 

... 2 4 1 3 0 1 4 1 2 0 ... 
new sum= sum - 4 + 2 = 12 

Note: This procedure can be extended to Fourier 
transformation of the signal within the window. 

Problem: Box-car widows are very leaky. 

M• Multidimensional Systems Corporation 
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Exponential Windows 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 
X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Sum of Products: 

4x2°+Ix21+3x22+0x23+Ix24+4x25+1x26 = 226 

= 

Shift the window one to the right: 

Signal⇒ ... 2 4 1 3 0 1 4 1 __ 2 0 ... -

X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Can compute the Sum of Products (SOP) in two ways: 

♦ Directly: 

New SOP=lx2° +3x21+4x22B+lx23 +4x24+Ix25 +2x26 =239 

♦ Using exponential update: 

New SOP= (Old SOP - 4x20);2 + 2x26 = 239 

Mt Multidimensional Systems Corporation 
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Notes: 
♦ The exponential update can be extended to Fourier 

transformation updating of the data within the 

exponential window. 

♦ Although there are no useful exponential windows, 

there are a number of useful windows that are 
weighted linear sums of exponentials. In general, 

within the window interval, let 

<j>(n) = L aq exp(sqn) 

where there are Q terms in the sum. The aq' s and the 
Sq' s can be complex. 

♦ Example Szasz windows: 

Ctq Sq Ctq Sq 

l 0 2 0.54 0 
l j1r IL 4 0.23 j1r/L 
1 -j1r/L 4 0.23 -j1r/L 

Hanning: cp(k)°= cos2(;2), Q = 3. Hamming: cp(k) = 0.54 + 0.46 cos(1r{), Q = 3. 

Ctq Sq 

0.42 0 
0.25 f1r/L 
0.25 -J-rr / L 
0.04 j21r / L 
0.04 -j2rr / L 

Blackman: ~(k) = 0.42 + 0.5 cos(1r£) + 0.08 cC!s(2t),Q. = 5. 
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Alternate Explanation: Truncated Resonant Circuitry 

t~
1 

r ·r 6N i• i•, T,. T h 1,. 1. • n •• • 
Resonant --- -- - Circuit 

.. r[n-4} 
••-•·· ir,.ir,.ir,. ir 

n 

t y[n]-y{n-4} 

• • T' • ••••••• • n 

.L 
-4 -z 

--
n 

Periodic 1 y{n}-y{n-4} 
Resonant - -- - - -Circuit 

.J:. -4 -z 
-

n 
1 Periodic y{n}-y[n-4} 

- - - Resonant , - - --Circuit 

M• Multidimensional Systems Corporation 
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Resonant Circuitry:_ 

hq[ n] = c cos(0n) µ[n] 

y[n} 
~ 

-

1 h . -cos(e) 

X {n} C z-1 z-1 __,,,_ 
. - -

-~ · 2cos(8) ~ -1 

x[n} ~c 
0
1 y[~ 
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♦ Placing a number of such circuits in parallel results, in 

this example, of a Fourier series synthesis for the 
desired window. 

♦ For Hanning & Hamming windows, only two stages 
are needed: 

-z-ZL --
x[n l 

Bo - 1 1 -~ - - -, 

13 y[n 
- 1 ,, J 

- -
1T , 

L 

M• Multidimensional Systems Corporation 
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♦ A Blackman window requires three stages: 

x{nl 
f3o 

- - - -.,. ,. 

l, 

- -131 1 i, 1 -z-2L y[n] - - -;:: -- TT - - - -,~ 
L 

1 --
1~ 

132 -
~ 

2TT 
L 
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M• 

Obtaining a Spectral Line: 
(unmodulated window) 

L 
S[n;u] = L w[k] x[n-k] exp(-j2nku) 

k=-L 

x[n] 

= exp(-j21tnu) [ { x[ n] exp(j21tnu)} * w[ n] ] 

S[n,·u] 
w{n}, ~ 

j2rrnu 
e 

Using a Szasz series window: 

-j2rrnu 
e 

-z-2L 

Periodic J J J I S{n,·uj 
l )1,,1 Resonant ► )I,,{ 

j2rrnu 
e 

Circuit 

-z-2L 

1 Periodic 
J )I,,' ► ' ~I Resonant 

j2rrnu 
e 

Circuit 

-j2rrnu 
e 

-j2rrnu 
e 

S[n,·u] 

Multidimensional Systems Corporation 
proprietary & confidential technical information. .. 

TM © 1990 by Multidimensional Systems Corporation 

I'¥' 



Comparing the FLOPS For Hanning or Hamming 
windowed Spectrogram: 

For N output spectral lines: 
FFf requires ( 1 + 5 log2,N) N FLOPS* 
Szasz series window requires 21 N FLOPS.+ 

Therefore, the Szasz window has fewer FLOPS if N>2. 

*There are Nf2 log2N butterflies in an FFf that does a transfonn on N input points. Each butterfly requires 
one complex multipication and two complex adds. This gives a total of 10 FLOPS per butterfly. In 
addition, there are N multiplies required in the windowing operation. Thus, we require a total of 

(1 + 5 log2N) N FLOPS per spectral line 

+In quadrature, the input is multiplied by cos(21t11u) and sin(21tnu) (2 FLOPS]. Each is sent to a Szasz 
window [2x6 = 12 FLOPS]. The delay line combination adds an additional FLOP. The output of each 
window is multiplied by cos(21tnu) and sin(21tnu) (4 FLOPS] and the quadrature components are added (2 
FLOPS]. This adds to 21 FLOPS per spectral line. Note: Computation of the cos's & sin's are not 
included in this number. . 

M• 
TM 
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Advantages of Szasz series windows.for spectrograms: 

♦ Fewer FLOPS than FFf's. 

♦ Shorter output lag time from the input to the output than 

is obtained using FFf' s or DFf' s. 
• FFT' s require O { log2N} time cycles. 
• Szasz series requires O { 6} cycles. 

♦ The ability to arbitrarily place frequency bins in, for 
example, log intervals, without the matrix-vector 

operations required by the DPT. 

♦ The ability to arbitrarily compute each spectral line in 

parallel without the cross butterfly connections required 
by FFT's. 

♦ Modularity that allows a straightforward increasing of 

the number of output frequency bins. 

♦ Each spectral line can have a different window duration 

and/or type. 

♦ Use in computation of zamograms™ using the technique 

of differential increments. All of the above attributes 

are applicable to the zamogram™ thus computed. 

M• Multidimensional Systems Corporation 
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The technology can also be implemented using analog 
circuitry for continuous time spectrograms. Advantages 

here include 

♦ The absence of high Q circuits. 

♦ Shorter output lag time from the input to the output. 

♦ Totally parallel computation of each spectral line. 

♦ The ability to arbitrarily place frequency bins in, for 
example, logarithmic intervals. 

♦ Each spectral line can have a different window duration 
and/or type. 

M• Multidimensional Systems Corporation 
proprietary & confidential technical information. ·· 

TM © 1990 by Multidimensional Systems Corporation 
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Use of resonant analog circuitry for Szasz series 

spectrograms is directly analagous to the discrete case. 

For a single (non-zero) frequency coniponent: 

I ,, 
► 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 
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EXAMPLE: 

Comparison with Choi-Williams' representation: 

{ 
sin[21t(n-101)/16] ; 100 < n :s; 350 

f(n) = sin[61t(n-351)/16] ; 350 < n :s; 600 
0 ; otherwise 

Zamogram ⇒ 

Choi-Williams⇒ 

L.B. Atlas, W.C. Kooiman and M. Stoermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 

M• Multidimensional Systems Corporation 
Proprietary Technical Information 
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Method and Apparatus for Generating 

Sliding Tapered Windows and Sliding 

Window Transforms 

Robert J. Marks II 

1 Technical Field 

This invention relates to methods and architectures for generating sliding 

window Fourier transforms and spectrograms, to methods and architectures 

for generating digital sliding tapered windows and similar impulse responses 

and to corresponding applications of these methods and architectures. Spec

trograms and sliding window Fourier transforms are a common mode for 

representation of the frequency content of a temporal signal as a function of 

time. Windows are used in numerous digital signal processing (DSP) applica

tions including architectures for spectrograms as well as for data smoothing 

and spectral estimation. 
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2 Background of the Invention 

2.1 Background Description 

The theory of Fourier transformation is fundamental to many undergradu

ate engineering and science curricula. The Fourier transform is a method of 

transferring a time domain signal into the frequency domain. A time func

tion can be represented by x(t) where t represents time (e.g. in seconds). If 

u represents the corresponding frequency variable, with units of cycles per 

second or Hertz, then X(u) is the representation of x(t) in the frequency 

domain. The most common way to obtain X(u) from x(t) is by the process 

of Fourier transformation. In human speech, for example, the Fourier trans

form of a man's voice will typically contain lower frequency components than 

a child's voice. Thus, the Fourier transform of a man's voice as represented, 

for example, by an electronic signal from a microphone would generally have 

a larger magnitude at lower frequencies than that of a child's voice. The 

concept of frequency applies to numerous other types of signals also. Elec

tromagnetic waves in the visible spectrum have different colors corresponding 

to the frequency of the electromagnetic wave frequency (vibration). Thus, 

the magnitude of the Fourier transform of the temporal electromagnetic vi

brations will, in the visible range, result in a plot of the color components of 
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the signal. 

As explained in the tutorial by L. Cohen in "Time-frequency distributions 

- a review", Proceedings of the IEEE, vol.77, pp.941-981 (1989) , there are 

many instances where there is a need to monitor the frequency components 

( or the Fourier transform) of a signal with respect to time. This is especially 

important when the character of the signal is changing with respect to time. 

Such signals are referred to as nonstationary signals. Common speech and 

music are both examples of nonstationary signals. A sound which does not 

change in time, such as an elongated tone or the roar from a waterfall, are ex

amples of stationary signals. The temporally changing (i.e. nonstationarity) 

of colors during a sun set is an example of an electromagnetic nonstationary 

signal. The fundamental Fourier transform does not allow for the straightfor

ward analysis of nonstationary signals. Other techniques, collectively called 

time-frequency representations (hereinafter TFR's ), are required. 

Note that humans perceive sound in both time and frequency. Music, for 

example, is written as a TFR. Notes can be viewed as a frequency represen

tation. The placement of these notes side by side then represents a temporal 

sequence of frequency. Spectrograms are probably the most commonly used 

scientific TFR's for representation of signals. L. Cohen in "Time-frequency 

distributions - a review", Proceedings of the IEEE, vol.77, pp.941-981 (1989) 
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discusses a class of generalized TFR's (hereinafter GTFR's). The zamo

gram of Zhao, Atlas and Marks reported in "Application of the generalized 

time-frequency representation to speech signal analysis", Proceedings of the 

IEEE Pacific Rim Conference on Communications1 Computers and Signal 

Processing, pp.517-519, Victoria, B.C. Canada, June 4-5, 1987 and in "The 

use of cone-shape kernels for generalized time-frequency representations of 

nonstationary signals", IEEE Transactions on Acoustics1 Speech and Signal 

Processing, vol. 38, pp.1084-1091 (1990) is a GTFR with quite good reso

lution in both time and frequency that can be architecturally configured to 

use the sliding window Fourier transform as a component. 

As discussed, for example, in A. Papoulis, Signal Analysis,McGraw 

Hill, New York, (1977), sliding window Fourier transforms and spectrograms 

are conventionally computed using windows, such as Hanning, Hamming or 

Blackman windows. The choice of the window determines the properties 

of the sliding window Fourier transform or spectrogram well known to those 

skilled in the art. This patent contains computationally efficient methods and 

corresponding architectures for generating sliding window Fourier transforms 

and spectrograms. 

Signals can either be continuous functions of time or can be a sequence 

of numbers generated from sampling a continuous time signal or a pro-
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cessed version thereof. Methods and architectures for processing continu

ous and discrete time signals are parallel topics. Indeed, the topics are many 

times taught simultaneously at the undergraduate electrical engineering level. 

Thus, although the methods and architectures of the present invention are 

described herein with respect to discrete time signals, they can be straight

forwardly extended to continuous time by one skilled in the art. 

The sliding window Fourier transform of a discrete signal, x[n], corre

sponding to a window, w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-j21rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. The function I S[n; u] j2 is called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

Digitally, the Fourier transform can be computed using a discrete Fourier 

transform (DFT). DFT's can be used to generate short term Fourier trans

forms. When the duration of a signal to be transformed is long, the fast 

Fourier transform (FFT) computes the Fourier transform in significantly 

fewer operations (i.e. multiplications and additions). The FFT is also used 

in the generation of sliding window Fourier transforms and spectrograms. 
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Typically, the sliding window Fourier transform or spectrogram is decimated 

in time. In other words, the output is not computed at each point in discrete 

time. Rather, the output is computed every few points in discrete time. 

Recursive generation of rectangularly windowed sliding window Fourier 

transforms has been disclosed in United States Patent No. 4,023,028 is

sued to Dillard on May 10, 1977. The basic idea of the sliding rectangular 

window is best introduced by the following example. Consider the series 

of numbers ... 2,4,1,3,0,1,4,1,2,0. The sum of the bold numbers in the series 

... 2,4,1,3,0,1,4,1,2,0 is 14. The window is moved over one unit and the re

sult is ... 2,4,1,3,0,l,4,1,2,0. The new sum can, of course, be generated by 

adding the numbers again. More efficiently, however, the old number ( 4) can 

be subtracted from the sum and the new number (2) added. This is the ba

sic concept used in the sliding rectangular window generation of the sliding 

window Fourier transform. ·with slight modification, exponentially shaped 

windows can also be thus computed. 

Both rectangular and exponential windows have limited application. As 

is summarized by W.S. Wu, K.F. Cheung and R.J. Marks II, "Multidimen

sional projection windows", IEEE Transactions on Circuits and Systems, 

vol. 35, pp.1168-1172 (1988), the performance of a window is dictated by its 

resolution versus leakage tradeoff. The most commonly used windows dis-
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play a balanced trade off between good time and frequency resolution. The 

rectangular and exponential windows do not. The rectangular window, for 

example, displays quite poor frequency leakage properties. More typically, 

the numbers within the window are multiplied by a symmetric array of num

bers prior to summation. This array of numbers is referred to as a window. 

Commonly used windows are Hanning, Hamming and Blackman windows 

referred to above. This patent claims recursive computational methods and 

architectures for generation of such sliding window Fourier transforms using 

tapered windows. 

3 Summary of the Invention 

The present invention is directed to methods and corresponding architectures 

for generating sliding tapered windows and similar impulse responses and 

their use in generating sliding window Fourier transforms and spectrograms. 

The sliding window, an impulse response of finite duration, is generated us

ing two infinite impulse response (IIR) filters. The second filter, postponed 

through a delay line, cancels the response of the first to yield a composite 

impulse response that is finite in duration. The two filters may contain com

mon processing elements. A specific embodiment of this architecture occurs 

when the second IIR filter is simply a delayed and possibly weighted version 
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of the first. Then a single IIR filter can be factored from each processor. The 

IIR filter, appropriately augmented with delay circuitry to coherently cancel 

the response of the filter beyond a specified time, can be used to generate 

the composite window impulse response. Such is the case when the required 

impulse response can be expressed as the superposition of causal, possibly 

damped, sinusoids with arbitrary phase. 

A tapered window is herein defined as any window other than one con

sisting of a single exponential over a finite window or a window constructed 

through a cascading of two or more of these filters. Included in the definition 

are exponentials with zero exponent, corresponding to rectangular ( or box 

car) windows. Such windows are known to have poor spectral leakage prob

lems. Tapers are used on windows to improve spectral leakage properties. 

When used as components in (non-temporally decimated) sliding window 

Fourier transform and spectrogram architectures, the sliding windows come 

in two types: modulated and unmodulated. Reference to a window herein 

without specification of type, either specifically or in context, will be to 

the unmodulated window. The IIR and delay components of the windows 

can be either joined or disjoint in the architecture. In all of the methods 

and embodiments described herein, the sliding window Fourier transforms 

or spectrogram processor may be used to monitor a single frequency line or 
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generate frequency lines sequentially. The window shape can be changed 

in real time simply by an alteration of the filter parameters. Alternately, 

the processors can be placed in an array to generate the sliding window 

Fourier transform or spectrogram frequency lines in parallel with arbitrary 

( e.g. logarithmic) frequency bin spacing. The window shape and/or type 

can be changed from frequency line to frequency line or can be changed in 

real time. In this application, for example, constant Q-type sliding window 

Fourier transforms and spectrograms can be generated. 

In parallel embodiments, common circuitry, such as delay lines and weight

ings, may be factored from the array so that a single circuit, common to each 

of the processor lines, can serve the entire array thereby reducing the over

all computational requirements of the processor. The specific embodiments 

wherein the sliding window Fourier transform's or spectrogram's frequency 

spacings are uniform and/ or integer multiples of the reciprocal of the win

dow's duration require even less computation. 

In the case where a periodic replication is canceled after one or more pe

riods using a weighted delay, the output contribution corresponding to the 

end point of the window will not be forthcoming. Circuitry for end point 

correction can be applied to compensate for the final point of the window's 

contribution to the sliding window Fourier transform or spectrogram. In 
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certain cases, however, end point correction need not be used in the architec

tures since the contribution to the overall sliding window Fourier transform 

or spectrogram may be nonexistent ( i.e. in the case where the window's end 

points are zero) or negligible. 

The previously described methods are also applicable to the generation of 

time-decimated sliding window Fourier transforms and spectrograms. Data 

common to both of two temporally adjacent time decimated sliding window 

Fourier transform or spectrogram points in time is used to update the sliding 

window Fourier transform or spectrogram, as before, using weighted delay 

circuitry. The contribution of the new data introduced into the window 

and the old data which exits the window is evaluated using sliding window 

Fourier processing techniques some embodiments of which are in the public 

domain. Parallel embodiments using this method when the sliding window 

Fourier transform or spectrogram's frequency spacings are uniform result in 

architectural simplification since one component filter can contribute to more 

than one frequency line. 

Any of the embodiments of the sliding window Fourier transform archi

tecture can be used to generate the spectrogram. The term architecture is 

used in the most general sense, and includes not only hardware, but to the 

underlying method of computation. In certain instances, a particular archi-
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tecture is presented to illustrate the application of the present invention in a 

family of architectures. 

The sliding window Fourier transform and spectrogram generation meth

ods and corresponding architectures described herein are applicable to the 

evaluation and display of sliding window Fourier transforms and spectro

grams for acoustic, biological, electric, electromagnetic, electrochemical, me

chanical and electromechanical waves. Such waves are used in fault detec

tion, radar, speech analysis and synthesis, sonar, seismology, communication 

systems and medical diagnosis. Electromagnetic waves include those in the 

visible spectrum used, for example, in fiber optics communication. Other 

electromagnetic waves include those used in radio, computer, video and other 

communication signals; radar and lidar; and the outputs from electromag

netic imaging systems, such as microscopes or imaging systems found in cam

eras. Signals originating from biological waves include, but are not limited 

to, those from the cardiovascular and neurological systems of man and ani

mal. Acoustic waves include those found in ultra-sound imaging, speech and 

sonar. Sliding window Fourier transforms and spectrograms resulting from 

use of this method can also be used as templates for pattern recognition 

or as components in other signal processing architectures, such as architec

tures for computing TFR's whose evaluation requires the computation of a 
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spectrogram. 

Use of the methods described herein for software simulations and hard

ware or firmware implementations of sliding window Fourier transforms, spec

trograms or other processors using sliding windows can result in simplifica

tion of computational and hardware requirements. Previous simulations, 

hardware and firmware make use either of discrete Fourier transform (DFT) 

methods, fast Fourier transform (FFT) methods or a bank of bandpass fil

ters. The methods described herein fall into latter category. The infinite 

impulse response character of the methods described herein require signifi

cantly fewer operations than corresponding finite impulse response filters to 

implement filter banks, yet generate sliding window Fourier transforms and 

spectrograms that are numerically equivalent. 

The resulting parallel character of the methods described herein allow 

for pipe line modular implementation in firmware and software. The reduc

tion of the required number of operations results in a corresponding decrease 

in computational complexity for software, firmware and hardware. In addi

tion, as discussed elsewhere herein, the methods described herein are more 

flexible in terms of window choices and frequency bin spacings. Although 

DFT methods have these two advantages, the computational overhead can 

be prohibitively high. 
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4 Brief description of the drawings 

The foregoing and advantages of the present invention will be more readily 

appreciated as the same become better understood from the detailed de

scription of the preferred embodiments when taken in conjunction with the 

following drawings, wherein: 

Figure 1 is a schematic representation of methods for generating sliding 

window Fourier transform and spectrograms using either unmod

ulated or modulated windows. 

Figure 2 is a schematic representation of methods by which a window 

of finite duration can be obtained by coherent cancellation of the 

response of an IIR circuit beyond a certain point in time. 

Figure 3 is a schematic representation of coherent cancellation of a 

damped resonant circuit beyond a specified point in time using 

weighted delay circuitry. 

Figure 4 is a schematic representation of a digital circuit for generating 

a cosinusoidal response and its schematic abstraction. 

Figure 5 is a schematic representation of periodic resonant and delay 

circuitry to generate a class of sliding windowed Fourier trans-
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forms, including Hanning and Hamming windowed transforms, 

with end point correction. 

Figure 6 is a schematic representation of periodic resonant and delay 

circuitry to generate a class of sliding window Fourier transforms, 

including Blackman windowed transforms, without end point cor

rection. 

Figure 7 is a schematic representation of methods for generating a slid

ing window Fourier transform using a filter with the impulse re

sponse of a damped window as taught by the present invention. 

Figure 8 is a schematic representation of a digital circuit for generating 

a damped cosinusoidal response. 

Figure 9 is a schematic representation of a damped resonant and delay 

circuitry to generate a class of damped sliding window Fourier 

transforms, including those with Hamming or Hanning windows. 

Figure 10 is a schematic representation of damped resonant and delay 

circuitry to generate a damped windowed sliding window Fourier 

transforms, including those with Blackman windows. 

Figure 11 is a schematic representation of a method for implementation 

of a A (lambda) filter. 
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Figure 12 is a schematic representation of a A filter using real multi

plies for real inputs. 

Figure 13 is a schematic representation of a A filter when the input is 

complex. 

Figure 14 is a schematic representation of a I< filter using a bank of A 

filters and a I< filter. 

Figure 15 is a schematic representation of two realizations of the weighted 

delay transfer function, D(z). 

Figure 16 is a schematic representation of a single modulated window 

for generation of the a sliding window Fourier transform frequency 

line. 

Figure 17 is a schematic representation of an illustration of a single 

modulated window processor without end point correction for 

generating the real and imaginary parts of a spectrogram line. 

The squared magnitude of the spectrogram line can be generated 

with a slight architecture modification. 

Figure 18 is a schematic representation of circuitry for generating a 

spectrogram line without end point correction. 

15 



Figure 19 is a schematic representation of a parallel modulated window 

based methods for generating sliding window Fourier transform 

lines with arbitrary frequency spacing. 

Figure 20 is a schematic representation of a parallel modulated window 

based architecture without end point correction for generating 

spectrogram lines at arbitrary frequency spacings. 

Figure 21 is a schematic representation of a parallel modulated window 

based architecture for generating sliding window Fourier trans

form lines at equal interval frequency bin spacings for Q = 1. 

Figure 22 is a schematic representation of a parallel modulated win

dow based architecture for generating spectrogram lines at equal 

interval frequency bin spacings for Q = 2 without end point cor

rection. 

Figure 23 is a schematic representation of circuitry for a damped res

onant circuit. 

Figure 24 is a schematic representation for the generation of the sliding 

window Fourier transform using a disjoint unmodulated window 

with the delay circuitry at the front end. 
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Figure 25 is a schematic representation for the generating the a spec

trogram line without end point correction using a disjoint un

modulated window with the delay circuitry in the front end. 

Figure 26 is a schematic representation of a method for parallel genera

tion of the sliding window Fourier transform at arbitrarily spaced 

frequency bins using a joint unmodulated window and a single de

lay line. 

Figure 27 is a schema.tic representation of circuitry for parallel genera

tion of the spectrogram without end point correction at arbitrar

ily spaced frequency bins using a disjoint unmodulated window 

and a single delay line. 

Figure 28 is a schematic representation for the parallel generation of 

the sliding window Fourier transform components of a spectro

gram when the frequency bins are at up = iL using an disjoint 

unmodulated window and a single delay line. 

Figure 29 is a schematic representation of the parallel generation of 

a spectrogram without end point correction when the frequency 

bins are at up = fr, using a disjoint unmodulated window and a 

single delay line. 
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Figure 30 is a schematic representation of a sliding window Fourier 

analysis digital signal processor to add the contributions of new 

data to and subtract the contributions of old data from a time 

decimated sliding window Fourier transform processor. 

Figure 31 is a schematic representation of IIR filter embodiments for 

sliding window Fourier analysis digital signal processors to add 

the contributions of new data to and subtract the contributions of 

old data from a time decimated sliding window Fourier transform 

processor. Here, sq = sq - j21ru. 

Figure 32 is a schematic representation of an architecture for the gen

eration of Szasz components of time decimated sliding window 

Fourier transform using sliding window Fourier analysis proces

sors and weighted delay circuitry. The schematic representation 

of the operation is shown. 

Figure 33 is a schematic representation of a parallel connection of three 

weighted Szasz sliding window Fourier transform components to 

generate a spectrogram line when the window is a Q = 1 Szasz 

series ( e.g. Hamming and Hanning windows). 
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Figure 34 is a schematic representation of a para.llel connection of three 

weighted Szasz sliding window Fourier transform components to 

generate a sliding window Fourier transform line when the win

dow is a Q = l Szasz series wherein the symmetry of the Szasz 

coefficients is used to reduce the computational requirements over 

a nonsymmetric case. 

Figure 35 is a schematic representation of an architecture for a 3 (xi) 

filter and its schematic representation. 

Figure 36 is a schematic representation of a bank of 3 filters to gen

erate output sliding window Fourier transform lines when the 

frequencies are equally spaced and the desired window if a Szasz 

series of order Q = 2. 

Figure 37 is a schematic representation of a bank of 3 filters to generate 

output sliding window Fourier transform lines when the frequen

cies are equally spaced and the desired window if a Szasz series 

of order Q = l and the Szasz series coefficients are symmetric. 
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5 Detailed Description of the Invention 

Representative embodiments of the methods and architectures formed in ac

cordance with the present invention for generating impulse responses of finite 

duration are depicted and described herein. The resultant impulse responses 

of finite duration generated in accordance with the present invention by using 

coherent cancellation of the response of an infinite impulse response (IIR) fil

ter after a given interval of time are customarily referred to as windows when 

applied to generating sliding window Fourier transforms and spectrograms. 

Methods of using such filtering in generation of sliding window Fourier trans

forms and spectrograms are also described. 

Interpretation of Schematics for Signal Flow. A number of sig

nal flow diagrams in schematic representation that are used to characterize 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of the arrows. A number, a variable or a combination thereof, 

written directly adjacent to an arrow means that the signal is weighted (mul

tiplied) by that quantity with two exceptions. One exception is the notation 

z-J which, from the theory of z transforms, means that the signal is delayed 

for J time units. The second exception is at the input or the output of the 

processor when the notation by the arrow is, respectively, the processor's in

put and output signal. In subprocessors, the input will typically be denoted 
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by the sequence, x[n], and the output by y[n]. Also, x[n] will generally denote 

the signal for which the sliding window Fourier transform or spectrogram is 

computed. 

At other than the input and output, a combination, such as (1 + j)z- 3 , 

where j is the square root of -1, means that the signal is multiplied by the 

complex number 1 + j and is delayed by 3 units of time. This, of course, 

is equivalent to the weighting and then delaying. If no number, variable, 

shift or combination thereof appears adjacent to an arrow, then the signal is 

unaffected (i.e. multiplied by 1). The signal coming from a node ( a point 

where two or more signals meet) is equal to the sum of signals going into a 

node. If more than one signal comes from a node, each has a value of the 

sum of the signals coming into the node. Time decimation is denoted by a 

boxed l N where N is the decimation order. Repeatedly used circuits will be 

defined as appropriately parameterized block processing elements. Portions 

of processors may be isolated using a dashed line closed curve, such as a box or 

circle, in order to be referenced in the text. These and other computational 

components of the description will be described as circuitry or a circuit. 

These terms are used in their broadest sense and are hereby deemed to refer 

not only the to physical hardware associated with the computation, but to 

the underlying method as well. 

21 



Manners of implementation of these flow diagrams are well known to 

those well versed in the art. Arithmitic operations are straightforwardly 

performed on commercially available APU's ( arithmetic processor units) and 

DSP ( digital signal processing) chips. Delay lines can be straightforwardly 

performed using digital shift registers, as is required in commonly used finite 

impulse response (FIR) and infinite impulse response (IIR) digital filters. 

Alternately, custom VLSI ( very large scale integration) integration chips can 

be designed to perform the operations taught by this patent. 

Sliding window Fourier Transforms and Spectrograms Using Fil

ters. The sliding window Fourier transform in Eq. 1 can be written as 

L 

S[n; u] e-j21rnu L w[k]x[n - k]ej21r(n-k)u 

k=-L 

e-j21rnu X {(x[n]ej21rnu) * w[n]} (2) 

where* denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval - L ~ n ~ L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-j21r(n-L)u{(x[n]ej21rnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 
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sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, this 

impulse response will be referred to as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 

produce the sliding window Fourier transform 135. The post multiplication 

term 130 is exp(-j21r(n - L)u) = exp(-j21rmt)x exp(j21rLu). The term 

exp(j21rL1t) term, could be moved from the postmultipication 125 term 130 

to the premultiplication 115 term 120 or, for that matter, could be a weight 

at any point in the signal flow. 

In many cases of interest, the spectrogram is needed. The square of the 

magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, if s = {! + j "', and both {! and "' are real, then I s 1
2= a2 + K 2

• 

The real number i is arbitrary. It's effect along with the post multiplying 

complex sinusiod 130 is annihilated by the magnitude squared operation 

since, for real p, the relation I exp( - j21rnp I= 1 follows. When only the 

spectrogram is required, a processor shown in Fig. 1 can be used. An input 

142 is again premultiplied 145 by a complex sinusiod 150. The product is fed 

into a digital filter 155, the impulse response of which is the desired shifted 

window, w[n - L]. The magnitude squared operation 160 is performed on 
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the filter's output. The result of this operation is the spectrogram 165 as 

given in Eq. 4 

The sliding window Fourier transform in Eq. 1 can also be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu (6) 

By shifting the output L units, the operation is made causal. Then, Eq. 5 

becomes 

S[n - L; u] = w[n - L; u] * x[n] (7) 

As shown in Fig. 1, an embodiment of architecture to generate the sliding 

window Fourier transform corresponding to Eq. 7 simply requires that the 

input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired sliding window 

Fourier transform. 

The spectrogram corresponding to Eq. 7 is 

I S[n - L; u] 12=1 (w[n - L; u]ei21riu) * x[n] 12 (8) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 

magnitude squared 185 to generate the spectrogram 187. 

24 



Windows From Coherent IlR Cancellation. The present invention 

IS directed to methods for generating the windows and similar filters with 

finite temporal duration whose impulse responses are generated by the co

herent cancellation of the response of an IIR filter beyond a certain point 

in time. A general overview of this operation is shown at the top of Fig. 2. 

A discrete impulse ( or Kronecker delta), o[n], is one for n = 0 and is zero 

otherwise. The response 209, y1 [n], to a Kronecker delta 205 input into a 

digital filter 207 with impulse response h1 [n], is shown and, appropriately, 

is termed the filter's impulse response. Clearly, y1 [n] = h1 [n]. A filter will 

either be referred to by its impulse response or by its transfer function. If the 

filter's impulse response is not finite in duration, it is appropriately termed 

an IIR filter. 

Consider a second IIR filter 213, h2 [n], whose response 215 to a Kronecker 

delta 211 is y2 [n] = h2 [n]. Furthermore, assume that, for n 2'. 6, 

Y2[n - 6] = Y1[n] (9) 

In other words, shifting y2 [n] six units to the right in discrete time yields an 

identical signal to y1 [n] for n 2'. 6. 

Two filters can then be connected together in parallel with h2 [n] con

nected in series with a delay line 222 of six units. The delay line, as shown, 

also inverts the signal (i.e. multiplies it by -1). The result, then, is a com-
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posite filter 220 whose response 230 to an impulse 218 is equal to y1 [n] for 

n < 6 and is zero for n ~ 6. The response of h1[n] has been coherently 

canceled by the delayed response of h2 [n]. 

As an example, consider the impulse response of the following IIR filter. 

R 

h1[n] = I: 'Prntresrnµ[n] (10) 
r=l 

where the cp/s and s,.'s are constants, possibly complex, the tr's are finite 

nonnegative integers and µ[n) is the unit step function ( =1 for n ~ 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one skilled in 

the art. An IIR filter with impulse response 

R 

h2[n] = I: 'Pr( n + Nyr esr(n+N) µ[n], (11) 
r=l 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 10 

can be made common to both h1 [n] and h2[n). Both h1 [n] and h2 [n] are fed 

the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of h1 [n] to produce 

a filter the composite impulse response of which is 

h[n] = h1 [n] - h2 [n - N]. (12) 

The impulse response, h[n], is equal to that of h1 [n] for 0 :S n :S N - l and 

is zero thereafter. 
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Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, for 

n ~ N and N an integer, y[n - 4N] = y[n]. To cancel this impulse response 

for n ~ 4, a second filter, h2 [n], is required whose impulse response is y[n-4] 

238. This can be done by delaying the response of the periodic resonant cir

cuit 234 by four units. Therefore, the periodic resonate circuit 244 can be 

connected in cascade with delay line circuitry 248 ( containing an inverting 

four unit delay line 246) so that its impulse response coherently combines 

with a delay of the same impulse response. The result is a circuit whose 

response 250 to an impulse 242 is the desired y[n] - y[n - 4]. As shown, the 

composite impulse response 240 is finite in duration. The specific case of 

y[n] =constant ( corresponding to a rectangular window) has been reported 

in the open literature. 

Since both the delay circuitry 248 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without affecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 
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circuit 256 then the response 260 of the composite filter to an input of a 

Kronecker delta 252 is the same 250 as when the order is reversed. 

There may exist in the impulse response other symmetries that allow 

variations on such coherent cancellation. For example, an impulse response 

of 

h[n] = sin( 1rn/ N)tt[n] (13) 

added to the same impulse response deleted N units results in a composite 

impulse response that is the first positive half cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters, whose responses are damped 

periodic functions. As illustrated in Fig.3, consider the example where the 

response 310 of a damped resonant circuit 308 to an input Kronecker delta 

305 ( = 8[n] = 1 when n = 0 and zero for n-=/- 0) is 

y[n] = y[n]esn (14) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 

Note then, that for n ~ 4, 

y[n - 4] = y[n]e- 48 (15) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 
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to achieve the output 312 exp( 4s )y[n - 4]. This is accomplished by placing 

the output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 so 

that, when coherently superimposed, the desired composite impulse response 

326 which is finite in duration is generated. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In the 

discussion above and below, however, since the same principals of cancellation 

apply, the instance of s being imaginary in the damped case is also claimed. 

The real part of s will generally be denoted by -er. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

As in the undamped case, damped versions of sinusiods can be coher

ently cancelled at half periods. Damping the impulse response in Eq. 13, for 
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example, gives 

h[n] = sin(1rn/ N)e-o-nµ[n] 

Running the output of such a filter through a delay line of duration N, 

multiplying the delay line output by exp(-an), and adding to the original 

filter output gives a composite impulse response, h[n] + exp(-an)h[n - N], 

which is equal to h[n] for n < N and is zero for n ~ N. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(1rn/2)e-o-nµ[n]. (16) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, the end point of the period which the 

cancellation circuitry places to zero is desired. The end point, rather, on the 

envelope 353 at the point shown by the hollow dot 350 is desired. Addition 

of this point to the impulse response is referred to as end point correction. 

Parallel and cascade generalizations. A number of coherent cancellation 

circuits of the type just described can be placed in cascade and/ or parallel to 
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achieve even greater flexibility in the design of impulse responses. Reference 

to single component coherent cancellation circuits being connected in cascade 

and/or parallel is allowed in order to permit the degenerate case of a single 

circuit to be subsumed. 

In certain instances common circuitry can be factored from combinations 

of cascade and/or parallel to yield a reduction in overall computational re

quirements. Windows expressed in a finite cosine series can be shown, for 

example, to be able to be synthesized by a parallel combination of second 

order IIR filters and that the delay circuitry can be factored so that a single 

delay circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite circuit 

consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangular 

windows results in a Parzen window, etc. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 
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impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, digital circuitry can be designed 

corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (17) 
q=O 

where 

(18) 

Such circuitry can be designed with the standard digital filter components 

which are multipliers (including inverters), adders and unit delays. The quan

titative values of the multipliers and the topology of all of the components 

are dictated by the parameters Q, "/q, uq, and O'q• There exist numerous 

computational topologies for a given set of parameters. Such circuitry can 

be designed straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n 2: .A1q, 

Define 

Clearly, wq[n] is zero for n 2: Mq and the composite IIR filter 

Q 

ro[n] = L wq[n] 
q=O 
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has a response that is finite in extent. 

As has been illustrated in a previous example, the result can be extended 

to the case where the 1,q's are nonnegative integers. Window components of 

the type in Eq. 20 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 21 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

Q n 
w[n] = L/Jqcos(1rnq/L)II[

2
L] 

q=O 

(22) 

where II[;~] = 1 for -L s; n s; L and is zero otherwise. The Hanning and 

Hamming windows require Q = l and the Blackman window Q = 2 terms. 

Motivated by causality, the shifted version of the cosine series window is 

written as 

(23) 

Compare this with the special case of the real part Eqs. 17 and 18 with 

lq = 0. 
Q 

h[n] = L(-l)q,Bqcos(1rnq/L)µ[n] (24) 
q=O 

The window in Eq. 23 is recognized as the first period of Eq. 24 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]5[n - 2L] 
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A periodic resonant circuit can be straightforwardly designed with an impulse 

response given by Eq. 24. Delay line circuitry is cascaded with this circuit 

to achieve the desired composite window filter. The window's end point can 

be inserted with the use of a weighted delay line or can be ignored if the 

end point correction is numerically zero or, otherwise, if the resulting error 

is deemed negligible. 

One straightforward way to design the resonant circuit in Eq. 24 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. Equation 24 is rewritten as 

Q 

h[n] = I: hq[n] (26) 
q=O 

where 

(27) 

where 0q = 1rq/ L and Cq = ( -1 )q {3q, For q -=f. O, the z transform of this 

equation is 

n=O 

cq[l - z-1cos(0q)] 
1 - 2z-1cos(0q) + z-2 

(28) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 
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in Eq. 27 with c = cq and 0 = 0q, Recognizing there exists a number of 

other digital filter architectures to generate the same operation, the input 

410, 420 output 415, 425 relationship of this operation will schematically be 

represented by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0 in Eq. 27, h0 [n] = c0 = (30 • This operation can be performed by a 

simple multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, (30 = /31 = 0.5. 

For Hamming windows, /30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 

circuit cascading 265 shown in Fig. 2 addended with end point correction. 

The input 505 is fed into the delay circuitry 510. The output of the delay 

circuitry is fed into the q = 0 and the q = l stages 515 520 of the composite 

circuitry 595. The end point correction is obtained by an additional weighted 

delay 540 of the signal. The outputs of all stages are added 525 to obtain the 

windowed output 530. Note that, for Hanning windows, w[L] = 0 and the 

end point correction is not needed. Indeed, for any window, the effect of not 

using end point correction diminishes as L increases. In such cases, one may 

choose not to use the end point correction in the computational architecture. 
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A Q = 2 example of an embodiment of this method will be given for the 

Blackman window for the case where end point correction is not used. Here, 

/30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, l and 2 stages 610 625 620 of the composite 

circuitry 695. The outputs of each stage are summed and fed into the delay 

circuitry 630 the result of which is the windowed output 650. No end point 

correction is used here. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. 

Refreshing can also be incorporated into the circuitry to assure stability. 

In this approach, two circuits are identically configured. The input, for a 

period of time, is fed to the first circuit. It is then switched to the second 

circuit. The outputs of the two circuits are added to give the desired out

put. When the first circuit is emptied of data, all of the signal components 

remaining are due to cumulative noise, and are thus set to zero. The first 

circuit is refreshed. The input is then switched back from the second circuit 
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to the first, and the second circuit is emptied and refreshed. By occasionally 

setting the cumulative error to zero, the circuit is made stable. The various 

implementations refreshing will be evident to those well trained in the art. 

Alternately, stability can be assured by slightly perturbing the design to 

include slight damping that will move all of the circles strictly within the unit 

circle on the complex z plane. In other words, the source of the marginal sta

bility in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping feedback 

slightly will insure stability. Similarly, entirely stable windowing circuitry 

can be designed for windows that are multiplied by a taper proportional to 

exp(-a-n). Define 

w[n] = w[n]e-o-n (29) 

If one wishes to keep the window shape as close to the a- = 0 case as possible, 

a- is chosen to be a positive number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

li[n] = h[n]e-o-(n-L) 

where h[n], given by Eq. 24, has a period 2L. Then, for n > 2L, 

The damped window can therefore be generated as 

w[n - L] = w[n - L]e-c;(n-L) 
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h[n] - e-Zc;Lh[n - 2L] + w[L]8[n - 2L] (32) 

where 

w[L] = w[L]e-c;L (33) 

is the value of the end correction factor. 

An architecture for computing Eq. 32 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where a= 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 

can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). Either architecture 750, 755 can be used in the two architectures 

in Fig. 1 as the window 140 (with w[n] replacing w[n]) to generate sliding 
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window Fourier transforms and spectrograms with damped windows. Specif

ically, S[n - L; u] is computed using w[n - L] instead of the window shown 

140 where, now, 
L 

S[n; u] = L w[k]x[n - k]e-j21rku (34) 
k=-L 

Similar use of w[n-L] in the squared magnitude architecture instead of w[n-

L] 155 results in the spectrogram 165 where the corresponding expression for 

the sliding window Fourier transform is now given by Eq. 34. 

A possible architecture for the damped resonant circuit that parallels the 

undamped case is now discussed. Equation 30 can be written as 

(35) 

where 

(36) 

The z transform of this impulse response results in the transfer function 

(37) 

where c = CqeuL and 0 = 1rq/ L. One of many possible digital filters for this 

filter is shown in Fig. 8. The input 805 into the circuitry 810 produces an 

output 815 that is the discrete convolution of the input with the impulse 

response in Eq. 36. The general class of digital circuits with this response 

is denoted by the parameterized bold outline box 820 shown in Fig. 8. The 

39 



input 825 into this parameterized box produces the same output 830 as in 

the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-o-(n-L) µ[n]. (38) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp( -O") 

cascaded with a multiply of Coexp(O"L). For Co = /3o and sq = /3qexp(O"L), 

this circuit is shown as component circuitry 920, 1015 in both Figs. 9 and 

10. 

Architecture examples. A digital filter for Q = 1 ( e.g. Hanning and 

Hamming) damped windows is shown in Fig. 9 using an end point correction 

variation of the architecture 334 shown in Fig. 3. The input 910 is fed to 

the damped delay circuitry 915. The n = 0 component of Eq. 36 is realized 

by a first order feedback circuit 920. The output of the delay circuitry is fed 

into this circuit and the n = 1 stage 925 (Sq = /Jqexp( O" L)) and the end point 

correction factor stage 940. The outputs from all stages 995 are added 930 

to produce the damped windowed output 935. 

A digital filter for Q = 2 ( e.g. Blackman) damped windows is shown in 

Fig. 10 using a slight variation of the architecture 755 shown on the bottom 

of Fig. 7. The input 1010 is fed the delay circuitry 1012 and then to 1095 the 
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q = 0, 1, 2 stages 1015, 1020, 1025 and the end point correction stage 1040. 

The outputs of all of the stages are summed 1030 to obtain the damped 

windowed output 1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a sliding win

dow Fourier transform or spectrogram, more typically, a number of parallel 

lines each corresponding to a different frequency are desired. This can be 

performed in parallel where a number of sliding window Fourier transform or 

spectrogram processors are each tuned to different frequencies and all sliding 

window Fourier transform or spectrogram lines are computed at the same 

time in parallel. Alternately, the same processor can be exposed to the same 

signal a number of times. Here, for each presentation, the complex sinusoid( s) 

are tuned to different frequencies. The lines of the sliding window Fourier 

transform or spectrogram are thus computed sequentially. In either the par

allel or sequential embodiments, the choice of frequencies need not be linear. 

Logarithmic spacing of frequencies, for example, can be chosen. Similarly, in 

either case, the window from spectral line can be changed from spectral line 

to spectral line. For the sequential embodiment, this requires the changing 

of the window parameters ( the (3q 's and possibly Q) for each presentation of 

the signal. Other sliding window Fourier transform and spectrogram proces-
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sors that use common circuitry to feed a parallel bank of processors will be 

presented later. 

Modulated Windows. Also disclosed are computational architectures 

for modulated windows and their use in the generation of sliding window 

Fourier transforms and spectrograms. For such architectures, the complex 

sinusoidal premultiplies 115, 145 are no longer required. In parallel embodi

ments, a single delay line circuit can service the all of the resonant circuits. 

The damped sliding window Fourier transform is 

L 

S[n; u] = L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (39) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] w[n]e-j21rnu 

( 40) 

and 

(41) 

In discussions concerning modulated windows to follow, both the damped 

and the undamped case will be included. The undamped case is a special 

case of the damped case for o- = 0. Motivated by causality, the modulated 
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window is temporally shifted to 

The synthesis of a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (43) 
q=O 

is now motivated where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 44 
00 

Hq(z; u) = L hq[k; u]z-k (45) 
k=O 

which gives 

where 

( 47) 

Note that, for q = O, 

(48) 
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The A (lambda) filter in Eq. 47 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. Equation 47 can be written as 

A(z; v) 
1 - 2e-acos(21rv )z-1 + e-2az-2 

Ar(z; v) + jAi(z; v) (49) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n]+ jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 
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1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140, 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment, shown in Fig. 13, uses 

the depiction 1240 in Fig 12 as components 1301, 1302. The real output 

1305, yr[n], is the sum of the real response of the real input 1310 and the 

negated 1315 imaginary response to the imaginary input 1320. Similarly, the 

imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

K(z; u) H(z; u)e-i21ruL 

1 Q 
f3oeuLA(z;u) + 2euL2)-l)q/3q 

q=l 

q q 
x [A(z; u - 2L) + A(z; u + 2L)] 

where H(z; u) is the z transform of h[n; u] in Eq. 43. 

00 

H(z; u) = L h[n; u]z-n 
n=O 

Q 

LHq(z;u) 
n=O 

(50) 

(51) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q 
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½(-l)qexp(aL),Bq) which in turn are fed into a bank of appropriately tuned 

A :filters 1420. The outputs of the A :filters are summed 1425 to yield an 

output 1430 which is equivalent to the response of the input 1410 to a digital 

filter with transfer function K(z; u) in Eq. 50. Schematically, the I{ filter 

will be depicted by the representation 1440 shown in Fig. 14. Note that 

the architecture can be construed for either real or complex inputs 1410 

depending on whether the A :filters are constructed for real or complex inputs. 

In either case, the I{ filter is parameterized by the frequency u, damping 

coefficient a, filter order Q, and vector of Fourier coefficients iJ The vector 

"/1 is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I{ filter 1440. From Eqs. 40 through 43, the following 

identity can be established 

w[n - L; u] = h[n; u] - e-i41ruLe-2"Lh[n - 2L; u] + w[L; u]8[n - 2L] (52) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 52. 

Define 
00 

O(z; u) = L w[n; u]z-n. (53) 
n=O 

The z transform of Eq. 52 is then 

46 



where Eq. 50 has been used. From Eq. 39, the output of a filter with this 

transfer function when presented an input of x[n], is the sliding window 

Fourier transform line S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 54 is 

defined as 

(55) 

One embodiment of an architecture for this transfer function is shown at 

the top of Fig. 15. The input 1505 is placed through the delay circuitry 

1510. It is then post multiplied by a complex weight 1515 to give the desired 

output 1520. This embodiment has the advantage of isolating the complex 

exponential 1515 which, when the spectrogram is desired, can be deleted. 

An alternate architecture for D(z) requiring fewer floating point operations 

(FLOPS) is shown at the bottom of Fig. 15. The input 1525 is fed through 

delay circuitry 1530 with different weights than before 1510 to achieve the 

desired output signal 1535. 

Sliding window Fourier Transform and Spectrogram Architec

tures Using Modulated Windows. Given delay circuitry and the I{ filter 

1440 in Figure 14, circuitry for synthesis of the sliding window Fourier trans

form or spectrogram line based on the modulated window can be crafted. 
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As with the previously discussed methods, example architectures will be pre

sented whereby the spectrogram is generated or the sliding window Fourier 

transform is computed. As before, in any embodiment, use of end point cor

rection is an option. The contribution of end point correction to the final 

result generally diminishes as L increases. Both serial and parallel imple

mentation methods will be discussed and illustrated. 

An architecture for generating a single spectral line of a sliding window 

Fourier transform based of Eq. 54, is shown in Fig. 16. The input 1605 is fed 

to delay circuitry 1610. The output of the delay circuitry is fed to a J{ filter 

1615, the output of which, in turn, is shifted in phase 1620. The end point 

correction factor 1625 is added to give the desired sliding window Fourier 

transform output 1630. One or more of the parameters of the circuitry ( i.e. 

u, L, er, iJ and Q) can be changed and the same 1605 or alternate input 

can be applied to generate a second output sliding window Fourier transform 

line. 

As is the case with other embodiments described herein, the architecture 

in Fig. 16 has a number of variations in detail design that are evident to one 

skilled in the art. The multiplication by the complex number 1620 in Fig. 16, 

for example, can be performed immediately prior to the J{ filter 1615 instead 

of directly after. Indeed, if end point correction is not used, the J{ filter 1616, 

48 



delay circuitry 1610 and exponential multiply 1620 can be cascaded in any 

order desired. Such arbitrariness in the cascading of two or more linear 

time invariant :filters is well known. One of these six orderings is shown in 

Fig. 17. The input 1705 is first fed into a J( filter 1710 and then into the 

delay circuitry 1715. After post multiplication by a complex number 1720, 

the desired sliding window Fourier transform line 1725 is achieved ( without 

end point correction). This embodiment has the advantage that A :filters 

with real inputs can be used if the processor input 1705 is real. Note also, 

that if the only the spectrogram line, I S[n - L; u] 1
2

, is desired (rather than 

the output shown 1725), then the complex sinusiod weighting 1720 can be 

omitted and replaced by a magnitude squared operation. A variation of such 

magnitude squared computation is shown in Fig. 18. A different cascading 

order, though, is used here. The input 1805 is placed first into the delay 

circuitry 1810 an_d is then fed into a J( filter 1815. A magnitude squared 

operation 1820 is performed on the output of this filter to yield the desired 

spectrogram output line 1830 (without end point correction). 

A parallel architecture illustrating the method of generating sliding win

dow Fourier transforms using modulated windows is shown in Fig. 19. Using 

Eq. 54 for 1 ::; p ::; P, an architecture for the transfer functions is proposed 
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where !t(z; up) is the z transform of w(z; up)- The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

J{ filters 1915. For P spectral lines, there are P separate J{ filters the pth 

of which is tuned to frequency up and is of order Qp with Fourier coefficient 

vector iJP. The input to each J{ filter is the sum of a weighted 1950 input 

1905 and a weighted 1955 delay. The output of each J{ filter is added to 

the end point correction factor 1925 to generate the sliding window Fourier 

transform lines 1930. 

A variation on the parallel circuit can be made if only the spectrogram 

output is required. In such a scenario, if end point correction is not used, 

the complex sinusiod weights 1950 have no effect on the processor output 

and can therefore be deleted from the architecture. An embodiment of such 

a processor is shown in Fig. 20. The input 2005 is placed through delay 

circuitry 2010, the output of which, after being combined with the undelayed 

signal 2050, services the bank of J{ filters 2015. The output of each J{ filter 

is magnitude squared 2020 which gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(57) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 46 becomes 

The q = 0 case warrants special statement. 

(59) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l• Indeed, one or more common A filters are required up to and 

including the Up±Q frequency lines. The processing architecture is configured 

so that a A filter can be used for a number of frequency lines in the sliding 

window Fourier transform therefore reducing the overall required computa

tion. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, be

comes exp(j21rupL) = (-l)P which is obviously computationally more simple 

to implement. 

An embodiment for the bank of shared A filters for generating sliding 

window Fourier transforms is illustrated Fig. 21 for Q = 1. The input 2105 

is fed into delay line circuitry 2110 which services the entire bank of A filters 

2120. For Q = l, each A filter services three sliding window Fourier transform 

51 



frequency lines. The outputs are weighted proportional to the Fourier series 

coefficients 2125 and are combined with the end point correction factors 2135. 

These sums are then weighted 2140 by (-l)P to generate sliding window 

Fourier transform frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, for 

P frequency lines, a total of P + 2Q A filters are required. Those A filters not 

at either end will contribute to a total of 2Q + 1 frequency lines. Note that 

this architecture can also be implemented using FIR embodiments of the A 

filter - delay line circuitry combination. sliding window Fourier transform 

An embodiment for parallel generation of a spectrogram using a bank of A 

filters without end point correction for Q = 2 ( e.q. for Blackman windows) 

is shown in Fig. 22. The input 2205 is fed to delay circuitry 2210 the output 

of which serves the bank of A filters 2212. The outputs of the filter bank 

are weighted by Fourier coefficients, combined 2215, and magnitude squared 

52 



2220 to give the spectrogram frequency lines 2225. All of the fanouts from the 

bank of A filters are not shown. If, for example, there was to be a frequency 

line generated at u = P21_,2 , then the A filter in the bank 2212 parameterized 

by iL would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the iJP. 

This same statement applies to the corresponding processor in Fig. 21 for 

the generation of the real and imaginary components of the sliding window 

Fourier transform. Note that this architecture can also be implemented using 

FIR embodiments of the A filter - delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 750, 755 in Fig. 7 

for the damped case, requires a delay line for each sliding window Fourier 

transform frequency line. vVith the modulated window, a single delay line 

can serve the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In 

disjoint form, the unmodulated window can also be used to generate slid

ing window Fourier transform and spectrogram circuitry in parallel with the 

use of a single delay line. Discussions of this capability and corresponding 

illustrative architectures are the topics of this section. 
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From Eq. 34, 

S[n - L; u] = e-i21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (60) 

where w[n - L] is the shifted version of the damped window w[n] in Eq. 29. 

The undamped case will not be treated separately since it a special case of 

the dampened architectures when a = 0. The window expression in Eq. 32 

can be written as 

w[n - L] = h[n] * {o[n] - e- 2aL8[n - 2L]} + w[L]o[n - 2L] (61) 

The impulse response, /i[n], is that of the damped resonant circuit and, for 

this discussion, is given by Eq. 35. For a given Q, a processor architecture 

with transfer function 
00 

H(z) = I: li[k]z-k (62) 
k==O 

is shown in Fig. 23. The input 2305 is fed to a digital filter 2310 the composite 

impulse response of which is h[n] to generate the desired output 2315. The 

damped resonant circuit will schematically be denoted by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 61 into Eq. 60 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21rLu + e-j21r(n-L)u 
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An architecture for generating a spectral line based on this expression 1s 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary

ing sinusoid 2425. This output is then added to the end point correction 

factor 2430 to give the real and imaginary components of the sliding window 

Fourier transform 2435. The exp(j21r Lu) term in the post multiply 2425 

term, exp[-j21r(n - L)u], can alternately be generated by a multiply at a 

number of other locations including before or after the fI filter or the pre

multiply 2415. Note that in this embodiment, and in those to be described, 

that the disjoint unmodulated window does not appear in a lumped form as 

schematically depicted in Fig. 1. It's components ( the fI filter and the delay 

line) are not connected. This is the reason for the use of the word disjoint in 

the description of the window. 

As in previous cases, the sliding window Fourier transform processor in 

such embodiments can be modified to display the output spectrogram re

sulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 63 can be written as 

I S[n - L; u] 12=1 h[n] * {ei21r(n-i)u(x[n] - e-2uLe-j41ruLx[n - 2L])} 12 (64) 

where the effects of the arbitrarily chosen positive number, z, are totally 
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eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 64 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510, the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an iI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the sliding window Fourier transform and 

spectrogram processors in Figs. 24 and 25 may be sequentially fed signals 

to generate a number of sliding window Fourier transform or spectrogram 

lines or used to continually generate a single line of a sliding window Fourier 

transform or spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 :s; p :s; P, Eq. 63 can be replicated as 

S[n - L; up] ul[L]x[n - 2L]e-jZ-irLup + e-jZ-ir(n-L)up 

x[hP[n] * {ej2-irnup(x[n] - e-Zo-Le-j41rupLx[n - 2L])}](65) 

where, although the variation is applicable to other embodiments, the nota

tion here explicitly notes the allowance of the windows, wP[n], and therefore 

corresponding impulse responses, hP[n], to vary for varying p. One embod

iment of the corresponding processor is shown in Fig. 26. The input 2605 

is fed to delay circuitry 2610 which services the remainder of the proces-
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sor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into 

a band of pre-multipliers 2625 which service a bank of iI filters 2630 and 

the outputs are post multiplied 2635 by time varying complex exponentials. 

The multiplier values of exp(±j21r(n ± ½)up) were chosen here in part to 

illustrate the flexibility of placement of the term exp(j21r Lu) (in the post 

multiply 2425 in Fig. 24) in the processing architecture. The outputs of the 

post multipliers are added to the end point correction factor 2640, equal to 

wP[L]exp(-j21rupL) for the pth stage, to give the real and imaginary com

ponents of the sliding window Fourier transform lines as outputs 2650. 

An architecture for generating the spectrogram lines based upon replica

tion of the processor type illustrated in Fig. 25 is shown in Fig. 27. With 

reference to Eq. 64, the processor is computing 

A single delay line is required for the entire processor. End point correction 

circuitry is not included. The input 2705 is fed into delay circuitry 2710 which 

serves the entire processor. The exponential term, exp(-2CYL), present in the 

delay circuitry 2610 of Fig. 26, is not included here. It is, rather, combined 

with the weighting factors 2715 of the delayed signal. The weighted delay 

signals are added 2720 to the original signal, fed into the pre-multipliers 2725 
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with arbitrary phase, {ip j 1 :Sp :SP}, which, in turn, are fed into a bank 

27 40 of fI filters whose outputs are magnitude squared 2730. The result is 

spectrogram lines 2735. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating sliding window Fourier transforms and spectrograms using disjoint 

unmodulated windows and a single delay line are less when the frequencies 

are integer multiples of the inverse of 2L (i.e. Up = ,Ju. It follows that 

exp( -j41rupL) = 1. Thus, the bank of complex multiplies 2615 such as is 

required in Fig. 26 is no longer required. Furthermore, exp(±j21r Lup) = 

( -1 )P becomes a much easier number by which to multiply. In such cases, 

Eq. 63 becomes 

(-l)P{ wP[L]x[n - 2L] 

+w2-tP[/iP[n] * {w;f(x[n] - e-20-Lx[n - 2L])}]} (67) 

where the frequency lines are now parameterized and 

w:J - ejn:J/L 
2L - · (68) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810, the output of which services a number of pre

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 
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a bank of fI filters 2825, the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2828 and are then weighted 2840 by ( -1 )P to give 

the real and imaginary components of the sliding window Fourier transforms 

lines 2845. For equally spaced frequency lines, A filters in adjacent J{ filters 

can be shared, resulting in, for example, the circuitry in Figures 21 and 22 

instead of those in Figures 19 and 20. Similar sharing of common component 

filters can similarly be performed on the circuitry in Figures 28 and 29, when 

the frequency bins are evenly spaced. 

A single stage of the circuitry in Figure 28 can be used for sequential 

generation of sliding window Fourier transform lines. 

A further computation reduction can be realized if only the spectrogram 

is required. The squared magnitude of Eq. 67 deleting end point correction 

lS 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910, the summed output of which feeds the rest of the proces

sor. The summed output is pre-multiplied by time varying sinusoids 2915, 

passed through fI filters 2920 and magnitude squared 2925. The result 2930 
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is spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. Other architec

tures based on coherent cancelation using delay line circuitry that are more 

computationally efficient will now be discussed. 

The causal form of the sliding window Fourier transform in Eq.l is rewrit

ten as 
L 

S[n - L; u] = L x[n - L - k]w[k]e-j 2'lrku (70) 
k=-L 

where the window is rewritten with a tilde to denote that it can be repre-

sented by the Szasz series 

Q 
w[k] = L O:qe-sqk (71) 

k=-Q 

where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { O:q I Q :s; 

q :s; -Q} and {sq I Q :s; q :s; -Q}. Note that the duration of the window 

in Eq. 70 is truncated by the sum rather than explicitly in Eq. 71 by a 

rectangle function. The cosine series in Eq. 22 is a special case of w[k]II[
2
~J 

with a corresponding interpretation for the order Q. The series coefficients 
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q CYq Sq 

1 1 j1r IL 4 

0 1 0 2 

-1 1 -j1r/L 4 

Table 1: Hanning: <p(k) = cos2 (;1), Q = l. 

q CYq Sq 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: <p(k) = 0.54 + 0.46 cos(1,), Q = l. 

and exponential factors corresponding to Hanning, Hamming and Blackman 

windows are shown respectively in Tables 1, 2 and 3. 

The decomposition of the sliding window Fourier transform line into com

ponents is 
Q 

S[n - L; u] = L etqSq[n - L; u] (72) 
q=-Q 

where 
L 

Sq[n - L; u] = L x[n - L - k]esqke-j211"ku (73) 
k=-L 

To illustrate how the rate of the spectral lines can be decimated, Eq. 73 is 
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q O',q Sq 

2 0.04 j21r/L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r/L 

Table 3: Blackman: cp(k) = 0.42 + 0.5 cos(f) + 0.08 cos( 2fk),Q = 2. 

shifted by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-j21l"ku 

k=-L 

L+N 
e-(sq-j21ru)N L x[n - L - k]esqke-j21rku (74) 

k=-L+N 

The summand is the same as that in Eq. 73, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I:+ I: I: (75) 
k=-L k=-L+N k=-L 

Substitution into Eq. 73 followed by application of Eq. 7 4 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u] = e(sq-j21ru)N S[n - N - L; u] + St[n] (76) 

where 
-L+N-1 L+N 

st[n] = { I: L }x[n - L - k]e(sq-j21ru)k. (77) 
k=-L k=L+l 
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As with previous cases, the new sliding window Fourier transform value is ob

tained by the weighted superposition of the previous sliding window Fourier 

transforms value with contributions of data no longer in the window sub

tracted and newly introduced data contributions added. The adjustment 

terms corresponding to new and old data (i.e. the -I:,-;;!:~f-1 +I:,f;!;f+1 term 

in Eq. 77 ) are, themselves, recognized as sliding window Fourier transforms. 

Evaluation of SMn] using a standard FIR filter will first be described. Alter

nate architectures based on truncated resonant circuitry are then presented. 

A standard FIR architecture for st[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015, 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(78) 

A vector of these values is denoted by X· The sum of the right hand taps is 

generated 3040 and inverted 3035 and is added to the sum 3030 of the left 

hand taps. Since interest is only in the output spectral line every N time 

units, this sum needs to be computed only once per N time units. The box 

3060 around l N is the schematic notation for downsampling by a factor of 

N. The output of this box is the desired output 3045. The processor for 
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generation of st[n] is schematically abstracted by an appropriately param

eterized box 3050 inside of which is an encircled SN-
Two other architectures for computing SN[n] in Eq. 77 are shown in 

Fig.31. Either can be used as the unit 3050 in Fig. 30. A signal input 3105 

3135 into either of the two processors will produce the same 3045 outputs 

3130 3160 as when the input signal 3005 into the processor in Fig. 30. 

The first processor 3110 makes use of the identity 

SN[n] = st[n] - SN[n] (79) 

where 
-L+N-1 

st[n] = L x[n - L - k]e(sq-j2,rn)k. (80) 
k=-L 

and 
L+N 

SN[n] = L x[n - L - k]e(sq-j21ru)k. (81) 
k=L+l 

It follows that 

(82) 

The architecture 3110 at the top of Fig. 31 follows. The input 3105 is fed into 

an FIR filter 3111, the output of which is downsampled 3114 to yield SN[n]. 

This signal, at a clock rate equal to h, th 
that of the input 3105, is fed to delay 

line circuitry 3116 that produces an output of St[n] via Eq. 82. (The notation 

zi denotes a delay of N time units). The terms are combined to give the 
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sliding window Fourier transform output 3130. A second embodiment 3140 

that is a variation on this approach simply interchanges the order of the delay 

circuitry 3142 and the FIR filter 3144. The downsampler 3146 is now at the 

output. For the same input 3135, the same output 3160 is generated. 

An IIR filter 3170 that is an alternate architecture to compute St[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of St[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute st[n] 3050, the spectral line given in 

the recursive relation in Eq. 76 can be generated using the architecture shown 

if Fig. 32. The previous output 3210 of the processor, Sq[n - L - N; u], is 

made available through a delay 3220. This output is added to St[n] which is 

generated by the circuitry 3230 shown. This sum is weighted 3235 to give the 

desired spectral line output component 3215. This processor is schematically 

abstracted with an appropriately parameterized bold circle 3250 inside of 

which is a boxed S. 

The sum in Eq.72 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 
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windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = 1, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding 

CYq coefficients 3315 and are summed to give the desired decimated sliding 

window Fourier transform output 3320. Alternately, the weighting by the CYq 

coefficients can be done prior to rather than after the filter bank operation. 

If the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

CYq coefficients are even. In other words, aq = a-q· In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by CYq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized by u and X,q· The outputs of filters corresponding to q > 0 are 

added to the -qth filter output 3420. These terms are weighted by the CYq 

coefficients 3425. The results are added 3430 to produce the desired sliding 

window transform output 3435. As before, the delay circuitry common to 
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each of the S filters can be factored so that a single delay line services the 

entire bank. 

As in previous architectures, the embodiments of the sliding window 

Fourier transform architectures illustrated in Figs. 33 and 34 and their vari

ations can be used sequentially or can be replicated spatially to generate 

output frequency lines in parallel. As before, the window shape can be var

ied from frequency line to frequency line and the frequency bins can be placed 

with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

sliding window Fourier transform or spectrogram can be configured to share 

subprocessors when the spacing between frequencies is chosen to be uniform. 

Specifically, let u = p6.. where 6.. is the uniform spacing. Furthermore, let 

sq = -<J" + j21rq6... As before, <7 is a damping factor and can be set to zero 

for the undamped case. Under these conditions, Eq. 73 becomes 

L L x[n - L - k]e-o-ke-j21r(p-q)kLi 

k=-L 

S[n-L;p-q] (83) 
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The utility of the redefinition of this Szasz component of the sliding window 

Fourier transform as a S (xi - pronounced see) filter will become evident 

shortly. The following recursion can be established from Eq. 83. 

where 

L L+N 

st[n; p] = { I: I: }x[n - L - k]e-a-ke-i 21rpkLl (85) 
k=-L+N-1 k=L+1 

An architecture for generating the recursion for the S filter in Eq. 84 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the Sif filter 3230 m 

Fig. 32 when 

(86) 

is used. The output of the st filter is fed into an IIR filter 3520 which gen

erates the desired output 3525 by computational evaluation of the recursion 

in Eq. 84. The schematic representation 3530 of this circuitry is shown as 

two intersecting rectangles, appropriately parameterized, with a S written 

in the center. When replicated in a bank 3610 3710, such as illustrated in 

Figs. 36 and 37, the delay line may be factored from each S filter so that a 

single delay line feeds the entire bank. 

A bank of S filters can be used to efficiently generate spectral lines m 
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parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = pl:::. uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q ~ p ~ Q. The frequency line at u = (p + 1)1:::. uses 

3 filters in the interval -Q + 1 ~ p ~ Q + 1. There is only one 3 filter that 

was not used in u = pl:::. sliding window Fourier transform line that is not 

used here. As illustrated in Fig. 36 for Q = 2, a single 3 filter can therefore 

contribute to the output of a number of frequency lines. Here, the input 

3605 is fed to a bank 3610 of 3 filters, the outputs of which are weighted by 

desired Szasz series coefficients and combined 3615 to generate the spectral 

line outputs 3620 in parallel. Note that the requirement that the frequency 

lines be equally spaced does not dictate that the windows be the same for 

each frequency line. Note that, due to the linear time invariance of the cir

cuitry, the interconnect circuitry 3615 can be placed before the 3 filter bank 

3610 without affecting the result 3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. aq = a-q· This is 

illustrated in Fig. 37 for Q = 1. The input 3705 is again applied to the 3 

filter bank 3710. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 • For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 , etc. The 
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results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, some of the other architecture 

variations applicable to the implementation of the DSP processing methods 

described in this document are discussed. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = O, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young, Signals 

and Systems, (Prentice Hall, New Jersey, 1983). The resulting circuitry 

will be different than that in Fig. 9, yet the input-output relationship will 

be identical. Indeed, similar procedures can be applied to combine the delay, 
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end point correction and resonant circuitry. Such design variations are well 

known to those well versed in the art. 

As has been noted, linear time invariant components in series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without affecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those skilled in the art. 

In many cases of application, only a proportional value of a sliding window 

Fourier transform, spectrogram or window is required. In such cases, for 

example, all of the values of the (:Jq 's can be weighted by some appropriately 

chosen value. In Fig. 5, for example, the weight (30 in the q = 0 stage 515, for 

example, can be replaced by one if the value of (31 in the q = 1 stage is replaced 

by (:Ji/ (30 and the end point correction weight 540 is changed from -w[L] to 

-w[L]/ (30 • The output 530 would then be changed from y[n] to y[n]/ (30 . The 

resulting filter used, for example, in the two unmodulated window sliding 

window Fourier transform processors in Fig. 1, would result in outputs of 

S[n - L; u]/ (30 instead of S[n - L; u] 135 and I S[n - L; u]/ (30 1
2 instead of 
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I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, a multiply is 

saved. Such is also the case with the processor in Fig. 33. From Tables 1 

and 2, the Szasz series coefficients on Hamming and Hanning embodiments 

of this architecture obey the symmetry a 1 = a_1 . Therefore, replacing both 

0'.±1 by 1 and a 0 by a 0/ a1 will yield an output of S[n - L : u]/ a 1 instead of 

the output shown 3320. Similar scalings and variations in other architectures 

described in this patent will be apparent to those well skilled in the art. 

Sliding window Fourier Transform and Spectrogram Variations. 

There exist numerous variations of the basic definition of the sliding window 

Fourier transform in Eq. 1. Using the sine transform instead of the Fourier 

transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + jSs[n; u] 

(87) 

(88) 

(89) 

and either the sine or cosine transform spectrogram can be obtained by look

ing at the imaginary or real part of the circuitry output for a sliding window 
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Fourier transform. Similarly, using a Hartley transform, 

L 

SH[n; u] = L w[k]x[n - k]cas(21rku) 
k=-L 

where 

cas(e) = cos(e) + sin(e ). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(90) 

(91) 

(92) 

can also be generated by combining the real and imaginary outputs of any 

sliding window Fourier transform processor thus far described. Any person 

skilled in the art can straightforwardly apply the methods described herein 

to generate these closely related Fourier-based variation definitions of the 

sliding window Fourier transforms. Evaluation of the squared magnitude of 

Eqs. 87, 88 or 90 results in corresponding generalized spectrograms. The 

spectrogram results from squaring the magnitude of Eqs. 89. Any person 

skilled in the art can straightforwardly apply the methods described herein 

to generate these closely related Fourier-based variation definitions of the 

spectrogram. 

One dimensional windows can be extended to higher dimensions using an 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 
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thus far can be extended to windows in higher dimensions by those skilled 

in the art. 

Applications. Time-frequency representations are used in a number of 

applications. Sliding window Fourier transforms and spectrograms computed 

using the truncated resonant circuit approach described in this document are 

applicable in many of these cases. They include use 

1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves; 

2. as a method of computing sliding window Fourier transforms, 

spectrograms or other signal processing operations using sliding 

windows in software simulations and emulations; 

3. as a method of computing sliding window Fourier transforms, 

spectrograms or other signal processing operations that use slid

ing windows using computational hardware; and 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica-
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tion or regression machine such as a layered perceptron artificial 

neural network. 
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15. The method described in Claim 11 for use in generating the slid

ing window Fourier transforms and spectrograms at two or more 

frequency lines at equally spaced frequency intervals wherein each 

frequency line can have a dilferent window albeit of the identical 

duration whereby, due to the equally spaced frequency intervals, 

each 3 filter component in a filter bank contributes to the out

put of more than one spectral line including that embodiment 

whereby a single delay line services the filter bank. 

16. The computational method of the type described m Claim 15 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the Szasz coefficients thereby reducing the number of required 

multiplications. 

17. The sliding window Fourier analysis computational method re

quired in Claim 11 whereby the cumulative contribution of new 

data to the sliding window Fourier transform or spectrogram in 

adjacent decimated time intervals is saved in weighted delay cir

cuitry to the point where the data exits the sliding window and is 

thereupon, after weighting, subtracted from the sliding window 
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Fourier transform or spectrogram. 

18. Use of sliding window Fourier transforms and spectrograms com

puted using windows of the type in Claim 4 as a means of rep

resenting, displaying, monitoring or otherwise characterizing sig

nals originating from waves including but not limited to electro

magnetic, acoustic, electronic and biological waves for purposes 

including but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and dern.odulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other rn.echanical waves such as those due 

to mechanical vibration. 

19. Computation of tapered window spectrograms and tapered slid

ing windows in software, hardware or firmware using the method 

for realizing sliding windows and similar finite duration impulse 
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responses wherein a resonant circuit with composite causal im

pulse response, possibly damped and other than a constant or sin

gle exponential, is connected in cascade with weighted delay line 

circuitry consisting of a weighted delay line additively joined to 

the undelayed resonant circuit output, the multiplicative weight 

in the delay being chosen so that coherent cancellation of the fil

ter's response beyond a specified time is achieved and that the 

composite impulse response is equal to that of the resonant cir

cuit up to but not including the duration of the delay line and 

is zero then on; also, the augmentation of this method to include 

end point correction; also, realization of windows achieved by 

cascading and/or parallel connection of one or more such tapered 

windows. 
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6 Abstract 

A method and apparatus for the computation of sliding windows and slid

ing window Fourier transforms and spectrograms requiring fewer operations 

in comparison with the current art. The sliding windows are realized using 

infinite impulse response filters the impulse response of one being related to 

the response of the second after a specified period of time. The responses 

are combined in such a manner that the response of the first is cancelled 

by the response of the second after a period of time, resulting in a sliding 

window of finite duration. When the response of the first filter is damped 

and periodic, then the second can be realized through feeding the output of 

the first through delay circuitry. Sliding windows thus realized are employed 

in the generation of sliding window Fourier transforms and spectrograms. 

For realizations with unmodulated windows, the signal to be processed is 

first multiplied by a discrete oscillator tuned to the desired frequency of the 

sliding window Fourier transform or spectrogram. Modulated windows are 

realized with infinite impulse filters containing high frequency components 

and therefore do not require use of oscillators when used in sliding win

dow Fourier transform and spectrogram circuitry. Sliding window Fourier 

transform and spectrogram circuitry, embodied in parallel for evaluation of 

a number of frequency lines, shares common circuitry, thereby significantly 
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reducing computational and architectural overhead. Methods and apparatus 

for evaluation of temporally decimated sliding window Fourier transforms 

and spectrogram is achieved through iterative accumulation of intermedi

ate results and downsampling. The methods of computing sliding window 

Fourier transforms and spectrograms are applicable to representation, dis

play, monitoring or otherwise characterization of signals originating from 

waves; using sliding windows in software simulations and emulations; com

putation of sliding window Fourier transforms, spectrograms or other signal 

processing operations that use sliding windows using computational hard

ware; and signal representation in pattern recognition procedures. 
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While the preferred embodiments of the invention have been illustrated 

a.nd described , variations will be apparent to those skilled in the art. Ac

cordingly, the scope of the invention is to be determined by reference to the 

following claims. 

The embodiments of the invention in which as exclusive property or priv

ilege is claimed are defined as follows: 
'Bp-arat;us 

A-1 &i'1' 
1. 'Phe method for realizing tapered sliding windows and similar 

com pr i ~in~: 1t1~a I'\-' for re c.e'a vi t'\g- 8 

finite duration impulse responses wher0iR two mfinite impulse re- Si ~t\a f 
,nrc.rt; 

sponse filters wit causal impulse responses other than a constant a rid a 
comfosit-e 

.., or singleexponentiaJ)the delayed response of one being prop or- .f; 1-t e,,.. .Po r 
. .~ g~t"lersti ..,b cir) 

tional to the response of the second after a given time, are used in , vis c ..-esl'.lori.S e. 

a composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero there

after; also, realization of windows achieved by cascading and/or 
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parallel connection of one or more such tapered windows. 

2. Use of sliding window Fourier transforms and spectrograms com

puted using tapered windows of the type in Claim 1 as a means 

of representing, displaying, monitoring or otherwise character

izing signals originating from waves including but not limited to 

electromagnetic, acoustic, electronic and biological waves for pur

poses including but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. 

3. Computation of tapered window sliding window Fourier trans

forms, spectrograms, and similar impulse responses in software, 

hardware or firmware using the method for realizing sliding win-
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dows and similar finite duration impulse responses wherein two 

infinite impulse response :filters with causal impulse responses 

other than a constant or single exponential, the delayed response 

of one being proportional to the response of the second after a 

given time, are used in a composite filter with the first being 

connected in cascade with an inverted weighted delay line equal 

in duration to the given time whereupon this cascade connection 

is joined in parallel with the second filter in such a manner that 

the second :filter's impulse response is coherently canceled by that 

of the cascade connection at and beyond the given time thereby 

producing a composite impulse response that is equal to the im

pulse response of the second filter up to but not including the 

given time and is zero thereafter; also, computation of windows 

achieved by cascading and/ or parallel connection of one or more 

such tapered windows. 

4. The method for computing tapered sliding windows and similar 

finite duration impulse responses wherein a resonant circuit with 

composite causal impulse response, possibly damped and other 

than a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 
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additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coherent 

cancellation of the filter's response beyond a specified time is 

achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction; also, the method of 

computation of windows achieved by cascading and/ or parallel 

connection of one or more such tapered windows. 

5. The method of realizing component windows and similar finite 

duration impulse responses in Claim 4 wherein the resonant cir

cuit is synthesized as the combination of two or more infinite 

impulse response filters. 

6. Unmodulated windows formulated on the basis of the method 

in Claim 5 for use in the generation the sliding window Fourier 

transforms or spectrograms at one or more frequency lines at 

arbitrary frequency spacings wherein the input is premultiplied 

by a sinusoid and is then fed into a window of the type in Claim 5. 

7. Modulated windows formulated by the method in Claim 5 for 

use in the generation of sliding window Fourier transforms and 
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spectrograms of one or more frequency lines of a sliding window 

Fourier transform or spectrogram at arbitrary frequency spacings 

wherein each frequency line can have a different window wherein, 

for two or more frequency lines with windows of the same dura

tion, a single weighted delay line and weighted version of the input 

services a bank of resonant circuits synthesized as in Claim 5. 

8. Modulated windows formulated by the method in Claim 5 for 

use in generation of windows and similar impulse responses of 

the type in Claim 5 used in the production of sliding window 

Fourier transforms and spectrograms at equally spaced frequency 

intervals wherein the window can vary from one line to the next 

and, wherein, for windows of equal duration, a single delay cir

cuit feeds a bank of A filters the outputs of which are weighted 

and summed in accordance to the desired Fourier synthesis of 

the windows in such a manner that one A filter contributes to a 

number of frequency lines. 

9. Disjoint unmodulated windows formulated by the method in Claim 5 

for use in generation of sliding window Fourier transforms and 

spectrograms at one or more frequency lines at arbitrary fre

quency spacmgs wherein the delay circuitry and resonant cir-
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cuitry of the window are not in physical contact wherein, for 

two or more frequency lines, when all window durations are the 

same, a single delay circuit, appropriately weighted, feeds a bank 

of processors each arm of which contains a premultiplication by a 

complex sinusoid, resonant circuit filtering through a filter of the 

type in Claim 5 and either post complex conjugate multiplication 

for generating the sliding window Fourier transform or squared 

magnitude operation for generating the spectrogram. 

10. Disjoint unmodulated windows formulated by the method in Claim 9 

for use in the generation of sliding window Fourier transforms and 

spectrograms at one or more frequency lines at frequencies that 

are integer proportional to the reciprocal of the window's dura

tion prior to end point correction, wherein the delay circuitry 

that feeds the bank of processors is computationally simplified 

at these frequencies and the pre weightings required in the more 

general case of Claim 9 are no longer present. 

11. The method described in Claim 4 for generating windows used in 

decimated time sliding window Fourier transforms and spectro

grams wherein the decimation downsampling is at least two input 

time units and whereby the contribution common to the sliding 
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window Fourier transform or spectrogram in two adjacent deci

mated time intervals is updated through combination delay and 

resonant circuitry and the cumulative contribution to the sliding 

window Fourier transform or spectrogram of data uncommon to 

both is evaluated by sliding window Fourier analysis computation 

methods either known or to be discovered. 

12. The method of realizing the windows and similar finite duration 

impulse responses in Claim 11 wherein the resonant circuit is syn

thesized as the parallel combination of infinite impulse response 

filters each of which has the response of a specified Szasz series 

component of the desired impulse response. 

13. The method described in Claim 11 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 

14. The method described in Claim 11 for use in generating the slid

ing window Fourier transforms and spectrograms at arbitrary fre

quency spacings wherein each frequency line can have a different 

window wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 11. 
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Method and 'Apparatus for Generating 

Sliding Tapered Windows and Sliding 

Window Transforms 

Robert J. Marks II 

1 Technical Field 

This invention relates to methods and architectures for generating sliding 

window Fourier transforms and spectrograms, to methods and architectures 

for generating digital sliding tapered windows and similar impulse responses 

and to corresponding applications of these methods and architectures. Spec

trograms and sliding window Fourier transforms are a common mode for 

representation of the frequency content of a temporal signal as a function of 

time. Windows are used in numerous digital signal processing (DSP) applica

tions including architectures for spectrograms as well as for data smoothing 

and spectral estimation. 
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2 Background of the Invention 

2.1 Background Description 

The theory of Fourier transformation is fundamental to many undergradu

ate engineering and science curricula. The Fourier transform is a method of 

transferring a time domain signal into the frequency domain. A time func

tion can be represented by x(t) where t represents time (e.g. in seconds). If 

u represents the corresponding frequency variable, with units of cycles per 

second or Hertz, then X(u) is the representation of x(t) in the frequency 

domain. The most common way to obtain X(u) from x(t) is by the process 

of Fourier transformation. In human speech, for example, the Fourier trans

form of a man's voice will typically contain lower frequency components than 

a child's voice. Thus, the Fourier transform of a man's voice as represented, 

for example, by an electronic signal from a microphone would generally have 

a larger magnitude at lower frequencies than that of a child's voice. The 

concept of frequency applies to numerous other types of signals also. Elec

tromagnetic waves in the visible spectrum have different colors corresponding 

to the frequency of the electromagnetic wave frequency (vibration). Thus, 

the magnitude of the Fourier transform of the temporal electromagnetic vi

brations will, in the visible range, result in a plot of the color components of 
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the signal. 

As explained in the tutorial by L. Cohen in "Time-frequency distributions 

- a review", Proceedings of the IEEE, vol.77, pp.941-981 (1989) , there are 

many instances where there is a need to monitor the frequency components 

( or the Fourier transform) of a signal with respect to time. This is especially 

important when the character of the signal is changing with respect to time. 

Such signals are referred to as nonstationary signals. Common speech and 

music are both examples of nonstationary signals. A sound which does not 

change in time, such as an elongated tone or the roar from a waterfall, are ex

amples of stationary signals. The temporally changing ( i.e. nonstationarity) 

of colors during a sun set is an example of an electromagnetic nonstationary 

signal. The fundamental Fourier transform does not allow for the straightfor

ward analysis of nonstationary signals. Other techniques, collectively called 

time-frequency representations (hereinafter TFR's), are required. 

Note that humans perceive sound in both time and frequency. Music, for 

example, is written as a TFR. Notes can be viewed as a frequency represen

tation. The placement of these notes side by side then represents a temporal 

sequence of frequency. Spectrograms are probably the most commonly used 

scientific TFR's for representation of signals. L. Cohen in "Time-frequency 

distributions - a review", Proceedings of the IEEE, vol.77, pp.941-981 (1989) 
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discusses a class of generalized TFR's (hereinafter GTFR's). The zamo

gram of Zhao, Atlas and Marks reported in "Application of the generalized 

time-frequency representation to speech signal analysis", Proceedings of the 

IEEE Pacific Rim Conference on Communications} Computers and Signal 

Processing, pp.517-519, Victoria, B.C. Canada, June 4-5, 1987 and in "The 

use of cone-shape kernels for generalized time-frequency representations of 

nonstationary signals", IEEE Transactions on Acoustics, Speech and Signal 

Processing, vol. 38, pp.1084-1091 (1990) is a GTFR with quite good reso

lution in both time and frequency that can be architecturally configured to 

use the sliding window Fourier transform as a component. 

As discussed, for example, in A. Papoulis, Signal Analysis,McGraw 

Hill, New York, (1977), sliding window Fourier transforms and spectrograms 

are conventionally computed using windows, such as Hanning, Hamming or 

Blackman windows. The choice of the window determines the properties 

of the sliding window Fourier transform or spectrogram well known to those 

skilled in the art. This patent contains computationally efficient methods and 

corresponding architectures for generating sliding window Fourier transforms 

and spectrograms. 

Signals can either be continuous functions of time or can be a sequence 

of numbers generated from sampling a continuous time signal or a pro-
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cessed version thereof. Methods and architectures for processing continu

ous and discrete time signals are parallel topics. Indeed, the topics are many 

times taught simultaneously at the undergraduate electrical engineering level. 

Thus, although the methods and architectures of the present invention are 

described herein with respect to discrete time signals, they can be straight

forwardly extended to continuous time by one skilled in the art. 

The sliding window Fourier transform of a discrete signal, x[n], corre

sponding to a window, w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-j2
1rku (1) 

k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. The function I S[n; u] 1
2 is called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

Digitally, the Fourier transform can be computed using a discrete Fourier 

transform (DFT). DFT's can be used to generate short term Fourier trans

forms. When the duration of a signal to be transformed is long, the fast 

Fourier transform (FFT) computes the Fourier transform in significantly 

fewer operations (i.e. multiplications and additions). The FFT is also used 

m the generation of sliding window Fourier transforms and spectrograms. 
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Typically, the sliding window Fourier transform or spectrogram is decimated 

in time. In other words, the output is not computed at each point in discrete 

time. Rather, the output is computed every few points in discrete time. 

Recursive generation of rectangularly windowed sliding window Fourier 

transforms has been disclosed in United States Patent No. 4,023,028 is

sued to Dillard on May 10, 1977. The basic idea of the sliding rectangular 

window is best introduced by the following example. Consider the series 

of numbers ... 2,4,1,3,0,l,4,l,2,0. The sum of the bold numbers in the series 

... 2,4,l,3,0,1,4,1,2,0 is 14. The window is moved over one unit and the re

sult is ... 2,4,1,3,0,1,4,1,2,0. The new sum can, of course, be generated by 

adding the numbers again. More efficiently, however, the old number ( 4) can 

be subtracted from the sum and the new number (2) added. This is the ba

sic concept used in the sliding rectangular window generation of the sliding 

window Fourier transform. With slight modification, exponentially shaped 

windows can also be thus computed. 

Both rectangular and exponential windows have limited application. As 

is summarized by W.S. Wu, K.F. Cheung and R.J. Marks II, "Multidimen

sional projection windows", IEEE Transactions on Circuits and Systems, 

vol. 35, pp.1168-1172 (1988), the performance of a window is dictated by its 

resolution versus leakage tradeoff. The most commonly used windows dis-

6 



play a balanced trade off between good time and frequency resolution. The 

rectangular and exponential windows do not. The rectangular window, for 

example, displays quite poor frequency leakage properties. More typically, 

the numbers within the window are multiplied by a symmetric array of num

bers prior to summation. This array of numbers is referred to as a window. 

Commonly used windows are Hanning, Hamming and Blackman windows 

referred to above. This patent claims recursive computational methods and 

architectures for generation of such sliding window Fourier transforms using 

tapered windows. 

3 Summary of the Invention 

The present invention is directed to methods and corresponding architectures 

for generating sliding tapered windows and similar impulse responses and 

their use in generating sliding window Fourier transforms and spectrograms. 

The sliding window, an impulse response of finite duration, is generated us

ing two infinite impulse response (IIR) filters. The second filter, postponed 

through a delay line, cancels the response of the first to yield a composite 

impulse response that is finite in duration. The two filters may contain com

mon processing elements. A specific embodiment of this architecture occurs 

when the second IIR filter is simply a delayed and possibly weighted version 
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of the first. Then a single IIR filter can be factored from each processor. The 

IIR filter, appropriately augmented with delay circuitry to coherently cancel 

the response of the filter beyond a specified time, can be used to generate 

the composite window impulse response. Such is the case when the required 

impulse response can be expressed as the superposition of causal, possibly 

damped, sinusoids with arbitrary phase. 

A tapered window is herein defined as any window other than one con

sisting of a single exponential over a finite window or a window constructed 

through a cascading of two or more of these filters. Included in the definition 

are exponentials with zero exponent, corresponding to rectangular ( or box 

car) windows. Such windows are known to have poor spectral leakage prob

lems. Tapers are used on windows to improve spectral leakage properties. 

When used as components in (non-temporally decimated) sliding window 

Fourier transform and spectrogram architectures, the sliding windows come 

in two types: modulated and unmodulated. Reference to a window herein 

without specification of type, either specifically or in context, will be to 

the unmodulated window. The IIR and delay components of the windows 

can be either joined or disjoint in the architecture. In all of the methods 

and embodiments described herein, the sliding window Fourier transforms 

or spectrogram processor may be used to monitor a single frequency line or 
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generate frequency lines sequentially. The window shape can be changed 

in real time simply by an alteration of the filter parameters. Alternately, 

the processors can be placed in an array to generate the sliding window 

Fourier transform or spectrogram frequency lines in parallel with arbitrary 

( e.g. logarithmic) frequency bin spacing. The window shape and/or type 

can be changed from frequency line to frequency line or can be changed in 

real time. In this application, for example, constant Q-type sliding window 

Fourier transforms and spectrograms can be generated. 

In parallel embodiments, common circuitry, such as delay lines and weight

ings, may be factored from the array so that a single circuit, common to each 

of the processor lines, can serve the entire array thereby reducing the over

all computational requirements of the processor. The specific embodiments 

wherein the sliding window Fourier transform's or spectrogram's frequency 

spacings are uniform and/ or integer multiples of the reciprocal of the win

dow's duration require even less computation. 

In the case where a periodic replication is canceled after one or more pe

riods using a weighted delay, the output contribution corresponding to the 

end point of the window will not be forthcoming. Circuitry for end point 

correction can be applied to compensate for the final point of the window's 

contribution to the sliding window Fourier transform or spectrogram. In 
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certain cases, however, end point correction need not be used in the architec

tures since the contribution to the overall sliding window Fourier transform 

or spectrogram may be nonexistent (i.e. in the case where the window's end 

points are zero) or negligible. 

The previously described methods are also applicable to the generation of 

time-decimated sliding window Fourier transforms and spectrograms. Data 

common to both of two temporally adjacent time decimated sliding window 

Fourier transform or spectrogram points in time is used to update the sliding 

window Fourier transform or spectrogram, as before, using weighted delay 

circuitry. The contribution of the new data introduced into the window 

and the old data which exits the window is evaluated using sliding window 

Fourier processing techniques some embodiments of which are in the public 

domain. Parallel embodiments using this method when the sliding window 

Fourier transform or spectrogram's frequency spacings are uniform result in 

architectural simplification since one component filter can contribute to more 

than one frequency line. 

Any of the embodiments of the sliding window Fourier transform archi

tecture can be used to generate the spectrogram. The term architecture is 

used in the most general sense, and includes not only hardware, but to the 

underlying method of computation. In certain instances, a particular archi-
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tecture is presented to illustrate the application of the present invention in a 

family of architectures. 

The sliding window Fourier transform and spectrogram generation meth

ods and corresponding architectures described herein are applicable to the 

evaluation and display of sliding window Fourier transforms and spectro

grams for acoustic, biological, electric, electromagnetic, electrochemical, me

chanical and electromechanical waves. Such waves are used in fault detec

tion, radar, speech analysis and synthesis, sonar, seismology, communication 

systems and medical diagnosis. Electromagnetic waves include those in the 

visible spectrum used, for example, in fiber optics communication. Other 

electromagnetic waves include those used in radio, computer, video and other 

communication signals; radar and lidar; and the outputs from electromag

netic imaging systems, such as microscopes or imaging systems found in cam

eras. Signals originating from biological waves include, but are not limited 

to, those from the cardiovascular and neurological systems of man and ani

mal. Acoustic waves include those found in ultra-sound imaging, speech and 

sonar. Sliding window Fourier transforms and spectrograms resulting from 

use of this method can also be used as templates for pattern recognition 

or as components in other signal processing architectures, such as architec

tures for computing TFR's whose evaluation requires the computation of a 
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spectrogram. 

Use of the methods described herein for software simulations and hard

ware or firmware implementations of sliding window Fourier transforms, spec

trograms or other processors using sliding windows can result in simplifica

tion of computational and hardware requirements. Previous simulations, 

hardware and firmware make use either of discrete Fourier transform (DFT) 

methods, fast Fourier transform (FFT) methods or a bank of bandpass fil

ters. The methods described herein fall into latter category. The infinite 

impulse response character of the methods described herein require signifi

cantly fewer operations than corresponding finite impulse response filters to 

implement filter banks, yet generate sliding window Fourier transforms and 

spectrograms that are numerically equivalent. 

The resulting parallel character of the methods described herein allow 

for pipe line modular implementation in firmware and software. The reduc

tion of the required number of operations results in a corresponding decrease 

in computational complexity for software, firmware and hardware. In addi

tion, as discussed elsewhere herein, the methods described herein are more 

flexible in terms of window choices and frequency bin spacings. Although 

DFT methods have these two advantages, the computational overhead can 

be prohibitively high. 
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4 Brief description of the drawings 

The foregoing and advantages of the present invention will be more readily 

appreciated as the same become better understood from the detailed de

scription of the preferred embodiments when taken in conjunction with the 

following drawings, wherein: 

Figure 1 is a schematic representation of methods for generating sliding 

window Fourier transform and spectrograms using either unmod

ulated or modulated windows. 

Figure 2 is a schematic representation of methods by which a window 

of finite duration can be obtained by coherent cancellation of the 

response of an IIR circuit beyond a certain point in time. 

Figure 3 is a schematic representation of coherent cancellation of a 

damped resonant circuit beyond a specified point in time using 

weighted delay circuitry. 

Figure 4 is a schematic representation of a digital circuit for generating 

a cosinusoidal response and its schematic abstraction. 

Figure 5 is a schematic representation of periodic resonant and delay 

circuitry to generate a class of sliding windowed Fourier trans-
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forms, including Hanning and Hamming windowed transforms, 

with end point correction. 

Figure 6 is a schematic representation of periodic resonant and delay 

circuitry to generate a class of sliding window Fourier transforms, 

including Blackman windowed transforms, without end point cor

rection. 

Figure 7 is a schematic representation of methods for generating a slid

ing window Fourier transform using a filter with the impulse re

sponse of a damped window as taught by the present invention. 

Figure 8 is a schematic representation of a digital circuit for generating 

a damped cosinusoidal response. 

Figure 9 is a schematic representation of a damped resonant and delay 

circuitry to generate a class of damped sliding window Fourier 

transforms, including those with Hamming or Hanning windows. 

Figure 10 is a schematic representation of damped resonant and delay 

circuitry to generate a damped windowed sliding window Fourier 

transforms, including those with Blackman windows. 

Figure 11 is a schematic representation of a method for implementation 

of a A (lambda) filter. 
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Figure 12 is a schematic representation of a A filter using real multi

plies for real inputs. 

Figure 13 is a schematic representation of a A filter when the input is 

complex. 

Figure 14 is a schematic representation of a 1( filter using a bank of A 

filters and a 1( filter. 

Figure 15 is a schematic representation of two realizations of the weighted 

delay transfer function, D ( z). 

Figure 16 is a schematic representation of a single modulated window 

for generation of the a sliding window Fourier transform frequency 

line. 

Figure 17 is a schematic representation of an illustration of a single 

modulated window processor without end point correction for 

generating the real and imaginary parts of a spectrogram line. 

The squared magnitude of the spectrogram line can be generated 

with a slight architecture modification. 

Figure 18 is a schematic representation of circuitry for generating a 

spectrogram line without end point correction. 
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Figure 19 is a schematic representation of a parallel modulated window 

based methods for generating sliding window Fourier transform 

lines with arbitrary frequency spacing. 

Figure 20 is a schematic representation of a parallel modulated window 

based architecture without end point correction for generating 

spectrogram lines at arbitrary frequency spacings. 

Figure 21 is a schematic representation of a parallel modulated window 

based architecture for generating sliding window Fourier trans

form lines at equal interval frequency bin spacings for Q = 1. 

Figure 22 is a schematic representation of a parallel modulated wm

dow based architecture for generating spectrogram lines at equal 

interval frequency bin spacings for Q = 2 without end point cor

rection. 

Figure 23 is a schematic representation of circuitry for a damped res

onant circuit. 

Figure 24 is a schematic representation for the generation of the sliding 

window Fourier transform using a disjoint unmodulated window 

with the delay circuitry at the front end. 
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Figure 25 is a schematic representation for the generating the a spec

trogram line without end point correction using a disjoint un

modulated window with the delay circuitry in the front end. 

Figure 26 is a schematic representation of a method for parallel genera

tion of the sliding window Fourier transform at arbitrarily spaced 

frequency bins using a joint unmodulated window and a single de

lay line. 

Figure 27 is a schematic representation of circuitry for parallel genera

tion of the spectrogram without end point correction at arbitrar

ily spaced frequency bins using a disjoint unmodulated window 

and a single delay line. 

Figure 28 is a schematic representation for the parallel generation of 

the sliding window Fourier transform components of a spectro

gram when the frequency bins are at Up = iL using an disjoint 

unmodulated window and a single delay line. 

Figure 29 is a schematic representation of the parallel generation of 

a spectrogram without end point correction when the frequency 

bins are at up = fr, using a disjoint unmodulated window and a 

single delay line. 
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Figure 30 is a schematic representation of a sliding window Fourier 

analysis digital signal processor to add the contributions of new 

data to and subtract the contributions of old data from a time 

decimated sliding window Fourier transform processor. 

Figure 31 is a schematic representation of IIR filter embodiments for 

sliding window Fourier analysis digital signal processors to add 

the contributions of new data to and subtract the contributions of 

old data from a time decimated sliding window Fourier transform 

processor. Here, sq = sq - j21ru. 

Figure 32 is a schematic representation of an architecture for the gen

eration of Szasz components of time decimated sliding window 

Fourier transform using sliding window Fourier analysis proces

sors and weighted delay circuitry. The schematic representation 

of the operation is shown. 

Figure 33 is a schematic representation of a parallel connection of three 

weighted Szasz sliding window Fourier transform components to 

generate a spectrogram line when the window is a Q = 1 Szasz 

series ( e.g. Hamming and Hanning windows). 
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Figure 34 is a schematic representation of a parallel connection of three 

weighted Szasz sliding window Fourier transform components to 

generate a sliding window Fourier transform line when the win

dow is a Q = 1 Szasz series wherein the symmetry of the Szasz 

coefficients is used to reduce the computational requirements over 

a nonsymmetric case. 

Figure 35 is a schematic representation of an architecture for a 3 (xi) 

filter and its schematic representation. 

Figure 36 is a schematic representation of a bank of 3 filters to gen

erate output sliding window Fourier transform lines when the 

frequencies are equally spaced and the desired window if a Szasz 

series of order Q = 2. 

Figure 37 is a schematic representation of a bank of 3 filters to generate 

output sliding window Fourier transform lines when the frequen

cies are equally spaced and the desired window if a Szasz series 

of order Q = 1 and the Szasz series coefficients are symmetric. 
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5 Detailed Description of the Invention 

Representative embodiments of the methods and architectures formed in ac

cordance with the present invention for generating impulse responses of finite 

duration are depicted and described herein. The resultant impulse responses 

of finite duration generated in accordance with the present invention by using 

coherent cancellation of the response of an infinite impulse response (IIR) fil

ter after a given interval of time are customarily referred to as windows when 

applied to generating sliding window Fourier transforms and spectrograms. 

Methods of using such filtering in generation of sliding window Fourier trans

forms and spectrograms are also described. 

Interpretation of Schematics for Signal Flow. A number of sig

nal flow diagrams in schematic representation that are used to characterize 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of the arrows. A number, a variable or a combination thereof, 

written directly adjacent to an arrow means that the signal is weighted (mul

tiplied) by that quantity with two exceptions. One exception is the notation 

z-J which, from the theory of z transforms, means that the signal is delayed 

for J time units. The second exception is at the input or the output of the 

processor when the notation by the arrow is, respectively, the processor's in

put and output signal. In subprocessors, the input will typically be denoted 
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by the sequence, x[n], and the output by y[n]. Also, x[n] will generally denote 

the signal for which the sliding window Fourier transform or spectrogram is 

computed. 

At other than the input and output, a combination, such as (1 + j)z-3
, 

where j is the square root of -1, means that the signal is multiplied by the 

complex number 1 + j and is delayed by 3 units of time. This, of course, 

is equivalent to the weighting and then delaying. If no number, variable, 

shift or combination thereof appears adjacent to an arrow, then the signal is 

unaffected (i.e. multiplied by 1). The signal coming from a node ( a point 

where two or more signals meet) is equal to the sum of signals going into a 

node. If more than one signal comes from a node, each has a value of the 

sum of the signals coming into the node. Time decimation is denoted by a 

boxed l N where N is the decimation order. Repeatedly used circuits will be 

defined as appropriately parameterized block processing elements. Portions 

of processors may be isolated using a dashed line closed curve, such as a box or 

circle, in order to be referenced in the text. These and other computational 

components of the description will be described as circuitry or a circuit. 

These terms are used in their broadest sense and are hereby deemed to refer 

not only the to physical hardware associated with the computation, but to 

the underlying method as well. 
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Manners of implementation of these flow diagrams are well known to 

those well versed in the art. Arithmitic operations are straightforwardly 

performed on commercially available APU's ( arithmetic processor units) and 

DSP ( digital signal processing) chips. Delay lines can be straightforwardly 

performed using digital shift registers, as is required in commonly used finite 

impulse response (FIR) and infinite impulse response (IIR) digital filters. 

Alternately, custom VLSI (very large scale integration) integration chips can 

be designed to perform the operations taught by this patent. 

Sliding window Fourier Transforms and Spectrograms Using Fil

ters. The sliding window Fourier transform in Eq. 1 can be written as 

L 

S[n; u] e-j21rnu L w[k]x[n - k]ej21r(n-k)u 

k=-L 

e-jZ1rnu X {(x[n]ejZ1rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L :s; n :s; L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-jZ1r(n-L)u{(x[n]ejZ1rnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 
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sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, this 

impulse response will be referred to as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 

produce the sliding window Fourier transform 135. The post multiplication 

term 130 is exp(-j21r(n - L)u) = exp(-j21rnu)x exp(j21rLu). The term 

exp(j21r Lu) term, could be moved from the postmultipication 125 term 130 

to the premultiplication 115 term 120 or, for that matter, could be a weight 

at any point in the signal flow. 

In many cases of interest, the spectrogram is needed. The square of the 

magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ei21r(n-i)u) * x[n] 12 ( 4) 

where, if s = (! + J"', and both (! and "' are real, then I s J
2= e2 + ,,,2 . 

The real number i is arbitrary. It's effect along with the post multiplying 

complex sinusiod 130 is annihilated by the magnitude squared operation 

since, for real p, the relation J exp(-j21rnp J= 1 follows. When only the 

spectrogram is required, a processor shown in Fig. 1 can be used. An input 

142 is again premultiplied 145 by a complex sinusiod 150. The product is fed 

into a digital filter 155, the impulse response of which is the desired shifted 

window, w[n - L]. The magnitude squared operation 160 is performed on 
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the filter's output. The result of this operation is the spectrogram 165 as 

given in Eq. 4 

The sliding window Fourier transform in Eq. 1 can also be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu (6) 

By shifting the output L units, the operation is made causal. Then, Eq. 5 

beco1nes 

S[n - L; u] = w[n - L; u] * x[n] (7) 

As shown in Fig. 1, an embodiment of architecture to generate the sliding 

window Fourier transform corresponding to Eq. 7 simply requires that the 

input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired sliding window 

Fourier transform. 

The spectrogram corresponding to Eq. 7 is 

I S[n - L; u] 12=1 (w[n - L; u]ej2
1riu) * x[n] 12 (8) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 

magnitude squared 185 to generate the spectrogram 187. 
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Windows From Coherent Iffi Cancellation. The present invention 

is directed to methods for generating the windows and similar filters with 

finite temporal duration whose impulse responses are generated by the co

herent cancellation of the response of an IIR filter beyond a certain point 

in time. A general overview of this operation is shown at the top of Fig. 2. 

A discrete impulse ( or Kronecker delta), 8[ n], is one for n = 0 and is zero 

otherwise. The response 209, y1 [n], to a Kronecker delta 205 input into a 

digital filter 207 with impulse response h1 [n], is shown and, appropriately, 

is termed the filter's impulse response. Clearly, y1 [n] = h1 [n]. A filter will 

either be referred to by its impulse response or by its transfer function. If the 

filter's impulse response is not finite in duration, it is appropriately termed 

an IIR filter. 

Consider a second IIR filter 213, h2 [n], whose response 215 to a Kronecker 

delta 211 is y2[n] = h2[n]. Furthermore, assume that, for n 2'. 6, 

Y2[n - 6) = Y1[n] (9) 

In other words, shifting y2 [n] six units to the right in discrete time yields an 

identical signal to y1 [n] for n 2'. 6. 

Two filters can then be connected together in parallel with h2 [n] con

nected in series with a delay line 222 of six units. The delay line, as shown, 

also inverts the signal (i.e. multiplies it by -1 ). The result, then, is a com-
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posite filter 220 whose response 230 to an impulse 218 is equal to y1 [n] for 

n < 6 and is zero for n ~ 6. The response of h1 [n] has been coherently 

canceled by the delayed response of h2 [n]. 

As an example, consider the impulse response of the following IIR filter. 

R 

h1[n] = L 'Prntresrnµ[n] (10) 
r=l 

where the <p/s and sr's are constants, possibly complex, the lr's are finite 

nonnegative integers and µ[n] is the unit step function ( =1 for n ~ 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one skilled in 

the art. An IIR filter with impulse response 

R 

h2[n] = L 'Pr(n + Ntresr(n+N)µ[n], (11) 
r=l 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 10 

can be made common to both h1[n] and h2[n]. Both h1[n] and h2[n] are fed 

the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of h1 [n] to produce 

a filter the composite impulse response of which is 

h[n] = h1 [n] - h2 [n - N]. (12) 

The impulse response, h[n], is equal to that of h1[n] for 0 :::; n :::; N - 1 and 

is zero thereafter. 

26 



Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, for 

n 2'. N and N an integer, y[n - 4N] = y[n]. To cancel this impulse response 

for n 2'. 4, a second filter, h2 [n], is required whose impulse response is y[n- 4) 

238. This can be done by delaying the response of the periodic resonant cir

cuit 234 by four units. Therefore, the periodic resonate circuit 244 can be 

connected in cascade with delay line circuitry 248 ( containing an inverting 

four unit delay line 246) so that its impulse response coherently combines 

with a delay of the same impulse response. The result is a circuit whose 

response 250 to an impulse 242 is the desired y[n] - y[n - 4]. As shown, the 

composite impulse response 240 is finite in duration. The specific case of 

y[n] =constant ( corresponding to a rectangular window) has been reported 

in the open literature. 

Since both the delay circuitry 248 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without affecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 
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circuit 256 then the response 260 of the composite filter to an input of a 

Kronecker delta 252 is the same 250 as when the order is reversed. 

There may exist in the impulse response other symmetries that allow 

variations on such coherent cancellation. For example, an impulse response 

of 

h[n] = sin( 1rn/ N)µ[n] (13) 

added to the same impulse response deleted N units results in a composite 

impulse response that is the first positive half cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters, whose responses are damped 

periodic functions. As illustrated in Fig.3, consider the example where the 

response 310 of a damped resonant circuit 308 to an input Kronecker delta 

305 (= 8[n] = 1 when n = 0 and zero for n =f:. 0) is 

y[n] = y[n]esn (14) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 

Note then, that for n 2: 4, 

y[n - 4] = y[n]e- 48 (15) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 
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to achieve the output 312 exp( 4s )y[n - 4]. This is accomplished by placing 

the output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 so 

that, when coherently superimposed, the desired composite impulse response 

326 which is finite in duration is generated. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that cohexent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens= 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In the 

discussion above and below, however, since the same principals of cancellation 

apply, the instance of s being imaginary in the damped case is also claimed. 

The real part of s will generally be denoted by -a. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

As in the undamped case, damped versions of sinusiods can be coher

ently cancelled at half periods. Damping the impulse response in Eq. 13, for 
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example, gives 

h[n] = sin( 1rn/ N)e-an µ[n] 

Running the output of such a filter through a delay line of duration N, 

multiplying the delay line output by exp(-an), and adding to the original 

filter output gives a composite impulse response, h[n] + exp(-an)Ji[n - N], 

which is equal to li[n] for n < N and is zero for n ~ N. 

vVhen dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(1rn/2)e-anµ[n]. (16) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, the end point of the period which the 

cancellation circuitry places to zero is desired. The end point, rather, on the 

envelope 353 at the point shown by the hollow dot 350 is desired. Addition 

of this point to the impulse response is referred to as end point correction. 

Parallel and cascade generalizations. A number of coherent cancellation 

circuits of the type just described can be placed in cascade and/ or parallel to 
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achieve even greater flexibility in the design of impulse responses. Reference 

to single component coherent cancellation circuits being connected in cascade 

and/ or parallel is allowed in order to permit the degenerate case of a single 

circuit to be subsumed. 

In certain instances common circuitry can be factored from combinations 

of cascade and/or parallel to yield a reduction in overall computational re

quirements. Windows expressed in a finite cosine series can be shown, for 

example, to be able to be synthesized by a parallel combination of second 

order IIR filters and that the delay circuitry can be factored so that a single 

delay circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite circuit 

consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangular 

windows results in a Parzen window, etc. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 
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impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, digital circuitry can be designed 

corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (17) 
q=O 

where 

(18) 

Such circuitry can be designed with the standard digital filter components 

which are multipliers (including inverters), adders and unit delays. The quan

titative values of the multipliers and the topology of all of the components 

are dictated by the parameters Q, 1q, uq, and aq. There exist numerous 

computational topologies for a given set of parameters. Such circuitry can 

be designed straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n ?'.. Mq, 

Define 

Clearly, roq[n] is zero for n ?'.. Mq and the composite IIR filter 

Q 

ro[n] = L roq[n] 
q=O 
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has a response that is finite in extent. 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq's are nonnegative integers. Window components of 

the type in Eq. 20 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 21 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

Q n 
w[n] = L,Bqcos(1rnq/L)II[

2
L] 

q=O 

(22) 

where II[ 2}J = 1 for -L ::; n ::; L and is zero otherwise. The Hanning and 

Hamming windows require Q = 1 and the Blackman window Q = 2 terms. 

Motivated by causality, the shifted version of the cosine series window is 

written as 

(23) 

Compare this with the special case of the real part Eqs. 17 and 18 with 

lq = 0. 
Q 

h[n] = I:(-l)q,Bqcos(1rnq/L)µ[n] (24) 
q=O 

The window in Eq. 23 is recognized as the first period of Eq. 24 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]o[n - 2L] 
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A periodic resonant circuit can be straightforwardly designed with an impulse 

response given by Eq. 24. Delay line circuitry is cascaded with this circuit 

to achieve the desired composite window filter. The window's end point can 

be inserted with the use of a weighted delay line or can be ignored if the 

end point correction is numerically zero or, otherwise, if the resulting error 

is deemed negligible. 

One straightforward way to design the resonant circuit in Eq. 24 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. Equation 24 is rewritten as 

Q 

h[n] = L hq[n] (26) 
q=O 

where 

(27) 

where 0q = 1rq/L and cq = (-l)q,Bq, For q =/- 0, the z transform of this 

equation is 

n=O 

cq(l - z-1cos(0q)] 
1 - 2z-1cos(0q) + z-2 

(28) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 
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in Eq. 27 with c = cq and 0 = 0q. Recognizing there exists a number of 

other digital filter architectures to generate the same operation, the input 

410, 420 output 415, 425 relationship of this operation will schematically be 

represented by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0 in Eq. 27, h0 [n] = c0 = /30 • This operation can be performed by a 

simple multiply. 

Architecture examples. Consider the Q = l example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /Jo= /31 = 0.5. 

For Hamming windows, /30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 

circuit cascading 265 shown in Fig. 2 addended with end point correction. 

The input 505 is fed into the delay circuitry 510. The output of the delay 

circuitry is fed into the q = 0 and the q = l stages 515 520 of the composite 

circuitry 595. The end point correction is obtained by an additional weighted 

delay 540 of the signal. The outputs of all stages are added 525 to obtain the 

windowed output 530. Note that, for Hanning windows, w[L] = 0 and the 

end point correction is not needed. Indeed, for any window, the effect of not 

using end point correction diminishes as L increases. In such cases, one may 

choose not to use the end point correction in the computational architecture. 
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A Q = 2 example of an embodiment of this method will be given for the 

Blackman window for the case where end point correction is not used. Here, 

/30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, 1 and 2 stages 610 625 620 of the composite 

circuitry 695. The outputs of each stage are summed and fed into the delay 

circuitry 630 the result of which is the windowed output 650. No end point 

correction is used here. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. 

Refreshing can also be incorporated into the circuitry to assure stability. 

In this approach, two circuits are identically configured. The input, for a 

period of time, is fed to the first circuit. It is then switched to the second 

circuit. The outputs of the two circuits are added to give the desired out

put. When the first circuit is emptied of data, all of the signal components 

remaining are due to cumulative noise, and are thus set to zero. The first 

circuit is refreshed. The input is then switched back from the second circuit 
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to the first, and the second circuit is emptied and refreshed. By occasionally 
I 

setting the cumulative error to zero, the circuit is made stable. The various 

implementations refreshing will be evident to those well trained in the art. 

Alternately, stability can be assured by slightly perturbing the design to 

include slight damping that will move all of the circles strictly within the unit 

circle on the complex z plane. In other words, the source of the marginal sta

bility in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping feedback 

slightly will insure stability. Similarly, entirely stable windowing circuitry 

can be designed for windows that are multiplied by a taper proportional to 

exp(-o-n). Define 

w[n] = w[n]e-(Tn (29) 

If one wishes to keep the window shape as close to the o- = 0 case as possible, 

o- is chosen to be a positive number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-o-(n-L) 

where h[n], given by Eq. 24, has a period 2L. Then, for n > 2L, 

The damped window can therefore be generated as 

w[n - L] = w[n - L]e-o-(n-L) 
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h[n] - e- 20-Lfi[n - 2L] + w[L]8[n - 2L] (32) 

where 

w[L] = w[L]e-aL (33) 

is the value of the end correction factor. 

An architecture for computing Eq. 32 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where CJ = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 

can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). Either architecture 750, 755 can be used in the two architectures 

in Fig. 1 as the window 140 (with w[n] replacing w[n]) to generate sliding 
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window Fourier transforms and spectrograms with damped windows. Specif

ically, S[n - L; u] is computed using w[n - L] instead of the window shown 

140 where, now, 
L 

S[n; u] = L w[k]x[n - k]e-j21rku (34) 
k=-L 

Similar use of w[n-L] in the squared magnitude architecture instead of w[n-

L] 155 results in the spectrogram 165 where the corresponding expression for 

the sliding window Fourier transform is now given by Eq. 34. 

A possible architecture for the damped resonant circuit that parallels the 

undamped case is now discussed. Equation 30 can be written as 

A Q A 

h[n] = L hq[n] (35) 
q=O 

where 

(36) 

The z transform of this impulse response results in the transfer function 

fI z _ c(l - e-az-1 cos(0)] 
q( ) - 1 - 2e-az-1 cos(0) + e- (37) 

where c = cqeaL and 0 = 1rq/ L. One of many possible digital filters for this 

filter is shown in Fig. 8. The input 805 into the circuitry 810 produces an 

output 815 that is the discrete convolution of the input with the impulse 

response in Eq. 36. The general class of digital circuits with this response 

is denoted by the parameterized bold outline box 820 shown in Fig. 8. The 
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input 825 into this parameterized box produces the same output 830 as in 

the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-u(n-L) µ[n]. (38) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-O") 

cascaded with a multiply of Coexp(O"L). For Co = f3o and sq = (3qexp(O"L), 

this circuit is shown as component circuitry 920, 1015 in both Figs. 9 and 

10. 

Architecture examples. A digital filter for Q = l ( e.g. Hanning and 

Hamming) damped windows is shown in Fig. 9 using an end point correction 

variation of the architecture 334 shown in Fig. 3. The input 910 is fed to 

the damped delay circuitry 915. The n = 0 component of Eq. 36 is realized 

by a first order feedback circuit 920. The output of the delay circuitry is fed 

into this circuit and the n = l stage 925 (fiq = (3qexp( O" L)) and the end point 

correction factor stage 940. The outputs from all stages 995 are added 930 

to produce the damped windowed output 935. 

A digital filter for Q = 2 ( e.g. Blackman) damped windows is shown in 

Fig. 10 using a slight variation of the architecture 755 shown on the bottom 

of Fig. 7. The input 1010 is fed the delay circuitry 1012 and then to 1095 the 
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q = 0, l, 2 stages 1015, 1020, 1025 and the end point correction stage 1040. 

The outputs of all of the stages are summed 1030 to obtain the damped 

windowed output 1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a sliding win

dow Fourier transform or spectrogram, more typically, a number of parallel 

lines each corresponding to a different frequency are desired. This can be 

performed in parallel where a number of sliding window Fourier transform or 

spectrogram processors are each tuned to different frequencies and all sliding 

window Fourier transform or spectrogram lines are computed at the same 

time in parallel. Alternately, the same processor can be exposed to the same 

signal a number of times. Here, for each presentation, the complex sinusoid(s) 

are tuned to different frequencies. The lines of the sliding window Fourier 

transform or spectrogram are thus computed sequentially. In either the par

allel or sequential embodiments, the choice of frequencies need not be linear. 

Logarithmic spacing of frequencies, for example, can be chosen. Similarly, in 

either case, the window from spectral line can be changed from spectral line 

to spectral line. For the sequential embodiment, this requires the changing 

of the window parameters (the /3/s and possibly Q) for each presentation of 

the signal. Other sliding window Fourier transform and spectrogram proces-
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sors that use common circuitry to feed a parallel bank of processors will be 

presented later. 

Modulated Windows. Also disclosed are computational architectures 

for modulated windows and their use in the generation of sliding window 

Fourier transforms and spectrograms. For such architectures, the complex 

sinusoidal premultiplies 115, 145 are no longer required. In parallel embodi

ments, a single delay line circuit can service the all of the resonant circuits. 

The damped sliding window Fourier transform is 

L 

S[n; u] L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (39) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] 

and 

w[n]e-j211"nU 

Q 

I:wq[n;u] 
q=O 

( 40) 

(41) 

In discussions concerning modulated windows to follow, both the damped 

and the undamped case will be included. The undamped case is a special 

case of the damped case for o- = 0. Motivated by causality, the modulated 
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window is temporally shifted to 

The synthesis of a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (43) 
q=O 

is now motivated where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 44 
(X) 

Hq(z; u) = L hq[k; u]z-k (45) 
k=O 

which gives 

where 

(47) 

Note that, for q = 0, 

( 48) 
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The A (lambda) filter in Eq. 47 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. Equation 47 can be written as 

A(z; v) 
1 - 2e-o-cos(21rv)z-1 + e-2o-z-2 

Ar(z; v) + jAi(z; v) (49) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n]+ jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 
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1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140, 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

x1·[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment, shown in Fig. 13, uses 

the depiction 1240 in Fig 12 as components 1301, 1302. The real output 

1305, yr[n], is the sum of the real response of the real input 1310 and the 

negated 1315 imaginary response to the imaginary input 1320. Similarly, the 

imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

K(z; u) H(z; u)e-jZ1ruL 

l Q 
,BoeaL A(z; u) + 2eaL I)-l)q ,Bq 

q=l 

q q 
x [A(z; u - 2L) + A(z; u + 2L)] (50) 

where H(z; u) is the z transform of h[n; u] in Eq. 43. 

00 

H(z; u) = L h[n; u]z-n 
n=O 

(51) 

An input 1410 is weighted proportional to Fourier coefficients 1415 ((3q 
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½(-l)qexp(o-L),Bq) which in turn are fed into a bank of appropriately tuned 

A filters 1420. The outputs of the A filters are summed 1425 to yield an 

output 1430 which is equivalent to the response of the input 1410 to a digital 

filter with transfer function I<(z; u) in Eq. 50. Schematically, the I< filter 

will be depicted by the representation 1440 shown in Fig. 14. Note that 

the architecture can be construed for either real or complex inputs 1410 

depending on whether the A filters are constructed for real or complex inputs. 

In either case, the I{ filter is parameterized by the frequency u, damping 

coefficient a, filter order Q, and vector of Fourier coefficients ff, The vector 

ff is oflength Q + l. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I{ filter 1440. From Eqs. 40 through 43, the following 

identity can be established 

w[n - L; u] = h[n; u] - e-i41ruLe-zuLh[n - 2L; u] + w[L; u]8[n - 2L] (52) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from ,a z transform of Eq. 52. 

Define 
(X) 

n(z; u) = I: w[n; uJz-n. (53) 
n=O 

The z transform of Eq. 52 is then 
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where Eq. 50 has been used. From Eq. 39, the output of a filter with this 

transfer function when presented an input of x[n], is the sliding window 

Fourier transform line S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 54 is 

defined as 

(55) 

One embodiment of an architecture for this transfer function is shown at 

the top of Fig. 15. The input 1505 is placed through the delay circuitry 

1510. It is then post multiplied by a complex weight 1515 to give the desired 

output 1520. This embodiment has the advantage of isolating the complex 

exponential 1515 which, when the spectrogram is desired, can be deleted. 

An alternate architecture for D(z) requiring fewer floating point operations 

(FLOPS) is shown at the bottom of Fig. 15. The input 1525 is fed through 

delay circuitry 1530 with different weights than before 1510 .to achieve the 

. desired output signal 1535. 

Sliding window Fourier Transform and Spectrogram Architec

tures Using Modulated Windows. Given delay circuitry and the J( filter 

1440 in Figure 14, circuitry for synthesis of the sliding window Fourier trans

form or spectrogram line based on the modulated window can be crafted. 
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As with the previously discussed methods, example architectures will be pre

sented whereby the spectrogram is generated or the sliding window Fourier 

transform is computed. As before, in any embodiment, use of end point cor

rection is an option. The contribution of end point correction to the final 

result generally diminishes as L increases. Both serial and parallel imple

mentation methods will be discussed and illustrated. 

An architecture for generating a single spectral line of a sliding window 

Fourier transform based of Eq. 54, is shown in Fig. 16. The input 1605 is fed 

to delay circuitry 1610. The output of the delay circuitry is fed to a J{ filter 

1615, the output of which, in turn, is shifted in phase 1620. The end point 

correction factor 1625 is added to give the desired sliding window Fourier 

transform output 1630. One or more of the parameters of the circuitry ( i.e. 

u, L, er, fJ and Q) can be changed and the same 1605 or alternate input 

can be applied to generate a second output sliding window Fourier transform 

line. 

As is the case with other embodiments described herein, the architecture 

in Fig. 16 has a number of variations in detail design that are evident to one 

skilled in the art. The multiplication by the complex number 1620 in Fig. 16, 

for example, can be performed immediately prior to the I{ filter 1615 instead 

of directly after. Indeed, if end point correction is not used, the I{ filter 1616, 
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delay circuitry 1610 and exponential multiply 1620 can be cascaded in any 

order desired. Such arbitrariness in the cascading of two or more linear 

time invariant filters is well known. One of these six orderings is shown in 

Fig. 17. The input 1705 is first fed into a J{ filter 1710 and then into the 

delay circuitry 1715. After post multiplication by a complex number 1720, 

the desired sliding window Fourier transform line 1725 is achieved (without 

end point correction). This embodiment has the advantage that A filters 

with real inputs can be used if the processor input 1705 is real. Note also, 

that if the only the spectrogram line, I S[n - L; u] 1
2

, is desired (rather than 

the output shown 1725), then the complex sinusiod weighting 1720 can be 

omitted and replaced by a magnitude squared operation. A variation of such 

magnitude squared computation is shown in Fig. 18. A different cascading 

order, though, is used here. The input 1805 is placed first into the delay 

circuitry 1810 and is then fed into a J{ filter 1815. A magnitude squared 

operation 1820 is performed on the output of this filter to yield the desired 

spectrogram output line 1830 ( without end point correction). 

A parallel architecture illustrating the method of generating sliding win

dow Fourier transforms using modulated windows is shown in Fig. 19. Using 

Eq. 54 for 1 :S p :S P, an architecture for the transfer functions is proposed 
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where n(z; up) is the z transform of w(z; up)- The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

J( filters 1915. For P spectral lines, there are P separate J( filters the pth 

of which is tuned to frequency up and is of order QP with Fourier coefficient 

vector /JP. The input to each J{ filter is the sum of a weighted 1950 input 

1905 and a weighted 1955 delay. The output of each J( filter is added to 

the end point correction factor 1925 to generate the sliding window Fourier 

transform lines 1930. 

A variation on the parallel circuit can be made if only the spectrogram 

output is required. In such a scenario, if end point correction is not used, 

the complex sinusiod weights 1950 have no effect on the processor output 

and can therefore be deleted from the architecture. An embodiment of such 

a processor is shown in Fig. 20. The input 2005 is placed through delay 

circuitry 2010, the output of which, after being combined with the undelayed 

signal 2050, services the bank of K filters 2015. The output of each J{ filter 

is magnitude squared 2020 which gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(57) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 46 becomes 

The q = 0 case warrants special statement. 

(59) 

For linear frequency spacing (and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l· Indeed, one or more common A filters are required up to and 

including the Up±Q frequency lines. The processing architecture is configured 

so that a A filter can be used for a number of frequency lines in the sliding 

window Fourier transform therefore reducing the overall required computa

tion. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, be

comes exp(j21rupL) = (-l)P which is obviously computationally more simple 

to implement. 

An embodiment for the bank of shared A filters for generating sliding 

window Fourier .transforms is illustrated Fig. 21 for Q = 1. The input 2105 

is fed into delay line circuitry 2110 which services the entire bank of A filters 

2120. For Q = 1, each A filter services three sliding window Fourier transform 
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frequency lines. The outputs are weighted proportional to the Fourier series 

coefficients 2125 and are combined with the end point correction factors 2135. 

These sums are then weighted 2140 by (-l)P to generate sliding window 

Fourier transform frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, for 

P frequency lines, a total of P + 2Q A filters are required. Those A filters not 

at either end will contribute to a total of 2Q + 1 frequency lines. Note that 

this architecture can also be implemented using FIR embodiments of the A 

filter - delay line circuitry combination. sliding window Fourier transform 

An embodiment for parallel generation of a spectrogram using a bank of A 

filters without end point correction for Q = 2 ( e.q. for Blackman windows) 

is shown in Fig. 22. The input 2205 is fed to delay circuitry 2210 the output 

of which serves the bank of A filters 2212. The outputs of the filter bank 

are weighted by Fourier coefficients, combined 2215, and magnitude squared 
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2220 to give the spectrogram frequency lines 2225. All of the fan outs from the 

bank of A filters are not shown. If, for example, there was to be a frequency 

line generated at u = P2j,
2

, then the A filter in the bank 2212 parameterized 

by zj, would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the iJP

This same statement applies to the corresponding processor in Fig. 21 for 

the generation of the real and imaginary components of the sliding window 

Fourier transform. Note that this architecture can also be implemented using 

FIR embodiments of the A filter - delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 750, 755 in Fig. 7 

for the damped case, requires a delay line for each sliding window Fourier 

transform frequency line. With the modulated window, a single delay line 

can serve the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In 

disjoint form, the unmodulated window can also be used to generate slid

ing window Fourier transform and spectrogram circuitry in parallel with the 

use of a single delay line. Discussions of this capability and corresponding 

illustrative architectures are the topics of this section. 
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From Eq. 34, 

S[n - L; u] = e-jZ1r(n-L)u{(x[n]ejZ1rnu) * w[n - L]} (60) 

where w[n - L] is the shifted version of the damped window w[n] in Eq. 29. 

The undamped case will not be treated separately since it a special case of 

the dampened architectures when O' = 0. The window expression in Eq. 32 

can be written as 

w[n - L] = h[n] * { 8[n] - e-ZuL8[n - 2L]} + w[L]8[n - 2L] (61) 

The impulse response, h[n], is that of the damped resonant circuit and, for 

this discussion, is given by Eq. 35. For a given Q, a processor architecture 

with transfer function 
00 

H(z) = L li[k]z-k (62) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter 2310 the composite 

impulse response of which is h[n] to generate the desired output 2315. The 

damped resonant circuit will schematically be denoted by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 61 into Eq. 60 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-jZ1rLu + e-jZ1r(n-L)u 
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An architecture for generating a spectral line based on this express10n 1s 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary

ing sinusoid 2425. This output is then added to the end point correction 

factor 2430 to give the real and imaginary components of the sliding window 

Fourier transform 2435. The exp(j2K Lu) term in the post multiply 2425 

term, exp(-j2K(n - L)u], can alternately be generated by a multiply at a 

number of other locations including before or after the fI filter or the pre

multiply 2415. Note that in this embodiment, and in those to be described, 

that the disjoint unmodulated window does not appear in a lumped form as 

schematically depicted in Fig. 1. It's components (the fI filter and the delay 

line) are not connected. This is the reason for the use of the word disjoint in 

the description of the window. 

As in previous cases, the sliding window Fourier transform processor in 

such embodiments can be modified to display the output spectrogram re

sulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 63 can be written as 

where the effects of the arbitrarily chosen positive number, i, are totally 
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eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 64 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510, the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an iI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the sliding window Fourier transform and 

spectrogram processors in Figs. 24 and 25 may be sequentially fed signals 

to generate a number of sliding window Fourier transform or spectrogram 

lines or used to continually generate a single line of a sliding window Fourier 

transform or spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 s; p s; P, Eq. 63 can be replicated as 

uiP[L]x[n - 2L]e-j21rLup + e-j21r(n-L)up 

x[hP[n] * {ej21rnup(x[n] - e-2aLe-j41rupLx[n - 2L])}](65) 

where, although the variation is applicable to other embodiments, the nota

tion here explicitly notes the allowance of the windows, wP[n], and therefore 

corresponding impulse responses, hP[n], to vary for varying p. One embod

iment of the corresponding processor is shown in Fig. 26. The input 2605 

is fed to delay circuitry 2610 which services the remainder of the proces-
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sor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into 

a band of pre-multipliers 2625 which service a bank of fI filters 2630 and 

the outputs are post multiplied 2635 by time varying complex exponentials. 

The multiplier values of exp(±j27r(n ± ½)up) were chosen here in part to 

illustrate the flexibility of placement of the term exp(j27f Lu) (in the post 

multiply 2425 in Fig. 24) in the processing architecture. The outputs of the 

post multipliers are added to the end point correction factor 2640, equal to 

wP[L]exp(-j2JrupL) for the pth stage, to give the real and imaginary com

ponents of the sliding window Fourier transform lines as outputs 2650. 

An architecture for generating the spectrogram lines based upon replica

tion of the processor type illustrated in Fig. 25 is shown in Fig. 27. With 

reference to Eq. 64, the processor is computing 

A single delay line is required for the entire processor. End point correction 

circuitry is not included. The input 2705 is fed into delay circuitry 2710 which 

serves the entire processor. The exponential term, exp( -2o-L), present in the 

delay circuitry 2610 of Fig. 26, is not included here. It is, rather, combined 

with the weighting factors 2715 of the delayed signal. The weighted delay 

signals are added 2720 to the original signal, fed into the pre-multipliers 2725 
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with arbitrary phase, { ip I 1 :S p :S P}, which, in turn, are fed into a bank 

27 40 of fr filters whose outputs are magnitude squared 2730. The result is 

spectrogram lines 2735. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating sliding window Fourier transforms and spectrograms using disjoint 

unmodulated windows and a single delay line are less when the frequencies 

are integer multiples of the inverse of 2L (i.e. Up = iL). It follows that 

exp(-j41rupL) = 1. Thus, the bank of complex multiplies 2615 such as is 

required in Fig. 26 is no longer required. Furthermore, exp(±j21r Lup) = 

(-l)P becomes a much easier number by which to multiply. In such cases, 

Eq. 63 becomes 

S[n - L; up] (-l)P{ wP[L]x[n - 2L] 

+ W2-tP[h.P[n] * {w;l(x[n] - e-2uLx[n - 2L])}]} (67) 

where the frequency lines are now parameterized and 

u1J - ej1rJ/L 
VI 2L - . (68) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810, the output of which services a number of pre

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 
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a bank of iI filters 2825, the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2828 and are then weighted 2840 by ( -1 )P to give 

the real and imaginary components of the sliding window Fourier transforms 

lines 2845. For equally spaced frequency lines, A filters in adjacent I{ filters 

can be shared, resulting in, for example, the circuitry in Figures 21 and 22 

instead of those in Figures 19 and 20. Similar sharing of common component 

filters can similarly be performed on the circuitry in Figures 28 and 29, when 

the frequency bins are evenly spaced. 

A single stage of the circuitry in Figure 28 can be used for sequential 

generation of sliding window Fourier transform lines. 

A further computation reduction can be realized if only the spectrogram 

is required. The squared magnitude of Eq. 67 deleting end point correction 

18 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910, the summed output of which feeds the rest of the proces

sor. The summed output is pre-multiplied by time varying sinusoids 2915, 

passed through iI filters 2920 and magnitude squared 2925. The result 2930 
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is spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. Other architec

tures based on coherent cancelation using delay line circuitry that are more 

computationally efficient will now be discussed. 

The causal form of the sliding window Fourier transform in Eq.l is rewrit-

ten as 
L 

S[n - L; u] = L x[n - L - k]w[k]e-j2
?rku (70) 

k=-L 

where the window is rewritten with a tilde to denote that it can be repre-

sented by the Szasz series 

Q 

w[k] = L CYqe-sqk (71) 
k=-Q 

where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { CYq I Q :::; 

q :::; -Q} and {sq I Q :::; q :::; -Q}. Note that the duration of the window 

in Eq. 70 is truncated by the sum rather than explicitly in Eq. 71 by a 

rectangle function. The cosine series in Eq. 22 is a special case of w[k]II[Al 

with a corresponding interpretation for the order Q. The series coefficients 
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q Ciq Sq 

1 1 j,rr/L 4 

0 1 0 2 

-1 1 -j1r/L 4 

Table 1: Hanning: cp(k) = cos2 (;£), Q = l. 

q Ciq Sq 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: cp(k) = 0.54 + 0.46 cos(?,), Q = l. 

and exponential factors corresponding to Hanning, Hamming and Blackman 

windows are shown respectively in Tables 1, 2 and 3. 

The decomposition of the sliding window Fourier transform line into com

ponents is 
Q 

S[n - L; u] = L aqSq[n - L; u] (72) 
q=-Q 

where 
L 

Sq[n - L; u] = L x[n - L - k]esqke-jZ1rku (73) 
k=-L 

To illustrate how the rate of the spectral lines can be decimated, Eq. 73 is 
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q O'.q Sq 

2 0.04 j21r/ L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r / L 

Table 3: Blackman: r.p(k) = 0.42 + 0.5 cos(7,) + 0.08 cos(2fk),Q = 2. 

shifted by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-j2-rrku 

k=-L 

L+N 
e-(sq-j21ru)N L x[n - L - k]esqke-j21rku (74) 

k=-L+N 

The summand is the same as that in Eq. 73, but the summation limits are 

different. Note that 

L 

I: (75) 
k=-L k=-L+N k=-L 

Substitution into Eq. 73 followed by application of Eq.7 4 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u] = e(sq-i21ru)N S[n - N - L; u] + St[n] (76) 

where 
-L+N-l L+N 

St[n] = { L L }x[n - L - k]e(sq-j21ru)k. (77) 
k=-L k=L+l 
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As with previous cases, the new sliding window Fourier transform value is ob

tained by the weighted superposition of the previous sliding window Fourier 

transforms value with contributions of data no longer in the window sub

tracted and newly introduced data contributions added. The adjustment 

terms corresponding to new and old data ( i.e. the -~;;,L!:f-1 + ~f;!;f+l term 

in Eq. 77 ) are, themselves, recognized as sliding window Fourier transforms. 

Evaluation of St[n] using a standard FIR filter will first be described. Alter

nate architectures based on truncated resonant circuitry are then presented. 

A standard FIR architecture for St[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - l and last N - l delays 3015, 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

Xk = esqk e- j21ruk (78) 

A vector of these values is denoted by x_. The sum of the right hand taps is 

generated 3040 and inverted 3035 and is added to the sum 3030 of the left 

hand taps. Since interest is only in the output spectral line every N time 

units, this sum needs to be computed only once per N time units. The box 

3060 around l N is the schematic notation for downsampling by a factor of 

N. The output of this box is the desired output 3045. The processor for 
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generation of St[n] is schematically abstracted by an appropriately param

eterized box 3050 inside of which is an encircled SN-
Two other architectures for computing SN[n] in Eq. 77 are shown in 

Fig.31. Either can be used as the unit 3050 in Fig. 30. A signal input 3105 

3135 into either of the two processors will produce the same 3045 outputs 

3130 3160 as when the input signal 3005 into the processor in Fig. 30. 

The first processor 3110 makes use of the identity 

SN[n] = St[n] - SN[n] (79) 

where 
-L+N-1 

st[n] = L x[n - L - k]e(sq-j 21ru)k_ (80) 
k=-L 

and 
L+N 

SN[n] = L x[n - L - k]e(sq-j21ru)k_ (81) 
k=L+l 

It follows that 

SN[n] = e(2L+1)(sq-j21ru)st[n - 2L -1] (82) 

The architecture 3110 at the top of Fig. 31 follows. The input 3105 is fed into 

an FIR filter 3111, the output of which is downsampled 3114 to yield SN[n]. 

This signal, at a clock rate equal to 'Jv th 
that of the input 3105, is fed to delay 

line circuitry 3116 that produces an output of St[n] via Eq. 82. (The notation 

zi denotes a delay of N time units). The terms are combined to give the 
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sliding window Fourier transform output 3130. A second embodiment 3140 

that is a variation on this approach simply interchanges the order of the delay 

circuitry 3142 and the FIR filter 3144. The downsampler 3146 is now at the 

output. For the same input 3135, the same output 3160 is generated. 

An IIR filter 3170 that is an alternate architecture to compute S_t;.[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of St-[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute st[n] 3050, the spectral line given in 

the recursive relation in Eq. 76 can be generated using the architecture shown 

if Fig. 32. The previous output 3210 of the processor, Sq[n - L - N; u], is 

made available through a delay 3220. This output is added to St[n] which is 

generated by the circuitry 3230 shown. This sum is weighted 3235 to give the 

desired spectral line output component 3215. This processor is schematically 

abstracted with an appropriately parameterized bold circle 3250 inside of 

which is a boxed S. 

The sum in Eq.72 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 
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windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding 

a:q coefficients 3315 and are summed to give the desired decimated sliding 

window Fourier transform output 3320. Alternately, the weighting by the O:q 

coefficients can be done prior to rather than after the filter bank operation. 

If the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

a:q coefficients are even. In other words, o:q = o:-q· In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by o:q thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized by u and X,q· The outputs of filters corresponding to q > 0 are 

added to the -qth filter output 3420. These terms are weighted by the o:q 

coefficients 3425. The results are added 3430 to produce the desired sliding 

window transform output 3435. As before, the delay circuitry common to 
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each of the S filters can be factored so that a single delay line services the 

en tire bank. 

As in previous architectures, the embodiments of the sliding window 

Fourier transform architectures illustrated in Figs. 33 and 34 and their vari

ations can be used sequentially or can be replicated spatially to generate 

output frequency lines in parallel. As before, the window shape can be var

ied from frequency line to frequency line and the frequency bins can be placed 

with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

sliding window Fourier transform or spectrogram can be configured to share 

subprocessors when the spacing between frequencies is chosen to be uniform. 

Specifically, let u = pl:),_ where /j,_ is the uniform spacing. Furthermore, let 

Sq = -a + j21rq/j,_, As before, a is a clamping factor and can be set to zero 

for the undamped case. Under these conditions, Eq. 73 becomes 

L I: x[n - L - k]e-o-ke-i21r(p-q)k~ 

k=-L 

S[n-L;p-q] (83) 
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The utility of the redefinition of this Szasz component of the sliding window 

Fourier transform as a S (xi - pronounced see) filter will become evident 

shortly. The following recursion can be established from Eq. 83. 

S[n - L; p] = e-crN e-j21rpNli.S[n - L - N; p] + st[n; p] (84) 

where 

L 

st[n;pJ = { I: (85) 
k=-L+N-1 k=L+l 

An architecture for generating the recursion for the S filter in Eq. 84 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the SlJ filter 3230 in 

Fig. 32 when 

-erk -j21rpkli. Xk = e e . (86) 

is used. The output of the st filter is fed into an IIR filter 3520 which gen

erates the desired output 3525 by computational evaluation of the recursion 

in Eq. 84. The schematic representation 3530 of this circuitry is shown as 

two intersecting rectangles, appropriately parameterized, with a S written 

in the center. vVhen replicated in a bank 3610 3710, such as illustrated in 

Figs. 36 and 37, the delay line may be factored from each S filter so that a 

single delay line feeds the entire bank. 

A bank of S filters can be used to efficiently generate spectral lines m 
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parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = pl::::.. uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q ::::; p:::::; Q. The frequency line at u = (p + 1)1::::.. uses 

3 filters in the interval -Q + 1 ::::; p:::::; Q + 1. There is only one 3 filter that 

was not used in u = pl::::.. sliding window Fourier transform line that is not 

·used here. As illustrated in Fig. 36 for Q = 2, a single 3 filter can therefore 

contribute to the output of a number of frequency lines. Here, the input 

3605 is fed to a bank 3610 of 3 filters, the outputs of which are weighted by 

desired Szasz series coefficients and combined 3615 to generate the spectral 

line outputs 3620 in parallel. Note that the requirement that the frequency 

lines be equally spaced does not dictate that the windows be the same for 

each frequency line. Note that, due to the linear time invariance of the cir

cuitry, the interconnect circuitry 3615 can be placed before the 3 filter bank 

3610 without affecting the result 3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the o:q coefficients are even functions of q, i.e. aq = a-q• This is 

illustrated in Fig. 37 for Q = 1. The input 3705 is again applied to the 3 

filter bank 3710. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 • For Q = 2, the outputs 

two filters removed would also be added prior to weighting by o:2 , etc. The 
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results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, some of the other architecture 

variations applicable to the implementation of the DSP processing methods 

described in this document are discussed. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, l stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = l stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young, Signals 

and Systerns, (Prentice Hall, New Jersey, 1983). The resulting circuitry 

,vill be different than that in Fig. 9, yet the input-output relationship will 

be identical. Indeed, similar procedures can be applied to combine the delay, 
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end point correction and resonant circuitry. Such design variations are well 

known to those well versed in the art. 

As has been noted, linear time invariant components in series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without affecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those skilled in the art. 

In many cases of application, only a proportional value of a sliding window 

Fourier transform, spectrogram or window is required. In such cases, for 

example, all of the values of the /3q 's can be weighted by some appropriately 

chosen valu~. In Fig. 5, for example, the weight (30 in the q = 0 stage 515, for 

example, can be replaced by one if the value of /31 in the q = 1 stage is replaced 

by /3i/ /30 and the end point correction weight 540 is changed from -w[L] to 

-w[L]/ (30 . The output 530 would then be changed from y[n] to y[n]/ (30 • The 

resulting filter used, for example, in the two unmodulated window sliding 

window Fourier transform processors in Fig. 1, would result in outputs of 

S[n - L; u]/ (30 instead of S[n - L; u] 135 and I S[n - L; u]/ /30 1
2 instead of 
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I S'[n - L; u] 1
2 165. Thus, by allowing proportional outputs, a multiply is 

saved. Such is also the case with the processor in Fig. 33. From Tables 1 

and 2, the Szasz series coefficients on Hamming and Hanning embodiments 

of this architecture obey the symmetry a 1 = a_1 . Therefore, replacing both 

D'.±1 by 1 and ao by ao/ a1 will yield an output of S'[n - L : u]/ a 1 instead of 

the output shown 3320. Similar scalings and variations in other architectures 

described in this< patent will be apparent to those well skilled in the art. 

Sliding window Fourier Transform and Spectrogram Variations. 

There exist numerous variations of the basic definition of the sliding window 

Fourier transform in Eq. 1. Using the sine transform instead of the Fourier 

transform gives 

L 

S's[n; u] = L w[k]x[n - k]sin(21rku) (87) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (88) 
k=-L 

Clearly, for real inputs, 

S[n; u] = S'c[n; u] + jS's[n; u] (89) 

and either the sine or cosine transform spectrogram can be obtained by look

ing at the imaginary or real part of the circuitry output for a sliding window 
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Fourier transform. Similarly, using a Hartley transform, 

L 

SH[n; u] = L w[k]x[n - k)cas(27rku) 
k=-L 

where 

cas(e) = cos(e) + sin(g). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(90) 

(91) 

(92) 

can also be generated by combining the real and imaginary outputs of any 

sliding window Fourier transform processor thus far described. Any person 

skilled in the art can straightforwardly apply the methods described herein 

to generate these closely related Fourier-based variation definitions of the 

sliding window Fourier transforms. Evaluation of the squared magnitude of 

Eqs. 87, 88 or 90 results in corresponding generalized spectrograms. The 

spectrogram results from squaring the magnitude of Eqs. 89. Any person 

skilled in the art can straightforwardly apply the methods described herein 

to generate these closely related Fourier-based variation definitions of the 

spectrogram. 

One dimensional windows can be extended to higher dimensions using an 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 
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thus far can be extended to windows in higher dimensions by those skilled 

in the art. 

Applications. Time-frequency representations are used in a number of 

applications. Sliding window Fourier transforms and spectrograms computed 

using the truncated resonant circuit approach described in this document are 

applicable in many of these cases. They include use 

1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves; 

2. as a method of computing sliding window Fourier transforms, 

spectrograms or other signal processing operations using sliding 

windows in software simulations and emulations; 

3. as a method of computing sliding window Fourier transforms, 

spectrograms or other signal processing operations that use slid

ing windows using computational hardware; and 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica-
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tion or regression machine such as a layered perceptron artificial 

neural network. 
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·while the preferred embodiments of the invention have been illustrated 

a.nd described, variations will be apparent to those skilled in the art. Ac

cordingly, the scope of the invention is to be determined by reference to the 

following claims. 

The embodiments of the invention in which as exclusive property or priv

ilege is claimed are defined as follows: 

1. An aparatus for generating tapered sliding windows and similar 

finite duration impulse responses, comprising: 

means for receiving a signal input; and 

a composite infinite impulse response filter for generating a com

posite infinite impulse response output, comprising: 

first means for generating a first causal impulse response output 

other than a constant or a single exponential from said signal in- /4) 
put means; and _ _________ B, 

~ 
second means for generating an inverted second causal impulse 

response output other than a constant or single exponential from 

said signal input means with a weighted time delay period, said 

second generating means being connected to said first generating 

means such that said second causal impulse response is coherently 

canceled at and beyond said weighted time delay period whereby 
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said composite impulse response output is generated that is equal 

to said first causal impulse response output up to but not includ

ing said weighted time delay period and is zero thereafter. 

2. The apparatus of Claim 1, further including two or more com

posite infinite impulse response filters connected in parallel to 

generate a plurality of windows. 

J 
3. The apparatus of Claim 2, wherein said two or more composite j 

infinite impulse response filters connected in parallel to generate 

a plurality of windows. 

L1, The apparatus of Claim 3, further comprising means for gener-

ating an end point correction to an output of said two or more / 

composite infinite impulse response filters. 

5. The apparatus of Claim 1, further comprising two or more of said 

composite infinite impulse response filters connected in cascade 

to generate a plurality of windows. 

6. The apparatus of Claim 5, further comprising means for generat-

ing an encl point correction to said plurality of windows. 

7. An apparatus for generating tapered sliding windows and similar 

finite duration impulse responses, comprising: 
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means for receiving a sig.nal input; and 

a composite iBii.:Bitc irn:ptilss res,ponse filter, comprising: 

means for generating a causal impulse response output other than 

a constant or single exponential from said signal input means; and 

means for generating an inverted, weighted time delay output of 

said causal impulse response output for a predetermined period 

of time, said weighted time delay output generating means be

ing connected to said causal impulse response output generating 

means such that said inverted, weighted time delay output can

cels said causal impulse response output after said predetermined 

period of time to generate a composite impulse response output 

equal to that of the causal impulse response output up to but 

not including the predetermined period of time and than is zero 

thereafter. 

8. The apparatus of Claim 7, wherein said causal impulse response 

output generating means comprises a resonant circuit. 

9. The apparatus of Claim 8, wherein said resonant circuit is damped. 

10. The apparatus of Claim 8, wherein said inverted, weighted time 

delay output generating means comprises an inverted, weighted 

delay line circuitry means that generates a weighted delay line 
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that is additively joined to said casual impulse response output, 

and further wherein said predetermined period of time is selected 

to be a period of time sufficient to cause coherent cancellation of 

said causal impulse response output beyond said predetermined 

period of time. 

11. The apparatus of Claim 8, further comprising means for gener

ating an encl point correction to said composite impulse response 

output. 

12. The apparatus of Claim 8, further comprising two or more com

posite infinite impulse response filters connected in cascade to 

generate a plurality of windows. 

13. The apparatus of Claim 12, further comprising means for gener

ating an end point correction to said plurality of windows. 

14. The apparatus of Claim 8, further comprising two or more of said 

composite infinite impulse response filters connected in parallel 

to generate a plurality of windows. 

15. The apparatus of Claim 14, further comprising means for gener

ating an end point correction to said plurality of windows. 
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1_6. The apparatus of Claim 8, further comprising a plurality of com

posite infinite impulse response filters wherein said resonant cir-

17. 

cuit is synthesized. 

~ -b-
T he apparatus of ClaimQ§/wherein said signal input means com-

prises means for premultiplying said signal by a sinusoid to gen

erate unmodulated windows. 

18. The apparatus of Claim 16, comprising a plurality of signal input 

receiving means, and wherein each signal input receiving means 

is connected to a single composite infinite impulse response filter 

for generating a window, and, further, wherein two or more sig

nal input receiving means having windows of the same duration, 

a single means for generating an inverted, weighted time delay 

output services each of said signal input receiving means and as

sociated means for generating a causal impulse response output 

for use in generating modulated windows. 

19. The apparatus of Claim 18, wherein said composite infinite im

pulse response filter comprises a lambda filter, the outputs of 

which are weighted and summed in accordance to the desired 

Fourier synthesis of said windows and one lambda filter services 

a plurality of signal input receiving means. 
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20. The apparatus of Claim 4, further comprising means for decimat

ing the output thereof, such that decimation downsampling is at 

least two input time units, and further wherein a contribution 

common to a sliding window Fourier transform or spectrogram 

in two adjacent decimated time intervals is updated through a 

cornbination delay circuitry and resonant circuitry. 

21. The apparatus of Claim 20, wherein a parallel combination of 

infinite impulse response filters synthesizes said resonant circuit, 

each of said infinite impulse response filters having a response 

of a predetermined Szasz series component corresponding to a 

predetermined impulse response. 

22. A method for generating tapered sliding windows and similar fi

nite duration impulse responses, comprising the steps of: 

receiving an input signal; 

generating a first causal impulse response output other than a 

constant or a single exponential from said signal input; 

generating an inverted second causal impulse response output 

other than a constant or single exponential from said signal in

put with a weighted time delay period of a predetermined period 

of time; 
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coherently canceling said second causal impulse response output 

at and beyond said predetermined time delay period by combin

ing said second causal impulse response output with said first 

causal impulse response output such that a composite impulse 

response output is generated that is equal to said first causal im-

pulse response output up to but not including the predetermined 

period of time, and is thereafter zero. 

23. The method of Claim 22, wherein the step of generating a first 

causal impulse response output further comprises the step of gen

erating a plurality of causal impulse response output . and the step 

of generating an inverted sec d causal impul response output 

with a weighted time delay perio comp ··ses the further step of 

generating a plurality of inverted se 1d causal impulse response 

outputs with a weighted ti delay per'od in a number equal 

to the number of first c sal impulse respon outputs and con

nected in parallel to the plurality of first causal im ulse response 

outputs to generate a plurality of windows. 

24. The method of Claim 22, wherein the step of generating a first 

causal impulse response output further comprises the step of gen

erating a plurality of causal impulse response outputs and said 
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step of generating said second causal impulse response output 

further includes coherently canceling said plurality of first causal 

impulse response outputs with said single means for generating an 

inverted second causal impulse response output with a weighted 

time delay period. 

25. The method of Claim 22, further comprising the step of generat

ing an end point correction to said composite impulse response 

output. 

26 . A method for generating tapered sliding windows and similar 

impulse responses, such as tapered sliding window Fourier trans

forms, comprising the steps of: 

receiving an input signal; 

generating a causal impulse response output other than a con

stant or a single exponential from said input signal; 

generating an inverted, weighted time delay output from said 

composite causal impulse response for a predetermined period of 

time; 

connecting said inverted, weighted time delay output in cascade 

with said causal impulse response output such that said inverted, 

weighted time delay output cancels said causal impulse response 
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output after said predetermined period of time to generate a com

posite impulse response output that is equal to the causal impulse 

response output up to but not including the predetermined period 

of time and is zero thereafter. 

27. The method of Claim 26, wherein said step of generating a causal 

impulse response output and said step of generating an inverted, 

weighted time delay output for a predetermined period of time 

are repeated to form a plurality of windows. 

28. The method of Claim 27, wherein said step of forming a plurality 

of windows comprises the step of synthesizing a combination of a 

plurality of infinite impulse response filters . 

29. The method of Claim 28, wherein said ste of receiving said input 

30. The method of Claim 28, fm~ r c~ prising the step of using a 

single means for generating;zn i ,~ ted , weighted time delay out-
', 

put to service a plurality of 1 eans for ~ 1+_~rating a causal impulse 
'-

response output such that modulated windows are generated. 

31. The method of Claim 28, further compnsmg the step of using 
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a single means for generating an inverted, weighted time delay 

output to service a bank of lambda :filters to thereby generate . 

modulated sliding window Fourier transforms and spectrograms 

at equally-spaced frequency intervals. 
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6 Abstract 

A method and apparatus for the computation of sliding windows and slid

ing window Fourier transforms and spectrograms requiring fewer operations 

in comparison with the cufrent art. The sliding windows are realized using 

infinite impulse response filters the impulse response of one being related to 

the response of the second after a specified period of time. The responses 

are combined in such a manner that the response of the first is cancelled 

by the response of the second after a period of time, resulting in a sliding 

window of finite duration. When the response of the first filter is damped 

and periodic, then the second can be realized through feeding the output of 

the first through delay circuitry. Sliding windows thus realized are employed 

in the generation of sliding window Fourier transforms and spectrograms. 

For realizations with unmodulated windows, the signal to be processed is 

first multiplied by a discrete oscillator tuned to the desired frequency of the 

sliding window Fourier transform or spectrogram. Modulated windows are 

realized with infinite impulse filters containing high frequency components 

and therefore do not require use of oscillators when used in sliding win

dow Fourier transform and spectrogram circuitry. Sliding window Fourier 

transform and spectrogram circuitry, embodied in parallel for evaluation of 

a number of frequency lines, shares common circuitry, thereby significantly 
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reducing computational and architectural overhead. Methods and apparatus 

for evaluation of temporally decimated sliding window Fourier transforms 

and spectrogram is achieved through iterative accumulation of intermedi

ate results and downsampling. The methods of computing sliding window 

Fourier transforms and spectrograms are applicable to representation, dis

play, rnonitoring or otherwise characterization of signals originating from 

waves; using sliding windows in software simulations and emulations; com

putation of sliding window Fourier transforms, spectrograms or other signal 

processing operations that use sliding windows using computational hard

ware; and signal representation in pattern recognition procedures. 
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Contents: 
ZAMOGRAMS™ 

♦ Q: What is a Zamogram™? 

A: A time-frequency representation with 
remarkable resolution attributes. 

♦ We will contrast Zamograms™ with 

Spectrograms, Choi-Williams displays & the 
Wigner Distribution. 

SZASZ SERIES* WINDOWS 

♦ Can be used to generate spectrograms & 
zamograms™ without using FFT' s. 

♦ Q: .. Why are Szasz series windows better? 

A: • Fewer FLOPS than FFT. 

• Modularity. 
• Window flexibility. 

· · 
0 length need not be 2N. 
0 window can vary with frequency. 

• Nonlinear frequency bins (e.g. in decades) 

*E. Masry, "An extension of Szasz's theorem and its applications", IEEE Transactions 
on Information Theory, vol.IT-19, pp.184-187 (1973). 
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Q: What is a Zamogram™? 

A: A time-frequency display with high resolution in both 

time and frequency. 

Zamogram™: 

Z[n;u] = ~ n+f112 
q>[k] x[n-k12] x*[n+k12] exp(-j2nku) 

k=-L m=n- ikl 12 

Spectrogram: 
L 

S[n;u] = L w[k] x[n-k] exp(-j2.nku) 
k=-L 

THE CLASSIC RESOLUTION PROBLEM: 

M• 

♦ High frequency resolution is achieved in a 

spectrogram by using a WIDE & FLAT sliding widow. 

PROBLEM: Poor time resolution. 

♦ Good time resolution is achieved in a spectrogram by 

using a NARROW & PEAKED sliding widow. 

PROBLEM: Poor frequency resolution. 

Multidimensional Systems Corporation 
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THE SOLUTIONS: 

♦ CLASSIC SOLUTION: Compromise between poor 

frequency & time resolution. 

♦ A MORE RECENT SOLUTION: Use non-linear 

generalized time-frequency representations such as 

the Wigner-Ville Distribution and the Choi-Williams 

distribution. I 
♦ M-D SYSTEMS SOLUTION: Use a zamogram™2-4 

computed using a Szasz series window. 
• The zamogram™ displays better time-frequency 

resolution of time-varying signals than any 
technique thusf ar demonstrated. 

• Using Szasz series windows (instead of FFT's) 

1. reduces the flops by a factor of about l/2, 

2. uses a totally • parallel architecture (no 
butterflies) and 

3. increases the flexibility of representation. 

PUBI..IC DOMAIN INFORMATION ON 2AMOGRAMS TM CAN BE FOUND IN THE FOLLOWING PUBLICATIONS. 
SOME OF THE FIGURES IN TIIIS PRESENTATION HA VE APPEARED IN THESE PAPERS. 

1. L. Cohen, "Time-frequency distributions - a review", Proceedings of the IEEE, 
vol.77, pp.941-981 (1989). 

2. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the generalized time-frequency 
representation to speech signal analysis", Proceedings of the IEEE Pacific Rim 
Conference on Communications, Computers and Signal Processing, pp.517-519, 
Victoria, B.C. Canada, June 4-5, 1987. 

3. Y. Zhao, L.B. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 

4. W.C. Kooiman, "Time-frequency speech displays that are an improvement over the 
spectrogram", M.S. Thesis, Department of Electrical Engineering, University of 
Washington (1989). 

5. L.B. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 

6. L.B. Atlas, W.C. Kooiman and M. Stoermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 
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COMPUTING ZAMOGRAMS™ USING DIFFERENTIAL 

INCREMENTS: 

Choi-Williams, Wigner-Ville and, to date, the zamogram ™, require two

dimensional representation arrays. Zamogram ™ implementation using the 

method of differential increments requires only one-dimensional FFf's. 

A 

x(n+2L +1) 
:P<BL> ;)>-

x(n+BL) :P<2L-J> 

x(n+2L-J> :P<2L-2> 

x(n+B) ;>,,i -P(J) 

f(0)/2 x(n+J) 

x(n) 
:P<0)/2 

x<n-1) 
:P(J) 

x<n-2) 
:P(2) 

~ f reg;ster 

r--:~---~ 
x<n-BL +J) 

-P<EL-1> 
x<n-BL> 

-P<EL> A I signal 
sanples 

Notes: 
♦ The above figure is in the MDSC Report, "Use of Szasz series windows in 

signal processing" by R.J. Marks II (26 Oct 89). 
♦ The method of differential increments is described in the MDSC Report, 

"Architectures for computing time-frequency representations" by R.J. 
Marks II (27 Dec 89). 

♦ Note the FFf based spectrogram component. Using Szasz series based 
spectrograms in this same architecture results in attributes for Szasz series 
zamograms™ similar to Szasz series spectrograms. 

proprietary & confidential technical information. 
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SZASZ SERIES WINDOWS 

Background 

Box-car windows can be iteratively updated. For example: 

... 2 4 1 3 0 1 4 1 2 0 ... 
sum= 14 

Shift the window one to the right: 

... 2 4 1 3 0 1 4 1 2 0 ... 
new sum= sum - 4 + 2 = 12 

Note: T~is procedure can be extended to Fourier 
transformation of the signal within the window. 

Problem: Box-car widows are very leaky. 

M• Multidimensional Systems Corporation 
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Exponential Windows 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 
X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Sum of Products: 

4x2°+ Ix21+3x22+0x23+ 1X24+4x25+ lx26 = 226 

Shift the window one to the right: 

Signal⇒ ... 2 4 1 - 3 0 1 4 1 2 0 ... 

Window⇒ 

Can compute the Sum of Products (SOP) in two ways: 

♦ Directly: 

New SOP=lx2° +3x21+4x22B+1x23 +4x24+1x25 +2x26 =239 

♦ Using exponential update: 
New SOP= (Old SOP - 4x20)f2 + 2x26 = 239 

M ~ltidime n~ionf:Zl _Sys~ems Corporation 
proprietary & confidential technical information. ·· 
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Notes: 
♦ The exponential update can be extended to Fourier 

transformation updating of the data within the 
exponential window. 

♦ Although there are no useful exponential windows, 
there are a number of useful windows that are 
weighted linear sums of exponentials. In general, 
within the window interval, let 

<p(n) = L<l aq exp(sqn) 

where there are Q terms in the sum. The aq' s and the 
Sq' s can be complex. 

♦ Example Szasz windows: 

Ctq Sq Ctq Sq 
l 0 2 0.54 0 
1 j1r/L 4 0.23 j1r/L 
1 -j1r/L :t 0.23 -j1r/L 

Hanning: cp(k) = cos2(;2), Q = 3. Hamming: cp(k) = 0.54 + 0.46 cos(1r{), Q = 3. 

Ciq Sq 

0.42 0 
0.25 j1r/L 
0.25 -j1r/L 
0.04 j21r/L 
0.04 -j2,r / L 

Blackman: cp(k) = 0.42 + 0.5 cos(Y) + 0.08 c~s(2t),Q = 5. 
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Alternate Explanation: Truncated Resonant Circuitry 

t;[ n} -----, y[n} 

_,_......._~----~----'--_.___.1---'-----'--........... t--'-----'--...L-at--'-__J 

----->- Resonant ::,, n 
Circuit 

l
y[n-4} 

••••• ir,. ir,. ir,. ir 
n 

t y[n}-y[n-4] 

••~i'• ••••••••n 

.L 
-4 -z 

' 
~ ,,... 

n 
Periodic 1 y{n}-y{n-4} 

. Resonant - - -
~ - - ~ 

Circuit 

.-L -4 -z -,,... 
n 

1 Periodic y[n}-y[n-4} 
. 

~ - Resonant . ,,. - ,,. ,. 
Circuit 
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Resonant Circuitry: 

hq[ n] = c cos(0n) µ[n] 

y[n} 
~ 

1 ,, -~ -cos(e) 

X [n] C z-1 z-1 - ~ -- -

,, '~ 2 cos(e) '~ -1 

. _x_[ n_}_-'l►M11 C el--__ .r:_r_..;::►1 
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♦ Placing a number of such circuits in parallel results, in 
this example, of a Fourier series synthesis for the 
oesired window. 

♦ For Hanning & Hamming windows, only two stages 
are needed: 

-z-2L .... --
x[n J 

1 80 1 .... .... -- - - --

-s y[n 
- 1 " -1f - -

L 

J 
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♦ A Blackman window requires three stages: 

x[n} -- -- -
'Ii 

131 ' 11 1 -z-2L y{n] 
- - - - -, 

1T 
, , ,. ,.. 

"' L 
1 
-

" 

82 -, 
21T 
L 
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Obtaining a Spectral Line: 
(unmodulated window) 

L 
S[n;u] = L w[k] x[n-k] exp(-j2rcku) 

k=-L 

= exp(-}2rcnu) [ { x[n] exp(j2rcnu)} * w[n] ] 

S[n,·u} 

j2rrnu 
e 

Using a Szasz series window: 

-j2rrnu 
e 

-z-2L 

x[n} Periodic 1 
S[n,·u} 

--- Resonant t-~--:>------1-----;~ 
Circuit 

j21Tnu 
e 

-z-2L 

x[n} 
1 Periodic 

;--__,,_-~_J__~ Resonant 

j2rrnu 
e 

Circuit 

-j2rrnu 
e 

-j2rrnu 
e 

S[n,·u} 
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Comparing the FLOPS For Hanning or Hamming 
windowed Spectrogram: 

For N output spectral lines: 
FFf requires (1 + 5 log2N) N FLOPS* 
Szasz series window requires 21 N FLOPS.+ 

Therefore, the Szasz window has fewer FLOPS if N> 2. 

*There are Nf2 log2N butterflies in an FFr that does a transfonn on N input points. Each butterfly requires 
one complex multipication and two complex adds. This gives a total of IO FLOPS per butterfly. In 
addition, there are N multiplies required in the windowing operation. Thus, we require a total of 

(1 + 5 log2N) N FLOPS per spectral line 

+In quadrature, the input is multiplied by cos(21tnu) and sin(21tnu) [2 FLOPS]. Each is sent to a Szasz 
window [2x6 = 12 FLOPS]. The delay line combination adds an additional FLOP. The output of each 
window is multiplied by cos(21tnu) and sin(21tnu) [4 FLOPS] and the quadrature components are added [2 
FLOPS]. This adds to 21 FLOPS per spectral line. Note: Computation of the cos's & sin's are not 
included in this number .. 
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Advantages of Szasz series windows for spectrograms: 

♦ Fewer FLOPS than FFf's. 

♦ Shorter output lag time from the input to the output than 

is obtained using FFf' s or DFr' s. 

• FFT's require O{log2N} time cycles. 
• Szasz series requires O { 6} cycles. 

♦ The ability to arbitrarily place frequency bins in, for 
example, log intervals, without the matrix-vector 

operations required by the DFT. 

♦ The ability to arbitrarily compute each spectral line in 
parallel without the cross buttertly connections required 
by FFT's. 

♦ Modularity that allows a straightforward increasing of 
the number of output frequency bins. 

♦ Each spectral line can have a different window duration 

and/or type. 

♦ Use in computation of zamograms™ using the technique 
of differential increments. All of the above attributes 
are applicable to the zamogram™ thus computed. 

M• M 11:ltidimen~ion~l _Sys~ems Corporation 
proprietary & confidential technical information. ·· 

TM © 1990 by Multidimensional Systems Corporation ·· 



The technology can also be implemented using analog 

circuitry for continuous time spectrograms. Advantages 

here include 

♦ The absence of high Q circuits. 

♦ Shorter output lag time from the input to the output. 

♦ Totally parallel computation of each spectral line. 

♦ The ability to arbitrarily place frequency bins in, for 
example, logarithmic intervals. 

♦ Each spectral line can have a different window duration 
and/or type. 
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Use of Szasz Series Windows in Signal 
Processing 

Robert J. Niarks II 

October 26, 1989 

There· exist a number of signal processing algorithms wherein a win
dow, <p( k), shifts across a signal to give an alternate representation of the 
signal. Included are weighted running averages, spectrograms and zamo
grams [1,2,3]. Conventionally, weighted running averages are computed 
using the equivalent of an finite impulse response (FIR) filter the taps of 
which correspond to the window samples. Digitally computed spectrograms 
are traditionally computed by weighting the signal samples in a interval by 
the window weights followed by a fast Fourier transform (FFT). Digital 
zamograms also require the use of FFT's for each point in time in which a 
spectral line is computed [3]. 

For windows and that are uniform (i.e. rectangular or boxcar windows), 
the value of a signal representation generated from a sliding window can be 
obtained by adding to the current representation new data introduced by 
the shift and deleting data no longer included in the window. "With non
rectangula~ windows, however, shifting alters the weights of all data and 
the procedure is no longer applicable. An approach with similar computa
tional advantages occurs when the window is of the form <p( k) = esk. Then, 
since <p( k ± 1) = e±s esk, shifting from k to k ± 1 is equivalent to multiplying 
each data point by e±s. Unfortunately, there are no useful windows that are 
exponential except the degenerate case of the rectangular window. There 
are, however, a number of commonly used windows that are superpositions 
of weighted exponentials. vVe refer to a weighted sum of exponentials as a 
Szasz series [4,5]. Trigonometric polynomials are special cases. The Szasz 
components of the signal representation can be individually computed us-

1 

proprietary & confidential technical infonnation. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



ing the exponential updating approach and the components superimposed to ob
tain the desired processing output. The generic procedure for the updating 
using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the 
previous window but not that in the current window. Likewise, 
add the newly introduced terms. 

2. Multiply each of the elements common to both windows by the 
Szasz increment to effect the shift. 

3. Adci all of the Szasz components to obtain the desired outputs. 

Two Szasz components may be complex conjugates of each other. In 
such cases, it is many times computationally convenient to combine the two 
components into a single composite component as shown in Fig. 2. Similarly, 
only the real portion of the output of a Szasz component may be required in 
certain cases. 

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spectrograms and zamogra.ms .1.re then 
presented. 

1 Szasz Series Windows 

A linear exponent Szasz series can be written as 

(1) 

where the {aq}'s and the {sq}'s are possibly complex. \Ve will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be 
even. vVe then use the alternate form 

'Pe(k) = cp(I k I) (2) 

Some popularly used windows and their Szasz series representations are 
in Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that c.pe(k) = c.p(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can 
always be approximated to an arbitrary accuracy by a Szasz series. 

2 
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update by 
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10 
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• 
• 

Szasz 
co~ponenti------' 

#Q 

Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains 
is updated by a common Szasz factor. 

~ 
ITTIJ 

Table 1: Rectangular: cp(k) = 1, Q = 1. 
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update by 
Szasz f'actor 

1/q 

add new Szasz 
data 

~ subtract 
COl'lponent 

old data #q 

update by 
Szasz Factor 

#q 

add new Szasz 
data 

subtract 
cof"lponent 

old data #q 

update by 
Szasz f'actor 

IQ 

add new Szasz data 

su:Otract COf"lponent 
old data #q 

Figure 2: A single composite component on top may replace the bvo Szasz 
components shown on the bottom when they are related by a complex con
jugate. 

Ctq Sq 
I 0 2 
l j1r IL 4 
1 -j1r/L J 

Table 2: Hanning: cp(k) = cos2(;2), Q = 3. 

Ctq Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: ip(k) = 0.54 + 0.46 cos(7,), Q = 3. 

4 fl/Pl€' 
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Ctq Sq 

0.42 0 
0.25 j1r IL 
0.25 -j1r/L 
0.04 j21r/L 
0.04 -j2,r / L 

Table 4: Blackman: cp(k) = 0.42 + 0.5 cos(1r{) + 0.08 cos(2t ),Q = 5. 

v(n+U 

z<n) 

Figure 3: An FIR implementation of the weighted running average filter. 
The D denotes a unit delay. 

I 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n) = I: cp(k)v(n - k) (3) 
k=-L 

As is shown in Fig. 3, this process can be straightforwardly implemented on 
an FIR filter with 2L + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

where 

z(n) = L zq(n) 
q 

L 

z9 (n) = Ctq I: e3qkv(n - k) 
k=-L 
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Clearly, then 

z9(n + 1) 
L 

a
9 

L esqkv(n+l-k) 
k=-L 

L-1 
= aq L e-'q(k+I)v( n - k) 

k=-L-1 
L-1 

etqe"q L esqkv(n - k) 
k=-L-1 

= esqzq(n) + etqe-sqLv(n + L + l) - etqesq(L+l)v(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse 
response (IIR) filter. The results of Q such filters can then be summed to 
give the desired output, z(n). One such realization for Q = 3 is shown in 
Fig. 4. Note the applicability of the algorithm illustrated in Fig. 1 here. The 
Szasz factor is esq, the new data is etqe-sqLv( n + L + l) and the old data is 
a

9
esq(L+I)v(n - L). 
·when L is large, the realization of the weighted running average in Fig. 4 

requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift register are required from in the 
IIR realization. The FIR realization requires 2L + 1 taps. 

2.1 Computing Complex Szasz Components Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z(n) can be computed separately. If We express z(n) in terms of it's real and 
imaginary parts: 

(7) 

then, if v(n) is real, the iteration in Eq. 6 can be written in component form 
as 

z;(n)rR[e"q] - z!(n)~[e"q] 

+rR[aqe-sqL]v(n + L + l) - 3r[aqesq(L+I)]v(n - L) (8) 
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v(n+L +I) 

(z,<n+J) 
i D 

v<n-U 

L ___ ....::.....; ____ /

71

..__ __ o:_o __ _, - -C<o eso<L+I> . - -

z,<n> 

z<n> , 

z<n> 

Figure 4: An IIR implementation of the weighted running average filter. 
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R[,.,sqJ 

v(n+L+J) I R[ ocq ,_,-sqLj I ' I z;<n> 

~•,I 

> 

-~ ?' oc ,_, s0 (L •I> j 
q 

-Jt[oc ;s0 <L•I> 
/ ,_,sq] 

v(n-L) 
q\ 

Zb(n) ~~ ~ >-
- ~( ocq e-sqL] t I 

R[,.,sqJ 

Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

and 

z!(n + 1) - z;(n)8'[e5 q] + z!(n)~[e3 q] 

+8'[aqe-sqL]v(n + L + 1) -8'[aqesq(L+Il]v(n - L) (9) 

where ~/8' denotes the· real/imaginary part of and 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component 
can by realized by the IIR filter illustrated in Fig. 5. The real and imagi
nary parts of all Szasz components are summed to obtain zr(n) and zi(n) 
respectively. 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, c.p(k), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a com
plex conjugate. Motivated by this observation, assume that V q 3 either aq 
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or Sq is complex ( or imaginary), :lq 3 aq = a; and sq = s;. In such cases, 
the two Szasz terms can be combined into a single IIR filter. Define 

zq(n) = zq(n) + zq(n) 
22Rz9( n) (11) 

This can be computed simply by multiplying the real output in Fig .. 5 by 
2. The two complex Szasz components at the top of Fig. 6 can therefore be 
replaced by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where a1 is real and s1 = 0. Let a:2 = a:3 and 
s 2 = s3 = jr. / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Since all of the multipliers become real, we implement the: q = 1 term 
using the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 
terms are related by a complex conjugate. We therefore choose to implement 
them using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 
S(n,p) = I: cp(k)v(n - k)e-i2.r-pk/ivf (12) 

k=-L 

where p is a discrete frequency index and Jvl parameterizes the number of 
points in the frequency domain. 

The function I S( n, p) 1
2 is also referred to as the spectrogram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v(n), is fed through a delay line and delayed values are weighted 
by samples of cp( k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 
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v(n+L +/) °'a e-sqL (za n; Zq(n) 
< 1) 

v(n-L) 
-ocq esq<L +I) / esq 

°'ae-sl 
[Zfl(n+J) 
'\ D 

zf}(n) 

oc es~<L+I> - a Q /1 esf} I 

v(n+L+J) I 2 

v(n-L) 

Figure 6: 'When two Szasz components are related by a complex conjugate, 
then the two components ( shown here at the top) can be replaced by a single 
one (shown at the bottom). 
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e<, D z<n> 

1 

COSCTT/L) 

v(n+L +/) 2 

v(n-L> 

COSCTT/L) 

Figure 7: Implementation of a Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages are special cases. 

v(n+L) D D D D D 

---~,,_i'_<_'>_-U__.,,_i'_<~-L-+-D-i'-<-:>-L-•e> • • • 1:::7 ~<U 

FFT 

y 

S<n,-L> S<n,-L+I> S<n,-L+2) S<n,L-1) S<n,L> 

Figure 8: Computation of the spectrogram amplitude using the FFT. 
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3.2 Spectrogram computation using Szasz series com
ponents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, 
then the spectrogram in Eq. 12 can be written as 

S(n,p) = I:Sq(n,p) (13) 
q 

where 
L 

Sq(n,p) = Ctq L esqkv(n - k)e-i2;rpk/iH (14) 
k=-L 

The qth Szasz component update is calculated as follows. 

L 
Sq(n + 1,p) = Ctq L esqkv(n + 1- k)e-i 2.rpk/i\.-l 

k=-L 
L-1 

Ctq L esq(k+1)v(n - k)e-i2.rp(k+I)/M 

k=-L-I 
L-1 

= aqesqe-j2;rp/,'v! L esqkv(n - k)e-iZ;rpk/1W 

k=-L-1 

- e3qe-iZ1rp/Msq(n,p) + Ctqe-Lsqei2.rpL/Mv(n + L + l) 
-aqe(L+1)aqe-j21rp(L+I)/Mv(n - L) (15) 

vVe are again following the procedure outlined in Fig.I. The new data is 
Ct.qe-Lsq eiZ1rpL/ivf v( n + L + 1), the old data is aqe(L+I).sq e-i2 .. p(L+I)/ivf v( n - L) 
and the Szasz factor is e"qe-i21rp/M. Implementation of the specific iteration 
in Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs 
by the arrays eiZ1rpL/M and e-i2.rp(L+I)/M is common to each of the Q Szasz 

components, the alternate implementation shown in Fig. 10 is possible. 
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v(n•L •I) D SJn,p) 

v(n-L) 

D S2 (n,p) 
-:-----,-.--.-:+ 

S{n,p) -:--------.-:+; ______ ,... D Sq(n,p) 

Figure 9: Computation of the spectrogram when the window is represented 
as a Qth order Szasz series. The thick lines correspond to signal flow direc
tions of vectors parameterized by the frequency variable, p. The thin lines 
correspond to (possibly complex) scalars. 

13 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

·© 1990 by Multidimensional Systems Corporation 



3.2.1 Realizing the real & imaginary parts of a Szasz component 
of a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and 
imaginary parts of the Szasz component in Eq. 15 can be written as 

s;(n + l,p) = ~[eSqe-i21rp/MJs;(n,p) - S'[eSqe-i21rpfM]si(n,p) 

+~[a e-Lsqei2rrpLfM]v(n + L + l) 
q . 

-~[aqe(L+1)sqe-j2:r(L+1)/1vl]v(n - L) (16) 

and 

S!(n + l,p) = S<[esqe-i2rrp/iW]s;(n,p) + ~[esqe-i2rrp/iW]S!(n,p) 

+8[aqe-Lsqei2rrpL/AI]v(n + L + l) 
-S'[aqe(L+1)sqe-ih(L+1)/i\,f]v(n - L) (17) 

where 
Sq(n,p) = s;(n,p) + jS!(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. We obtain 

S(n,p) = S'"(n,p) + jSi(n,p) (19) 

from 
S'"(n,p) = L s;(n,p) (20) 

q 

and 
Si( n,p) = L·S!(n, p) (21) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and q, are related by a complex conjugate: 

Then, using Eq. 12, we can immediately show that 

Sc;(n, p) = s;(n, -p) 
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v(M·L+J) 

v(n-L) 

D Si(n,p) 

D S2 (n,p) 

- C(z ll'z(L+l) 

D Sq (n,p) S{n,p) ~----.,...-~:t.~-----.. 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 

15 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



Figure 11: When a Szasz component of a spectrogram is complex, it's real 
and imaginary components can be realized as shown here. The real and 
imaginary components of the spectrogram are obtained by summing the real 
and imaginary components of the Szasz components. 
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sq (n,p) ____ ,..,_+, s. (n,p> 

conJuga te 
& transpose 

Figure 12: The two Szasz components of a spectrogram indexed by q and q 
shown on the left can be obtained by simple augmentation of the output of 
the qth Szasz component as shown on the right. Transposition replaces p by 
-pin the array Sq(n, p). 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of 
two Szasz components, indexed by q and q, by a simple augmentation of the 
output of the Szasz component with index q. The equivalent operation using 
the real and imaginary outputs of the Szasz component in Fig. 11 is shown 
in Fig. 13. 

3.2.3 Example: Hanning and Hamming windowed spectrograms 

In Fig. 14 we illustrate application of the Szasz series computation of a 
spectrogram for the a Q = 3 case when a 1 is real, s1 = 0, a2 = a 3 and· 
s2 = s3 = f1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with 
good resolution in both domains. In the discrete domain, the zamogram of 
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s;{n,p) 
s~ {n,p) + Sf:. {n,p) 

,----, __ ._'.f.: q • 

I.._ ____ ~•: transpose 1- -

s;(n,p) 

s;(n,p) + S~(n,p) 

,-----, __ ._!.' q ► 
• ~--~I transpose I- J 
I 

-1 

Figure 13: The real and imaginary components of the qth component of a 
· Szasz component can be straightforwardly augmented to give the sum of the 
real and imaginary parts of two Szasz components. 
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v(n+L +J) 

v(n-U 

oc l co, (2:r pl/!J) 
co,r (Znp/J,I) S~(n,p) 

, 

D 
S~(n,p) 

t 
IX J 3in {2rrp(L+I}//,ft 

cos (Zwp/J,I} 

s;(n,p) 
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p 
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-1 

Figure 14: Generation of a spectrogram using Szasz components. Hanning 
& Hamming windowed spectrograms can both be thusly implemented. 
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a temporal signal, x(n), can be written as 

00 00 k k . 
C(n; p) = L L rp(n - m; k)x(m + 2 )x"(m - 2 )e-1211"pk/M (24) 

m=-oo k=-oo 

where, at time n, the kernel f( n- m; k) is identically zero for indices, (m, k ), 
not in the set An, This set can be expressed as the intersection of three sets: 

where 

and 

For (m, k) E An, 

fn = {(m,k) I -2L :5 k :5 2L}, 

-lkl 
T/n = { ( m, k) I m 2: 

2 
+ n}, 

I k I 
(n = {(m, k) 1,m :5 -

2
- + n} 

rp(n - m; k) = cp(k) 

We will assume that cp( k) = cp(j k I) is even. 

4.1 Iterative Zamogram Procedure 

(25) 

(26) 

(27) 

(28) 

(29) 

Using Eq. 24, we will show that the zamogram can be iteratively updated as 

C(n + l;p) = C(n;p) + 2~x*(n + l),B+(n,p) -2~x*(n),8-(n,p) (30) 

where ~ denote the real part of, 

2L 
,e+(n,p) = L 5kcp(k)x(n + k + l)e-i2.rpk/M, (31) 

k=O 

and 
2L 

,e-(n,p) = L 5kcp(k)x(n - k)ei2.rpk/M, (32) 
k=O 

and 5k =½fork= 0 and is one otherwise. Note that the f3±(n, p)'s are simply 
spectrograms which, as discussed in the previous section, can be generated 
using FFT's or Szasz series windows .. 
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The proof of these equations is straightforward. Let >.; be the set on 
points in An but not in An+i . Then 

I k I >.; = { ( m, k) I m = -
2
- + n + l; I k I~ 2L} (33) 

Similarly, let >-! denote the set of points in An+l that are not in An. Thus 

>.~ = { ( in, k) I m = - I : I + n; I k I~ 2L} (34) 

Clearly, then 

C(n + l;p) - ( L + L - L ]<p(k) 
(m,k)EAn (m,k)E,\t (m,k)E,\;:;" 

k k . 
xx(m + -)x(m - -)e-i2.rpk/M 

2 2 
(35) 

or, equivalently, 

C(n + l; p) = C(n;p) + Bt(m) - B;(m) (36) 

where 
k k . 

B;(p) = "\'""' <p(k)x(m +-)x(m- -)e-i2.rpk/iv! (37) 
L, 2 2 

(m,k)E,\* 

Equivalently, we can write 

Bt(P) = 23(x*(n + 1),B+(n,p). (38) 

and 
B; (p) = 2~x*(n),B-(n,p) (39) 

Substituting this and Equation(38) into Equation(36) establishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

vVe will now present two techniques to evaluate the iterations in Eq. 30. 
A signal flow graph at time n is shown in Fig. 15 for direct evaluation 

of Equation(30). The sample signals are introduced into a shift register as 
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shown on the left. The shift register is tapped and each of the samples is 
multiplied by stored weights, { cp( k)}, as shown. The two vectors of the win
dowed samples are fed into two pipelined FFT processors. Transposition of 
the output of the lower FFT is required because there is a ei2rrpk/M term in 
Equation(32) rather than the e-i2rrpk/M used in Equation(31). The trans
position replaces k with -k to take care of this. The delays in Fig. 15 are 
required to synchronize the samples x( n) and x( n+ 1) with the computational 
delays required in the processing to that point ( e.g. by the FFT). These two 
samples are weighted by either ±2 after which they multiply every element of 
the output of the FFT processors. The real part of the resulting two vectors 
are summed. The sum is added to the current zamogram register, and a new 
spectral line of the zamogram emerges in vector form from the processor. 
The parameter !:,. is the total number of clock cycles required from input to 
output. 

4.1.2 Using a Szasz vVindow 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(30) can be written as 

C(n + 1; p) = C(n; p) + [I x(n + 1) 12 
- I x(n) l2]cp(O) 

+2~[x*(n + 1) L b;(n,p) 
q 

-x*(n) L b;(n, p)] 
q 

where the Szasz components, b;(n,p), can be updated as 

b;(n,p) = e-(.,9 -4'r)b;(n - l,p) 

(40) 

-a9x(n + 1) + a9e-2L(.,9 -~)x(n + 2L + 1) ( 41) 

and 

b;(n,p) = e("9 _;~;")b;(n -1,p) 

+a
9
x(n - 1) - aqe2L(.,q-~)x(n - 2L - 1) 

A proof will be presented after some discussion. 
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Figure 15: Iterative updating of a zarnogram using FFT's. 
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bf(n.p) 

bt{np}: I 
2 2 I x(n+l)I - lx(n)I 

b 1(n.p) 

bj{n< I C(n,p) 

b'q(n.p) 

Figure 16: Iterative updating of a zamogram using Szasz components b;. 
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A signal :flow diagram for the re·cursion in Eq. 40 is shown in Fig. 16. 
Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). 

We can express the complex b~(n,p)'s in terms of their real and imaginary 
components as 

b;(n.p) = bt(n.p) + jbt(n.p) 
Similarly, let 

(43) 

(44) 

A corresponding implementation equivalent to that in Fig. 16 is shown in 
Fig. 17 using real arithmetic. 

Note that both Eqs. 41 and 42 are iterations of Szasz components as 
illustrated if Fig. 1. The Szasz factors are exp± ( Sq - i~? ). For Eq. 41, the 
new data is aqexp[-2L(sq - i~~u)]x(n+2L+ 1) and the old data is a9x(n+ 1). 
In Eq. 42, the old data is a9exp[2L(s9 - i~;u)]x(n - 2L - l)] and the new 
data is aqx(n -1). Implementation of the updates of the bts in Eqs. 41 and 
42 are illustrated in Fig. 18. 

Proof: To show Eqs. 40, 41 and 42, we substitute Equation(l) into 
Eq. 37: . 

B;(p)= L I:aqesqlklx(m+~)x(m-~)e-j 2;rpk/ivf (45) 
(m,k)E>.; q 

Using the definition in Eq. 33, we find that 

Bt(m) =I i(n + 1) 12 cp(O) + 2~x"(n + 1) L bt(n,p) (46) 
q 

where 
2L 

b1(n,p) = Ctq L e-,qkx(n + k + l)e-i2;rmk/M (47) 
k=l 

The recursive form in Equation( 41) can easily be established from Equation( 4 7). 
Similarly, 

B;;(p) =I x(n) 12 cp(O) + 2~x"(n) L b;(n, p) (48) 
q 

where 
2L 

b;(n,p) = Ctq L e-sqkx(n - k)e12;rmp/M (49) 
k=l 

The recursion in Equation( 42) follows and the proof is complete. 

25 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



bf(n.p) 

bT{np): l 
b1(n.p) 

I x(n+l)l2
- l.x(n)l 2 

. 
b~(n.p) 

b""[(n.p) 

b1{n p): I 
~ n C{n,p) 
4~-------..----► 

b~(n.p) 

b"-/(n.p) 

b1(n p): I 

Figure 17: Iterative updating of a zamograrn using Szasz components and 
real arithmetic. 
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- ZL (s - Jc"'p/H) 
cxqe q 

x(n+2L+J) 

x(n+l) D 

x<n-2L-l) 

x<nd) D 

Figure 18: Iterative updating of the Szasz components for the zamogram. 
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Realizing the real & imaginary parts of a Szasz component of a 
zamogram: Assume that the signal, x(n), is real. From Eq. 41, the real 
and imaginary components of b;(n,p) follow as 

bt(n,p) = ~[e-(sq--i:;")]bt(n-1,p) - S'[e-(sq-~)Jb:i(n - l,p) 

-~[aq]x(n + 1) + ~[aqe-2L(sq-~]x(n + 2L + 1) (50) 

and 

bti(n,p) = S'[e-(sq-iv)Jbt(n -1,p) + ~[e-h-~)]bt\n - 1,p) 

-S'[aq]x(n + 1) + 8'[aqe-2L(sq-4r]x(n + 2L + 1) (51) 

The computational algorithm shown at the top of Fig. 19 implements these 
equations. 

Similarly, from Eq. 42, the real and imaginary components of b1 (n, p) are 

b;r(n,p) = ~[e(-'q _i:;")]b;r(n -1,p) - 8'[e(sq-4r)]b;i(n - l,p) 

+~[aq]x(n - 1) - ~[aqe2L(sq-~)]x(n - 2L - 1) (52) 

· and 

b;i(n,p) = S<[e'-'q i~}"l]b;r(n -1,p) + ~[e(sq-~iq]b;i(n - l,p) 

+S'[aq]x(n - 1) - 8'[aqe2L(sq-~)]x(n - 2L - 1) (53) 

These two equations are implemented at the bottom of Fig. 19. 
If x( n) is real and r.p( k) is real and even, then an inspection of Eq. 24 

reveals that C(n,p) is also real. In this case, Eq. 40 can be written as 

C(n + l; p) = C(n; p) + [x2 (n + 1) - x2(n)]r.p(0) 
+2x(n + 1) L bt(n,p) 

q 

-2x(n) L bt(n,p)] 
q 

(54) 

·with reference to Fig. 19, the 2bt(n, p) terms can be generated as shown in 
Fig. 20. 
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x(n+2L+I> 

x(n+l) 

x(n-I> 

.R[ ;<$q- JZ"p/H) l 

..----~i....--

t 
.RI e <$q- J211"p/H> ] 

I 
..... ---~:......--<Y 

0 ($ - J21f"p/H) l 
J\.[ e q 

b';<n-1,p> 

b~<n-1,p) 

b~<n-1,p) 

Figure 19: Evaluating the real and imaginary parts of bt(n,p) (top) and 
b;(n,p) (bottom). 
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~ [ -eL<sq- je"p/H) l 
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x<n+J) 

-R[cx
9
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t 

R [ ;<sq - jZ"'p/M) J 

..---~~: ...... --'CJ 

D 

D 

b+;<n-1,p> 

... ----®f+---... 
t 

b-;<n-1,p) 

x<n-1) 

..,_ ___ ? 
• 

RI e <sq- JZ"'p/M> ] 

Figure 20: When cp(k) and x(n) are real, only b;r(n, p) contributes to C(n, p ). 
These real components can be generated as shown here. 
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Combining conjugately related Szasz components: If two Szasz com
ponents with indices q and q are related by a complex conjugate as 

b;(n,p) = [b;(n,p)]* (55) 

then, for ip(k) and x(n) real, the contribution of the conjugate pair to C(n,p) 
is simply 2b;(n, p). The implementation follows directly from Fig. 19 and is 
shown in Fig. 21. 

Example- Zamograms with Hanning & Hamming windows: To 
illustrate computation of zamograms using a Szasz series window, consider 
again the Q = 3 case where a 1 is real and s1 = 0. Let a 2 = a 3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Implementation of our running example is shown in Figs. 22, 23 and 24. 
Figure 22 shows generation of bf ( n - 1, p) on top and, for the conjugate 
terms, 2btr(n - 1,p) on the bottom. The generation of b1r(n - 1,p) and 
2b:t(n - l,p) is similarly shown in Fig. 23. The terms are gathered as 
shown in Fig. 24 to produce the zamogram, C( n, p ). 

Note that in Figs. 22 and 23, the multiplication of x( n + 2L + 1) and 
x(n - 2L-1), respectively, by the sinusoidal arrays is common to both the 
q = 1 and q = 2 stages. As in Fig. 10, the commonalty allows a single 
sinusoidal array multiplication. Such modification of Fig. 22 is shown in 
Fig. 25. A similar modification is readily applicable to Fig. 23. 

5 Applications 

Time-frequency displays are used in a number of applictions. The Szasz 
series implementation of the spectrogram and zamogram are applicable in 
most all of these cases. They include use of Szasz series computed spectro
grams and zamograms: 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such 
as speech, sonar and seismic signals. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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x<n+I) 

_ ~ [ 2L<sq- Jc"p/HJ] 
C<qe 

x<n-1) 

R[C(f.l 
"{ 

0[ -(5 - j2ffp/HJ 
J\. e q ] 

R[ e <sq- Jc"pM ] 

J. .------~~-... 
D 

D 

,~--l 
R[ e <sq- j2ffp/HJ I 

B b+;<n-1,p) 

Figure 21: If two Szasz components with indices q and q are related by a 
complex conjugate and cp(k) and x(n) are real, then the contributions of both 
terms to C(n,p) are simply 2bt(n,p). As shown here, they can be genei:ated 
as shown here by simply multiplying the outputs in the previous figure by a 
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cos [ rr ( ~ - -{- ) ] 

Figure 22: Generation of the bf (n - 1, p)'s for Hanning and Hamming win
dows. 
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Figure 23: Generation of the b2r(n -1,p)'s for Hanning and Hamming win
dows. 
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Figure 24: Generation of the zamogram using the inputs generated in the 
previous two figures. · 
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Figure 25: A modification wherein the sinusoidal array common 
components is computed but once. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a signal representation used as a template in a pattern recog
nition scheme such as matched filtering or as training data in a 
classifier such as a layered perceptron artificial neural network. 

6 Notes 

Some final remarks follow. 

1. The Szasz series window is also potentially applicable to certain 
other generalized time-frequency representations (GTFR's) [6]. 
Kernels with Hourglass and diamond shapes [3] in the ( m, k) 
plane can be evaluated by Szasz series windows when, within 
the shape, the window is cp(k ). The zamogram has a cone
shaped kernel [3] in the ( m, k) plane . 

2. In many spectrograms and GTFR's, output spectral lines are 
not computed at every signal sample point. The Szasz series 
window approach can be adapted to such cases in one of two 
ways. First, and most obvious, the iteration can proceed at each 
point with outputs generated periodically. Secondly; the itera
tion can be modified to the longer period. For example, in the 
weighted running average example, if there is to be an output 
at every other input sample point, then, at each iteration, two 
new samples would be introduced (instead of one) and two old 
samples would be deleted (instead of one). Each Szasz factor 
would be squared. 

3. For the spectrogram (and the spectrogram component of the 
zamogram), computation of the output spectral line can be 
viewed as a number of multiplexed IIR filters parameterized 
by p. The only time one filter "talks" with another is . in the 
operation of transposition. 
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4. There exist a number of modifications to the implementation of 
the Szasz signal processing algorithms that correspond directly 
to the commutative, distributive and associative laws applied 
to multiplication and addition. Performing a single sinusoidal 
array operation in Fig. 25 ( compare with Fig. 22) is an example 
of a variation due to the distributive law. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain time-frequency representations ( zamograms) of a signal can be gen
erated. The architectures rely on accumulation of differential increments of 
the zamogram output. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrogran:is 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating the zamogram in both discrete and 
continuous form. 

3 Summary of the Invention 

The zamogram is a time-frequency representation. A cross-zamogram be
tween two signals, x( t) and y( t), can be written 

JT r+clrl-a+ . 
Z( t; u) = r=-T J{=t-clrl-a- <p( r )x( ( - er )y*( (+er )e-121rur d(dr (1) 

where the superscript * denotes complex conjugation, <p( t) is a window that 
is zero outside of the interval -T :=:; t :=:; T, u is the frequency variable and e, 
a+ and a_ are all positive constants. The auto-zamogram of a signal, x( t), 
is obtained by setting x( t) = y( t) in this expression. 
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Similarly, for discrete signals x[n] and y[n], the discrete version of the 
cross-zamogram 1s 

L n+clkl-a+ 

Z[n;u] = L L <p[k]x[m - ck]y*(m + ck]e-i2trku (2) 
k=-L m=n-clkl-a-+l 

where <p(n] is a discrete window that is zero outside of the interval -L :s; k :s; 
L and c&a+ ::S a_ are all positive constants. vVe have assumed there are an 
odd number of points (2L + 1 when L is an integer) for <p(k]. Architectures 
similar to those embodiments described and illustrated herein result for an 
even number of points and are apparent to those skilled in the art. 

The auto-zamogram of a discrete signal, x[n], is obtained by setting x[n] = 
y[n] in Eq. 2. Note that we are using square brackets for discrete signals ( e.g. 
x[n] ) and parenthesis for continuous signals ( e.g. x( t) ). If bis not an integer, 
then [b] should be interpreted as the greatest integer not exceeding b. 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-vVilliams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

This patent presents efficient architectures for computationally efficient 
generation of various forms of the cross- and auto-zamogram. In common to 
each architecture is the computation of the incremental change in the zamo
gram's output which is added to an accumulation of the previous zamogram 
output. For digital implementation, such an approach significantly reduces 
the required number of floating point operations (FLOPS) over, for exam
ple, direct evaluation of the double sum in Eq. 2. In the continuous case, 
such a characterization allows generation of zamograms using delay lines and 
common analog circuitry and spectrograms. 

The architectures for the zamogram depend on (a) whether the zamogram 
is a cross-zamogram or an auto-zamogram (b) whether the processing is ana
log ( continuous time) or discrete time ( c) whether the signal to be processed 
is real or complex and ( d) whether the kernel dis.plays certain symmetry 
properties. Each architecture embodiment contains two processing stages. 
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The first stage computes the zamogram's differential increment. The second 
stage has as its primary function the digital accumulation or discrete inte
gration that updates the zamogram's output with the differential increment. 
These accruance processors can also utilize the signals processed by the first 
stage in this update. 

Each zamogram processor employs one or more spectrogram processor 
components. These can be generated by conventional means, such as with the 
use of fast Fourier transforms (FFT's) or with methods yet to be developed. 
Each processor also contains ;:me or more delay lines to properly phase the 
signal processing. 

4 Brief Description of the Drawings 

Figure 1 A schematic representation of a spectrogram. 

Figure 2 Computation of a number of linearly spaced spectrogram 
frequency lines. 

Figure 3 . Computation of a number of spectrogram frequency lines 
for a discrete signal using a discrete Fourier transform. 

Figure 4 . An architecture for the differential increment stage for a 
cross-zamogram for complex inputs. 

Figure 5 . The accruance stage for both cross and auto-zamogram 
processors of analog signals. When the differential increment is 
complex, so is the integration. Real differential increments require 
only real integration. 

Figure 6 . The accruance stage tor discrete cross-zamogram processors. 

Figure 7 . An architecture for the differential increment stage for a 
cross-zamogram for complex inputs when the zamogram kernel is 
in a certain cone form 

Figure 8 . Schematic representation of a conjugate multiply of two 
complex signals. 

4 
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Figure 9 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a complex input. 

Figure 10 . The accruance stage for discrete auto-zamogram proces
sors. 

Figure 11 . An architecture for the differential increment stage for an 
auto-zamogram for complex inputs when the zamogram kernel is 
in a certain cone form 

Figure 12 . The accruance stage for a discrete auto-zamogram proces
sors when the zarnogram kernel is in a certain cone form 

Figure 13 . Schematic representation of a processor that generates only 
the real part of the spectrogram as its output. 

Figure 14 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a real input. 

Figure 15 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a real input when the zamogram 
kernel is in a certain cone form. 

5 Detailed :qescription of the Invention 

Direct conventional evaluation of the cross-zamogram expressions in Eqs. 2 
and 1 requires computation of the summand and integrand, respectively, 
over a portion of a two dimensional plane for each point in time the cross
zamogram output is computed. A more computationally efficient method re
sults when the differential increment of the output is computed at each point 
in time and accumulated to the previous cross-zamogram output. Computa
tion of the increment requires conventional or yet to be disclosed spectrogram 
circuity. 

SPECTROGRAM DISCUSSION. The spectrogram of a signal, x, 
corresponding to a window, w, can be written in the continuous case as 

S(t;u) = 1-:=-Tw(r)x(t-cr)e-j21rurdr 
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The duration of the continuous window, w(t), is 2T. vVe will parameterize 
the continuous window by D = T. Analogously, for the discrete signal, the 
spectrogram becomes 

L 

S[n; u] = L w[k]x[n - k]e-i21rku (4) 
k=-L 

When L is an integer, the duration of the discrete window, w[n], is 2L + 1. 
We will parameterize the discrete window by D = L. 

In order for the spectrogram relation to be causal, the output must ap
pear delayed. An total output delay of T + a will be allowed in the continuous 
case and a+ L in the discrete case. We will schematically depict the spectro
gram thus implemented as shown on Fig. 1. We can symbolically denote the 
schematic in Fig. 1 by the sequence { w, D, u, a, c}. The five parameters for 
the spectrogram are shown in the box 100. For an input, x 101, the output 
is a spectrogram, S 102. For a continuous input, x( t), the spectrogram is 
S(t - T - a; u) corresponding to a window, w(t). For a discrete input, x[n], 
the spectrogram is S[n - L - a; u] corresponding to a discrete window, w[n]. 

Typically, a sequence of spectrogram signals is desired. For example, 
as pictured in Fig. 2, M spectral lines are generated from a processor 250 
with an input, x[n]. Specifically, for 1 ~ p ~ M, the spectral lines are 
Sp= S[n - L - a; -kl• The input 200 is presented to spectrogram processors 
201,202,203 to produce the corresponding spectral lines 204,205,206. One 
possible signal processing architecture 350 for the schematic representation 
in Fig. 2 250 is shown in Fig. 3. The input, x[n], 300 is placed into a sequence 
of unit delay lines 301, 302, 303. The corresponding input 300 and delayed 
versions of the signal 304, 305, 306 are weighted ( e.g. amplified or multiplied) 
by their corresponding window weights by using multipliers 310, 311, 312, 
313. The outputs of these multipliers are fed into a discrete Fourier transform 
(DFT) processor 330. The outputs 320, 321, 322, 323 correspond to those 
in Fig. 2. The delays are dictated (1) the time to feed the signal through 
the delay lines and (2) the delay through the DFT processor. A fast Fourier 
transform (FFT) processor can be used in lieu of the DFT processor. The 
FFT is generally computationally more efficient than a matrix-vector DFT 
architecture and results in less delay . 

CROSS-ZAMOGRAMS. Zamograms, when computed using differen
tial increments, use spectrograms as components. We first illustrate for the 

. i 
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continuous case. The cross-zamogram output is first shifted. 

JT r-T+clrl-a+ . 
Z(t-T; u) = -r=-Tle=t-T-clrl-a- cp(r)x(e- cr)y*(( + cr)eJ21rurdedr (5) 

By differentiating with respect to t and using Liebnitz's rule, the incremental 
output of the cross-zamogram follows as 

oZ(t - T; u) = (6) 

{ x( t - T - a+ )[1:_T cp*( -T )y( t - T - 2cr - a+ )e-i21rur dr ]* 
T . 

-x( t - T - a_ )[1=o cp*( -T )y( t - T - 2cr - a_ )e-i21ruT dr ]* 

+y*(t -T- a+)[1:_T cp(r)x(t - T - 2cr - a+)e-i21rurdr 

IT . 
-y*( t - T - a_)[} r=O cp( T )x( t - T - 2cr - a_ )e-J2

11"UT dr ]}ot (7) 

As shown in Fig. 4 with D_ = T, each of the four integrals is recognized as a 
spectrogram with respective parameters { wa, T, u, a+, c} 400, { Wb, T, u, a+, c} 
401, { We, T, u, a+, c} 402 and { wd, T, u, a+, c} 403 where 

t + I'. 
Wa(t) = cp*(-t)IT( T), (8) 

t- I 
wb(t) = cp*(-t)IT(T), (9) 

t+ I 
Wc(t) = cp(t)IT( T), (10) 

and 
t- I 

wd(t) = cp(t)IT( T)- (11) 

One preferred embodiment of a computational architecture for the dif
ferential increment of the continuous cross-zamogram in Eq. 7 is shown in 
Fig. 4. 

The boxes containing an asterisk(*) 415, 416, 417 correspond to complex 
conjugation. If the signal is represented directly in complex form, this means 
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that the imaginary component is negated. Complex signals can also be inter
preted to be in quadrature form. Here, complex conjugation corresponds to 
negating of the signal corresponding to the imaginary component ( typically 
the sin term). If the input into a complex conjugator is real, then the output 
is the same as the input. 

Delay lines 420, 421, 422, 423 are denoted schematically by arrows with 
the time delay written inside. In this architecture, we have assumed that 

a_= a++ 6. (12) 

where 6. is a positive constant. Note that the two delay lines 421, 422 can 
be equivalently realized by two delay lines with delays D + a_ and D + a+. 
The input, y 410 is fed into two spectrograms 400, 401 and, after conjugation 
415, through a delay line 421. Similarly, the input, x 412, is fed into two 
spectrograms 402,403 and a delay line 420. Each spectrogram output .is 
multiplied 430, 431, 432, 433 by a delayed version of one of the inputs. The 
outputs from each of these multipliers is summed 440 to y:ield the differential 
increment, 6.Z = oZ(t;tT;u) 445. Generation of the desired result, Z( t -
T; u) 503, is obtained by feeding the output 445, 501 through an integrater 
502 as shown in Fig. 5. The denoting of integration by 1 / s stems from 
Laplace transform theory wherein integration transforms to the reciprocal of 
the Laplace variable, s. 

The discrete form of the cross-zamogram can also be evaluated using the 
same computational procedure in Fig. 4 except that digital circuitry is used 
in lieu of analog. From Eq. 2, we compute the difference 

6.Z[n - L; u] = Z[n - L; u] - Z[n - L - l; u] 
-c.p[0]{x[n - L - a+Jy*[n - L - a+J - x[n - L - a_]y*[n - L - a_]} 

-1 

= x[n - L - a+]{ L c.p*[-k]y[n - L - 2ck - a+Je-i21ruk}* 
k=-L 

L 
-x[n - L - a_]{L c.p*[-k]y[n - L - 2ck - a_Je-i21ruk}" 

k=l 
-1 

= x[n - L - a+]{ L c.p*[-k]y[n - L-'-- 2ck - a+Je-i21ruk}* 
k=-L 

8 

proprietary & confiaential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 

/ ll'II!'~ 



-1 

+y*[n - L - a+J I: <p[k]x[n - L - 2ck - a+Je-i2
1ruk 

k=-L 

L 
-y*[n - L - a_] L <p[k]x[n - L - 2ck - a_Je-i2

1ruk (13) 
k=l 

One preferred computational architecture for the differential increment 
of the discrete cross-zamogram in Eq. 13 is shown in Fig. 4. The windows 
for the discrete implementation follow from Eq. 13 are 

wa[n] = <p*[-n]; -L ~ n ~ -1 (14) 

wb[n] = <p*[-n]; 1 ~ n::;; L (15) 

· wc[n] = <p[n]; -L::;; n $ -1 (16) 

and 
wd[n] = <p[n]; 1 $ n ::;; L (17) 

The boxes in Fig. 4 containing an asterisk (*) 415, 416, 417 correspond to 
complex conjugation. If the input into a complex conjugator is real, then 
the output is the same as the input. As in the continuous case, delay lines 
420, 421, 422, 423 are denoted schematically by arrows with the time delay 
written inside. In this architecture, we have assumed the relation in Eq. 12. 
Note that the two delay lines 421, 422 can be equivalently realized by two 
delay lines with delays D + a_ and D + a+. The input, y 410, is fed into two 
spectrograms 400, 401 and, after conjugation 415, through a delay line 421. 
Similarly, the input x is fed into two spectrograms 402, 403 and a delay line 
420. Each spectrogram output is multiplied 430, 431, 432, 433 by a delayed 
version of one of the inputs. The outputs from each of these multipliers is 
summed 440 to yield the differential increment, .6.Z[n - L; u] in Eq. 13. 

Generation of the desired result, .6.Z[n - L; u], can be performed using 
the accruance processor in Fig. 6. The output .6.Z[n - L; u] 445, 610 is input 
into the processing architecture along with the same inputs 412, 410 , x[n] 
613 and y*[n] (note conjugation) 616 that were used, respectively, to compute 
.6.Z in Fig. 4. The signals 616, 613 are multiplied 619 and fed to a delay 
line 620. The delay line output is run through a second delay line 621 and 
recombined with an undelayed version of the signal 622. This combination 
is weighted by <po = <p(0) 630 and added 635 to the differential incremen.t 

: 1-, 
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610 and the previous zamogram output, Z[n - L - l; u] 640. This sum is the 
desired Z[n-L; u] 650. At the next discrete point in time, after being passed 
through a unit delay 645, this output value is used to compute Z[n-L+l; u], 
the next zamogram output value. 

CONE ZAMOGRAMS. A special case of the discrete architectures in 
Figs. 4 and 6 is when. t:.. = 1. 

Another special case occurs when a+ = a_ = a which dictated that 
t:. = 0. The continuous differential increment in Eq. 7 can then be written 
as 

oZ(t-T;u) = (18) 

{x(t-T - a)[1:_T <p*(-r)sgn(-r)y(t -T- 2cr - a)e-i2,rurdr]* 

{T . 
-y*(t -T - a)[;r=-T <p(r)sgn(-r)x(t - T - 2cr - a)e-121rur dr]}ot (19) 

where sgn( t) = -1 if t < 0, sgn( t) = 0 if t = 0 and is otherwise one. 
An architecture for generating the differential increment of the cone form 

of the continuous cross-zamogram is shown in Fig. 7. The inputs 710, 711, 
after proper conjugation 715, are fed to spectrograms 720, 721. The spec
trogram outputs, in one case conjugated 735, are multiplied 740, 741 by an 
input fed through a delay line 730, 731. The outputs of the multipliers 740, 
741 are summed 745 to obtain the differential increment t:.Z = &Z(tatT;u) 747. 
This output, when· fed to an integrater 502, produces the desired zamogram 
output 503. 

The cone form for the discrete form of the cross-zamogram follows from 
Eq. 13 for a+ = a_ = a. 

t:.Z[n - L; u] = 

L 
x[n - L - al{ L <p*(-k]sgn[-k]y(n - L - 2ck - a]e-i21ruk}* 

k=-L 
L 

-y"[n - L - a] L <p(k]sgn[k]x[n - L - 2ck - a]e-i21ruk 
k=-L 

where sgn(k] = sgn(k). 
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An architecture for generating the differential increment of the cone form 
of the discrete cross-zamogram, shown in Fig. 7, is the same as for the con
tinuous case except that digital circuitry is used. The inputs 710, 711, after 
proper conjugation 715, are fed to spectrograms 720, 721. The spectrogram 
outputs, in one case conjugated 735, are multiplied 740, 741 by an input 
after being fed through a delay line 730, 731. The outputs of the multipliers 
740, 741 are summed 745 to obtain the differential increment .6.Z[n - L; u] 
747. This output is fed to the accruance processor shown in Fig. 6 along 
with the same inputs 613, 616 as in Fig. 7 611,612 except that, for the case 
of y, conjugation is required. 

AUTO-ZAMOGRAMS. The auto-zamogram is a special case of Eqs. 5 

and 2 when x = y for the continuous and discrete cases respectively. In both 
cases, we will assume that the kernel, <p, is an even function. 

For the continuous case, the expression for the differential increment fol
lows from Eq. 5 for x(t) = y(t) and cp(t) = cp*(-t). After some expression 
manipulation, we obtain 

fJZ(t - T.; u) = (22) 

2!Rx(t -T- a+)[1:_T cp(r)x(t-T- 2cr - a+)e-j21rurdr]* 

IT ' 
-2~x*(t -T- a_)[Jr=O cp(r)x(t -T- 2cr - a_)e-121rurdr] (23) 

where !R denotes the real part of. Note that this differential increment is real 
even for complex signals. 

In order to describe the processor for this continuous auto-zamogram, we 
introduce a schematic for conjugate multiplication in Fig. 8. Two complex 
numbers, f 810 and g 820 are c<?mbined to give 

h = ~Jg* 

- !Rfg* 

~f X ~g + <;:Jj X <;:Jg (24) 

where <;:J denotes the imaginary part of This operation is schematically de
picted by the circle inscribed within a box with a multiplication sign written 
in the circle 840 and will be referred to as conjugate multiplication. 

An architecture for the auto-zamogram in Eq. 23 is schematically de
picted in Fig. 9. The input, x == x( t) 900, is doubled 905 and input into two 
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spectrograms 910, 915 and a delay line 920. The expressions for the contin
uous spectrogram windows are given in Eqs. 10 and 11. The output of one 
spectrogram 915 is conjugately multiplied 921 by the delay line output. The 
delayed signal, after passing through a second delay line 925 is conjugately 
multiplied 930 by the output of the second spectrogram 9f0. The outputs of 
the conjugate multipliers are combined 935 to produce the differential incre
ment, 6..Z = 8Z(t-T;u)/8t 940. This differential increment is placed into 
the integrater 502 to yield the desired output, Z( t-T;u) 503. 

An expression for the discrete auto-zamogram differential increment is 
obtained by setting y[n] = x[n] in Eq. 13 and assuming a Hermetian relation 
for the kernel. 

<p[k] = <p*[-k] (25) 

After some manipulation of Eq. 13, we obtain 

6..Z[n - L; u] = (26) 

Z[n - L; u] - Z[n - L - 1; u] - <p[0]{I x[n - L - a+ 1
2 

- I x[n - L - a_ 1
2

} 

-1 

= 2?Rx*[n - L - a+J I: <p[k]x[n - L - 2ck - a+Je-i21ruk. 
k=-L 

L 
-2?Rx*[n - L - a_] I: <p[k]x[n - L - 2ck - a_Je-i21ruk}(27) 

k=l 

An architecture for the auto-zamogram in Eq. 27 is schematically depicted 
in Fig. 9. The input, x = x[n] 900, is doubled 905 and input into two spec
trograms 910, 915 and a delay line 920. The expressions for the continuous 
spectrogram windows are given in Eqs. 16 and 17. The output of one spec
trogram 915 is conjugately multiplied 920 by the delay line output. The 
delayed signal, after passing through a second delay line 925, is conjugately 
multiplied by the output of the second spectrogram 910. The outputs of the 
conjugate multipliers are combined 935 to produce the differential increment, 
6..Z = 6..Z[n - L; u] 940. This differential increment 940, 1010 is placed into 
the accruance processor illustrated in Fig. 10 with the purpose of generating 
the desired result, Z[n - L; u]. With reference to Eq. 27, 

Z[n - L; u] = 6..Z[n - L; u] + Z[n - L - l; u] 
+<p[0]{I x[n - L - a+ 1

2 
- I x[n - L - a_ 1

2
} 
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The signal input into the first processor 900 is also introduced here 1020. 
First, in accordance to Eq. 28, the magnitude squared 1030 of the signal is 
computed 1025 

I x[n] 1
2= {~x(n]} 2 + {8'x(n]}2 (29) 

(If x[n] is real, I x[n] 1
2 = x2[n]). This is placed into a delay line 1035. 

The delay line output is fed into a second delay line 1040 the output of 
which is combined 1045 with the output of the first delay line. This value 
is weighted by cp0 = cp[0] 1050 and added 1055 to the differential increment 
1010 and the previous zamogram output, Z[n - L - l; u] 1060. This sum 
is the desired Z[n - L; u] 1065. At the next discrete point in time, after 
being passed through a unit delay 1070, this output value is used to compute 
Z[n - L + l; u], the next zamogram output value. . 

AUTO CONE ZAMOGRAMS. A special case of the discrete archi
tectures in Figs. 9 and 10 is when 6. = 1. This corresponds to the cone kernel 
zamogram published by Zhao, Atlas and Marks when the input is complex. 

Another special case of the discrete procedure occurs when 6. = 0 and 
a+ = a_ = a. The differential increment in Eq. 27 becomes 

6.Z[n - L; u] = Z[n...:. L; u] - Z[n - L - l; u] 
L 

= -2~x*[n - L - a] L cp[k]sgn[k]x[n - L - 2ck - a]e-i2
1ruk (30) 

k=-L 

The architecture for this second cone shaped kernel is shown in Fig. 11. The 
input, x = x[n] 1110, is multiplied by negative two 1120 and input into a delay 
line 1130 and a spectrogram 1140. The outputs are conjugately multiplied 
1150 to produce the differential increment, 6.Z 1160 which is input 1210 
into the accruance processor shown in Fig. 10. For the parameters under 
consideration, we have 

Z[n - L; u] = 6.Z[n - L; u] + Z[n - L - l; u] (31) 

The processor input 1210 is simply added 1215 to the previous zamogram 
output, Z[n - L - 1; u] 1220 to produce the desired result, Z[n - L; u] 1225. 
This result is fed through a unit delay line and used to compute Z[n-L+l; u], 
etc. 

AUTO-ZAMOGRAMS WITH REAL INPUTS. To this point, we 
have allowed for all signals to be complex of represented in quadrature form. 
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Until otherwise stated, we will henceforth restrict all signals, kernels and 
windows to be real. The kernel functions, 1.p, will be assumed to be an even 
functions. In such cases, the auto-zamogram is real. From Eq. 23 and 27, 
the differential increment is also real. 

For our working assumption, the continuous differential increment in 
Eq. 23 can be written as 

8Z(t - T; u) = ~fJZ(t - T; u) (32) 

= 2x(t -T - a+) 1:_T 1.p(r)x(t -T - 2cr - a+)cos(21rur)dr 

-2x(t - T - a_) 1:
0 

1.p(r)x(t - T - 2cr - a_)cos(21rur)dr (33) 

From this expression, we conclude that only the real part of the spectrogram 
is now required. From Eq. 3 

. T 

~S( t; u) = [-r=-T w( T )x( t - er )cos(21rur )dr (34) 

This operation, using a cosine transform rather than a Fourier transform, is 
schematically depicted in Fig. 13. It is similar to the spectrogram schematic 
in Fig. 1 except that the frequency variable 1310 is circled 1315. For the 
continuous case, the input, x = x(t) 1320, into the processor 1325, yields 
an output of ~S(t - T - a; u) 1330, which is the real component of the 
spectrogram. 

The auto-zamogram architecture corresponding to Eq. 33 is shown in 
Fig. 14. The input, x = x(t) 1410, is doubled 1415 and input into two 
spectrograms 1420, 1425 and a delay line 1420. The expressions for the 
continuous spectrogram windows are given in Eqs. 10 and 11. The output 
of one spectrogram 1425 is multiplied 1430 by the delay line output. The 
delayed signal, after passing through a second delay line 1435 is multiplied 
1440 by the output of the second spectrogram 1420. The outputs of the 
multipliers are combined 1445 to produce the differential increment, 6.Z = 
BZ(t -T;u)/8t 1450. This differential increment is placed into the (real) 
integrater 502 to yield the desired output, Z(t-T;u) 503. 

For the discrete case, from Eq. 27 

6.Z[n - L; u] = ~6.Z[n - L; u] 
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= Z[n - L; u] - Z[n - L - l; u] - <p[0]{I x[n - L - a+ 1
2 

- I x[n - L - a_ 1
2

} 

-1 

= 2x[n - L - a+ L <p[k]x[n - L - 2ck - a+Jcos(21ruk) 
k=-L 

L 

-x[n - L - a_] L <p[k]x[n - L - 2ck - a_cos(21ruk)(36) 
k=l 

Again, only the real component of the spectrogram is used to compute the 
differential increment. From Eq 4, 

L 

~S[n; u] = L w[k]x[n - k]cos(21rku) (37) 
k=-L 

This operation is also schematically depicted in Fig. 13. It is similar to 
the spectrogram schematic in Fig. 1 except that the frequency variable 1310 
is circled 1315. For the discrete case, the input, x = x[n] 1320, into the 
processor 1325, yields an output of ~S[n - L - a; u] 1330, which is the real 
component of the spectrogram. 

The auto-zamogram architecture corresponding to Eq. 36 is shown in 
Fig. 14. For the discrete case, the input, x = x[n] 1410, is doubled 1415 
and input into two spectrograms 1420, 1425 and a delay line 1420. The 
expressions for the continuous spectrogram windows are given in Eqs. 16 and 
17. The output of one spectrogram 1425 is multiplied 1430 by the delay line 
output. The delayed signal, after passing through a second delay line 1435 is 
multiplied 1440 by the output of the second spectrogram 1420. The outputs 
of the multipliers are combined 1445 to produce the differential increment, 
.6.Z = .6.Z[n - L - a; u] 1450. This differential increment is input 1010 into 
the accruance processor in Fig. 10 along with the original processor input 
1020, 1410. 

AUTO CONE ZAMOGRAMS WITH REAL INPUTS. A special 
case of the discrete architectures in Figs. 14 and 10 is when .6. = 1. This cor
responds to the cone kernel zamogram published by Zhao, Atlas and Marks 
when the input is real. 

Another special case of the discrete procedure occurs when .6. = 0 and 
a+ = a_ = a. The differential increment in Eq. 36 becomes 

.6.Z[n - L; u] = Z[n - L; u] - Z[n - L - l; u] 
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L 

= -2x[n - L - a] I: c.p[k]sgn[k]x[n - L - 2ck - a]cos(21ruk) (38) 
k=-L 

The architecture for this second cone shaped kernel is shown in Fig. 15. The 
input, x = x[n] 1510, is multiplied by negative two 1520 and input into a 
delay line 1530 and a spectrogram with a real output 1540. These outputs 
are multiplied 1550 to produce the differential increment, 6.Z = 6.Z[n-L; u] 
1560 which is input 1210 into the accruance processor shown in Fig. 10. For 
the parameters under consideration, Eq. 31 is applicable. The processor input 
1210 is simply added 1215 to the previous zamogram output, Z[n -L -1; u] 
1220 to produce the desired result, Z[n-L; u] 1225. This result is fed through 
a unit delay line and used to compute Z[n - L + l; u], etc, 

SEQUENTIAL VS. PARALLEL IMPLEMENTATION. Consider 
generation of P frequency lines of a cross-zamogram corresponding to a set of 
P frequency bins { u = up Ip= 1, 2, ... , P} and to the two (possibly complex) 
signals, x and y, each of finite duration. The frequency bins can, for exam
ple, be spaced logarithmically. Furthermore, consider any embodiment of a 
cross-zamogram processor with a single ( complex) output corresponding to a 
tuneable frequency u. The P lines may be computes by (1) sequentially feed
ing the same signals through the same processor P times each time changing 
the processor frequency corresponding to one of the desired frequency bins, 
(2) feeding the signals into a bank of P processors each of which is tuned to a 
desired frequency or (3) a combination of the first two methods. Tuning the 
frequency of the cross-zamogram processors is equivalent to choosing the fre
quency parameter of the spectrogram components. The previously discussed 
FFT and DFT approaches can, of course, also be used in the auto-zamogram 
architecture. 

A similar architecture flexibility is also available for the auto-zamogram. 
Consider 'generation of P frequency lines of a auto-zamogram correspond
ing to a set of P frequency bins { u = up I p = 1, 2, ... , P} and the finite 
duration (possibly complex) signal, x. The frequency bins can, for exam
ple, be spaced logarithmically. Furthermore, consider any embodiment of a 
auto-zamogram processor with a single output corresponding to a tuneable 
frequency u. The P lines may be computes by (1) sequentially feeding the 
same signals through the same processor P times each time changing the 
processor frequency corresponding to one of the desired frequency bins, (2) 
feeding the signals into a bank of P processors each of which is tuned to a 
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desired frequency or (3) a combination of the first two methods. Tuning the 
frequency of the auto-zamogram processors is equivalent to choosing the fre
quency parameter of the spectrogram components. The previously discussed 
FFT and DFT spectrogram approaches can, of course, also be used in the 
auto-zamogram architecture. 

ARCHITECTURE VARIATIONS. There exist numerous variations 
to the zamogram architectures thus far discussed that are apparent to those 
well versed in the art. Many deal with equivalent component substitution. 
These include, but are not limited to 

1 The variations on spectrogram representation. The spectrogram 
can be reconfigured in many ways. Suppose a common input, 
x, were placed into two spectrogram processors corresponding to 
{ wA, D, u, a, c} and {w,B, D, u, a, c} and the outputs of the two 
processors were added. The result is the same as a single spectro
gram processor with parameters {WA+ WB, D, u, a, c}. Similarly, 
for a given set of parameters, the spectrogram of x added to the 
spectrogram of y is identical to the spectrogram of x + y. Fur
thermore, the spectrogram processors commute with respect to 
both time delay and amplitude scaling. Multiplying a signal by 
a factor prior to placing it into a spectrogram is equivalent to 
placing it through the spectrogram and. then multiplying by the 
factor. Similar, a time delay prior to the spectrogram is equiva
lent to a delay after the spectrogram. These, and other algebraic 
aspects of the spectrogram, allow numerous perturbations to the 
preferred architecture embodiments presented in this work. 

2 The equivalence of delay and conjugation and delay to delay and 
conjugation. Thus, in Fig. 4, one or both sequential operations 
of conjugation and delay can be reversed with no effect on the 
resulting outcome. 

3 Delays of D + a+ and D +a_ are required in Figs. 4, 6, 9, 10, 11 
and 14. In these figures, this is accomplished by two delay lines 
with delays D + a+ and Cl. Clearly, the same operation can be 
performed with two delay lines with delays of D + a+ and D +a_. 

4 The equivalence of weighting a delay with delaying a weighting. 
For example, in Figs. 6 and 10, the weight, <po 630, 1050 can be 

17 

proprietary & confidentialtechnical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



removed, replaced by an identity operation, and placed immedi
ately after the multiplier in Fig. 6 or the magnitude squared box 
in Fig. 10. Similarly, the weighting factors of ±2 in Figs. 9 , 11 
14 and 15 (905, 1415, 1120 1520) can, in each case, be placed 
at the processor output rather than the processor input without 
effecting the processor's algorithmic performance. The factors 
may also be placed internal to the processor in a number of ways 
without effecting the processor's algorithmic performance. 

5 In many instances, only proportional outputs are required. That 
is, we require a signal that is only proportional to the zamogram. 
In such cases, the zamogram processor can be scaled by an ar
bitrary factor. The multiplier in Fig. 9 905, for example, can be 
deleted if the corresponding input 1020 into the accruance pro
cessor Fig. 10 1065 is halved. If the weight 1120 in Fig. 11 is 
deleted, the output 1225 of the accruance processor in Fig. 6 will 
be -½Z[n - L; u] rather than the Z[n - L; u] shown. Similarly 
deletions of the weights in Fig. 14 1415 and Fig. 15 1520 can be 
made. 

6 Numerous scalings can also occur internal to the zamogram pro
cessor that still allow proportional computations. The delay line 
920 in Fig. 9, for example, can contain attenuation of, say ;. 
That is, the input is not only delayed, but weighted by ;. In the 
same processor, assume lossy multiplies. That is, suppose both 
conjugate multipliers 930, 921 yield a factor of /3 times the ideal 
multiply. Then the output 940 will be equal to ( ;/3)2 t:.Z rather 
than f:.Z. The accruance stage in Fig. 10 must, at some point, 
scale the input 1020 by the same factor. This can be done, for 
example, by using (;f3)2a0 rather than a0 for weighting 1050. 
Similar variations to other zamogram processors herein will be 
apparent to those well versed in the art. 

7 The use of half wave rectification on the zamogram signal to set 
all negative values to zero. This has been shown to be an effective 
display device in the work of Zhao, Atlas and r-.farks. 

Applications. Time-frequency displays are used in a number of appli
cations. Zamograms computed using the differential increment approach are 
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applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/or solid . 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals indude, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as computational means of visual display of zamograms. 
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1 Field of the Invention 

The invention relates to digital evaluation of the real and imaginary of com
ponents of a discrete spectrogram when the signal window can be expressed 
as a truncated trigonometric series. The untruncated series can always be 
expressed as the response to a discrete resonant circuit. Truncation is ac
complished by the coherent superposition of the untruncated signal with the 
a shifted version of the same untruncated signal in such a manner as to make 
the overall circuit impulse response of finite duration. When there is both 
sinusiodal pre and post multiplication, the resulting output is a single line of 
a spectrogram. A number of such circuits can be placed in parallel tuned to 
arbitrary frequency bins to achieve spectrograms with any desired frequency 
scaling. Alternately, the same filter can be sequentially exposed to the same 
input with each presentation corresponding to a differently chosen resonance. 
The circuitry can be damped to assure stability. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
of signals. The zamogram is a TFR with quite good resolution in both time 
and frequency that uses the spectrogram as a component. 

The spectrogram of a discrete signal, x(n], corresponding to a window, 
w[k], is 

L 
S[n; u] = I: w[k]x[n - k]e-iZ1rku (1) 

k=-L 

where u is the frequency variable and L parameterizes the duration of the 
window. This patent contains computationally efficient architectures for the 
generating spectrograms when the windows can be mathematically expressed 
as a truncated Fourier cosine series. vVe _ also present architectures for the 
more general case of when the window is expressed as the weighted superpo
sition of exponentials with complex coefficients. 
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3 Summary of the Invention 

The present invention describes a digital signal processing architecture for 
generation of lines of a spectrogram. Windowing is accomplished through 
the use of conventional infinite impulse response (IIR) digital filters. A delay 
line is used to in conjunction to this IIR filter to make the composite response 
finite in duration. ·The composite impulse response is the window used in the 
spectrogram. Each IIR/ delay filter processor generates a single frequency line 
of a spectrogram. A number of such processors have the ability to compute 
in parallel the spectrogram over any desired sampled frequency interval with 
arbitrarily chosen spacing. Logarithmic spacing, for example, can be chosen. 
In addition, the window from line to line can be chose·n to vary. Alternately, 
the same IIR/ delay filter processor can by swept sequentially with the same 
signal with each sweep tuned to a different frequency and/or window. 

4 Brief description of the,drawings 

Figure 1 .. Architecture for generating a spectrogram using a filter with 
the impulse response of a window. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained from a periodic resonant circuit and delay 
circuitry. 

Figure 3 . Use of periodic resonant and delay circuitry in the genera
tion of a line of a spectrogram. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate a 
Hammin.e; or Hanning windowed spectrogram line. 

Figure 6 . Use of periodic resonant and delay c1rcmtry to generate a 
Blackman windowed spectrogram line. 

Figure 7 . Architecture for generating a spectrogram using a filter with 
the impulse response of a damped window. 
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Figure 8 . A digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

5 Detailed description of the invention 

The spectrogram in Eq. 1 can be written as 

L 

S[n;u] e-j2rrnu I: w[k]x[n - k]ei21l'(n-k)u 

k=-L 

e-i21!'nu X {(w[n]ej21!'nu) * x[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L ~ n < L. An architecture for this 
operation, using complex arithmetic operations is shown in Fig. 1. The input 
signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The product 
then serves as the input into a digital filter 140 with impulse response, w[n]. 
The filter output is multiplied 125 by a complex sinusiod 130 to produce the 
spectrogram 135. 

This patent claims architectures for t-hP- window filter 140 bai-ed on digi
tal periodic resonant circuits and ctarnped resonant circuits. An .rlustrative 
example of the fundamental idea using periodic resonant circuits is shown in 
Fig. 2. A discrete impulse ( or Kronecker delta), 8[n], is one for n = 0 and 
is zero otherwise. The response of a causal resonant circuit 215 to an input 
delta 210 is a causal periodic sequence, y[n] 220. By a causal periodic signal, 
we mean that, for n < 0, the signal is identically zero. For n 2: 0, the signal 
is periodic with some period, N. For the signal represented in Fig. 2 220, 
N = 4. Consider, then, placing the output of the periodic resonant circuit 
225 into a delay line whose delay is N. Using the notation z- 1 for a unit 
shift in time, the delay line 230 in the example in Fig. 2 is denoted by z-4

. 

The minus sign 237 is used to reflect the multiplication of the signal by -1. 
The original signal unshifted filter output is added to this inw'!rtei:l r:1~]2.y to 
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__ , 

produce the output y[n] - y[n - 4] 240. Thus, from the original signal 220, 
we have subtracted the signal shifted to the right by a period 245 to obtain 
a single period of the original signal 250. The response to the cascaded filter 
and delay line circuitry to an input impulse 255 is now a single period 250 
of the previous causal periodic response. 

The procedure can be extended to multiple periods. A delay line of length 
2N, for example, would result in two periods of output, etc. Typically, a 
period of the periodic resonant circuit's response will be used as the window, 
w[n - L]. The delay i~ required due to causality. Typically, we choose 
N=2L. 

The ordering of the delay line configuration and the resonant circuit can 
be switched. The delay line circuitry 260 can be placed prior to the periodic 
resonant circuit 265 and the same response 270 to an input impulse 275 is 
achieved. 'With reference to the general architecture in Fig. 1, the resulting 
architectures for the spectrogram are illustrated in Fig. 3. The modulated 
input stage 305, 306 is fed either into a cascaded periodic resonant to delay 
circuit 310 or a cascaded delay to resonant circuit 315. In both cases, the 
line delay is for 2L time units corresponding to the duration of the window. 
In either case, the resulting output, sinusoidally weighted 320, 321, gives the 
desired spectrogram output 325, 326. 

For one skilled in the art, there exists numerous methods to design cir
cuitry for a given pole zero constellation on the complex z plane. In the most 
general case, one·<;:an easily design digital circuitry corresponding to impulse 
responses of the form 

Q 

h[n] = I)-l)q,Bqcos[211"nuq - ¢,q]e-uqnµ[n] (3) 
. q=O 

where µ[n] denotes the unit step. Such circuitry can be designed with the 
use of multipliers (including inverters), adders and unit delays. The quan
titative values of the multipliers and the topology of all of the components 
are dictated by the parameters Q, ,Bq, </>q, uq, and crq, There exists numerous 
computational topologies for a given set of parameters. Such circuitry can 
be designed straightforwardly by those skilled in the art. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
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special cases of the cosine series 

Q n 
w[n] = L /3qcos[21rnq/(2L + l)]II[ L ] 

q=O 2 + 1 
(4) 

The Hanning and Hamming windows use Q = 1 and the Blackman window 
Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

Q n-L 
w[n - L] = L(-l)q /3qcos[21rnq/(2L + l)]II( L ] (5) 

q=O 2 + 1 

Compare this with the special case of Eq. 3. 

Q 

h[n] = L(-l)q /3qcos[21rnq/(2L + l))µ(n] (6) 
q=O 

The window in Eq. 5 is recognized as the first period of Eq. 6. A periodic 
resonant circuit can be straightforwardly designed with an impulse response 
given by Eq. 6. Delay line circuitry 'is then cascaded with this circuit to 
achieve the desired composite window filter. 

One straightforward way to design the resonant circuit in Eq. 6 is by 
designing circuitry for each of the Q + 1 stages and connecting them in 
parallel. For n =/:- 0, we rewrite Eq. 6 as 

Q 

h[n] = L hq[n] (7) 
q=O 

where, for q =/:- 0, 
hq[n] = cqcos(n0q)µ[n] (8) 

where 0q = 21rq / (2L + 1) and Cq = ( -1 )q /3q• The z transform of this equation 
IS 

Hq(z) L oohq[n]z_n 
n=O 

cqz- 1cos(0q) 

1 - 2z- 1cos(0q) + z-1 
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Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is equal 
to the discrete convolution of the input 410 with the impulse response in Eq. 8 
with c = cq and 0 = 0q, Recognizing there exists a number of other digital 
filter architectures to generate the same operation, we will schematically 
represent the input 410, 420 output 415,425 relationship of this operation by 
a solidly outlined box 430 inscribed with parameters c and 0. For n = 0, 
ho[n] =co= /3(0). This operation can be performed by a simple multiply. 

Consider the Q = l example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, ,80 = /31 = 0.5. For Hamming windows, 
/30 = 0.54and/31 = 0.46. For these parameter choices, both the Hanning and 
Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 315 shown in 
Fig. 3. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 515 and the q = l 520 stages of the circuitry 
The outputs of both stages are added 525 to obtain the windowed output-
530. 

A Q = 2 example will be given for the Blackman window. Here, /30 = 0.42, 
/31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special case of the 
periodic resonant to delay processing 310 shown in Fig. 3. The input 605 is 
fed to the q = 0, l and 2 stages 610,615, 620. The outputs of each stage are 
summed 630 and fed into the delay circuitry 630 the result of which is the 
windowed output 650. 

The window architectures presented to this point are marginally stable. 
All of the circuits poles lie on the unit circle of the complex z plane. Stability 
can be assured by slightly perturbing the design to require all of the circles 
lie strictly within the unit circle. 

The source of the marginal stability in the circuitry is unit feedback ( e.g. 
in Fig. 4 435). Damping feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp( -crn) where er is a positive 
number just slightly less than one. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-,rn 

7 
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where h[n] has period 2L. Then, for n > L, 

k[n - 2£] = e2c:rLhq[n] 

We can therefore generate the damped window 

w[n - L] = h[n] - e- 2c:rLhq[n - L] 

(11) 

(12) 

This can be accomplished as shown in Fig. 7 710. The damped resonant 
circuit 715 has impulse response h[n]. The damped window in Eq. 12 is 
obtained by cascading this filter with a damped delay line. The output of 
the delay line is added 725 to the damped resonant circuit's output to achieve 
the desired damped frequency response. As in the uqdamped case, the delay 
circuitry commutes with the damped resonant circuit without changing the 
overall response 730. In either case, the damped window can be used to 
generate the spectrogram S[n - L; u] 735, 740 where 

L 
S[n; u] = L w[k]x[n - k]e-i 211"ku (13) 

k=-L 

corresponding to input x[n] 740, 741. 
We can write Eq. 10 as 

Q 

h(n] = L hq[n] (14) 
q=O 

where 
hq[n] = Cqcos(1rnq/ L)e-c:rnµ[n]. (15) 

For c = cq and 0 = 1rq/ L, one of many possible digital filters for this impulse 
response is shown if Fig. 8. The input 805 into the circuitry 810 produces an 
output that is the discrete convolution of the input with the impulse response 
in Eq. 15. We denote the general class of digital circuits with this response by 
the parameterized bold outline box 820 shown in Fig. 8. The input into this 
parameterized box produces the same output 830 as in the specific damped 
circuitry. 

A digital filter for Q = 1 damped Hanning and Hamming windows is 
shown in Fig. 9 using the delay to damped resonant circuitry cascade 730. 
The input 910 is fed to the damped delay circuitry 915. Then = 0 component 

8 
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of Fig. 15 can be realized by a first order feedback circuit 920. The output 
of the delay circuitry is fed into this circuit and the n = 1 stage 925. The 
outputs from both stages are added to produce the damped windowed output 
935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using the damped resonant to delay circuitry cascade 710. The input 1010 is 
fed to the q = 0, 1, 2 stages 1015,1020,1025. The outputs of the three stages 
are summed 1030 to obtain the damped windowed output 1035. 

More generally, those skilled in the art can straightforwardly design filters 
with impulse responses of the form 

(16) 

where r:;;,q is a phase factor. Eq. 12 results in a window of finite duration. 
This allows additional flexibility in the design of damped windows through 
the method of Fourier series representation. 

We emphasize the existence of a number of implementations of digital 
circuitry for a given impulse response. One can, for example, combine the 
q = 0, 1 stages 920, 925· in Fig. 9 by writing the z transform transfer function 
equations for the q = 0 stage 920 and the q = 1 stage 925 and combine them 
with a common denominator. The resulting equation can be implemented in 
the Direct form II method described by Oppenheim, Willsky and Young. The 
resulting circuitry will be different than that in Fig. 9, yet the input-output 
relationship will be different. Indeed, similar procedures can be applied to 
combine the delay and resonant circuitry. 

Applications. Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

10 
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3. Use c:P S-2cis~ $er;e.s l,Ji,,Jow.s tt') 
5pe.c-trogra ms 

L/ Vs e o !- :5 ~ cZ.S i!-- Se," i e.s Wi 11 al c, w ~ ; '1 
2 d-wt o g'f'-a,,,, s 

s. Use of- J-1.ig-h PdsS s~d s C s ~r-i es ir'} 
S'fe.c-f:rogrart1S 

,. ,,, rr. 2.amog;ra.ms 

7. Ot- "1 e r 

Cot>t- ill u d's 
i. It e v- at iv e. ~ a IYl o gr a .-n s 

S~ase-- Ser·~es. LJ;~Jows 

3 Use ·•Vl 5fecf:o, 

'-I Us e ; ~ 2:- ~ '4 

7. 0-c: h -e r /Jo-t:e.s: 
C..-oss - hmo~awt,S 



,A 
A-

' J :ZT J1J. . 
6t cl-tj u) = 1': -2.T 'f(t) )( [ t: + ~ - f] ><" [-t + /~I t-,IJ r12rr41:J1 

- j 2. T ~( i) x [t. - '¥ - ..:1._ 7 x*[t- Lti. -+ X.Je ',Jarrq-,.., -1, 

?':: -2..T 2. :J z.. z. . d J 

• .lo2.r -f'( 1') [ X ( t.) x* (-t: +?") - X (t: -?- ) X *(+. J]e j 2 
"";/ r 

+ 12.:-/(1" 1 f x < t--1' )x"° (t:. > - l( c C) x >t(r+ -r-)] e -a ""dr 



I .f X (t J ~ .s re a I : · 
2.r . 

ft: C(t:;u) =- 2. x(t:) f 2.r fC-r) '°f1-(-,.) x•(c 1-1') <:!An.(2:rru, )d -r 

::: -~x{t:) /2.T -f{'r)~(1')')((t .. 7){!A';)..(21r. 7}J; 
... 2.T ?' 



~ .2 
If x(t) is real: 

~ . . 

St- C ( u; t ) = .. 2. X ( t:) e&;)_ ( ~ Trll t=-) 

• [ -f ( t) 7 (t ) * X ( -t:- ) c..o-;J.(w ut ) J 
+ .2 x (i) 4#1, (zrru-t) 

• [ f'( t)7 (t) ~ X (t} ,wf ~:rrut:-)] 

-.:. • ~ X(-t) [ ~ (~'TTllt) { f ( tl~ {t) * )((t.) (zrrtJt~ 

- ..4M1, ( 2:rr'-' t) { f (-t: )7" ( t;) >f' X (t) · { ~md.!j 



,';(t) = 
.. -

-f(1:: )~(tJ rr(;f;=) 
=- [ o(' + 2o< :i. ~ ( f~-t: Jrr( _¾ T) 7 (t-) 

::. t, ( t;} + f'2. ( t ) 

0( I TT ( tr) 4r (I:} -=- o(.1 V (t. + 2. T) 

+ ~ (-t) 
~(-l:-2T)] 

)h ( o( [ 2.Ts -2.rs 
'±' 

1 
.s ) = .s 1.. - e + 2 • l.e 

~ -27'S 0( f. · -2.TS .. TS] 
'£1.C.s1e = ~c1-+2e -e 

-:>---[¼] ~ 



.x: 



2T 

4T 
4T y 

ft C(u;t-.2.T) 
::: ~ x( t. • 2. r) ~ [:uru (-1:-2.r)] { f(e-ir )1" (t-2.T)* · {tJ/4..c2rr/lt 

- ~ X (t -2T ") Cc;L [2rru(t·:tTl] [f (t-2.T)7(t-2T)>txlt) 

---N\---.. ----.--1 ~ 
~(2Trut) 

X(-t) 
2.T 

+ 
' -·s 

\----------~ Y; J---.-.., 

.4 

~ 
C( ;t--aj 

2.T 



Oiscre-te ~amog;r-arns 

(fVloJulat-ed rl\rvt.) 

L.B 



lf'I-+ l+..f! 

., -..IL 

= /4[1l+l+.t]- ,-4,.,[n--t] 

Thus: 
'Z..L 

b C (f i n ) : L_ 'f ( k ) x [ n .. 1 + 
1 !;_1 

- ~ ] 
. k:-2.L 

" ')( * [ n +' + 'JJ:' + ~] e - j2rrl' l</"1 
2L 

- L ~(l<)x[n-~-~]x*[n-~+~] 
k:.-ZL 

x e -j zrrr /c./M 

.:. ;;( o) [ / X ( tl + 1) l ' - 1 >< ( n) ) '] 

2L · 

+- L -f'( k ) [x ( n + 1 ) x "' ( n -+ k + 1 ) • 

I<.: I ( k) *( J -d :zrrrk/A1 - X n- X n) e 

-, 
-+ L f(k) [ x (n-k+1) x*(n+,) 

k:.-2.L 

- x(n l x"'( n + t )] e-J 2 -irrk/l1 



~ ccr:~,l =- f(o) [ lxc,,..,>/~- /xc,,,J 2J 
+ L f>( k ) x ( n t-, ) x 1r ( n -1< + , ) e + J z rr f k I '11 

k=-zL 
2.L 

- L f( k) x (11-k) x >I'-(~) e -J z-rrp k/A-t 
k.:. , 

~L 
- 2 ~ L ,°(I<.) x(n - k J x*(n) e ri ,v-f l</A-f 

k,: I 

_,_ 2 ;E1._ k.~~2.1. -f (/<.} x <n- k +,) x"' (,, +,) e -j "lrf~/, 

k::-2L 
X(n+ 2L+ 1 

.:Tkx* ej 2.rrpn/M -ZL; 
/ / k~D 

+ ~x*n+r)ejzvfn ~t 
k=-2 L-



6 C ( u,, i 11 ... .2 L - 1 ) 

= f(o) [ I x(n-2L) ]~- / y: (n -2 L-,) / ~J 
-jirr11lJ 2 L .. k) - ~ & X :t ( n -:i L .. , ) e p L... f( k. ) X ( n - ZL - J -1<.) eJ z rr " - u,. 

""') k=' • ' 
-l- i te... X f' ( 11 - 2.L) e j 211("' tJp f 1-f(k. :,.2L)x(n- /,_) e J2. rr( fl k + 2

L}l,f, 

k.:. 0 

= f( o) [ J X(n • 2.L) /" - J X ( n - 2 L -, ) I ~J 
- ~ [x*(n-2L·i)ej.21TnUP}[1\~)¥ fX(n-2.L·I) e' 2lTtlUPf 

~ c . 
~ /4, f x.t ( n- '.lL) ed2~uP J [ t' s(n) * [ x ( n) e j 2Tf ( +2 L +1)£1~ 

j frl m · -

If lip::. /'.2.14 or- ¾ L 1 

mar vse. n i(\steacl of n+ 1 
(Later 



S./3 

&!;). (wm .,_ ) .. z-'e.a-:t. LJ (IYl - , ) .,_ -, 
_ _;:_. _ _J_;_ ___ .....__~+-- l 

I - :Z ~-, Cbiw) 1- 2 -2 

~(wm-1-<j>) - ~-• ~[41Cm ,)~cp] -, 
I - z ~- el;)l() +- ~-~ Z. 



Thus: - L ~-• 
~(n)~ jc..(~)=- Zo< 1 ~l 

+ 4 oc' [ C-cfJ..<:fi:) - 2 _, -
2 I- 2.~-•~(}f)-t~2. 

-('2.L-+ ,J] - ~ --, ._ c -, 

-n- ( ) ... , !1: _ c.e,:z.. zi• 2.L+I .. i. Zl.. •2L 

I - 2 ~ .. ec:a..,ir r 2: ~ 

:: 2. o< ' =i. ._ I L ] 
- _1 - ~-2.L ,--2-• "C. 

L/ o(~ [ 
+ I - 2 i! _,CO2 (ft)+ 2 -z ~(¥i_ ) - ~ •I - ~(ir+lf_) ,- -t J Ctr.J.-rr 

:. Zo(, ~ -, [ -2.LJ. 8o( z [A-✓-1£)- ~ -•] 
I - r _, 1 - z! + -----:-l.,Q-~-L~-------

y - 20(, ~-• ( I - C -u J f - ,.~-•~ff:)+ C -z. 

X - I - ~-• 

r ( , - i! -· > .= 2. 0( , c. - ' c , -c: -2.L ) x. 
y :. z.o( IC - f CI - ~-a.) 2C' -1- ~ -, Y: 

2. 
.x. _ 9~2. c~ C%u - ~-~ 
y-- J- 2..~-le42::IC"+~-z 

. ZL 

Y ~ ~ rx2. [ ~(ff) - .2·']!+ ~ ~-,ed._~) - i3 -~ y 



'fc(n) 

- ,. - , 

-t j. 

_, 
z -,. -

- I '2 
.. 

' 

Note·. 3 a lar~e number d> ot:he~ f; lters 
1\/·• -th the.. sct"m e /.I le\, 

78 



8€ 



tJC(u,,; n-.2.L-1) 

:. f ( o) [ X ~( n - Z L ) - X '2.( n - 2 L - 1 ) J 

+ K( n -2L) C-dJ{ ~rr(n+,) Up) [ f s(.,) * f xco) c..c,;;i. 21r(n+ u,) u,i 

-)((n .. 2L-1) C-6.l.. ( 2-rrnur) [fc(t1) .,r f X(n-2L-I )(!.42, ('2.lT ,n )J] 

-X(n-2.L)~(~ir(fli-1)up) [fir\)* f x(n}A#t 2rr('>,.,.2 +i)u,,3] 
+ X (n-ZL-1 )~ (-z:rrnup) [ f c.(.,) ,t f X(rJ-2L -I)~ (?17 JO n) 1] 

-21_ 
"f(o) ~ I 

( )~ 
-e·' 

Coi irr(n+ZL+l)l./ p 

X(n) 
'f s( n J 

~ .. tL 

JC 
~-I 

A-in._ ~-rr(n+ 2.l+I) tit' 

~ I 



01 

5 ( i. ll ) !'.: 1 2.T ~(;) X & • 7) e ·) 2.rru 7d i 
1 2.r· I I ) 

= [-t(fJu;}..~1Tut)TT(q~)] >r irx{t.) 

.. j [ f(t-)M->l,(zrut) rr(ir)J * x(t) 2J 
4 

r 
:: 5 ( t; u ) + d s I ( i I. u ) ( 3) 

r( J 
• /Ct) ui(zrrut)Tr(t:/<t,) 

s t·u ..... I -
~ -

)((t) , 
- . I - S (t /U) 

-' -f(t) ~(27Tu-t)7f(¾T J ► 
y \ -

' 
r I ) = S (t::-2T;u) +d S (i=-z.T,·u 

Sr(t·27Ju)::. [lct-2T) eci:i.rru(t•;lT )TT(\·; fl~t(tJ 

~ 5; ( t · 2 T · « ) ; ( f ( t · 2. T) ,M,(, :i. rr U ( t:- • :ZT) Tl(\-: T i1 * X J ~ I l j 



h,. ( t. J =- -f (-l: - 2., T ) ~ [ ~ u ( t <Z T J]-rr (-t-'1-T-ZT) 
t,i(t) ;.-f(t:-ZT) ~ [2-rru(t-z..T)JTT(t;;-r) 

X(t) 
.------Blol h"(tJ .____.__,. s r ( t; u) 

' 
'----ell h. l-t-) I--___,.. s 'Ct;~) 

Ex : Trig Pc 1/., ,,,,,; a / l,J; ,i J" w r; ·. 

f (t) = ~ a
1 

caj, (}//l't) Tr(q~) 

f ( t · 2. T ) = ~ a 1 ~ ( ~yl ( t - :iT )] 

[ 
t 1 ( · rrm:\ · 

C<O. 2q't -11"7] =:(-,), Ceo. 1r+J 

-f(t-2T)• lc-,)1 a eo£!::[1r-) 
;=o 1 T 

l, r ( t ) = b.· C<r.l. [ 2 TT' U ( t. • 2 r)] C-c:t. n'!;.'i (t <2 Ti]-rr (\ T) 
;=o I 



03 

s J,-d zrr < u ±- "/ff ) 
' 1. - e -Lf s T e .. d BTTU T 

= 

= s ... J ~-rr cu ± 4'r 1 
1-1 e11ce: c-, )<"f a 3 J ~uT [ -LJsT -J a-rrcJTl 
h
1

C-t 1- 2. e 1 - e e -1 

" [s+J~ir(u+l(-r') + srJ.z~(u-~)] 

_c_-, ) 'a~ [ i c.nrtJT - q .sT -j 'ITrtJ rJ - ~ eu - e e 

[ 
s-J-zrr(u-1-#f) s-Jm(u-zrl=-) 7 

. 52.+ [2rr(u+,h-)]-... t- s"-+[.m-(u-fi=JJ2.J 



Col) s i e,... 
I I 

s '"J (a.4-b) . .f- -S-4----r-J-(d ___ h_J 

"5 + J (a -b) + s +-J (a +b) 
::: [s+J(a1-b)][s-1-J(a -bl] 

2 [s ""ci aJ · 
:. ~[s ~-(a 2 - b 4 )]+ d S [ (a +b) 1-(a-b)] 

2 s + · a) (s2..._ I:, 7._ci') - · .zas 
- . . • :---=-,;;---~--i..t-:----- ( s 2

.,. h ~ - a 4 + 0 2 a s Cs -z..+ h z. - a~) -J 2.c1 s 

-~ o( s ~ h ~a~)+ 2.a zs~+ J ( a (s "+h :..a2
)- .2a s ~ 

- [ s 2.+ h 2 
- a 4 J :a + ( :2. a s ) 2-

2. s(s 2+b:1.)+a 2s~+· [a(b7!-a 2 )-as~D --- s 4 + ~s~ b~+c1 2 ) -t (h-z.- ci1')~ 

.. :2. [ s ( s "-+ a '2.+ lo '2. )•J a ( s '2.+ a..__ b"')] 
f._? 2 - ( a + h FJ [ s -z._ ( a -b) i?] 

Thvs 'l . f , J (-I) a eJl/1TUT -l.{sT -j 'ITrU• 
1, Ct)<~ · ~ s, - e e Q 

1 

s(sz+a'2.-1-b'2.) -Ja'(s'2..+a'<--b') 
[_s'"- (a+ b)z.J [ s~- (a- b):J 

a = ;2.TTU 
-rrq_ 

; b = 2.T 

() 



• 'f l 
h?t) - ( 1 ) a

1 
1::·-s-=-"'--(a_+_h_)'2-J=~[-s-~--(-a--b-)-~ 

[ ec;:('1-rruT) {1 - e-~sT} s ( s-.. ... c1 ..... b ~) 

.,_ ~ l/77 u r) ~ 1 .,_ e - "' s r 1 a ( s :z + a '- b :z ) ] 

" s-1 > 

= (-,) a, [! - s· 2 (a+h)2J[1 - s-<(a-h)~] 

[ ( 1 - e · '4 sT) ~ ( 4rru T) [ 1. + s .. a. (a z._ b z.)] 

+ ( i -1- e·'lsT) ~('ITT u T) a s· • [ 1.4· s ·'""(a~ b" 1] 'f 
• I 

h ~ ( t ) = (_ - I fl a, -[ s-4?-_ -( a-2.-+ ~b z--:-)-;:;:;;]~[-s-='Z--(g::;----=-b ~) 2~] 

[-( 1 - e-'4ST) a ( s 2 + a'- b '2.) <1«J_ ('2:Trut.) 

+ (1.+ e-~sT) s(:s ... +a~b-..)~nu~)] 
s-• 

= t • ) , a, [ 1 .. s -~ (a + b ) '"] [ 1., - s · 2 
( a - J, )2 J 

[ (,-e-" 5.,.)(-a) s- 1.(_1.+ s· 2 (a ... -b ... )} ~ t-) 

+{ (, "'"e·'IST) ( 11- s· 2 (az.-1-h .. }S ~ (z:rrut )] iC 

1 YCsJ 
1. - C S --z. - X(s) 

res)= :XC.s) + c.. s- 2 YCs) 

res) 

I 



(·1),a'1 s-1 1 1 1. ~('lrrut) 

• 1 : rt : i ► l : :se: ~:4rrUT):! 
s· 2 (ad,)2. s·~(.a-b)._ e-'ITS ~ 

::; -z.< a. z.-t- b, 

@•£.. ~ ► 

s- 4 (.3 4
- b 2 ) 

5--2(a2-bz) .,. 

1. 

@) .. < IIJ ~ ... 

s-~(a 2 +h 2 ) 

S,.(t;u) 
i 

.. 
' s
1
(t;li) 

a : 2TTU 

b = .,,Cf/:z.-r 

~ 

110 

<::5 

~ 

" 



l 

h;(t)e,;5-z.~
0

c2.iru)2. LS (,-e.-l.JST) ~ ~TTUT 

+(:::rJTu) ( 1 + e -'1 57
) Mn. ( 2.mJT)] 

; ao [ · ( -1./ST) 
ho(-t) ◄ ► S 'Z.➔ ( '2.lTU) Z - 21T'U I - e Co;J. 2.Tf U T 

( -c.(ST) f_ , J + S. I +- e ~ ~~7TUT) 

~(2rrur 

07 



08 

Ex t-..-a cting; Corn mot\ Delay Ci r-eui-t:r-/ : 

O(s) 

1 

' ~(2rruT) 



a 0 s - • c3o s-• 
I -,. (2rru)' s-.a = 1 + a'Z..s-2.. 



,- q =- 0 t-or I 
,__...~©~, _· ---41r---.,.---.e-1 -~ s:(t: · 2 T IA) 

® 

© 



~ 1 T 
& t: :Z. (-1:: - T j U ) :: 1'"= - T f ( r) 

X [ t- T+ qr/- a+-c.T] i~[t- T +cf-rt-a.,.+ c, 

e -J 2.1rur Jr 

-1 r f(-r) 
T=-- T 

x [ t - r - c 1-r I - a_ - c. -r] )" * [-t - T -c I 1" I~ a _ + c ,:] 

e-iJ?.:rru?-J, ce9 



s 
~t ~ ( i: - T; l,f ) 

r 
1 JJ ) [ ] * [ J -J2rr 7 =- 1'=o 1(1' X t- T ... a+ Y t- T +2C1"--a+ e d; 

0 

1 [ ] [ ] · -zrrc.cr 
+ f ( 1"') x -1:. · r- ~c~-a t- 1 ~ t - T - a + e -J J ?> 

r= .. r 
T -1 f(~) X [t - -T- JC ,~a_] y* rt -2 T-:-a J e-j 7.TTU'cJ 

j::o L ... 

-J/. ffrlx[+.- T-a.J /'[+.- T+2c-r~a_Je-;i
2vd 



6:Z(t- T · u) 
I -

- 6-f:-

r10 ~ . LI?: 1* 
=-x(-t- r-a .. ) L 1',-.r-f (--r)y(-t- r-2cr-a+)e! Jij 

-x(t- r-a_) []
7
.:-f(-d 7(-t- T-2c1"-c1_)e.-d ... u1;J1]1 

+-7*(t- T- cl+) JO f ( 7-) X (i: - T- :Zc'l'-a+) e -;fz u'cl i 
7=- T 

7* ( t: - T- a_) fr=: ffr) x (-1::- r- 2..c:1-a _) e -J -z.1r
4 J-r 

J r -J2rru;, 
5c(t. ... r-a; u)= _ 

7 
w(T)x(~- r-a-c,)e J, 



It t:=-o 

-er~, -a_ <5 <. 

-c?.;-a-

/1 -a + 

-a > -a + -
~a_> a+ 

l 

clrf-a+ =-) 

) 

a_= c.3-t- r 6 

S (t - T- a U 
c, - I 



I I -f'(t "F- -f' * ( --t !!: 5 ' 
Wa ( t) = f" (- f:) Ti t "*: ,TDz~-z, ___________ _J_ 

wb Ct>= f*(-t) rr (¥1..) 

We. (-t J :: f"(-1:. J TT ( 't ;_ :zi) 

Wj{t) = -f'( t) Tf (~1-) 

.T 
y(t) 

cc a c. 

e-s( '.T+a+ 

W c. T 

a..., c, 

;<(t.) 
T 

a. c. 



s 

rf 

Cases 

~(t)= t'*(-t) 

Wa(t)= WJ(t) 1 W.1,= We 

I 

X 1 I 

I cc s 

are real/no I 
c.c. s 

Ei u i II a I e,1 t- d e / a y I i ,1 e ~; r-c u ; t: r-y 

* Sfec.tr-og;raM e 1u;valen-f=-s 

a. 

e -5~ Wa 

--
a 

T 

C. 

T 

c.. 

·-sh e 

w~ 

--
.. a+b 

T 

C 



, 

(b) 
w, T 

-
a C 

i--., ---
W2. T 

c3 C 
---lo -

a C 

(c) 

5 (t:·u)= 
C I 

~ 

c 1".:: n.,. c-r 
I\ 

cl?'= .d't 

s~ C-t -?'l i u ) =-



CROSS CoN~ KERN~L 

a+=- a_ =- a 
£l =- 0 

Can use £5 wit.I, 6=C 1 a+=a-=a £:'J 
From f e 3 

92(t-~TiU) 

~t [ 0 

" x ( t - T- a) J,,,_ _ i'"'(- ?') / ( t -2 r-zc7"-a) e -j 
2 ':J;J * 

,. ..r 

~ - · -zrruT [ J .T Jli= 
- x (t- T-a) ~=o 'f (- 1') y(-1:.-2.T- 2c?-a) e d d1-. . 

t> 

+ y"' (t- . T-a) [ /-,-,, 
1
f ( -r) x (t - ·a• 2.. c.. "t-d ) e. -J ... .-d ;J 

[ f r -J -z,,. wr. 
-7~(t - r-a) } 1::.e> f{,) x(-t-2T-2c?--;;J) e. d'r 

= .,_ x (-f::- r - a)~ T f*(--r-) ~tr) f (t-zT- 2c1--a ) e-J,. -r ]* 
~i:: - T rJ 

7"'(t · r-.;i ) [-4: .T Tf(-r) r ( ,-) x(t-2T-2C1'-a )e -rzlTll d J,(,, 

Oe.:t',n e 

w1 ( t) = f(t) ;/: (t ) 

w2 ( t J ~ w1.*C -f:) 
- -(11-J r <-ti 



• 

y(t) 
Wz T 

u cc. 

a C 

cc. 
e-( r+a) 

)( (t) 

a C 



1:10 

Sf ec..i a I Cases 

,k r; f'(t)= f*(-t; ) ,, t'1er1 W, =Wa 

* rf I 

re.a J J no 
I 

X ~ / are c.c s 

* Oelay ~ srec:.-1::rog-rar,.,i t; v; v a/ e ~t:. S 



f:I/ 

I .f X "' 'j :f, f ( t ) = f ~(--1:) 

From E:3 

~ ) [Jo ) -J-z.n-u ] 
X rt - T- a T T = - . T -f ( ?') X ( f; - T - 2.c..,.. - d. + e 'Jr' 

- x*(-1::- r- a_) [ fr=: -f( r) x(t - T-2cr-- a~) e --J ~"'nJ ,~ 

= 2 ~ X(i- T- d+ 1[J:=~ T i'--;~:(t- T-2c?'-a+) e-J-zlr JJ 11 

- 2 ~ x* (+- T- cl_) [ 11'=: -f( 'r) ·,<l+::- T-2.c?"-d_) e-J "'"1.,.J ____., 
vJ-1 



E / ::2.. 

wJ 
u 

a.- C 

• (2T+-a+)S 
2 e ~ 

xc~, .,.,. 

}t -/ 

";c T 

u 

a C. 

where • 
D{ =- o< ....... d o<: 
/3 = /3,. + J /3; 

Va,... ·1 a t ·,on s : 

* No c c. s ·, .f- X , s r ea/ 

* Delay 1 5fec.cr-ag-rarn r;-1uiv. 

* 1 c.4n he. fut- lats oJ rlace.s 

* a_-=- a+= a (see G)) 
>1:: tezx == 12a x* 



X == Y J f' ( t ) = f-' * ( --t: } 
a __ = a..,. =- a 

Can wr;te. tlf as 

5 ; (t - Ti';!) 
St 

=-~ ~ x(t.- T-a) 

[! 
T . 

.dJ{ ' -d "2.1TLI 
r:: _ T , -r) - 1 • {-r) x(t. - T- 2c-r--a )e d 

~ 

* * 

X(t) 
-.z 

w, 

a 

w, ('1' l 

T 

lJ 

C 

* xlt, real 
s rectrogra m ov-t-f ut 

Mvl-1::iplf bf !xi :z. 

/ 

\ 

"' 
,..,, 



i!-

* 

I='or real i(\rut-s: 

Av-to rarnog-ra ms are Rea f ! 
b ~ . I st 15 rea 

0,-., I ( rea I pa r-t ~ t- 5 pec:f:: ro g-ram 

is needed (i.e. Cos;rH~ Xfor-m) 

X(t) w T ~ [ Sc ( -t - T - a ; U ) ] . (0 - -
~ a c~ ~} W(?')x(t-r-}~@rru;) ?" 

1ec2-

Then 1=11 b ec.ome,S 

6~(t:-TjlA] _ JO 
~t - :2. x(-t.-T-a+) -r f(r) x(t.-T-zc.:r-a ) 

C(JJ..{ zrrtr,) · J 1' 

- :z. x (t- T- a_)} :-f( -;-) x(-1:.- T-zc:r- a_) 

C<1cJ.- lzrru,;,) J ~ 

See ~auf:::o-r 

can use 1. ~it1t 



Sin-i,'larly) €13 beeomes 

t,2(t:-Tju) 
b-t- - = ~ 2. )( {t. - T- a) 

~ J_ T..,. -t C-;- ) if C--;- ) 

X ( -I= - T- ZC"'t'"- a ) e.tr.,_( <-l'rU'r)dr 

Sc:: e 2a-l::-..oco - r 



i t.b Oi ft er-e.,,c.e... 

~ [r'l + ii u J - ~ [ n i u ] 

" t [ ~ri+clkl-a++~ ~/kl-a+ J -f'[k] 

k = - 2. L rn : n - c I k f - a -+ i m = n- c I kl - a - .,_ 

J e -J 2.TT KU 
x[m-ck] y*[t'Yli--c.k 

• n-cfkl - a_ -t 1 n + cl I<. I - a++; 

-j ___...i_---r-t-k~--.. .. n, 

n-clkl - a. n+clf.d -a+ 

11♦c. ll<l - a t- t- ; n-+cll<.f-a+ 

z -L 
m= n-clkt-a_ + ~ rri = n -cl I<. I - cl -

t1+c.Jk\-at- +-i o -c I k l - a.,. + ; - 1 

-L -L 
m; n -t cf kl - cl+ t- ( m:-.n-cUd -a_ 

Fi 



F2.. 

~[n+-i · u] .. 
I • 

[ 
o -a++, 

:L_ 
m=n-:-a,..+1 

l[niuJ 
n- a.+ 1 - 1 

- L J f[k] X [m]y't[m] 

n+ck~a_+; -1 

-L Jf(k) 
m =- f1 i- ck -a _ 

x(rn-c.k] '/ ~ [m +-ck] e-d -z.--,,ku 

ZL 

+L [ z=k-a+t-i _ °t.-a_t-i-1] f(k) 

k = 1 m = n +-c k -d 1- 1- I m =- n - c: k -a _ 

· X[m-c k.] y*[m +ck.] e,-Jzn-ku 



F3 

n-a_t-i -.1 

- L ] f(k) 
m =-n-a_ 

Then·. 
A 

~[n+iju]- ,l[n;u] - f x[mJ7*[m] 
• _, 

= L --f (k) X [ p- :i. ck] 7 * [p] e -j ,:rrku 

l<=-2L f = n -a++ i 
(f) 

n-a+ +, 

L 

-1 n -a_.,. i - 1 . k 
- L L i'Ck) x lp] /' [m+:z.ci<.] e-J,rr u 

k = -2 L f = n - a_ 

® 

2.L n-a+ + 1 
-f[k] x [ p] y"' [m + zc.k] e -J z-.rku +L L 

k:. I P= n-a,..+ L 

® 

, 

ZL fl-a.TI - i 

-L L i'W X [ r- 2c.k] r J. [pJ e -J zrr ku 
k=-1 f = n-a _ 

© 



l 

Fi.l 

~ 

n-a_+J -1. 

- z= 
f-=-n-a_ 

• n-a_-t, -1 

- L 
f =n-a_ 

i_ -f(k) r* [p i- 2.ck] e-J z-.rku 
l(:.-2L 

n-a++I 

+L 
f =n -a.,..+- I 

Can cons-eruct us,()g 
L'J~(r1+1_;u] -6i [n;u] 



l 

6. [n ·t- i · u] - 6· [n · u] 
I J I J 

-I . 

=- yit [n-a+t-i + t] L f(k]x[n-a+t-i-4-1-2cl.J 
k: -2 L x e -J ,-rr k t.t 

- y* [n 



Gi 

< r> n-,. c JI<; I - ~ + 
~ [n; u J :: [: L 

k :: ~T) m ::. n - c I k J - a_-+ , 

[ k J .,t [ ] -J 2:1r k u 
X X m -c l m + C. k e 

Make ;t; causal: 

~[n-<T>; u] 
< T) n - < r> + c. I k J - a .,. --f [ I< J 

= L I: 
k:{T) m-=n--<T)"' clkl-a_t-1 

[ k J 
/ .. • I 'Z. 'ff' /-e:. <..I 

x >< m -c / * [m + c1<-] e fl' 

0~ f J e re n c e : 

~ [ n - < T) i u J - "l [ n .. 1 - ( T ) ; u] 
( r> [. n -< T> + c \ k 1 - a .,. n .. 1 - ( T > ..- c J k l - a + 

=z= L , -L 
k .: <,-T) rn = 11 - < T > -c I k l - a_+ I n1 ; n .. 1 -< T ) - cl le. I - a:.. 1 

• -f[k] x[rn-ck]/*[m+ck] e-jzTrkt.1 
<r) . .,c.l<. ... 

=- Z:.. -f[kJx[11-<r)+clkl-a+J7*fn-(T)t-clkl- t-+cl 
k=<-r) . . I 

· -J 2.trU < 
" e u 

<r> . 
- L '/[k] x[n-(T)--clkl-a .. -ck]'/~[n-(T)-cJ I~ J -a_Kf{ 

l<=(:r) -d· :2.1nJ k xe 



Ca.se .1.: Tis an ·,f\tege.r 

T= L 

~[n-LjU] .. °2;[n- L - 1.; u] 
L 

:: L 'l[k] X [n-L + cl k J-a~ -ck] 
k: "L *[' k] -J· :ZlTU k xr n-L+clkl-a++c e, 

L . 
- L 1 [ I<] x [ n -L - c I k l - a_ - c I< J 

k- -L *[ { ]. _d. "ZlTU ,~ 
- x y n - L - c /..;. I - a _ + c k e 

:a -f lolf [n-L -ai'] y>t [ n - L -a -1-J 

-x[n-L-a.J y~[n-L -a_JJ 
- I • 

+ L f [k] x [n • L ~k- a+] y* [n-L-a+J e -cpiru 
k.: -L 

L ~~ 
+ L._ 'f[k]x[n-L-a ... lv)t[o-L•2c.k-a+Je(7 

k::i l / 

.. l . • k 
- L f[ I<] X [n-L-a_J1 ~ [n-L+:Zck-aJed

2

TTi 

k=-L 
L . k - L -f[k].x[n-L-~ck-a.]7*[n-L-a_ le-d -,rru 

k=1 . . 

G2.. 
I 



A~[n-L;u] 

:: -2 [n -Liu] - ~ [rl - L - I/ Cl] 

- -f[o]{x[n-L- a➔] y"[n-L-ai-] 

-x[n · L-a_J y* [n - L-a_J J 

=- f. -f' [ k J )( [ ri - L - 2. c/,. -a+] y • [ YI - L-a+Je. -j <rr«k. 
k ::-t. 

... I . 

t- L f [-/<] >< [t1 - L -a+] y * Lt> _ L _ 2.c..l< -a+J e_tJ ,rr"' 
k=-L 

L , 

- L.. -f [ -k] x [ n -L-a _] Y * [n -L - 2.c:..k- .zJei ,z,,-u/._ 
k: I I 

;:. [ J c ] -i'2rruk - c_ f k x n - L - 2 c.. k - a_ y >t [ r> - L - ;;J _J e.. <7 

I<= I I 

] [
.;! f 'It' [ I J J -d· 'l.TT'-' k.7* 

: )( [ Yl - L .. at- c__ - <. / ln - L - 2 c {<. - ;;J. + e,_ j 
l<.=--L 

- x[11 -L-a_] [ f: f * [-k] y [n -L-2.c.l, -a_Je ·J-..m.ij 
/<. =- ' 

+1*[n-L-a+J t._ 'f[I<] )( [n-L- 2.ck-ci+Jc::.-Jzrru /,; 
k=-1.-

J cf=- [ J [ J -~-z.rruk - I * l,, -L -.;J _ c_ 'f k x V) - L .. z.c f< - a_ e u 
k:: I 



----··-w L. 
X[nJ 

-- u i-------J;:... ... S[n- L. -a ·u 
G I 

a C 

-i=- J [ k] -1-z:rruk Sc [ f); LI ] = c.._ 'w [ I< )(' n - C e <1 

Assvm e. a_=- a+ 1-'1 

Can use. 

Wa [n1 .::. 

W1, [ l'J] :: 

We:. (n] :. 

W,1[ ra J -::. 

F ,...On-J c; 3 

~cross 

f if [-n] . 
/ 

f '>t(- l'l ] . 
/ 

-f [n J . 
,/ 

'[n] . 
,I 

2[n-L-J'UJ 
I 

+ fl c[n -L · u] 
I 

-Lsn~-, 

l~n.fL 

.. L!:Y)f-/ 

t f: r'\ !: L 

+ --f [o J f x [ n - L - a.,.] '/ "'- [11 - L - a"" J 
- X [n-L- -;;;i._] I *rn-L~a_J.3 



Gone Cross 

a -t = a,_ -= a 

From C. 3: 

Ll ~[n-L· u] 
I 

= +x[n-t-a] 

7'[k]=c -~ 
I 

· I<< o 
/ 

· k::.o 
I 

. /<. >O 
I 

\Ni [n J : 

w,_[n] = 

f-r [-k] o/ L-kJ 

f[I<.] '7" [kJ 

/ 
. }J<./f L 

; } k} ~ L 



Avto ~amog-ral"l-1 · 

X =- y ~ i' [ I< ] =- f' >te [ -1<.._J 
From G 3 

Ll 2-[n-LjU] 

* - I -j "lrfl4 
= ~ !<tu x [ n - L - a+ J L 'f [ k ] x [ n -L - 2.c I< ... a+ J e 

k =--L 

- :Z i<.<z. X * [ n - L - a _J i::_ -f [ l< ] x [" - L - 2.c::I<- - ci1 J ~ -J ~ u I<.. 
k:. I 

Use =2 2c.Jto 

Further-more.., now G4 bec:.o....,es 

Z [ n - L; u] =- ~ [I) - L - I i u l 
t /l ~ [r1 - L i u ] 

Can use 

+ i'[o] {fx(n-L-a..,)I~ 
-lx(n-L-a_)('J 

-rsum wj x = y or r:.sum 2-



r 

a-+-=- a_- .1 -:.a or a_=a+-1 

a_ = at+- l1 

~ a_ - i + 6 ==> ~ -= 1 
F,,..om G 3: 

o 1( · ] [ ~ * ] [ k ] -i -z_,ru k. 1 = 2.1~X[r1-L-a L- -f [~/< X n-L-zc. -d e_a _j 
1<.~-L 

- 2.f<.Lxi<[fl-L-a-i] [t_ r*[-k]x[n-L-2ck-beJi )(l..f~ 

k:: l 



G7 

Auto - Cone ~ amog-raf'Y} 

X = y ~ -f [k] = "f ,r; [-k J f d_ = a -t = a 

=-2~x*[n-L-a] /;:L -f [ k 1 ~[k J 

[ I J -1,1T1-1k x n-L-2.c.<-a e. o 

U5e e=at::ocone 



- For real ;,,puts 

A,.;t.a eama g-r-arn s 

L1 r [n - L . u J I s 
I * From Gt.: 

6 ~ [n - l · u] ,, 

G6 

real 

::: 2. X [ n - L - ci'-1-] 
... J 

L_ -f [I<]>< [n-l- 2c. f,- a+J ~ ( rru I<-] 
/<.::-L 

L. 
-2.x[t1-L-a_J L__ y[/<..]X[t1-L-2cl~-a_]C!.d"J.[2. u!<J 

k:. I 

L 

~ Sc [fl; U ] =- L__ W [ k] X [ r) - k J CtD2. [ ?.TJU }~ 

k=- -L 

US e.. ~ Sc.1"'1 



6 ~ [n-L; u] 

l 
= -2 x [n-L-a] L -f["-]~[i<] 

k::.-L (7 

x [,., - L- "<.c /<. - a] Ca-;J..__ ( "<--rru k ) 

U.s e. z:. at oc.o - ,-.. 

1 =e-surn-r 



Case i: 

Case 2. 

~ e Ven #- o-P 
samples 

ln:steacl cJ G 1 use 
L Jfl+c.Jkf-a+ 

"l[n;u]: L L '°[k-½] 
k:: -L+J.. m=-n~clk I-a_+ 1 

x[m-ck] 7* [m+ck]e-Jz1rk1.4 

G!O 



6~(t- T; u) 
- 6-f:-

=- x(t - T-a ... ) LL~- .r 'f*(-1")y(-t:- T-2cr-a ... )ej "J,] * 
-x(t- r-a.) [Lr -f(--r) 7(-t - T-<cl'·-c:i_)e.-d" u1j1']'1' 

I= 0 

+-7*(t- r-ai-) J O 
f(1-) x(-1::- T-::2.c'l'-a ... )e·d"- u1;J; 

1"'=- T 

7*(-1: - T- a.) f,,.=: ffr) x (t- r- 2.c.7"-a.) e -J 'Z.lrl( J-r 

j T -J2TTUi. 
5c_(t. ... r-a; u)= _ 

7 
W(r)x(t- r .. a-c,)e J-r 



It -t~o 

-cf1"I -a_ <3" < cl~J - c1t 

1' 

-a+> - a_ 
~a-> a+ 

a_= <3..., +- 6. 

) 

S (t- T-a U C -, 

-



II -f7(t -,!- -f'*(-1:. 
Wa (t) = f"(-f:) 1T t ~-Tl?

Wb Ct)= f*(-t) 1T (t. -,l[-z..) 

Wc. (-t J :: f-'(-1:. ) TT ( t; -;_ 77') 

Wj(-t J = y'( t) Tf (¥-i-) 

y(1:.) 

\vJ, T 

cc 

e-s( '.T+ a-+ 

W c. T 

tA 

a.., c. 

)((t) 
T 

a_ c. 



s Cases 

~(t)= f'*(-t) 

Wa(t) = WJ(t) 1 W.h = We 

I 

X 1 / 

I cc s 

are. real/no I 
c.c. ...s 

E7u i va I e.,1t- def a y Ii ,i e c_j ,,..cu i -E:: r-y 

* Sfec.tr-og;ram e 1v;valen-f:s 

a. 

e -sb Wa 

--
a 

T 

T 

c.. 

-sh e 

wt:j 

--
a+b 

T 

C 



, 
£7 

(b) 
w, T 

-
a C 

w,+w2. r 
---., -- __..., -

W2. T a C 

-· 
a C 

(c) 

5 (t · u) = 
C I 

Sc. ( t - 1t; u ) = 

s~ c-1:: - ?l i u ) ::. 



CROSS CoNt J<ERNE:L 

a+=-a_=-a 
Ll =- 0 

Can vse. ES with f>=o 1 a+=;i_=-a ~, 
F,-.om f E" 3 

6 Z(t:-, Tiu) 

~ t [f O 
.'4( -j -z.1r,r1" l ~ 

.:: X (-f:. - T- c3) 1"':- . .r 'f (- ?') ! ( -t - 2 T-Z CT -a ) e J ,J 

- x(t- T-a) [ f-r=: 'f...,(--r) 7Ct-2.T- 2c?--a}e-J.,dJ]* 

b 

+ '/'" (t- T-a) [ J-r,,. /C -r) x (t - 2. r- 2.c ?'-.i ) e. -J ...... J ;J 

w1 ( t) = -f(-t) '7: (-t ) 

w2.CtJ ~ w1*(-t) 

~ f{c1-J r c--tJ 



T 

y(t) 

)( (t) 

a C 



1:10 

Sree-ia I Cases 

,k r; i'{t)= f*(-1= } .J t'1en W 1 =Wa 

Tf I 

re.a I~ no 
I 

* X :y / are c.c s 

* Oe.lay ~ srec:.-1::rog-ra..,., ti u; v a / e .,.-f:. S 



£"'II 

I .f X = 'j i f ( t: ) = f ~(-t;_) 

From E: 3 

z,=l,(t· .Tju) 
~t-

~ x(-t - T- a+) [ 1r: - T-f ~(- 7 ) X (-t- T- 2.C1'-a .. ) e-J 
2

rt d-r].,,, 

-X(-c- T-a_) [J T 'f~(--r-)x(-c- T-2c7"'-a._)e_d-zn-1.1 ,]* 
1':::.o 

~ )[Jo ) i~~ ] + X rt: - f- cl -t- 't:: __ T -f ( "r ) X ( f; - T - 2.c. 7' • cl+ e ~ 1" 

- x*(-t- r- a_) [ ]
7
=: f ( r) x(-t - T-2.cr- a~) e --J ~m,-rJ (J 

: 2 ~ X(i- T- a.}[~.~ T 'fr:tx(-t- T-7.c?'-d~)e-J-zlr JJ,f: 
- 2 R.z._ x* ( t- T- a_) [ Jr::: --f ( 1') x(+::- T- 2.c1--a_) e-j 2 m;T-r] 

.___./ 

\P~ 

a_=a..-t-6 



E 12. 

wJ 
u 

a.- C 

2 e 
• (2T+a+)S 

~ 
X(t: J .,.. 

~~ -/ 

~c T 

u 

a C 

whef'e ex : o<,. 1- J o<: 
f3 = ;3,. + J /3; 

Va "·, a t: ·, on s : 

* No c c. s ·, .f. X i s r ea/ 

* Delay i 5f ee-cr-o($"ram r;-1ui v. 

* 2 c.an be.- rut- lot.s oJ Flace.s 

* a_-=- a+= a (see G)) 
)k /(g_X = ~ X* 



X = Y J f'( t ) = ~ * ( --t; J 

a.- = aT =- a 
Can wr;te. tll as 

6~(t- TiY) 
~t 

=-~ ~ x(t.- T-a) 
. ~ L {,.T T -f(r-) 

- J '2.1TLI ~ 

{?')Xti- r-2.c-r-a)e<J d 

w, (1' l 

w, T 
/ 

X(t) 
u -.z 

\ 
a C " 

e-C Tf-a)s 

Vat"iat'1on s 

~ 

* * 
* xct, real 

srectrogram ovt:fut 

M.,f-1:;ply b/ lxl2. 

,..., 



EJ t./ 

l=or rea I i "rut-s: 

Avt-o ramobra MS are Rea f ! 
b ~ . I st 1.5 rea 

O,, I)' re a I fa rt ~ t- 5 pec:f:: ro g-r-am 

i s () eed ed ( i • e. Cos ; rH~ X for- m ) 

W T 

-
X(t) 

~ 
~ tec,,z.. 

(0 
~} W(?'}x(t-r-}c.47.@rru;) ?' 

)\( P,en ti/ bec:.ome..s 

6~(t:-TjtA] _ Jo 
'z>t - :2. x(t-T-a+) -r f(1')x(f.-T-zc:r-a ) 

CCJ.{2rrLt,) ·J 1' 

- 2. x Ct:- T- a_) 1:-f(;-) x(-1:-T--:z.c. ?'-a_) 

cua-. l-2-rru -r) J r-

5ee eav-1:::o -r 

can use 1 rit1t 



S' in, ,· J a r J y) EI 3 b e e, om e-s 

62(t;-Tju) 
b-t:- - = ~ ~ 'X{t. - T- a) 

" J_ TT -f (-;-)if(-;-) 

x ( i= - T- zc-r- a ) e.tr.z_( '2rrur)dr 

Sc::: e 2af:.oco- r 



i tb Oi .ft ererlc.e.. 

z.L m-=n+c/k.(-a,-
~[n;u] = L. ~ 'f[k.]x[w,-c/c:.] 

k = -2. L fY1::: n -c I kl - a _ 

[ ] -J z-rrku I )t m+ck e 

~ [r1 + ii u] - ~ [ n ; u ] 

~ t_ [ 2:_r1+clkl-a++~ le/kl-a+ J -f[k] 

k=-2L rn:n-clkJ-a_+i m=n-clk.l- a_.,_ 

J e -J 2.1T ku 
x[m-ck.] 7*[~+-c.k 

• n-c(l<.f-a_t-1 n + c/ I<. I - a++-; 

---1 ___..i_-.-f _k~--.. .. n, 

n-c/kl- a .. n+ elk( - a+ 

11♦c l I< ( - a t- t- ; 

~ 
n-+cll<.f-a+ 

-L 
m= n-clkl-a_ +; m=-n-cf1<.l-ci-

fl+c.Jk\-at-+-~ n -cl k I - a..;.+ ; - 1 

~L -L 
m=- n+ c.lkl -c:2 .. t- 1 m~ri-c.ll<l -a_ 

Fi 



~[n+-i · u] ... 
I , 

[ 
o -a++, 

:L_ 
m.::n-:-a++1 

l[niuJ 
n- a.+ 1 - 1 

- L J f[k] X [m]y't[m] 
m::.n-a_ 

n+ck~a_+;-1 

-L Jf(k) 
m =- fJ i- ck - a _ 

ZL 

+L [ z:k-a+rl _ z=-a_ri-1] f(k) 

k = 1 m = n +c k -a 1- 1-- I m =- n -ck - a _ 

. X[m-ck] y*[m+ck.] e·rzrrku 



l 

F3 

] f( k) 
m =-n -a -

Then·. 

"' ~[n+iju]- -l[n;u] - f x[mJ7*[m] 
• 

--f ( k ) x [ p- 2 c k J 7 * [ p] e - j .._.., 1c 1.1 

I<= -2.L f = n -a++ 1.. 
@ 

n-a+ +, 

L 

-1 n -a_.,. i - 1 . k 
- L Z: i'(k) x[pJ7*[m+<.cf<-]e-J'rr 

11 

k = -2 L f = n - a_ 

® 

2..L n-a+ + 1 
-f[k] x [p] y* [m + 2.c.k] e-J z,rku +L L 

k.:: I p= n-a++ t.. 
® 

, 

2L 
n-a .. 1-1 - i 

-L L i'Gd X [ r- :zck] y~ [p] e -Jzrrku 
k=-1 f = n-a _ 

CD 



l 

• n-a_+, -1. 

- z= 
p=- n-a_ 

2L k 
L f(k) x [ p- 2ck] e-jzrr LI 
k = I 

• n-a_-t, -1 

- L 
f =n-a_ 

t_ f(k) 7*[p Tzck]e-Jz-rr-ku 
1(::-zL 

n-a++I 

+L 
f == n -a .,. +- I 

Can cons-l:ruct usi()g 

fj.[r1+1· u] -6· [n·u] 
' ) I j 



l 

6. [n •t- 1 · u] - 6· [n · u] 
I J I } 

-I . 

=- y * [ n -a+ r i -t 1 ] L f ( k] X [ n - a-t + i -H - 2 ck] 
k .: -2. L X e -J ~.-,r k l.f 

- y* [n 



GL 

<r> n+-clfcd - ~+ 
~ [n; u J :: l: L 

k= <·T) m-=-n-clkJ-a.+1 

[ k] ;t[ ] -J21T""ku 
X X m -c l n1 +Ck e 

Make ;t: causal: 

~[n- <T>; u] 
(T) n-<r> + c.1 k J - a.,. --f [I< J 

= L r=: 
k :: {T) m :: n ... < T > ... c I k I - a _ t-1 

[ k J ' ... ·• 'Z ls /-c:. L4 
x x wi -c / * [ m + c I<,] e fl' 

0~ f J e re n c e : 

l; [ fl - < T) i <J ] .. r; [ n - I - ( T ) ; U ] 

( T> [. n - < T) + c \ k I - a .,. n - 1 - ( T > -t- c I I<:. l - a + 

=L L ; -2 
k.:(-T) rn=fl-<T>-clkl-a.+1 n1-=n-1-<T)-clk.J-a~ 1 

• -f[k] x[rri-ck]l:t[rn<-ck] e-j:zu-ku 
<T) . ✓ c.l<. -

=- ~ -f [k] x [n-<T) <- cl k I- a+J 7*f n -fr)rcl kl- 1-+cl 
k = < .. r) - . I · -d 2..rru < 

" e 
<r> -

-- L -f' [ k] x [ n --( T > -c I k I - a_-ck ]'/~ [ n · < T) -c J t~ I -a_ Kl{ 
I<=-(; r) -d· :2.irt.1 k xe 



Ca.se .1: T ·•s an ·,Atege.r

T= L 

~[n-Lju]• "2:[n-L-1.;u] 
L 

:: L 'l[k] X [n-L + cl k }-a~ -ck] 
k: -L *[' k] -J· 21TU k xr n-L+clk.l-a++c e 

L . 
- L /[l<]x[n-L-clk.J-a_-cl<J 

k- ·L *[ I ]. _d. 'ZlTU ,~ 
- x I n - L - c 1~ I - a _ + c k e 

=- -ffo1{< [n-L-at] y:t [n -L -a-1.J 

-x[n-L-a.J y~[n-L-a_JJ 
- I • 

+ Z: :f [ k J x [ n - L ;;?::-le: - a + ] y * [ n - L -a ;J e -d ?.11"/A 

k.: -L 

L ·~rru 
+ ~ 'f [k] X [n-L- a.,. l Y )t [o -L.a.2c.k-c1+J e0 

k::. I / 

.. l . • k 
- L f [ I<] x [n - L - a_ J l ~ [ n - L + :ick -aJ e-d zm 

k=-L 

L [ * -~ ,zlf"U k - L f[k]x n-L-~ck-a.]7 [n-L-a_ le u 
k= I . I 

I 
I 

G2.. 

' 



--

A:C[n-L;u] 

:: ~ [o -Liu] - ':l- [rl -L - Ii Cl J 

- -f[o]{x[n-L- a➔ ] y~[n-L-ai-J 

-x[n · L--a_J y* [n - L-a_J j 

=- t_ --f' [ k] K [ n - L • 2. cl<. -;;i+] y-+' [ YI - L-a+Je.-j .,rr,.,J<. 
k =-l ~, . 

1- f:1. f [ - I< ] " [ YI - L -.;i +] y * [ r1 _ L - :z. c.l< -a+ J et i .._ m, 

L .' J - L ~[-I<] X [ n -L-.;;i _] Y * [n -L - 2.c..f,_ - a .. JeJ- zrru <. -

1<:1 I 

.fa. [ C J -i2rr11k 
- L- f k ] x n - L - 2. c. k - a_ v 'l' [ n - L - el _J e. (7 

I<:: I I 

= >< [ n-L ~a .. ] {i:. f '>t [ - J .. J y Ln -1.- 2.cl< - c1+J e -J ur,., 
1j * 

I<.=- -L 

- x[t1 -L -a_] [ ± f * [-k] y [n -L -2.d, -d_Je -J-..m.ik 
/<.:. ' 

-t- /*[n-L-a+J #1.. 'f[t<J x [n-L - 2c:k-a+}:::.-J 2
rru le., 

J L [ J [ J -:i-z.rruk - ! * L,,, -L -;;J _ ~ 'f k x n - L .. z.c le::. - a _ e u 
k=, 



----··-w L. 
X[nJ 

u 1----~-... S [n - L- -a · u 
G I 

As5vm e. a_=-- a+ t-11 

Can use. ~c.ros s 

Wa [n1 =- fif [-n] . 
/ 

W1, L t'i] : f '>t(- 11 ] . 
,/ 

We. (n] ::. -f [n] . 
/ 

'NJ[ n 1 -::. , [nJ . 
,I 

F r-ofl1 G;3 

2 U>-lj u] ~ 2 [n -L-1 ; u J 
+ CJ 2: [n -L' U] 

I 

-L~nf-f 

i~n.fL 

.. LfY)f-/ 

t .f: Y'\ !: L 

+ f [o] f x [ n - L - a-..] '( '>t. [t1 - L - a+ J 
-. X [n-L- a_] I *rn-L~a_]j 



Gone Cross 2:a Mog-ra wt 

a -t = a., - :: a ~ 6 :: o 

From G 3: 

L\ '2 [n-L · u] 
I 

= + x f.n·t- a] 

'7"[k]={ -, ' I<< o 
/ 

0 . k::. o 
I 

I 
. /<. >CJ I 

U.s e "'i!C.rscon e.. 

w,_[n] = 

f~ [-k] 4J"- L-kJ 

f[f._J I [k] 

/ 
· JJ<./f L 

; } kl~ L 



Auto ~amog-rat'l-1 · 

X ~ y ~ i' [ I< ] ~ f' >t: [ - J~-
F ro m c:; 3 

Ll 2- [n - L i u] 

/J * - I ] -j ~ rrt1 
= ~ 1<.e,, x [ n - L - a .. J L 'f [ I< ] x [ n -L - 2.c I< .. a + e 

k =--L 

- :z 1<r;_ x* [n -1_ - a_J ±:_ -f [ k J x [n- L- 2.c.l<--c;,J L-J "l. v 1< 
k:. I 

Use 2 2c..J-/:-o 

Further-more now Gtf bec.ot11 es 
_,I 

Z [ n - L; u] =- ~ [ll - L - I i u l 
t ll ~ [t>-Li u] 

Can use 

+ f>[o] {fx(n-L-a+)I~ 

-/x(n-L-a_)('J 

~sum wj x = y or r=sum ~ 



r 

c::Lt-=- a_ - J. :. a or- a_= a -t-/ 

a_ = at -1- £1 

-= a_ - i + ~ > ~ -= 1 
F,..om G 3: 



G7 

Au to - Col) e ~ a ma g-r-a rY} 

x= y ~ '-/[/<.]: -f>r:[-k.] f ci_= a,..=a 

6 ~ [n - L; u] 

------------



- Far real ;,,puts 

A,;t.o i!:ama g;r-am s a.-e. .,-ea J 

Ll r- [n - L · u ] , s 
I 

real 

>\( From G~: 

~ ~ [n - l · u] ., ... I 
==2.xfn-L-a ... ] L_ -f [ I<] >< [ n -l - 2. c. f, - a+ J e&;J_ ( 

/<.=·L 
L. 

- 1.. x [ t1 -L -a -] L 1 LI<.] x L r1 - L - 2 c /c:_ - a _ J (!d-J. [ 2. 

}<:. I 

L 

~ Sc [fl; u] =- L w [k] x [.,-, - k J Ct1r.z.. [-zrru J<._] 
k=- -L 

US e... ~ Sc.1"'1 

GB 



From 

L 
= -2 x [n-L-a] L -f[i<]~[f<] 

k=- -L Cl 
x [n - L- "<-c. I<. - a] ~ ( ,rru k ) 

Use. z:.atoc.o- r-

1 =e-surn-r 



Case i: 

Case 2.. 

~even#' of 
s awap les 

I n:5tead cJ G .1 v.s e 
L Jn+c.Jkf-a+ 

"l[n;u]: L_ L i'[k-½] 
k:: -L+i m:.r,~clk I-a_+ 1 

x [m - ck] 7* [m +ck] e -a ~.-rrk l,f 

G!O 



G II 
- -l-... 

2-. 
, \.. 

L n+clkJ-b+-
l[n-L_; u] = L L_ . ,0 [ k- ½] 

1<~-L+1 rn=n:..'c.Jkf-a_+, 

J ·~r I J -J ,rrkt.f x[m-c.l< 1 M+ c. < e · 

r: [n - L ; u ] - l- [ n - L - I ; u ] 
L [ 4-fl-L~c.l k./-a-t t'I-L-J-+cJkl-a+ J 

= L L - ~ f[ -t] 
k = -L -t- , m = n - L - c. l k I -cL + 1 .Jn :. n -L - , - c l k / -a_ + , 

/ 

X[M-ck] 7,r[M-t-ck]e-Jz..rkt.1 

L 

- L '/[k-t"]x[t1-L -c.lkl-a_-ck] 
J<.:-L+I 



Gl2. 

4~[n-L; uJ · 
:: l[n- L · u] - t [ n - L- I · u 7 

I I J 
o . k 

=- L -f ll<- ½]XL n- L - C k-a+J y * [n-L-a+J e ·o ?.Tr ti 

k=-L+ 1 
L . k 

+ Li'[J,.-½] ><[n-L-a+J y* [n-L+2.ck-c1~Je·J :ir u 
k~i . 

C) J . f<c.f - L f[k·-t ><[fl-L-a_J 1~[n-L-1-i.c.l~-a .. Je_-d' 
k=-L-r 1 

-±. f [ k-½J x [n - L-2.ck-aJ y"' [o- L- c1_ J ~j'i!Trku 
k=-1 

=x[n-L-a+J [t_ ,o[-l<-}]y[n-L-zd:-a+Je-j'
2

ir ~* 
k::.-L 

x[n-L-a_] [t:. 11-k-;:] r[o-L-2.c:..l<-aJe·d=- ~>i 
k=d 

t[n-L-aJ -J!. f [ k- i] x[n-L-ck- a1-J e·d :,-rr k 
k::. -L ..,., 

* L r y [n-L-a.J L --f [ k -=Ll )( [n - L -2.c.l<. -a_] e:J -z.rr LI 

k = I 



U.se ~cross 

W a [n] : f '>It [ - k - ½ ] 
w0 [n]=- f*[-k-:!:] 
W c_ [ n J =- 'f [ /<. - i J 
We,1 [n]:: f[f<.-i-] 

l 

. -LLf<l.-J 
/ 

· o~kfL-1 
/ 

.. - L 1- I L /<. L 0 
/ 

1. LJ<.LL 
/ 

Ob-t:aTr, r- b1 simple. ac.c__umulecte. 

Use ~sum-~ 



a+ =- a_ =-a 

/1 2 [n- L · u] 
~ 

=- x[n-L-a] 
L-1 
Z: f*[-1<-½]~tk-½] · 
k=--L 0 , J -j'2rr1<u 

y[n-l-2.C..K-a ea 
l-

- j * [11 - L - a] L_ f [ k - ½ ] ~ [ k - 4: J 
k=-L+1 0 

e
-J ~rrl<u 

x [n - L - 2.c k - a J 

w, [ n ] =- -f [ I<. • ½: ] ~ [ I< - { ] j - L + / f I<- f L 

w2.[n] ~ f*[•/£·4:]7[-k-k]; -U:. /<.f L-1 

Use c-c.rscof\e, 

~ ~ S Un-t - C::. 



A-u-l::o -ramogral'Y) 

X=y l f[k-½]=- -f*[-k-i] 

!=ram GI 2. 

L.\ 2 [n - L j u ] 

= x[n-L-a+J 



l 

11-u-to Cone. 

x [n- L -a] [ t_ f U<-1] x[1>-L-2.cl.: -a] e-d ,,.,,.1,_:J 
k=-L 

x [t1 • L - a ] [ E f [ k - ). ] X fri-L -2.c k-i} e ·J :zrr kt<] 

x [ n -L -a] [ ;!_ f' [ k-1] x [t1-L -2.c.k-2] e,-J -..rrk:J 
I<= -L_+- t 

-x[t1 ·L ·d] [ ~ f [k-l-] x[11 ~L-ad.:-a]e-J ' kt./ 
I<::. I 



X 
- u -➔ 

a C 

too 
,Y 

Ft& Joo 



l x[n} I 
! 

I 

( 
\ 
I 
\ 
' 

i 

I 
I 
! 

• • • 

----

\ 

I 

w{n} 

---

a 

w{n} 

--

a 

I 

w{n} 

---

a 

1 

et?rl 
1>.I\ 

2 
~ 

r'\ 

• • • 

!ru 

2L+1 

s 
~ -

1 io 
/4---

2L+1 

--

1 

2L+1 

1 

zfftl 



~· -;r 0 

w{-1L] 

( /-' 311 

xl:n- 11 __ :,,_i wr-Ji+11 

1 

• • • 

1 

------------- -

DFT 

/v: 
\ 

• • • 

zfft2 



wa 

u 

C 

WC 

u 

C 

...----.. --1.--- ~03 
D 

u 

a C 

zeros 



I 

so\ 
~ 

\z(t~2T;u) 
6 t 

1 
s 

l __ -

I 

zint 



* t,,-/ y C / .,/[,/7 1 t1 ~ 1 

',I) / 

/v___ L'.1 

l,f ½-1 D+a + • /i/ 

. ~--J 
(P' 

L 

zsum 



• 

a 

X 
u 

zcrscone 



/ 
f 

, ' \ (,; 
J 

zmult 



q\0 
/V 

wd D ~°I 
r2;C 

rAcf) 
u 

a C 

I 

X 

q10 
-----q ~'.:? 

>" 
-?110 

,\ 

D+a 

L1Z 

I 

+ 

J ,/\/ 0\ l 5 /, 
I 
I 

w 

°' f:J~ 

C 
D 

/L i2.I 
u 

B+ C 

zaut 



.,.,--
/00 

-L;t{J 
~___'._-----,---~~ 

z[n-L-l;u} 

zsum2 



D+a >--

u > 
/ 

a ·C 

zatocon 



J2-30 

Z{11 -L-1; u J ~__j 

zsum-e 



I 

V 

zspec-



V 

l iriO 

D 

\l\(O 0 
:x_\~ 
\ 

C ,qS"o 

D+a 
/ + > / 

/'t,/ 

t 4:'o w D 
C 

0 
a+ // 
/ t it-,D 

!q1-S 

zauto-



::,,. 

zatoco-r 



. ,. -, ... 

:i.r - - -- . --------
- A /f": 2 (t -t: 

A 
t=t-1 

2 

t-T 

,\ . 

r = 2 (t - t ") 

t = t + f 

t+T 
~ --+------t----__,,, ___ ....___ t 

- - - - - ~------



l 

.. 

C(t+flt·u)- C(t·u) 
I I UL . f '2.T [ J t+ilt;+ z. 

- J\- LIL 
'r.:-zr !-t+6t- 2. 

t; t I.ti 

-1 ~] -f{;) 
t.=t- z. 

,, 

As flt -+- dt, we rec.og-n~~e that-

l a +d-t 
a J ( ~)d ~ = dt :f (a) 



C ( t + d-t i u J - C ( t; u ) 

lo:rr . ~ 
= dt o [f( ..,, ) x(t-) x*(t ~ -r) e "'d ... rruJ 

- f {- 7:) X (-t - 1") )( *(-1:-) e -d -z.n-u 1'] Jt 

+d-t j: [ f( 

- [ -f( 

x.) x ( t - 1') x* (-1: ) e-j -z.rrLf, 

. -?- ) x(t ) x * (-t+7 } e -J-..'"'']J, 
or 

6C(t:u) _ JT 
6 tr - O f(;) 

[ x(t:) x*(t-+1") e --J-2.rrt.11' 

- X(-t-1') x*Ct)e-J-z.n-u-r-
• "Z.. ,r u ...,.. 

-1- X ( t t-1" ) .x* ( t ) e d 

- X (i.) x*( t•-?-) ed -zrru-r J Jr 



/,,:/ r. /,/ 
0 r\/j 

P::I<; I 

Flt:. ~ 

t--------¥----k---~~-ri 

r =- r A t A A-t - ~ -: n -t- I •• ·• •• 

\+ t I , ill 
/\0 = l (fl~ k J n :: 2. + tl + l ./ Jk) f 2Lj 

(s) 

, - I kl A; = f ( n; 1< ) J n == 2 + n ; I k J 5.. 2 ~ · · Cs) 



2. 

Thus 

C(n+a,m)= C(n,m) + S~(rn} - s;(m) (t.) 

s;(m) = Z:: L a
1 

e - s, I k 
I
x(~ t- ~ )x*(~ -½) e-J vrmk/~ 

c_n;k)t A; 1 . 

• sn+(m) = ! t: act e-s'll 1<) X ( ,~, + n+ I + ½) 
'f:::' k=-2.L I 

*( )kl .k) -·, -z.ifrw k (M 
X 2+nt-l --z. ea 

• ~/'I [ f X (n + 1 ) l '2. 

1- '2.L - :5 k . k/1'~ 
t- L e , X ( n -1- l + k ) X }\' (n + I ) e-d 2.1T rn ,-, 

k= I 

~ +s1 k k) -J· 2.,rM l</M l 
-f-c:_e x(n+,)x*(o+1- e j 

_k:-2L 

.::. .,f a1 [ I xco+rl J' 
~ * ) 2.L - s,k -_·, ~-rrmk/M 
+ X (n +I L.._ e, X(o +-k+1) e r, 

k::: I 

+ X(l'l+1) f:_ e-s,k xln+k+ 1)e.j 2.'ITfflk/M] 
J<.~ I 



J '21'("1) - (s1+ ~ (za.) 
-1- e X(0+2L+I) 



. 2.L -s k - ' 
+ X(n) L a, ~ e 'J x*(n-/<.)e-d-i.Tr1t11t::/M_ 

, k= I 

+ x>r(n l ~a
1 
t~ e-s,k x(n-~ e d .,,_'lf",,,f</l'J 

-=- /x(n>)' C:. a , , 
+2Re x*(n) ~,a1 ~,(n,m> 



z.L - s, k J 7.lf trl / M 
O(cj(n,m) = L e x (n-l<.1 e 

k:.1 " " I\ 

n - I< =- n - k- 1 => k : k r 1 • )<. = k -1 
.J 

-( ) _ ~I -s, ( 1:+,) ( /J\ ) j -zrrM ( k. +1)/M 
0<'1 n,m - c::::_ e X n - <. --- I e 

t:~ 
- e•s,+ J:t>1 ~-I e- s, k ( ," ) J. -z.rrM k/M 
- c_ X n-1<--I e ·· 

"' I< :o 

- s +J 'A""" =e 1 [o<;(n-1,rn) 

+x(n-,) 

-(s - J._~rr~)2L ] -e , x(n-2L-1) 

-f:s _ J ~rfWI J [ 
::. e 1 O(; (n--1,rn) +- X(n-1) 

-(5 - J !,TT"1) 2L.. ] - e , X(n-2L- I) 



r 
I 

Jn sum ma r-y: 
C (n + 1., m ) = C ( n, m ) 

+[lx(n+1)/-!.,.. I X(n)I~] z::, a., 
+;z~ [x'lr(n+1) 2:,a,O({(n,m) 

, - x*(fl) L; aj o<7-(n,m)] 

where 



l 
7 

Or i n v e c. to I' o r 111, : 
.I 

~ ~ 

C (n + ,) = C (n) 

+[/xcn+1)l 2
- lx(n)l~J L..ia~ E(o) 

+;z IZ. [ x*(n+•) LC/ a'l CX,,,+(n) 

- x*( n) z:., a 1 ~1-cn)] 

I . -\ 

~i(n) = ~ € (1) ® O(,j(n-,) .. 

+ X(n) Z(1) - bi~e'(2L) x(n-2L-1) 



a,1 a~ 
! 

a, 7, 
o.Z! 

' ' ..-:) 2' 

a 3 

.33 ! 

I 
row 
Sum 

-,,it:-------,---·---------------

' "'" I 

l 

----- 1-·--

3 - 2 

L----"-~---~ -- ----l-

8 

'-- I 

I~ 
I 

l 

~~-1x*(f)) 



s, b, &,' t ; ' b ,; ~ I . ~ 

I I I J , 

l 
, I 

i----+----'-~----
-x(n 

L J I 

I I -



not:: a. 5 ra .s =c Se,...; c.s 
/ 

( C, ) ·, .s -s t: ~ I I v a I ; d,., eK c e ft::-

s ±.(""') = ~ .._J)(J) Cl\ .h) ~(" k.) -J2rrwi1'./; 
,, '" ~ I ~ X n + ~ X n -z e -

(n,k){;:A~ 

ZL I kl l<. 
L_ -f ( k ) X ( ~ + n + I + "i: ) 
k = - ZL 

)( ,.- ( W · I<. ) -J 2-rmk/11 
X 2.. +-n+1- 2. e 

= f'(o)/x(n+/)}'2.. Xx(n+1) 

.. ~ -f(I<) x (fl+ lo, )" e -d • rr"" kl "1 

k= I 
- ZL,. 

+L 
k=-, 

X(ll+l) 

·-f ( -t k r x't(l - I<.+ I) e -J ,rrmk /"1 
~ 

= ffk) 

= -f ( o) / X (n + 1 ) I z. 

= f ( 0) I X ( f\ +- i) 12.. 

+ 2 k x~(r1 + 1) o(.+(n, m) 

JO 



♦ oc•(n,tYJ)= 2:. -f(k) x(n+/<+1) e-Jzrrmk/M 
k:: I 

rY) general, o<~(n,m) ma1/ not:: he.. 

r e. cu rs ~ v e / / u F d a t: ed ,,1 6 u t yY} u s & 

he comfut:ed bf a OFT (o,,.. FFT) .. 

• s; ( m) = -f (o) I X ( n) ) 2. 

+ 2 ~ x*(n) c<-(.,,m) 

Agai()
1 

vpdaCe re7u;re.s -21) FFT. 

Tn summary; 

+ -f ( O) [ / X (n + 1) I "2- - J X: ( r\) J °'] 

+ 2 ;e_ x*(n-t ,) cx+(n,m) 

2.L 
c<\n,m) = L -f(k) xln+kt I) e-J-zxr,-,,,k/A-( 

k:::1 

oC( n , t'Yl ) = ~ -f ( I< ) )( ( n -k ) e j 2-TP>I f< /"" 
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1 Field of the Invention 

This invention relates to methods and architectures for generating short time 

Fourier transforms and spectrograms, to methods and architectures for gener

ating digital windows and similar impulse and to corresponding applications 

of these methods and architectures. Spectrograms and short time Fourier

transforms are a common mode for representation the frequency content of a 

temporal signal as a function of time. ·windows are used in numerous digital 

signal processing (DSP) applications including architectures for spectrograms 

as well as for data smoothing and spectral estimation. 
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2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of 

the frequency content of a signal as a function of time is referred to as a 

time-frequency representation (TFR). {\Iusic, for example, is written as a 

TFR. Notes can be vie'.ved as a frequency representation. The placement of 

these notes side by side then represents a temporal sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. The zamogram of Zhao, Atlas and Marks is a 

TFR with quite good resolution in both time and frequency that can be 

architecturally configured to use the spectrogram as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 

This patent contains computationally efficient methods and corresponding 

architectures for generating short time Fourier transforms and spectrograms, 

their window components, and applications. 

We will henceforth use the terms short term Fourier transform and spec

trogram interchangeable. The spectrogram of a discrete signal, x[n], corre-
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sponding to a window, w[k ], is 

L 

S[n; u] = L w[k]x[n - k]e-j 2 irku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S[n; u] 1
2 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. ·windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes methods and corresponding architectures 

for generating sliding windows and similar impulse responses and their use 

in generating spectrograms. The sliding window, an impulse response of fi

nite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 

two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 
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and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec

ified time, can be used to generate the composite window impulse response. 

Such is the case when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

vVhen used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei

ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein, the spectrogram processor may be used to monitor a single frequency 

line of the spectrogram or generate frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/ or type can be changed from 

frequency line to frequency line or can be changed in real time. In this 

application, we can, for example, generate constant Q type spectrograms. 
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In parallel embodiments, common circuitry such as delay lines and weight

ings may be factored from the array so that a single circuit, common to each 

of the processor lines, can serve the entire array thereby reducing the over

all computational requirements of the processor. The specific embodiments 

wherein the spectrogram's frequency spacings are uniform and/or integer 

multiples of the reciprocal of the window's duration require even less com

putationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

lo the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent (i.e. in the case where the window's 

end points are zero) or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 
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window is evaluated using short time Fourier processing techniques some 

embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imag

inary part of the spectrogram. The term architecture is used iri the most 

general sense, referring not only hardware embodiment, but to the underly

ing method of computation. In certain instances, a particular architecture 

embodiment is presented to illustrate a family of architectures whose gener

alization will be readily evident to one skilled in the art. 

The spectrogram generation methods and corresponding architectures de-· 

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology, communication systems and biol

ogy. The spectrograms resulting from use of this method can also be used as 

templates for pattern recognition or as components in other signal process

ing architectures, such as architectures for computing zamograms. Use of the 
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methods described herein for software simulations and hardware or firmware 

implementations of spectrograms or other processors using sliding windows 

can result in simplification of computational and hardware requirements. 

4 Brief description of the drawings 

Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary components of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 
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Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 

Figure 7 . Illustration of methods for generating a spec_trogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 
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Figure 13 . Realization of a A filter when the input is complex. 

Figure 14 . Realization of a I< filter using a bank of A filters and the 

schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 

Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line. 

Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 
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Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 

Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to er = 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the frorit end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec-
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trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An architecture embodiment for parallel generatjon of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at Up= fr using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at Up = fr using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig-
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ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, Sq = Sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen

tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series ( e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 ( xi) filter and its schematic repre

sentation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 
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window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of~ filters to generate output spectrogram 

lines ,vhen the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 

5 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

sponses of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of time. 

Methods of using such filtering in methods of generation of spectrogram are 

also presented. Architectures will be presented as specific embodiment ex

amples to illustrate the methods described. 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of arrows. A number, variable or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

( multiplied) by that quantity. One exception is the notation z-J which, from 
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the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 

combination, such as (1 + j)z-3
, where j is the square root of -1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected (i.e. multiplied by 1). The signal coming 

from a node ( a point where two or more signals meet) is equal to the sum of 

signals going into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation_ 

is denoted by a boxed 1 N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block processing 

elements. Portions of processors may be isolated using a dashed line closed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 
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hereby deemed to refer not only the physical hard ware associated with the 

computation, but the underlying method as well. 

Spectrograms Using Filters. 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] = e-j2irnu ~ w[k]x[n - k]ei2ir(n-k)u 

k=-L 

e-j2irnu X {(x[n]ei2rrnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L :S n :S L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 

sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, we 

will refer to this impulse response as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 

produce the spectrogram 135. Note that the term exp(j21r Lu) in the post 

complex sinusiod multiplication 125 term 130, exp(-j21r(n-L)u) could also 
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by placed in the premultiplication 115 term 120 or, for that matter, could be 

a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 (w[n - L]ej2ir(n-i)u) * x[n] 12 (4) 

where, ifs = (! + j 1,,, and both (! and 1,, are real, then I s 1
2 = g2 + 1,,

2
• The real 

number i is arbitrary. It's effect along with the post Irl:ultiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. vVhen only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response _ 

of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu 
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As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] 12=1 (w[n; u]ej2,riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j27riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows From Coherent UR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 

duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

( or Kronecker delta), 8[n], is one for n = 0 and is zero otherwise. The 

response 209, y1 [n], to a Kronecker delta 205 input into a digital filter 207 

with impulse response h1 [n], is shown and, appropriately, is termed the filter's 

impulse response. We will either refer to a filter by its impulse response or its 

transfer function. If the filter's impulse response is not finite in duration, _i_t 
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is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n 2: 6, 

Y2[n - 6] = yi[n] (8) 

In other words, shifting y2 [n] six units to the right in discrete time yields 

an identical signal to y1 [n] for n 2: 6. \Ve can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of 

six units. The delay line, as shown, also inverts the signal ( i.e. multiply it 

by -1 ). The result, then, is a composite filter 220 whose response 230 to an 

impulse 218 is equal to yi[n] for n < 6 and is zero for n 2: 6. The response 

of hi[n] has been coherently canceled by the delayed response of h2 [n]. 

As an example, consider the impulse response of the following IIR filter. 

R 

hi[n] = L 'Prnlresrnµ[n] (9) 
r=l 

where the cp/s and sr's are constants, possibly complex, the tr's are finite 

nonnegative integers and µ[n] is the unit step function ( =1 for n 2: 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 

h2[n] = L 'Pr(n + Nyresr(n+N)µ[n], 
r=l 

(10) 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 9 

can be made common to both hi[n] and h2[n]. Both h1 [n] and h2 [n] are fed 

23 



the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of h1 [n] to produce 

a filter the composite impulse response of which is 

h[n] = h1 [n] - h2[n - N]. (11) 

The impulse response, h[n], is equal to that of h1 [n] for 0 :S n :SN - 1 and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be· straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

response for n 2: 4, we require a second filter, h2 [n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 
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the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of hi[n] to produce 

a filter the composite impulse response of which is 

h[n] = hi[n] - h2[n - NJ. (11) 

The impulse response, h[n], is equal to that of hi[n] for 0 .:S n .:S N - 1 and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation· can be straightfor

wardly achieved if the filter hi[n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse. 

response for n 2: 4, we require a second filter, h2(n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 
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rectangular window) has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 

Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 

response of h[n] = sin( 1rn/ N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are. 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro

necker delta 306 is 

y[n] = y[n]esn (12) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex)· 

constant. In the specific illustration 310, s is clearly a negative real number. 
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Note then, that for n ~ 4, 

y[n - 4] = y[n]e- 43 (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent_ cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the. 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

_ then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we clai_m 

the instance of s being imaginary in the damped case. 
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,::; 

'vVe will generally denote the real part of s by -r:r. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

'vVhen dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig.· 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(7rn/2)e-<7nµ[n]. (14) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of component coherent 

cancellation circuits just described can be placed in cascade and/or parallel to 

achieve even greater flexibility in the design of impulse responses. We allow 

reference to single component coherent cancellation circuits being connected 
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in cascade and/ or parallel in order to allow the degenerate case of a single 

circuit to be subsumed in this discussion. 

In certain instances common circuitry can be factored from combinations 

of cascade and/ or parallel to yield a reduction in overall co~putational re

quirements. vVe will show that windows expressed in a finite cosine series, 

for example, can be synthesized by a parallel combination of second order 

IIR filters and that the delay circuitry can be factored so that a single delay 

circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir

cuit consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number. 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse respons~. One approach is use of a Fourier series synthesis of the 
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impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (15) 
q=O 

where 

hq[n] = 1qn'qejZ1rnuqe-o-qnµ[n] (16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (including inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, Jq, uq, and O'q, There exists numerous computa

tional topologies for a given set of parameters. Such circuitry can be designed 

straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n 2: Mq, 

h [n - M] - e-jZ1rMquqeo-qMqh [n] q q - q ' 

we choose to define 

wq[n] = hq[n]- ej21rMquqe-o-qMqhq[n - Nlq]· 

Clearly, wq[n] is zero for n 2: Mq and the composite IIR filter 

Q 

w[n] = L tvq[n] 
q=O 
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has a response that is finite in extent. 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq 's are nonnegative integers. \Vindow components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

Q n 
w[n] = L,Bqcos(7rnq/L)IT[

2
L] 

q=O 
(20) 

The Hanning and Hamming windows require Q = 1 and the Blackman win-

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n - L] = I:(-l)q,Bqcos(7rnq/L)II[--] 

q=O · 2L 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = I:(-l)q,Bqcos( 7rnq/ L )µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]5[n - 2L] 
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A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. vVe rewrite Eq. 22 as 

Q 

h[n] = L hq[n] (24) 
q=O 

where 

hq[n] = cqcos(n0q)µ[n] (2-5) 

where 0q = 1rq/2L and cq = (-1)q/3q• For q =j:. O, the z transform of this 

equation is 

00 

Hq(z) - L hq[n]z-n 
n=O 

-
cqz-1 cos(0q) 

1 - 2z- 1cos(0q) + z-1 
(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

. function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = cq and 0 = 0q, Recognizing there exists a number 
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of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, h0 [n] = c0 = (30 . This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /30 = /31 = 0.5. 

For Hamming windows, /30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 

circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = 1 stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages_ 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 
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Blackman window for the case where end point correction is not used. Here, 

/30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, 1 and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal. 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp( -a-n). If we wish to keep 

the window shape as close to the a- = 0 case as possible, vVe choose a- to be 

a positive number just slightly greater than zero. 
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Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-a(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

(28) 

vVe can therefore generate the damped window 

w[n-L] w[n - L]e-a(n-L) 

h[n] - e- 2aLJi[n - 2L] + w[L]8[n - 2L] (29) 

where 

w[L] = w[LJe-aL (30) 

is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where <7 = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 
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can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S(n - L; u] using w[n - L] instead of the window 

shown 140 where, now, 

L 
S[n; u] = L w(k]x[n - k]e-j2

1rku (31) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. 

We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

Q 

h[n] = L hq[n] (32) 
q=O 
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where 

(33) 

For c = cqeaL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-a(n-L) µ[n]. (34_) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-a) 

cascaded with a multiply of exp(aL)c0 • For co= /3o and ~q = (3qexp(aL), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = 1 damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 .is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is realized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 
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the n = 1 stage 925 (/3q = ,Bqexp( o-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 

more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
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Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the (Jg's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For 

such architectures, the complex sinusoidal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n;u] L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] w[k]e-i2
1mu 

Q 

- I:wq[n;u] (36) 
q=O 

and 

(37) 

In our discussions concerning modulated windows to follow, we will include 
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both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for <f = 0. 1fotivated by causality, 

we write 

vVe therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (39) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 40 
00 

Hg(z; u) = L hq[k; u]z-k (41) 
k=O 

which gives 

where 

A( ) [1 -3'21rv -u -1]-1 z; v = - e e z . (43) 

Note that, for q = 0, 

( 44) 
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The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. vVe can write Eq. 43 as 

i\(z;v) 
1 - 2e-o-cos(21rv)z- 1 + e-20-,::-2 

i\r(z; v) + ji\i(z; v) (45) 

where Ar ( z; v) and Ai ( z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real_ 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function i\r(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer . 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 
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1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, (i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[ n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

·input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

I<(z; u) H(z; u)e-i21ruL 

Q 1 
/3oeuLA(z; u) + L 2(-l)q/3qA\z; v)euL 

q=l 

q q 
x [A(z; u -

2
L) + A.(z; u + 2L)] (46) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) - L h[n; u]z-n 
n=o 

(47) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q -
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½(-l)qexp(CTL),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we wilf depict the I{ 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the I{ 

filter is parameterized by the frequency u, damping coefficient CT, filter order 

Q, and vector of Fourier coefficients iJ. The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I{ filter 1440. From Eqs. 36, 37 and 39, we can establish 

the identity 

w[n - L; u] = h[n; u] - e-i4iruLe-2uLh[n - 2L; u] + w[L; u]5[n - 2L] ( 48)' 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

n(z; u) = I: w[n; uJz-n. (49) 
n=O 

The z transform of Eq. 48 is then 

n(z; u)z-L - [1 - e-j41ruLe-2uLz-2L]H(z; u) + w[L; u]z-2L 

[l _ e-j4iruLe-2uLz-2L]ej2iruL K(z; u) + w[L; u]z-2L (50) 

42 



where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 50 is 

defined as 

(51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the ad vantage of isolating the complex exponential 

1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the ]( filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present 

example architectures whereby the squared magnitude of the spectrogram 
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is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a I( filter 1616 the --output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 

of the circuitry (i.e. u, L, er, iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the I( filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the I( filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 
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of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a I{ 

filter 1710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

( without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] j
2

, is desired ( rather than the output shown 1725), then the complex 

sinusiod weighting 1 720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 

Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a I{ filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830. 

(without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 ~ p ~ P, 

we propose an architecture for the transfer functions 

where fl(z; up) is the z transform of w(z; up). The embodiment of this archi-
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tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

I( filters 191.5. For P spectral lines, there are P separate I( filters the pth 

of which is tuned to frequency Up and is of order Qp with Fourier coefficient 

vector ,BP. The input to each I{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each J( filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

-point correction is not used, the complex sinusiod weights 1950 have no effect 

on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

J( filters 2015. The output of each I( filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

vVhen the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-.-2£ (53) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 42 becomes 

The q = 0 case warrants special statement. 

(55) 

For linear frequency spacing (and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l· Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for exampler 

becomes exp(j2JrupL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = l, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 
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weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by ( -1 )P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 

not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

(e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fanouts from the bank of A filters 
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are not shown. If, for example, there was to be a frequency line generated at 

u = e;f, then the A filter in the bank 2212 parameterized by fr would make 

a contribution. Note, also, that the value of Q can be_allowed to vary from 

output line to output line as can the values in the /JP. This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint_ 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ei2ir(n-L)u{(x[n]ei2irnu) * w[n - L]} (56) 
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where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when a = 0. vVe can write the window expression in Eq. 29 as 

w[n - L] = h[n] * {5[n] - e- 2aL8[n - 2L]} + w[n]5[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor archite~ture with transfer 

function 
00 

H(z) = L h[k]z-k (58) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-j21r(n-L)u 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
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which is premultiplied by a temporally varying complex exponential 2415, 

passed through an iI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21r Lu) term in the post multiply 2425 term, exp(j21r( n-L )u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the iI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

·Fig. 1. It's components ( the iI filter and the delay line) are not connected. 

This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. vVithout end point 

correction, the squared magnitude of Eq. 59 is 

. 
where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 ~ p ~ P, we can replicate Eq. 59 as 

S[ L l W' P[L]e-j2rr(n-L)up + e-j2rr(n-L)up n - ; Up = 

where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, wP[n], 

and therefore corresponding impulse responses, hP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of fI filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 

52 



of exp( ±j21r( n ±½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21rLu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen

tial term, exp(-2<7L), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip I 1 ::; p ::; P}. 

which, in turn, are fed into a bank 27 40 of if filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 
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delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. up = fr). It follows that exp( - j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp( ±j21r Lup) = ( -1 )P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

(-l)P{ ul[L]x[n - 2L] 

+vv2-tP[hP[n] * {vV21'(x[n] - e-2uLx[n - 2L])}]} (62) 

where we have used the common DSP notation 

(63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810 the output of which services a number of pre-. 

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of fI filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 
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deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through H filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can -

do this simply so by providing an output every N time units. vVe will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.1 as 

L 
S[n - L; u] = L x[n - L - k]w[kJe-jZirku (65) 

k=-L 

where we write the window with a tilde to denote that it can be represented 
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q O'.q Sq 

1 1 j-rr/ L 4 

0 1 0 
2 

-1 1 -jrr/L 4 

Table 1~ Hanning: c.p(k) = cos2(;2), Q = 1. 

by the Szasz series 
Q 

w[k] = I: O'.qe-sqk (66) 
k=-Q 

vVhere Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { O'.q I Q ::; 

q ::; -Q} and {sq I Q::; q ::; -Q}. Note that we ha\·e chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case. 

of w(k]II(
2
1] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k]II[
2
1], Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q O:q Sq 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: rp(k) = 0.54 + 0.46 cos(7), Q = 1. 

q O:q Sq 

2 0.04 j21r / L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r/ L 

Table 3: Blackman: rp( k) = 0.42 + o:5 cos( 1rf) + 0.08 cos( 2fk ),Q = 2. 
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We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L o:qSq[n - L; u] 
q=-Q 

L 

Sq[n - L; u] = L x[n - L - k]esqke-i2rrku 

k=-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-j21rku 

k=-L 

L+N 
e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (69) 

k=-L-+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: - I: + I: I: (70) . 
k=-L k=-L+N k=-L k=L+l 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-i21ru)N S[n - N - L; u] + st[n] (71) 

where 
-L+N-1 L+N 

st[n] = { L L }x[n - L - k]e(sq-j21rn)k. (72) 
k=-L k=L+I 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introdu<;:ed data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-"fik,;~£1- 1 + "fif~f+1 term in Eq. 72 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. \Ve shall first describe evaluation of 

s_t[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for St[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(73) 

We denote a vector of these values by X· The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around l N is the schematic notation for downsampling 

59 



by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of 5$(n] by an appropri

ately parameterized box 3050 inside of which is an encircled st, 
Two other architectures for computing SMn] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

(74) 

where 
-L+N-1 

s;t[n] = L x[n - L - k]e(sq-j21rn)k_ (75) 
k=-L 

and 
L+N 

5-[ ] ~ x[n - L - k]e(sq-j21rn)k_ Nn= L., (76) 
k=L+I 

Under the assumption that the ratio of the window duration to N (in our case 

2I;:J"1) is an integer, we can straightforwardly establish from these equations 

the identity 

(77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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yield St(n]. This signal, at a clock rate equal to 
1
0th that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of St(n] 

via Eq. 77. (The notation z,v1 denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 

An IIR filter 3170 that is an alternate architecture to compute Sjj,(n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an 011tput of St(n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute S_Mn] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sq[n-L-N; u], 

is made available through a delay 3220. This output is added to st[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output componen_t 3215. vVe schematically abstract this processor with ap. 
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appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = 1, 0, -1. The qth 

filter is parameterized by a given u and X,q ( i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding o:q 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the o:1 coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a· 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, o:q = a-q• In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by O:q thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and X,q• The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the Ciq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As m previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = pf:::.. where !:::.. 

is the uniform spacing. Furthermore, let Sq = -a+ j21rq!:::... As before, a is a 

damping factor and can be set to zero for the undamped case. Under these 

63 



conditions, Eq. 71 becomes 

L L x[n - L - kJe-""ke-J 21r(p-q)kA 

k=-L 

::::[n - L;p- q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a 3 (xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

3[n - L; p] = e-o-N e-i2rrpNA3[n - L - N; p] + 3t[n; p] (79) 

where 
L L+N 

::::t[n;pJ={ I: L }x[n - L - k]e-""ke-i21rpkA (80) 
k=-L k=L+l 

An architecture for generating the recursion for the :::: filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized 2t filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

(81) 

The output of the st filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a 3 written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 3 filter so that a single delay line feeds the 

entire bank. 

A bank of 3 filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = pl::. uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q ~ p:::; Q. The frequency line at u = (p + 1)6. uses 3 

filters in the interval -Q + 1 ::; p :::; Q + 1. There is only one 3 filter that was 

not used in u = pl::. spectrogram line that is not used here. As· illustrated 

in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 3 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does -

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. aq = a-q· This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 
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3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by cx1 • For Q = 2, the outputs 

two filters removed would also be added prior to weighting by cx2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the cxq coefficients contributing to a frequency line. Note also in 

·Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 

66 



resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /3q 's . 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight /30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = 1 stage is replaced by /Ji/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ /30 • The output 530 would then 

be changed from y[n] to y[n]/ (30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]//30 instead of S[n - L; u] 135 and I S[n - L; u]//30 1
2 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on ·Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_1 . 

Therefore, replacing both a±1 by 1 and a 0 by a 0 / a 1 will yield an output 

of S[n - L : u]/a1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be ·apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) (82) -
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = S0 [n; u] + jSs[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similarly, using a Hartley transform, 

L 

SH[n; u] = I: w[k]x[n - k]cas(2rrku) (85) 
k=-L 

where 

cas(g) = cos(g)sin(g). (86) 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] (87) 

can also be generated by combining the real and imaginary outputs of any 

spectrogram processor thusfar described. Any person skilled in the art can 

straightforwardly apply the methods described herein to generate these closely 

related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 

thusfar can be extended to windows in higher dimensions by those skilled in 

the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAWS. While the preferred embodiments of the invention have been 

illustrated and described, variations will.be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows: 

1. The method for realizing sliding windows and similar finite du

ration impulse responses wherein two infinite impulse response 

filters with causal impulse responses other than a constant or sin

gle exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero there

after; also, realization of windows achieved by cascading and/ or 

parallel connection of one or more such windows. 

2. Use of short time Fourier transforms and spectrograms computed 

using windows of the type in Claim 1 as a means of representing, 

displaying, monitoring or otherwise characterizing signals origi

nating from waves including but not limited to electromagnetic, 
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acoustic, electronic and biological waves for purposes including 

but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 
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3. Computation of short Fourier transforms, spectrograms, sliding 

windows and similar impulse responses in software, hardware of 

firmware using the method for realizing sliding windows and simi

lar finite duration impulse responses wherein two infinite impulse 

response filters with causal impulse responses other than a con

stant or single exponential, the delayed response of one being 

proportional to the response of the second after a given time, are 

used in a composite filter with the first being connected ih cas

cade with an inverted weighted delay line equal in duration to the 

given time whereupon this cascade connection is joined in parallel 

with the second filter in such a manner that the second filter's 

impulse response is coherently canceled by that of the cascade 

connection at and beyond the given time thereby producing a 

composite impulse response that is equal to the impulse response 

of the second filter up to but not including the given time and is 

zero thereafter. Also, computation of windows achieved by cas

cading and/or parallel connection of one or more such windows. 

4. The method for computing sliding windows and similar finite du

ration impulse responses wherein a resonant. circuit with com

posite causal impulse response, possibly damped and other than 
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a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circ_uit output, the 

multiplicative weight in the delay being chosen so that coher

ent cancellation of the filter's response beyond a specified time 

is achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction; also, the method of 

computation of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 

5. The method of realizing component windows and similar finite 

duration impulse responses in Claim 4 wherein the resonant cir

cuit is synthesized as the parallel combination of two or more 

infinite impulse response filters each of which has the response of 

a specified a ~ 0 damped Fourier cosine series component of the 

desired impulse response. 

6. Unmodulated windows formulated on the basis of the method in 

Claim 5 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 
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spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a complex sinusoid and is then fed into a window 

of the type in Claim .s. 

7. Modulated windows formulated by the method in Claim 5 for use 

in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 

a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 5. 

8. Modulated windows formulated by the method in Claim 5 for use 

in generation of windows and similar impulse responses of the 

type in Claim 5 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 
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a manner that one A filter contributes to a number of frequency 

lines. 

9. Disjoint unmodulated windows formulated by the method in Claim .5 

for use in generation of the squared magnitude or real and imag

inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 

wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 5 and either post complex conjugate 

multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

10. Disjoint unmodulated windows formulated by the method in Claim 9 

for use in the generation of the squared magnitude or real and 

imaginary components of one or m~re frequency lines of a spectro

gram at frequencies that are integer proportional to the reciprocal 

of the window's duration prior to end point correction, wherein 
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the delay circuitry that feeds the bank of processors is compu

tationally simplified at these frequencies and the pre weightings 

required in the more general case of Claim 9 are no longer present. 

11. The method described in Claim 4 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 

time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis computation methods either known or to be discovered. 

12. The method of realizing the windows and similar finite duration 

impulse responses in Claim 11 wherein the resonant circuit is syn

thesized as the parallel combination of infinite impulse response 

filters each of which has the response of a specified Szasz series 

component of the desired impulse response. 

13. The method described in Claim 11 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 
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14. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of one 

or more frequency lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different win

dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 11. 

15. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of two or 

more frequency lines of a spectrogram at equally spaced frequency 

intervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 2 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

16. The computational method of the type described in Claim 15 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 
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the Szasz coefficients thereby reducing the number of required 

multiplications. 

17. The short time Fourier analysis computational method required 

in Claim 11 whereby the cumulative contribution of new data 

to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 

the spectrogram. 

18. Use of spectrograms computed using windows of the type in 

Claim 4 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from waves including 

but not limited to electromagnetic, acoustic, electronic and bio

logical waves for purposes including but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograrns and, 

use in modulation and demodulation in communications. 
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Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 

19. Computation of spectrograms and sliding windows in software, 

hardware or firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein a res

onant circuit with composite causal impulse response, possibly 

damped and other than a constant or single exponential, is con

nected in cascade with weighted delay line circuitry consisting 

of a weighted delay line additively joined to the undelayed reso

nant circuit output, the multiplicative weight in the delay being 

chosen so that coherent cancellation of the filter's response be-

80 



yond a specified time is achieved and that the composite impulse 

response is equal to that of the resonant circuit up to but not 

including the duration of the delay line and is zero then on; also, 

the augmentation of this method to include end point correction; 

also, realization of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 
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1 Field of the Invention 

This invention relates to methods and architectures for generating short time 

Fourier transforms and spectrograms, to methods and architectures for gener

ating digital windows and similar impulse and to corresponding applications 

of these methods and architectures. Spectrograms and short time Fourier 

transforms are a common mode for representation the frequency content of a 

temporal signal as a function of time. Windows are used in numerous digital 

signal processing (DSP) applications including architectures for spectrograms 

as well as for data smoothing and spectral estimation. 
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2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of 

the frequency content of a signal as a function of time is referred to as a 

time-frequency representation (TFR). Music, for example, is written as a 

TFR. Notes can be viewed as a frequency representation. The placement of 

these notes side by side then represents a temporal sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. The zamogram of Zhao, Atlas and Marks is a 

TFR with quite good resolution in both time and frequency that can be 

architecturally configured to use the spectrogram as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 

This patent contains computationally efficient methods and corresponding 

architectures for generating short time Fourier transforms and spectrograms, 

their window components, and applications. 

We will henceforth use the terms sho1·t term Fourier transform and spec

trogram interchangeable. The spectrogram of a discrete signal, x[n], corre-
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sponding to a window, w[k ], is 

L 
S[n; u] = I: w[k]x[n - k]e-j21rku (1) 

k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S[n; u] 1
2 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes methods and corresponding architectures 

for generating sliding windows and similar impulse responses and their use 

in generating spectrograms. The sliding window, an impulse response of fi

nite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 

two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 
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and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec

ified time, can be used to generate the composite window impulse response. 

Such is the case when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei

ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein, the spectrogram processor may be used to monitor a single frequency 

line of the spectrogram or generate frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/or type can be changed from 

frequency line to frequency line or can be changed in real time. In this 

application, we can, for example, generate constant Q type spectrograms. 
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In parallel embodiments, common circuitry such as delay lines and weight

ings may be factored from the array so that a single circuit, common to each 

of the processor lines, can serve the entire array thereby reducing the over

all computational requirements of the processor. The specific embodiments 

wherein the spectrogram's frequency spacings are uniform and/or integer 

multiples of the reciprocal of the window's duration require even less com

putationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent ( i.e. in the case where the window's 

end points are zero) or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 
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window is evaluated using short time Fourier processing techniques some 

embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imag

inary part of the spectrogram. The term architecture is used in the most 

general sense, referring not only hardware embodiment, but to the underly

ing method of computation. In certain instances, a particular architecture 

embodiment is presented to illustrate a family of architectures whose gener

alization will be readily evident to one skilled in the art. 

The spectrogram generation methods and corresponding architectures de

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology, communication systems and biol

ogy. The spectrograms resulting from use of this method can also be used as 

templates for pattern recognition or as components in other signal process

ing architectures, such as architectures for computing zamograms. Use of the 
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methods described herein for software simulations and hardware or firmware 

implementations of spectrograms or other processors using sliding windows 

can result in simplification of computational and hardware requirements. 

4 Brief description of the drawings 

Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary components of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 
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Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 

Figure 7 . Illustration of methods for generating a spectrogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 
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Figure 13 . Realization of a A filter when the input is complex. 

Figure 14 . Realization of a J( filter using a bank of A filters and the 

schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 

Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line. 

Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 
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Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = l. 

Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to a-= 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec-
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trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at Up= ft; using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at Up = iL using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig-
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ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, Sq = Sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen

tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series (e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 (xi) filter and its schematic repre

sentation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 
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window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 

5 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

sponses of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of time. 

Methods of using such filtering in methods of generation of spectrogram are 

also presented. Architectures will be presented as specific embodiment ex

amples to illustrate the methods described. 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of arrows. A number, variable or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

(multiplied) by that quantity. One exception is the notation z-J which, from 
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the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 

combination, such as (1 + j)z-3 , where j is the square root of -1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected (i.e. multiplied by 1). The signal coming 

from a node ( a point where two or more signals meet) is equal to the sum of 

signals going into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation 

is denoted by a boxed l N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block processing 

elements. Portions of processors may be isolated using a dashed line closed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 
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hereby deemed to refer not only the physical hardware associated with the 

computation, but the underlying method as well. 

Spectrograms Using Filters. 

The spectrogram in Eq. 1 can be written as 

L 

S[n; u] e-j21rnu L w[k]x[n - k]ej21r(n-k)u 
k=-L 

e-j21rnu X {(x[n]ei21rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval - L :S n :S L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-j21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 

sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, we 

will refer to this impulse response as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 

produce the spectrogram 135. Note that the term exp(j21r Lu) in the post 

complex sinusiod multiplication 125 term 130, exp( -j21r( n - L )u) could also 
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by placed in the premultiplication 115 term 120 or, for that matter, could be 

a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, ifs = fl+ j K, and both fl and K are real, then I s 1
2= 122 + K2

• The real 

number i is arbitrary. It's effect along with the post multiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. When only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response 

of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu (6) 
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As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] 12=1 (w[n; u]ei21riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows From Coherent IIR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 

duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

( or Kronecker delta), 8[n], is one for n = 0 and is zero otherwise. The 

response 209, yi[n], to a Kronecker delta 205 input into a digital filter 207 

with impulse response h1 [n], is shown and, appropriately, is termed the filter's 

impulse response. We will either refer to a filter by its impulse response or its 

transfer function. If the filter's impulse response is not finite in duration, it 
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is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n > 6, 

Y2[n - 6] = yi[n] (8) 

In other words, shifting y2 [n] six units to the right in discrete time yields 

an identical signal to y1 [n] for n 2'. 6. We can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of 

six units. The delay line, as shown, also inverts the signal (i.e. multiply it 

by -1). The result, then, is a composite filter 220 whose response 230 to an 

impulse 218 is equal to yi[n] for n < 6 and is zero for n 2'. 6. The response 

of h1 [n] has been coherently canceled by the delayed response of h2 [n]. 

As an example, consider the impulse response of the following IIR filter. 

R 

h1[n] = L 'Prniresrnµ[n] (9) 
r=l 

where the <p/s and sr's are constants, possibly complex, the tr's are finite 

nonnegative integers and µ[n] is the unit step function ( =1 for n 2'. 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 

h2[n] = L 'Pr( n + N/r esr(n+N) µ[n], 
r=l 

(10) 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 9 

can be made common to both h1 [n] and h2[n]. Both h1 [n] and h2[n] are fed 
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the same input. The output of h2 (n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of h1 (n] to produce 

a filter the composite impulse response of which is 

h[n] = h1(n] - h2[n - N]. (11) 

The impulse response, h[n], is equal to that of h1 (n] for O :s; n :s; N - 1 and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2'.: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

response for n 2'.: 4, we require a second filter, h2 (n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 
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rectangular window) has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 

Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 

response of h[n] = sin( 1rn/ N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro

necker delta 306 is 

y[n] = y[n]esn (12) 

where y[n] is the ,periodic function 236 in Fig. 2 ands is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 
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Note then, that for n 2'. 4, 

y[n - 4] = y[n]e- 48 (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 
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We will generally denote the real part of s by -a-. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(1rn/2)e-cmµ[n]. (14) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of component coherent 

cancellation circuits just described can be placed in cascade and/ or parallel to 

achieve even greater flexibility in the design of impulse responses. We allow 

reference to single component coherent cancellation circuits being connected 
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in cascade and/ or parallel in order to allow the degenerate case of a single 

circuit to be subsumed in this discussion. 

In certain instances common circuitry can be factored from combinations 

of cascade and/or parallel to yield a reduction in overall computational re

quirements. We will show that windows expressed in a finite cosine series, 

for example, can be synthesized by a parallel combination of second order 

IIR filters and that the delay circuitry can be factored so that a single delay 

circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir

cuit consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 
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impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (15) 
q=O 

where 

hq[n] = 1qntqej21rnuqe-uqnµ[n] (16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers ( including inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, 1q, uq, and aq, There exists numerous computa

tional topologies for a given set of parameters. Such circuitry can be designed 

straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n 2 Mq, 

h [n - M] - e-i21rMquqeuqMqh [n] q q - q ' 

we choose to define 

wq[n] = hq[n] - ei21rMquqe-uqMqhq[n - 1\1q], 

Clearly, wq[n] is zero for n 2 Mq and the composite IIR filter 

Q 

ro[n] = L wq[n] 
q=O 
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has a response that is finite in extent. 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq 's are nonnegative integers. Window components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

Q n 
w[n] = L,Bqcos(1mq/L)I1[

2
L] 

q=O 
(20) 

The Hanning and Hamming windows require Q = l and the Blackman win

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n -L] = I:(-l)q,Bqcos(1rnq/L)I1[2L] 

q=O 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = I:(-l)q,Bqcos(1rnq/L)µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] 

30 

(23) 



A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + l stages and connecting them in 

parallel. We rewrite Eq. 22 as 

Q 

h[n] = L hq[n] (24) 
q=O 

where 

hq[n] = cqcos(n0q)µ[n] (25) 

where 0q = 1rq/2L and cq = (-l)q,Bq. For q =J 0, the z transform of this 

equation is 

00 

Hq(z) L hq[n]z-n 
n=O 

cqz-1cos(0q) 
1 - 2z-1cos(0q) + z-1 

(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = cq and 0 = 0q, Recognizing there exists a number 
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of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, h0 [n] = c0 = /30 • This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /30 = /31 = 0.5. 

For Hamming windows, /30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 

circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = l stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 
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Blackman window for the case where end point correction is not used. Here, 

f3o = 0.42, (31 = 0.5 and (32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, 1 and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-an). If we wish to keep 

the window shape as close to the a = 0 case as possible, We choose a to be 

a positive number just slightly greater than zero. 
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Let li[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-u(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

h[n - 2L] = e2uLJiq[n] (28) 

We can therefore generate the damped window 

w[n- L] w[n - L]e-u(n-L) 

h[n] - e-2uLJi[n - 2L] + w[L]8[n - 2L] (29) 

where 

w[L] = w[L]e-uL (30) 

is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response li[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where <7 = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 
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can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 

shown 140 where, now, 

L 

S[n; u] = L w[k]x[n - k]e-jZ1rku (31) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. 

We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

Q 

h[n] = L hq[n] (32) 
q=O 
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where 

hq[n] = cqcos(1rnq/L)e-lT(n-L)µ[n]. (33) 

For c = cqelTL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-lT(n-L) µ[n]. (34) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-o-) 

cascaded with a multiply of exp(o-L)c0 • For c0 = (30 and ffiq = (Jqexp(o-L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = l damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is realized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 
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the n = 1 stage 925 (~q = /Jqexp( a-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 

more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
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Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the /Jg's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For 

such architectures, the complex sinusoidal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n; u] = L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

and 

w[n; u] w[k]e-j21rnu 

Q 

L wq[n; u] 
q=O 

. k 
wq[k;u] = /3qcos(1rqk/L)e-ake-J 21rukrr[2L]. 

(36) 

(37) 

In our discussions concerning modulated windows to follow, we will include 
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both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for o- = 0. Motivated by causality, 

we write 

wq[k - L; u] = (-1 )q ,Bqcos( 1rqk/ L )e-u(k-L)e-j21ru(k-L)I1[k ~ L]. (38) 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (39) 
q=O 

where 

hq[k;u] = (-l)q,Bqcos(1rqk/L)e-u(k-L)e-j 21ru(k-L)µ[k]. (40) 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 40 
00 

Hq(z; u) = L hq[k; u]z-k (41) 
k=O 

which gives 

1 L ·2 L q q 
Hq(z; u) = 2(-l)q,Bqeu e3 1ru [A(z; u -

2
L) + A(z; u + 

2
L)]. (42) 

where 

A(z; v) = (1 - e-j21rv e-u z-1 i-1 . (43) 

Note that, for q = 0, 

Ho(z; u) = ,BoeuLej21ruLA(z; u). (44) 
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The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 43 as 

A(z; v) 
1 - ei21rv e-q z-1 

1 - 2e-ucos(21rv)z-1 + e-2uz-2 

Ar(z;v)+jAi(z;v) (45) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n]+ jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 
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1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

K(z; u) = H(z; u)e-i21ruL 

Q 1 
/30eo-LA(z; u) + L 2(-l)q /JqAi(z; v)eo-L 

q=l 

q q 
x [A(z;u-

2
L)+A(z;u+

2
L)] (46) 

where H(z; u) is the z transform of h[n; u]. 

(X) 

H(z; u) = L h[n; u]z-n 
n=O 

Q 

L Hq(z; u) (47) 
n=O 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q 
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½(-l)qexp(o-L),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we will depict the J( 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the J( 

filter is parameterized by the frequency u, damping coefficient o-, filter order 

Q, and vector of Fourier coefficients iJ. The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the J( filter 1440. From Eqs. 36, 37 and 39, we can establish 

the identity 

w[n - L; u] = h[n; u] - e-j411"uLe-20-Lh[n - 2L; u] + w[L; u]8[n - 2L] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

n(z; u) = E w[n; uJz-n. (49) 
n=O 

The z transform of Eq. 48 is then 

!1(z; u)z-L [1 - e-j411"uLe-20-Lz-2L]H(z; u) + w[L; u]z-2L 

[1 - e-j411"uLe-20-Lz-2L]ej211"uL K(z; u) + w[L; u]z-2L (50) 
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where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n-L;u]. 

The transfer function for the delay and the exponential shift in Eq. 50 is 

defined as 

D(z) = [1 _ e-j4-rruLe-2uLz-2L]ej2-rruL (51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 

1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the J( filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present 

example architectures whereby the squared magnitude of the spectrogram 
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is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a J( filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 

of the circuitry ( i.e. u, L, CJ', iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the 1( filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the 1( filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 
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of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a I< 

filter 1710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 1
2

, is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1 720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 

Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a J{ filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

( without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 ~ p ~ P, 

we propose an architecture for the transfer functions 

n(z; up)z-L = [l - e-j41rupLe-2uLZ-2L]ej21rupL I<(z; up) + w[L; up]z-2L (52) 

where !t(z; up) is the z transform of w(z; up)• The embodiment of this archi-
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tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

I( filters 1915. For P spectral lines, there are P separate I( filters the pth 

of which is tuned to frequency up and is of order QP with Fourier coefficient 

vector /3p• The input to each I( filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each I( filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 

on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

I( filters 2015. The output of each I( filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up= 2L (53) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 42 becomes 

Hq(z; u) = ~(-l)P+q ,8qeaL[A(z; p 
2
~ q) + A(z; p 

2
: q )]. (54) 

The q = 0 case warrants special statement. 

H0(z; u) = (-l)P,BoeaL A(z; iJ)· (55) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±1 • Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = (-l)P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 
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weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 

not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

( e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fanouts from the bank of A filters 
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are not shown. If, for example, there was to be a frequency line generated at 

u = P2+z, then the A filter in the bank 2212 parameterized by iL would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line to output line as can the values in the 'jjP' This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ei21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (56) 
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where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when a = 0. We can write the window expression in Eq. 29 as 

w[n - L] = h[n] * { o[n] - e-2uL8[n - 2L]} + w[n]o[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = L li[k]z-k (58) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-j21r(n-L)u 

x[h[n] * {ei21rnu(x[n] - e-2uLe-i41ruLx[n - 2L])}] (59) 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
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which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j27r Lu) term in the post multiply 2425 term, exp(j27r(n-L)u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the fI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the fI filter and the delay line) are not connected. 

This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

I S[n - L; u] 12=1 h[n] * {ei21r(n-i)u(x[n] - e-2uLe-i41ruLx[n - 2L])} 12 (60) 

where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an H filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 :S p :S P, we can replicate Eq. 59 as 

S[n _ L; Up] = wP[L]e-j21r(n-L)up + e-j21r(n-L)up 

x[hP[n] * {ej21rnuP(x[n] - e-20-Le-i41rupLx[n - 2L])}](61) 

where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, wP[n], 

and therefore corresponding impulse responses, hP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of H filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 
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of exp(±j21r(n± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen

tial term, exp(-2crL), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip 11 ::; p::; P} 

which, in turn, are fed into a bank 27 40 of fI filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 
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delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. up= iL). It follows that exp(-j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

S[n - L; up] (-l)P{ wP[L]x[n - 2L] 

+w2Lnp[hP[n] * {W2nl(x[n] - e-2crLx[n - 2L])}]} (62) 

where we have used the common DSP notation 

WfL = efrrJ/L (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810 the output of which services a number of pre

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of fI filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 

54 



deleting end point correction is 

I S[n - L; up] 12=1 hP[n] * {W;[(x[n] - e- 2aLx[n - 2L])} 12 (64) 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through fI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.1 as 

L 
S[n - L; u] = I: x[n - L - k]w[k]e-i2

1rku (65) 
k=-L 

where we write the window with a tilde to denote that it can be represented 
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q O:q Sq 

1 1 j1r/L 4 

0 !. 0 2 

-1 1 -j1r/L 4 

Table 1: Hanning: cp(k) = cos2(;£), Q = 1. 

by the Szasz series 
Q 

w[k] = L O:qe-sqk (66) 
k=-Q 

Where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { aq I Q ::; 

q ::; -Q} and { sq I Q ::; q ::; -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case 

of w[k]II[A] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k]IIU~J Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q aq Sq 

1 0.23 j,rr/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: <p(k) = 0.54 + 0.46 cos(f ), Q = 1. 

q aq Sq 

2 0.04 j21r/L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r/L 

Table 3: Blackman: <p(k) = 0.42 + 0.5 cos(f) + 0.08 cos(22k),Q = 2. 
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We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L o:qSq[n - L; u] 
q=-Q 

L 
Sq[n - L; u] = L x[n - L - k]esqke-j21rku 

k=-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] L x[n - L - N - k]esqke-j21rku 

k=-L 

L+N 
e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (69) 

k=-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

E E + E E (70) 
k=-L k=-L+N k=-L k=L+l 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-i21ru)N S[n - N - L; u] + St[n] (71) 

where 
-L+N-1 L+N 

st[n] = { L L }x[n - L - k]e(sq-j21rn)k_ (72) 
k=-L k=L+l 
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yond a specified time is achieved and that the composite impulse 

response is equal to that of the resonant circuit up to but not 

including the duration of the delay line and is zero then on; also, 

the augmentation of this method to include end point correction; 

also, realization of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-It;;!:~f-1 + ~f;!;f+l term in Eq. 72) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. We shall first describe evaluation of 

SMn] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for st[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

Xk = esqke-j21ruk (73) 

We denote a vector of these values by X· The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around! N is the schematic notation for downsampling 

59 



by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of st[n] by an appropri

ately parameterized box 3050 inside of which is an encircled st, 
Two other architectures for computing St[n] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

St(n] = St[n] - Sjy[n] (74) 

where 
-L+N-I 

st[n] = L x[n - L _ k]e(sq-j21rn)k_ (75) 
k=-L 

and 
L+N 

SN[n] = L x[n - L _ k]e(sq-j21rn)k_ (76) 
k=L+I 

Under the assumption that the ratio of the window duration to N (in our case 

21;J"1
) is an integer, we can straightforwardly establish from these equations 

the identity 

St[n + 2L + l] = e(2L+1)(sq-j21ru5jy[n] (77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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yield Sjj-[n]. This signal, at a clock rate equal to J.r th 
that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of Sjj-[n] 

via Eq. 77. (The notation zi,/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 

An IIR filter 3170 that is an alternate architecture to compute S.it-[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of Sjj-[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute SMn] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sq[n-L-N; u], 

is made available through a delay 3220. This output is added to SMn] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output component 3215. We schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = l ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, aq = a-q• In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by aq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and X,q• The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As in previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p.6.. where .6.. 

is the uniform spacing. Furthermore, let Sq = -o- + j21rq.6... As before, o- is a 

damping factor and can be set to zero for the undamped case. Under these 
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conditions, Eq. 71 becomes 

L 

Sq[n - L; u] L x[n - L - k]e-ake-j211'(p-q)kA 
k=-L 

S[n- L;p- q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a S (xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

S[n - L; p] = e-o-N e-i211'pNAS[n - L - N; p] + st[n; p] (79) 

where 
L L+N 

st[n;pJ = { I: L }x[n - L - k]e-ake-j211'pkA (80) 
k=-L k=L+l 

An architecture for generating the recursion for the S filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

Xk = e-ake-j211'pkA (81) 

The output of the st filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a S written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 3 filter so that a single delay line feeds the 

en tire bank. 

A bank of 3 filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = p.6. uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q :s; p < Q. The frequency line at u = (p+ 1).6. uses 3 

filters in the interval -Q + 1 :s; p :s; Q + 1. There is only one 3 filter that was 

not used in u = p.6. spectrogram line that is not used here. As illustrated 

in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 3 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. aq = a-q · This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 
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3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 • For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the O'.q coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 
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resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the {3q's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight {30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of {31 in the q = 1 stage is replaced by f3i/ {30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ {30 • The output 530 would then 

be changed from y[n] to y[n]/ {30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]/ (30 instead of S[n - L; u] 135 and I S[n - L; u]/ (30 1
2 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_1 . 

Therefore, replacing both a±1 by 1 and a 0 by a 0 / a 1 will yield an output 

of S[n - L : u]/ a 1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) (82) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + jSs[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 

68 



Similarly, using a Hartley transform, 

L 

SH[n; u] = E w[k]x[n - k]cas(21rku) (85) 
k=-L 

where 

cas(g) = cos(g)sin(g). (86) 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] (87) 

can also be generated by combining the real and imaginary outputs of any 

spectrogram processor thusfar described. Any person skilled in the art can 

straightforwardly apply the methods described herein to generate these closely 

related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 

thusfar can be extended to windows in higher dimensions by those skilled in 

the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAIMS. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows: 

1. The method for realizing sliding windows and similar finite du

ration impulse responses wherein two infinite impulse response 

filters with causal impulse responses other than a constant or sin

gle exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero there

after; also, realization of windows achieved by cascading and/or 

parallel connection of one or more such windows. 

2. Use of short time Fourier transforms and spectrograms computed 

using windows of the type in Claim 1 as a means of representing, 

displaying, monitoring or otherwise characterizing signals origi

nating from waves including but not limited to electromagnetic, 
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acoustic, electronic and biological waves for purposes including 

but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 
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3. Computation of short Fourier transforms, spectrograms, sliding 

windows and similar impulse responses in software, hard ware of 

firmware using the method for realizing sliding windows and simi

lar finite duration impulse responses wherein two infinite impulse 

response filters with causal impulse responses other than a con

stant or single exponential, the delayed response of one being 

proportional to the response of the second after a given time, are 

used in a composite filter with the first being connected in cas

cade with an inverted weighted delay line equal in duration to the 

given time whereupon this cascade connection is joined in parallel 

with the second filter in such a manner that the second filter's 

impulse response is coherently canceled by that of the cascade 

connection at and beyond the given time thereby producing a 

composite impulse response that is equal to the impulse response 

of the second filter up to but not including the given time and is 

zero thereafter. Also, computation of windows achieved by cas

cading and/or parallel connection of one or more such windows. 

4. The method for computing sliding windows and similar finite du

ration impulse responses wherein a resonant circuit with com

posite causal impulse response, possibly damped and other than 
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a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coher

ent cancellation of the filter's response beyond a specified time 

is achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction; also, the method of 

computation of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 

5. The method of realizing component windows and similar finite 

duration impulse responses in Claim 4 wherein the resonant cir

cuit is synthesized as the parallel combination of two or more 

infinite impulse response filters. each of which has the response of 

a specified O' 2: 0 damped Fourier cosine series component of the 

desired impulse response. 

6. Unmodulated windows formulated on the basis of the method in 

Claim 5 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 
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spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a complex sinusoid and is then fed into a window 

of the type in Claim 5. 

7. Modulated windows formulated by the method in Claim 5 for use 

in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 

a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 5. 

8. Modulated windows formulated by the method in Claim 5 for use 

in generation of windows and similar impulse responses of the 

type in Claim 5 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 
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a manner that one A filter contributes to a number of frequency 

lines. 

9. Disjoint unmodulated windows formulated by the method in Claim 5 

for use in generation of the squared magnitude or real and imag

inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 

wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 5 and either post complex conjugate 

multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

10. Disjoint unmodulated windows formulated by the method in Claim 9 

for use in the generation of the squared magnitude or real and 

imaginary components of one or more frequency lines of a spectro

gram at frequencies that are integer proportional to the reciprocal 

of the window's duration prior to end point correction, wherein 
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the delay circuitry that feeds the bank of processors is compu

tationally simplified at these frequencies and the pre weightings 

required in the more general case of Claim 9 are no longer present. 

11. The method described in Claim 4 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 

time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis computation methods either known or to be discovered. 

12. The method of realizing the windows and similar finite duration 

impulse responses in Claim 11 wherein the resonant circuit is syn

thesized as the parallel combination of infinite impulse response 

filters each of which has the response of a specified Szasz series 

component of the desired impulse response. 

13. The method described in Claim 11 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 
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14. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of one 

or more frequency lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different win

dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 11. 

15. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of two or 

more frequency lines of a spectrogram at equally spaced frequency 

intervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

16. The computational method of the type described in Claim 15 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 
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the Szasz coefficients thereby reducing the number of required 

multiplications. 

17. The short time Fourier analysis computational method required 

in Claim 11 whereby the cumulative contribution of new data 

to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 

the spectrogram. 

18. Use of spectrograms computed using windows of the type in 

Claim 4 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from waves including 

but not limited to electromagnetic, acoustic, electronic and bio

logical waves for purposes including but not limited to 

diagnosis, analysis, and/ or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 
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Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 

19. Computation of spectrograms and sliding windows in software, 

hardware or firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein a res

onant circuit with composite causal impulse response, possibly 

damped and other than a constant or single exponential, is con

nected in cascade with weighted delay line circuitry consisting 

of a weighted delay line additively joined to the undelayed reso

nant circuit output, the multiplicative weight in the delay being 

chosen so that coherent cancellation of the filter's response be-
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Steepest Descent Adaption of Min-Max 
Fuzzy Reasoning 

PROPRIETARY 

Herein, we describe a technique whereby certain fuzzy reasoning methods, 
using minimum operator intersections, can be updated by the method of 
steepest descent. The method is: 

1. Determine which fuzzy membership function or functions contributed 
to the decision. 

2. Update those function's parameters using steepest descent. Using a 
mode defuzzifica.tion, this results in only a single membership function 
to be updated . For first moment defuzzification, the steepest descent is 
parameterized by the degree of contribution of each fuzzy membership 
fuction to the result. 

In either case, if a membership function is not used, it is not updated . 

1 Using Mode Defuzzi:fication 

Consider a fuzzy decision, a, compared to a target value oft. The error is 

Clearly 

1( 2 E = - a - t) . 
2 

aE 
-=a-t aa 

1 

(1) 

(2) 



Assume, initially, that defuzzification was performed using a mode operation 
and 

a - max[,81,82 · · · ,BN] 
N 

I: ,a'/r II u (,a1r - ,Be) 
1r=O C:p1r 

(3) 

where U() is a unit step function. Note that the max operator in Eq. 3 is 
continuous and can be differentiated as 

Similarly, let 

II U(,Bn - ,Be) 
C;/n 

{ 
1 ; if ,Bn is maximum 
0 ; otherwise 

,Bn - min[,1n12n · · · tMnn] 
Mn 
I: t1rn II U(,en - 11rn) 
1r=O C:p1r 

The min function is also continuous and 

II U( tf.n - tmn) 
!.:pm 

{ 
1 ; if 1 mn is maximum 
0 ; otherwise 

(4) 

(5) 

(6) 

The tmn 's will from a parameterized membership function evaluated at some 
obseravation x. Correspondingly, let 

tmn = µ( (1mn, (2mn, ' ' ' , (Kmnmni x) (7) 

wl:ere {(kmnll :s; k :s; I<mn} are the parameters of the membership function, 
µ(). In the examples considered in a later example, only two parameters 
are considered. The first measures the central tenclancy ( e.g. mean) of the 

2 

/ 



membership function and the second its dispersion ( e.g. range or variance). 
From Eq. 7, it follows that 

01mn --
fJ(kmn 

8µ( (1mn, (2mn, ... '(I<mnmni x) 
fJ(kmn 

Invoking the chain rule 

gives 

~ = { (a - t)FJ(~mn 
O(kmn 0 

if f3n is max and fmn is maximum 
otherwise 

Steepest descent then updates the membership parameters by 

;- ( A fJE 
',,kmn <== kmn - a-

0
;
',,kmn 

where & is the step size. The method of update then is 

(8) 

(9) 

(10) 

(11) 

1. Update the fuzzy membership function parameters by steepest descent 
if the membership was used in the fuzzy decision. 

2. Don't update it if it wasn't used in the decision. 

This is a straightforward and logical method of performing fuzzy membership 
function adaption. Note that when the membership function product is used 
as the fuzzy intersection, all parameters are updated for each test. Note, 
also, that the method can be extended to steepest descent of any sequence 
of order statistics. 

2 Triangle Membership Function Adaption 

As an example of fuzzy membership function adaption, consider the com
monly used triangular membership function 

X 
A(x) = (1 - lxl)IT( 2) (12) 

,, 

3 



1. Identify each of the output membership functions that contributed to 
defuzzifica tion. 

2. For the nth output membership function, identify the minimum ,mn 
that gave rise to the fin, 

3. Update all of the parameters of the mnth membership function accord
ing to Eq. 11 using gradient computed using Eq. 15. 

As before, only the membership functions used in the defuzzification are 
updated using steepest descent. 
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Steepest Descent Adaption of Min-Max 
Fuzzy Reasoning 

PROPRIETARY 

Herein, we describe a technique whereby certain fuzzy reasoning methods, 
using minimum operator intersections, can be updated by the method of 
steepest descent. The method is: 

1. Determine which fuzzy membership function or functions contributed 
to the decision. 

2. Update those function's parameters using steepest descent. Using a 
mode defuzzification, this results in only a single membership function 
to be updated. For first moment defuzzification, the steepest descent is 
parameterized by the degree of contribution of each fuzzy membership 
fuction to the result. 
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1 Using Mode Defuzzification 

Consider a fuzzy decision, a, compared to a target value of t. The error is 
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Assume, initially, that defuzzification was performed using a mode operation 
and 

a max[,81,82 · · · ,BN] 
N 

I: ,e,r IT u (,B,r - ,Be) (3) 
1r=O e,f;1r 

where U() is a unit step function. Note that the max operator in Eq. 3 is 
continuous and can be differentiated as 

Similarly, let 

IT U(,Bn - ,Be) 

{ 
1 ; 
0 . 

' 

if ,Bn is maximum 
otherwise 

,Bn minb1n12n · · · 1Mnn] 
Mn 
L /1rn IT U( ,en - 11rn) 
1r=O e,f;1r 

The min function is also continuous and 

IT U(,en - 1mn) 
e,f;m 

{ 
1 ; if 1 mn is maximum 
0 ; otherwise 

( 4) 

(5) 

(6) 

The ,m11 's will from a parameterized membership function evaluated at some 
obseravation x. Correspondingly, let 

/mn = µ( (1mn, (2mn, '' ' , (I<mnmni x) (7) 

wh.ere {(kmnll ~ k ~ Kmn} are the parameters of the membership function, 
p(). In the examples considered in a later example, only two parameters 
are considered. The first measures the central tendancy ( e.g. mean) of the 
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membership function and the second its dispersion ( e.g. range or variance). 
From Eq. 7, it follows that 

8,mn 

fJ(kmn = 
8µ( (1mn, (2mn, .. . '(I<mnmni x) 

fJ(kmn 

Invoking the chain rule 

fJE fJE fJa 0/3n 8,mn 

fJ(kmn = fJa 8/3n fJ,mn fJ(kmn 

gives 

.!!!_ = { ( Ci - t) 8(~mn 

O(kmn Q 

if f3n is max and tmn is maximum 
otherwise 

Steepest descent then updates the membership parameters by 

;- ;- A f)E 
',kmn ¢= <,kmn - Ci~ 

U<,kmn 

where & is the step size. The method of update then is 

(8) 

(9) 

(10) 

(11) 

1. Update the fuzzy membership function parameters by steepest descent 
if the membership was used in the fuzzy decision. 

2. Don't update it if it wasn't used in the decision. 

This is a straightforward and logical method of performing fuzzy membership 
function adaption. Note that when the membership function product is used 
as the fuzzy intersection, all parameters are updated for each test. Note, 
also, that the method can be extended to steepest descent of any sequence 
of order statistics. 

2 Triangle Membership Function Adaption 

As an example of fuzzy membership function adaption, consider the com
monly used triangular membership function 

(12) 
' 
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MAIL 

1. Identify each of the output membership functions that contributed to 
defuzzification. 

2. For the nth output membership function, identify the minimum ,mn 

that gave rise to the /3n . 

3. Update all of the parameters of the mnth membership function accord
ing to Eq. 11 using gradient computed using Eq. 15. 

As before, only the membership functions used in the defuzzification are 
updated using steepest descent. 
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Brief Description of the Drawings 

The foregoing and other features and advantages of the present invention will 

be more readily appreciated as the same becomes better understood from the 

detailed description when taken in conjunction with the following drawings, 

wherein: 

Figure 1 illustrates the parameterized schematic of a sliding window 

Fourier transform processor; 

Figure 2 illustrates an architecture for generating a cross-GTFR by 

multiplicative combination of the outputs of two sliding window 

Fourier transform processors; 

Figure 3 illustrates the parallelogram support of the GTFR kernel gen

erated by multiplying outputs of two continuous time sliding win

dow Fourier transform processors; 

Figure 4 illustrates the parallelogram support of the GTFR kernel gen

erated by multiplying outputs of two discrete time sliding window 

Fourier transform processors; 

Figure 5 illustrates the support of the GTFR kernel generated by the 

real part of the product of two discrete time sliding window 

Fourier transform processors when the parallelograms overlap; 
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Figure 6 illustrates the support of the GTFR kernel generated by the 

real part of the product of two discrete time sliding window 

Fourier transform processors when the parallelograms do not over

lap; 

Figure 7 illustrates the schematic for generation of a cross-GTFR: 

Figure 8 

Figure 9 illustrates an architecture for superimposing component cross

GTFR's into a composite GTFR; illustrates generation of an 

auto-GTFR and the corresponding schematic; 

Figure 10 illustrates an architecture for parallel combination of a num

ber of component auto-GTFR's into a composite auto-GTFR's: 

Figure 11 illustrates how two weighted sliding window Fourier trans

form processors can represent a single sliding window Fourier 

transform; 

Figure 12 illustrates an architecture for generating an auto-GTFR with 

a double diamond kernel; and 

Figure 13 illustrates an architecture for generating an auto-GTFR with 

a double diamond kernel using a delay line. 
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Detailed Description of the Invention 

Direct conventional evaluation of the cross-GTFR's expressions in Eqs. 1 

and 2 requires computation of the summand and integrand, respectively, over 

a portion of a two dimensional plane for each point in time the cross-GTFR 

output is computed. This patent teaches construction of GTFR's through bi

linear combination of sliding window Fourier transforms, and superpositions 

thereof. 

Computational components of the description will be described as cir

c,iitry cJr a circuit. These terms are used in their broadest sense referring 

not only to the physical hardware associated with the computation, but the 

underlying method as well. Similarly, the term architecture is used in the 

most general sense, referring not only hardware embodiment, but to the 

underlying method of computation. In certain instances, a particular archi

tecture embodiment is presented to illustrate a family of architectures whose 

generalization will be readily evident to one skilled in the art. 

Schematics for Signal Flow and Corresponding Circuitry. A num

ber of signal flow diagrams will be shown that use schematic representations 

that are standard for characterizing signal processing computational archi

tectures. Signals flow in the direction of arrows. The point where one or 

more arrows meet is referred to as a node. A signal coming from a node is 
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equal to the sum of the signals going into the node. A hollow arrow denotes 

a delay line. The amount of delay is written inside of the arrow. A trian

gle denotes signal weighting (i.e. amplification) by the factor written inside 

the hollow arrow. The name of the signals at a point in the circuit can be 

written over the signal flow there. This is especially true at the input and 

the output of the circuit. Other schematic generalizations will be defined as 

needed. The constant j denotes the square root of -1. 

tfanners of implementation of these flow diagrams are well known to 

those well versed in the art. Two types of technology are applicable; discrete 

and continuous time. Hybrid approaches using both technologies are also 

possible. 

For discrete methodologies, arithmetic operations are straightforwardly 

performed on commercially available APU's (arithmetic processor units) and 

DSP ( digital signal processing) chips. Delay lines can be stra.ightfonvardly 

performed using digital shift registers, as is required in commonly used finite 

impulse response (FIR) and infinite impulse response (IIR) digital filters. 

Discrete time delay with analog values can be performed using charge cou

pled devices ( CCD 's ). Custom digital VLSI ( very large scale integration) 

integration chips can be designed to perform the operations taught by this 

patent. 
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The second technology applicable herein is temporally analog circuitry 

used to process continuous time signals. The operations of integration, in

version, weighting and signal summation can be implemented using commer-

cially available operational amplifiers, capacitors and resistors in configura

tions well known to those versed in the a.rt. Delay lines can be constructed 

through physical transmission of the analog signal through a channel. The 

speed of signal propagation and the channel's length dictate the delay. Ex-

amples include surface acoustic wave devices and coaxial cable. 

SLIDING WINDOW FOURIER TRANSFORM DISCUSSION. 

The sliding window Fourier transform of a signal, x, corresponding to a 

window, w, can be written in the continuous case a.s 

Xw(t; tt) = 1 w(t - r)x(r)e-j2r.urclT (5) 

where w( t) is the continuous time window. Analogously, for the discrete 

signal, the sliding window Fourier transform becomes 

Xw[n; tt] = L w[n - k]x[k]e-j2r.ku 

k 

where w[n] is the discrete time window. 

(6) 

Equations 5 and 6 are also referred to as short time Fourier transforms. 

The magnitude squared of the sliding window Fourier transform is the signal's 

spectrogram. 

Sw = 1Xwl 2 (7) 
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( Again, omission of arguments implies that the relationship is applicable to 

both the continuous and descrete time cases. Thus, Eq. 7 applies to both the 

continuous time sliding window Fourier transform in Eq. 5 and the discrete 

time sliding window Fourier transform in Eq. 6.) 

The schematic representation for generating the sliding window Fourier 

transforms is shown in Figure l. The input 100 is placed into a shadowed 

box 105 that represents the sliding window Fourier transform processor. The 

processor is tuned to a frequency 110 of u. The window 115, w, is assumed to 

have support parameterized 120 130 by endpoints (a, b). For the continous 

time signal, the window w(t) is assumed to be zero outside of the interval 

a s; ts; b. Similarly, the discrete window, w[n], is assumed to be zero outside 

of the interval a s; n s; b. Although this convention implies windows with 

support over a single interval, windows with support over a number of disjoint 

intervals can also be used. The ouput 140 of the processor in Figure L Xw, 

is the sliding window Fourier transform given either by Eq. 5 or Eq. 6. 

The sliding window Fourier transform is time invariant with respect to 

window shift. If, for example, for the discrete case, a signal x[n] has a sliding 

window Fourier transform of Xw[n; u] corresponding to a window of w[n], 

then use of a window v[n] = w[n - p] on the same signal will result in 

the sliding window Fourier transform, Xv[n; u] = Xw[n - p; u]. The shift 
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invariance is also applicable to the continuous time sliding window Fourier 

transform. 

CROSS-GTFR's. To introduce the methodology behind the technology 

presented in this patent, consider the GTFR 

Cw,w = XwY~ (8) 

where, as illustrated in Fig. 2, Yw 225 is the sliding window Fourier transform 

of the signal y 235. The window, w 215, has endpoints ( a, /3) 240. The 

window, w 210, for the input, x 230, has endpoints 220 of (a, b). Both sliding 

window Fourier transform processors 245 246 are tuned to a frequency 250 

251 of 1l. The output 282 of the bottom processor is multiplicatively combined 

281 with the output of the top processor. To generate the GTRF in Eq. 8, 

the muliplicative combination 260 is a complex multiply of the top processor 

output 281 with the complex conjugate of the output 282 of the bottom 

processor and the output 265 is 

D = Cw,w 

If the TFR in Eq. 3 is desired, then the multiplicative combination 260 of 

the top processor output 281, Xw, and the bottom processor output 282 Yw, 

IS 

D = ~Cw,w 
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\RX,u X ?RYw - '.s Xw X :Q'Y'..v (9) 

Alternately, the multiplicative combination 260 can be chosen as a magnitude 

operation and the TFR in Eq. 4 is generated. The output 265 is then 

D = JCw,wJ 

JXwY:Uj. (10) 

Kernel Strucure. The GTFR kernel structures resulting from the ar-

chitecture in Fig. 2 are now illustrated. Using Eq. 5, the continuous time 

expression for Cw,w in Eq. 8 is 

Cw,w(t, tt) 11 x(1J)?((A)w(t - 17)w*(t - /\)e-j 2
1ru(,\- 17 )cl17cl,\ 

j fw(t-t,-2:.)w*(t-~+2:.) 
r le 2 2 

T T · 
xx(~+ 2)y*(~- 2)e-J2n:uTclf,clT (11) 

where the following variable substitution was used. 

[: :][:]=[:] ( 12) 

Comparing with the GTFR expression in Eq. 1, the kernel for the GTFR in 

Eq. 8 for continuous time is 

, T T 
cp(t; -r) = w(t - 2)w*(t + 2) (13) 
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A similar analysis applies to the discrete time equivalent of Eq. 8. Using 

Eq. 6, 

Cw,w[n, u] LL x[p]y*[q]w[n - p]w*[n - q]e-j 21ru(p-q) 

p q 

!.: k LL w[n - m - ;--]w"'[n - 1n + ?] 
m k 2 ~ 

k k . 
xx[m + -]y*[m - -]e-JZ1rku 

2 2 
(14) 

where the following variable substitution was used. 

[: :][:]=[~] (15) 

Comparing with the GTFR expression in Eq. 2, the kernel for the GTFR in 

Eq. 8 for discrete time is 

, k k 
¢[n; k] = w[n - 2]w*[n + 2] (16) 

The cross-GTFR in Eq. 8 can be realized, either in discrete or continuous 

time, as illustrated in Fig. 2. The input 230 x is feel to a sliding window 

Fourier transform processor 245 tuned to frequency u 250 with window w 

that is zero outside an interval with endpoints 220 ( a, b). Similarly, an input 

of y 235 is fed to a second sliding window Fourier transform processor 246 

tuned to frequency u 251 with frequency w that is zero outside of an interval 

with endpoints 240 (a, /3). The output 281 of the top processor, Xw, and 
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the ouput of the bottom processor. Yu: are combined 260 to yield the output 

C,, .. w 265. '"********** 

The combination 260 is multiplicative. If the output )tw is combined 

260 through multiplipication by the complex conjugate of the output of the 

bottom processor 282, then Cw,w = Cw,w 265 given by Eq. 8. The combination 

can also be the real portion of one of the inputs times the conjugate of the 

other. Then the output 265 is 

Cw,w = iRXw X iRYw - S'Xw X S'Yw 

is equivalent to the expression given by Eq. 3. Alternately, if the combination 

is the magnitude of the output of one processor times the conjugate of the 

other, then the output 265 is equivalent to the expression in Eq. 4. As 

discussed, other operations ( e.g. logs and powers) can caccompany these. 

The support of the kernel in Eq. 8 will be a tilted parallelogram on the 

( t, T) plane for continuous time and the ( n, k) plane for discrete time. Con

tinuous time will be illustrated first. Since w( t) is zero outside of the interval 

a :::; t :::; b and w(t) is zero outside of the interval a :::; t :::; /3, the kernel in 

Eq. 13 is zero outside of intersection of the two intervals 

2(t-b):::;T:::;2(t-a); 2( Q - t) :::; T :::; (/3 - t) (17) 

This is illustrated in Fig. 3 on the T 310 t 315 plane where, as seen on the t 
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axis, 0 < a < a < b < !3 is assumed. The kernel in Eq. 13 is zero outside of 

the shaded parallelogram 305. 

A similar parallelogram support exists for the the discrete case. Since 

L<.-1[n] is zero outside of the interval a S n s band w[n] is zero outside of the 

interval a s n S (3, the kernel in Eq. 16 is zero outside of intersection of the 

two intervals 

2(n-b)sks2(n-a); 2( a - n) S k S ((3 - n) (18) 

This is illustrated in Fig. 4 in the k 410 n 415 plane. The clots 420, both 

hollow and solid, denote the locations of the sample points x[m+ ~ ]y*[m- ~]. 

Assuming that the relative values shown for a, b, a and (3, the discrete kernel 

in Eq. 16 is identically zero at all the hollow clot locations. Analagous to the 

continuous time case, the support of the kernel is here a parallelogram. 

The real portion of the GTFR in Eq. 3 can be, itself, a GTFR of the type 

in Eqs. 1 and 2. If, for example, x and y are real, then ~Cw,w in Eq. 3 has, 

for continuous time signels, a kernel of 

' l[ T * T T * T] </>(i;r) = - w(t- -)w (t+-) +w(t- -)w (t+ -) 
2 2 2 2 2 

(19) 

Analagously, for discrete time signals 

' l[ k k k kl </>[n; k] = - w[n - -]w*[n + -] + w[n - -]w*[n + -) 
2 2 2 2 2 

(20) 
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An example of the kernel support for the discrete kernel in Eq. 20 when, 

as before, w[n] is zero outside of the interval a ::; n ::; b and w[n] is zero 

outside of the interval a ::; n ::; /3. Consider first the case where a < a < 

b < /3 as illustrated in Fig. 5. On the k 505 n 510 plane, the location of 

points is, again, denoted by dots 515, both hollow and solid. The points 

where the kernel in Eq. 20 are identically zero are shown by hollow clots. 

The parallelogram 520 defined by the points a and b have a kernei value 

of ½[w[n - ~ ]w*[n + ~] + w[n - ~]w*[n + ~ ]. Those solid points above this 

parallelogram have a value of ½w[n - ~]w*[n + ~ ]. Those points below have 

a value of ½w[n - }]w*[n + ~]. If b- a= /3- a and a= b, then the kernel is 

said to have a double diamond kernel. 

A second example of the kernel support resulting from Eq. 20 is shown 

in Fig. 6 on the k 605 n 610 plane when a < f3 < a < b. The kernel's value 

on the solid clots on top 615 have a value of ½w[n - j-]u/'[n + ½]. The Yalue 

on the solid dots below have a value of ½w[n - ~]w*[n + ~]. As before, at the 

hollow dot locations 625, the kernel is identically zero. 

GTFR Banks. A schematic for a cross-GTFR tuned to frequency u 770 

with a kernel of J 771 is illustrated in Fig. 7 as a diamond with an inscribed 

square 705. The GTFR output 765 corresponds to inputs 730 x and 735 y. 

One manifistation of this processor is the one shown within the dashed lines 
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299 in Fig. 2. 

The GTFR's in Eqs. 1 and 2 are time invariant with respect to their ker

nel. We illustrate with the continuous time GTFR, although the property is 

also applicable to the discrete time GTFR. If a GTFR of CJ(t; u) corresponds 

to a kernel of J( t; T), then, for a delay T, a kernel of J( t - T; T) would result 

a GTFR of CJ(t - T; u). 

The GTFR is also linear with respect to its kernel in the sense that 

C · · - rC· + sC· r¢1 +s•h - ¢1 <h (21) 

Thus, for multipling the kernel by a (possibly complex) value of s is equava

lent to multiplying the resulting GTFR by s. Similarly, for a cross GTFR, 

multiplying the input x by rand the input y bys is equavalent to multiplying 

either the GTFR or the kernel by rs*. For an auto-GTFR, multiplying the 

input, x, by r is equivalent to multiplying the kernel or the GTFR output by 

lrl 2
• Such scaling variation can straightforwardly be incorporated into the 

GTFR architectures taught herein by those well skilled in the art. 

From Eq. 21, general time-frequency representations can be generated 

by connecting two or more of the processors 705 in Fig. 7 in parallel, as is 

shown in Fig. 8. The input x 830 and y 835 are fed into N processors 805 806 

807. All n processors are tuned to the same frequency, u, but may differ in 

window type and duration. The outputs of the processors are summed 810 
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to produce a composite TFR of c(N) If the nth processor is a GTFR with 

kernel 6n, then cN ·:.:ill be a GTFR with kernel 

N 

J(N) = L¢n (22) 
n=l 

AUTO-GTFR's. When x = y in Eqs. l and 2, then C'/ is an auto-_, 

GTFR. The methods and apparatus thusfar taught are straightforwardly 

applied to generation of the auto-GTFR. To illustrate, the processor 799 in 

Fig. 7 is addenclecl in Fig. 9 so that the same signal, x 930, provides both 

inputs to the processor. The output. Cw,w 965, is now an auto-GTFR. The 

composite processor is abstacted in a diamond 971 with an incircled u. For 

an input of of x 981. the output is the same auto-GTFR 982 as before 965. 

An architecture for auto-GTFR's corresponding to the one for cross

GTFR's in Fig. 8 is illustrated in Fig. 10. The input 1005 is feel to a parallel 

bank of N processors 1005 1006 1007. The outputs of the processors are 

summed 1010 to generate the time-frequency representation, c(N). If the 

nth processor generates an auto-GTFR with kernel ¢n, then the composite 

auto-GTFR with a kernel given by Eq. 22. 

Sliding Window and GTFR Properties and Equivalence. Sliding 

window Fourier transforms are linear with respect to their windows in the 

sense that 

)Crw1 +sw2 = rXw1 + s)(w2 (23) 
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where r and s are (possibly complex) constants. An example of how the lin

earity can be utilized to generate a composite sliding window Fourier trans

form from components is illustrated in Fig. 11. An input 1105, x, is fed into 

the the top sliding window Fourier transform processor 1110 the output of 

which is weighted 1125 by the constant, s. The input 1105 is also weighted 

by the constant r 1120 prior to being input into the bottom sliding win

dow Fourier transform processor 1115. The output 1117 of this processor is 

r Xw2 = Xrw2 • This is added 1130 to the weighted output of the top processor 

to yield an output 1135 of Xw3 where W3 = rw1 + sw2. 

A Double Diamond Architecture. An N = 3 architecture that is 

a straightforward variation of that in Fig. 10 that uses the sliding window 

architecture shown in Fig. 11. The achi tecture, shown in Fig. 12, is for a 

double diamond support auto-GTFR. The input 1205 is placed into two slid

ing window Fourier transform processors 1210 1215 that use multiplication 

for the combination. Both processors are tuned to frequency u and have a 

window w. The top processor 1210, though, has window endpoints (a,µ) 

and the bottom (µ, b). The outputs of the processors are added 1220 giving 

a sliding window Fourier transform 1225 that is tuned to u with window w 

that has endpoints (a, b). This is calculated this way in lieu of a third sliding 

window Fourier transform processor. This sliding window Fourier transform 
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is magnitude squared 1235. From it are subtracted 1238 1239 the magnitude 

squared of the outputs of the top 1230 and bottom 1235 processors. The re

sult of this superposition 1237 is a auto-GTFR 1240 with a double diamond 

kernel. (The double diamond corresponding to the the diamond generated 

by the long window minus the two smaller diamonds). 

When the window is rectangular, the shift invariance of the sliding window 

Fourier transform can be used to simplify the double diamond GTFR. This is 

illustrated in Fig. 13. The signal 1305 is input into a sliding window Fourier 

transform processor 1310. The output of the processor 1310 is fed to a delay 

line 1315 with T time delay units. The output of the delay line 1315 is 

added 1320 to the output of the processor. This is magnitude squared 1345. 

The undelayed and delayed processor outputs are magnitude squared 1330 

1335 and added 1340. This sum is subtracted 1350 from the squared sum to 

generate the GTFR output 1360. 

Time-frequency representations are used in a number of applications. 

Time-frequency representations computed using the methods described herein 

are applicable in many of these cases. They include use: 

1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur-
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rent and power) and biological waves; 

2. as a method of computing GTFR's or other signal processmg 

operations using sliding windows in software simulations and em

ulations; 

3. as a method of computing GTFR's or other signal processing op

erations that use sliding windows using computational hardware; 

and 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 
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Field of the Invention 

The present invention relates to digital and analog computational methods 

and apparatus whereby certain time-frequency representations. can be gen

erated. The architectures rely on bilinear combinations of sliding window 

Fourier transforms and spectrograms. 

Background of the Invention 

Background Description 

The theory of transformation of a temporal signal into a frequency spec

tral representation is fundamental to many undergraduate engineering and 

science curricula. The Fourier transform is a mathematical method of do

ing so. Consider a time function represented by x(t) where t depicts time 

( e.g. in seconds). If u represents the corresponding frequency variable, with 

units of cycles per second or Hertz, then X( u) is the representation of x( t) 

in the frequency domain. The most common way to obtain X(u) from x(t) 

is by the process of Fourier transformation. In human speech, for example, 

the Fourier transform of a man's voice will typically contain lower frequency 

components than a woman's voice. Thus, the Fourier transform of a man's 

voice as represented, for example, by an electronic signal from a microphone 
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would generally have a larger magnitude at lower frequencies than that of 

a child's voice. The concept of frequency applies to numerous other types 

of signals also. Electromagnetic waves in the visible spectrum have different 

colors corresponding to the frequency of the electromagnetic wave frequency 

(vibration). Thus, the magnitude of the Fourier transform of the temporal 

electromagnetic vibrations will, in the visible range, result in a plot of the 

color components of the signal. 

As explained by Leon Cohen in "Time-frequency distributions - a review", 

Proceedings of the IEEE, vol.77, pp.941-981 (1989), there are many instances 

where the monitoring of the frequency components, or the Fourier transform, 

of a signal with respect to time is desirable. This is especially important 

when the character of the signal is changing with respect to time. Such 

signals are referred to as nonstationary signals. Common speech and music 

are both examples of nonstationary signals. A sound which does not change 

in time, such as an elongated tone or the roar from a waterfall, are examples 

of stationary signals. The changing of colors during a sun set is an example 

of an electromagnetic stationary signal. The fundamental Fourier transform 

does not allow for the generation of time-frequency analysis for nonstationary 

signals. Other techniques, collectively called time-frequency representations 

(hereinafter TFR's ), are required. 
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.'\ ote that humans perceive sound in both time and frequency .. Music. for 

example, is writ ten as a TFR. Notes can be viewed as a frequency represen

tation. The placement of these notes side by side then represents a temporal 

sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. They display, however, a tradeoff in time and 

frequency resolution. Using the musical example, good frequency resolution 

corresponds to high precision knowledge of the music's tones ( as measured in 

cycles per second). Using spectrograms, however, good frequency resolution 

can be achieved only at the sacrifice of time resolution. Good time resolu

tion, for example, allows one to specify the time that a note changes from 

one frequency to another. Using spectrograms, high time resolution typi

cally requires a sacrifice in frequency resolution. Conversely, high frequency 

resolution requires a sacrifice in time resolution. 

In 1966, Leon Cohen introduced a class of bilinear generalized TFR's 

(hereinafter GTFR's) in a paper entitled "Generalized phase-space distribu

tion functions" J. Nlath. Physics, vol.7, pp.781-786 (1966). A number of 

important TFR's are subsumed in Cohen's GTFR. The \i\Tigner-Ville dis

tribution, subsumed in Cohen's class, is not constrained by the frequency 

resolution versus time resolution tradeoff characteristic of the spectrogram. 
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Due to the bilinear nature of the transformation, however, the \i\Tigner-Ville 

distribution contains significant interference artifacts. The double diamond 

kernel GTFR introduced in the paper S.Oh and R.J. f'ilarks II, "Performance 

attributes of generalized time-frequency representations with double diamond 

and cone-shaped kernels", Proceedings of the 24th Asilomar Conference on 

Signals, Systems and Computers, Asilomar, CA (5-7 Nov 1990), on the other 

hand, is a GTFR with quite good resolution in both time and frequency with 

low interference. 

The double diamond GTFR is a time-frequency representation which is 

subsumed in Cohen's class of generalized time-frequency representation. A 

GTFR between two continuous time signals, x( t) and y(t), can be written 

11 A T T · 
CJ,(t; u) = </>(t - (; T)x(l + -:-)v*(l- -)e-121rurdldT 

T e 2 2 
(1) 

where the superscript * denotes complex conjugation, J( t; T) is the GTFR's 

kernel, u is the frequency variable. The auto-GTFR of a signal, x(t), 1s 

obtained by setting x( t) = y( t) in this expression. 

Similarly, for discrete signals x[n] and y[n], the discrete version of the 

GTFR is 

CJ,[n; u] =LL J[n - m; k]x[m + ~]y*[m - ~Je-j2
1run (2) 

m k 2 2 

where J[n; k] is the kernel of the GTFR. The auto-GTFR of a discrete signal, 

x[n], is obtained by setting x[n] = y[n] in Eq. 2. Note that square brackets are 
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used for discrete signals ( e.g. x[n] ) and parenthesis are used for continuous 

signals ( e.g. x(t) ). 

In either the cross or auto form, the GTFR's in Eqs. l and 2 are generally 

complex. Two common techniques are used to make them real. The first is 

to take the real portion of of the GTFR 

?RC-= ! fc- + C!] 
4> 2L<t> 4> 

(3) 

where CJ, can refer to the GTFR's either in Eqs. 1 and 2 either in cross or auto 

form, * denotes complex conjugation, and ?R denotes the real portion of (Here 

and henceforth, omission of time and frcquerccy in an explicit expression 

allows abstraction of the description to either discrete or continuous time.) 

Note that performance of the cl ual C:SC ¢, can be acheivecl using Eq. 3 through 

an adjustment in the choice of window. 

The alternate technique is to perform a magnitude operation 

1 

ICJI = [cJc;] 2 (4) 

Other combinations can also be performed on the GTFR's in Eqs. 1 or 

2. The log, for example, can be taken of either Eq. 3 or Eq. 4 to place the 

result in units of decibels. Alternately, either Eq. 3 or Eq. 4 may be raised 

to some positive integer power, e.g. 2. 

GTFR's evaluated at frequency 1l 

quadratic or bilinear filters. 
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Prior Art 

Direct evaluation of the GTFR in discrete time using summation and the 

fast Fourier transform (FFT) algorithm is apparent to anyone skilled in the 

art. A more sophisticated method for evaluation of GTFR's with cone ker

nels ( called zamograms was proposed in a thesis by vV.C. Kooiman, "Time

frequency speech displays that are an improvement over the spectrogram", 

111.S. Thesis, Department of Electrical Engineering, University of ·washington 

(1989). Kooiman represented the one dimensional temporal signal on a two 

dimensional plane and applied a boxcar accumulator to generate a composite 

function which was windowed and Fourier transformed using an FFT. 

The methods and architectures disclosed in this patent are all one dimen

sional. The methods and architectures are also more flexible and generally 

require significantly fewer floating point operations (FLOPS) than any other 

known GTFR computation technique. As discussed later, the method and 

corresponding architectures in certain embodiments also allow a greater class 

of GTFR generation, including kernel variation from frequency line to fre

quency line and nonlinear frequency bin spacing. 
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Summary of the Invention 

The present invention is directed to architectures for computationally effi

cient generation of various forms of cross- and auto- GTFR's. Also taught 

herein is use of cross and auto GTFR's computed using the method or archi

tecture described herein as a means of representing, displaying, monitoring 

or otherwise characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic and biological waves for pur

poses including but not limited to 

• diagnosis, 2_nalysis, and/or synthesis of signals, 

• signal representation in pattern recognition, 

• template formation for matched filtering or as training data in a classi

fication or regression machine such as a layered perceptron artificial neural 

network, 

• use in modulation, demodulation and detection in communications. 

• acoustic waves include but are not limited to speech, sonar and seismic 

waves as well as other mechanical waves such as those due to mechanical 

vibration. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain time-frequency representations (zamograms) of a signal can be gen
erated. The architectures rely on accumulation of differential increments of 
the zamogram output. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of 
the frequency content of a signal as a function of time is referred to as a 
time-frequency representation (TFR). Music, for example, is written as a 
TFR. Notes can be viewed as a frequency representation. The placing of 
these notes side by side then represents a temporal sequence of frequency. 
Spectrograms are also TFR's. There exists, however, a tradeoff between 
time resolution and frequency resolution in spectrograms. One can, for ex
ample, display a quick temporal change in a spectrogram at the sacrifice of 
frequency resolution. Conversely, good frequency resolution can be achieved 
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at the sacrifice of good time resolution. Various other TFR's, such as the 
Wigner distribution and the Choi-vVilliams distribution, have attempted to 
alleviate this deficiency with various levels of success. The zamogram is a 
TFR with quite good resolution in both time and frequency. In previous 
work, ,ve have demonstrated contains computationally efficient architectures 
for the generating the zamogram in both discrete and continuous form. In 
this patent, these results are generalized to allow for other that rectangular 
windowing for the zamogram. 

3 Summary of the Invention 

This invention relates to computational methods and corresponding applica
tions for a certain class of generalized time frequency representation ( GTFR) 
called windowed zamograms. Use of recursive window computational meth
ods greatly enhances the efficiency of evaluation. 

4 Brief description of the drawings 

Figure 1 . Illustration of the use of windows in windowed zamograms. 

5 Detailed description of the invention 

Background. Cohen's class for the generalized time-frequency representa
tion ( GTFR), C( t, u), of a signal, x(t), using a kernel, ¢( t, T ), can be written 
as 

The kernel is said to be cone shaped if for some positive constant, a, 

t 
¢( t, T) = ¢( t, T )II(-) 

aT 
(2) 

where II(t) = 1 for I t I< ½, is ½ when I t I= ½ and is otherwise zero. In 
such a case, the cone kernel in Eq. 1 becomes the windowed Zhao, Atlas and 
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Marks (ZAM) GTFR 

Z(t, u) = j 00 

r+alrl e-j2uucp(t - e, r)x(e - cr)x*(e + cr)dedr. 
r=-oo J(=t-alrl 

(3) 

Equivalently, 

(4) 

where 

(5) 

For a fixed T, Eq. 5 is recognized as the sliding window Fourier transformation 

(6) 

where 
Ar(t) = A(t; r), 

cp,,.(t - O = cp(t - e, r), 

and 
y,,.(O = x(e - cr)x*(e + er). 

Thus, any one of a number of recursive window computational methods can 
be applied to the evaluation of A( t; T). From Eq. 4, once evaluated, the 
windowed zamogram is a result of one dimensional Fourier transformation 
with respect to T. For discrete implementation, this can be performed with 
a fast Fourier transform (FFT). 

Computation method. The computational method will now be de
scribed with reference to Fig. 1 where we have pictured the ( r, 0 plane. At 
time t, the two dimensional function on this plane is ef>( t-e' T )x ( e - CT )x* ( e + 
CT). For digital processing, data points would be located in some array of 
points on the plane. For a given time, data is only required within the cone 
at its location at that time. The borders cone area described by TI(_!_ are ar 
shown with solid lines 105. Every horizontal slice of this line is windowed. 
At r = f 125, for example, the window 120 is cp(t- e, f). At a incrementally 
later time, t + ot, the window has shifted as shown by the dashed lines 110. 
The window at T = f, for example, is is shifted to the location shown 115. 
The computation of A(t + ot; r) from A(t; r) for T =for, for that matter, 
any value of T, can be computed using any one of a number of recursive 
windowing algorithms. These include: 
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1 The recursive procedure for rectangular windows independently 
reported by a number of authors [21] [22] [1 ]. 

2 The recursive procedure for triangular windows and their cascade 
generalizations (e.g. Parzen windows). [22]. 

3 The windows reported by Marks in previous disclosures [10] [11] 
[12] [13] [14] [15]. 

vVe note that the computational method allows different windows for 
different values of T. If <p(t) is a commonly used window ( e.g. Blackman, 
Parzen, Hanning, Hamming and Bartlett), then the computational method 
described can also be used to window as 

or 

t 
cp(i,T)°= <p(~) 

,1,(t ) = <p( al~I) 
'f-' ,T IT I . 

Applications. Time-frequency displays such as windowed zamograrns 
are used in a number of applications. Windowed zamograrns computed using 
recurrsive windows as described in this document are applicable in many of 
these cases. They include but are not limited to use 

1. as a means of representing, displaying, monitoring or otherwise 
characterizing signals originating from waves including but not 
limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur
rent and power) and biological waves. 

2. as a method of computing windowed zamograms or other signal 
processing operations using sliding windows in software simula
tions and emulations. 

3. as a method of ~ignal representation in pattern recognition pro
cedures including but not limited to use for fault monitoring, as a 
template for matched filtering or as training data in a classifica
tion or regression machine such as a layered perceptron artificial 
neural network. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain time-frequency representations (zamograms) of a signal can be gen
erated. The architectures rely on accumulation of differential increments of 
the zamogram output. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of 
the frequency content of a signal as a function of time is referred to as a 
time-frequency representation (TFR). Music, for example, is written as a 
TFR. Notes can b~ viewed as a frequency representation. The placing of 
these notes side by side then represents a temporal sequence of frequency. 
Spectrograms are also TFR's. There exists, however, a tradeoff between 
time resolution and frequency resolution in spectrograms. One can, for ex
ample, display a quick temporal change in a spectrogram at the sacrifice of 
frequency resolution. Conversely, good frequency resolution can be achieved 
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at the sacrifice of good time resolution. Various other TFR's, such as the 
Wigner distribution and the Choi-Williams distribution, have attempted to 
alleviate this deficiency with various levels of success. The zamogram is a 
TFR with quite good resolution in both time and frequency. In previous 
work, we have demonstrated contains computationally efficient architectures 
for the generating the zamogram in both discrete and continuous form. In 
this patent, these results are generalized to allow for other that rectangular 
windowing for the zamogram. 

3 Summary of the Invention 

This invention relates to computational methods and corresponding applica
tions for a certain class of generalized time frequency representation (GTFR) 
called windowed zamograms. Use of recursive window computational meth
ods greatly enhances the efficiency of evaluation. 

4 Brief description of the drawings 

Figure 1 . Illustration of the use of windows in windowed zamograms. 

5 Detailed description of the invention 

Background. Cohen's class for the generalized time-frequency representa
tion (GTFR), C(t, u), of a signal, x(t), using a kernel, ef>(t, r), can be written 
as 

The kernel is said to be cone shaped if for some positive constant, a, 

t 
ef>(t,r) = ef>(t,r)II(-) 

aT 
(2) 

where II(t) = 1 for I t I< ½, is ½ when I t I= ½ and is otherwise zero. In 
such a case, the cone kernel in Eq. 1 becomes the windowed Zhao, Atlas and 
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Marks (ZAM) GTFR 

. r= r+alrl . 
Z(t, u) = 1-r=-oo Je=t-airl e-J

2
1rru¢(t - e, T)x(l - cT)x*(l + CT)dldT. (3) 

Equivalently, 

(4) 

where 

(5) 

For a fixed T, Eq. 5 is recognized as the sliding window Fourier transformation 

where 

and 

,4.-r(t) = A(t; T), 

¢-r(t - e) = ¢(t - e, T), 

Yr(O == x(l - CT)x*(l + CT). 

(6) 

Thus, any one of a number of recursive window computational methods can 
be applied to the evaluation of A( t; T ). From Eq. 4, once evaluated, the 
windowed zamogram is a result of one dimensional Fourier transformation 
with respect to T. For discrete implementation, this can be performed with 
a fast Fourier transform (FFT). 

Computation method. The computational method will now be de
scribed with reference to Fig. 1 where we have pictured the ( T, e) plane. At · 
time t, the two dimensional function on this plane is ¢( t- e) T )x ( e - CT )x* ( e + 
CT). For digital processing, data points would be located in some array of 
points on the plane. For a given time, data is only required within the cone 
at its location at that time. The borders cone area described by II( a\ are 
shown with solid lines 105. Every horizontal slice of this line is windowed. 
At T = f 125, for example, the window 120 is ¢(t- l, f). At a incrementally 
later time, t + 8t, the window has shifted as shown by the dashed lines 110. 
The window at T = f, for example, is is shifted to the location shown 115. 
The computation of A(t + 8t;T) from A(t;T) for T =for, for -that matter, 
any value of T, can be computed using any one of a number of recursive 
windowing algorithms. These include: 
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1 The recursive procedure for rectangular windows independently 
reported by a number of authors [21] [22] [l ]. 

2 The recursive procedure for triangular windows and their cascade 
generalizations ( e.g. Parzen windows). [22]. 

3 The windows reported by Marks in previous disclosures [10] [11] 
[12] [13] [14] [15]. 

vVe note that the computational method allows different windows for 
different values of T. If rp(t) is a commonly used window ( e.g. Blackman, 
Parzen, Hanning, Hamming and Bartlett), then the computational method 
described can also be used to window as 

or 

t 
<p(i,T)°= rp(~) 

"'(t ) = (j)C1~1) 
'f' ,T IT I . 

Applications. Time-frequency displays such as windowed zamograms 
are used in a number of applications. Windowed zamograms computed using 
recurrsive windows as described in this document are applicable in many of 
these cases. They include but are not limited to use 

1. as a means of representing, displaying, monitoring or otherwise 
characterizing signals originating from waves including but not 
limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur
rent and power) and biological waves. 

2. as a method of computing windowed zamograms or other signal 
processing operations using sliding windows in software simula
tions and emulations. 

3. as a method of t1ignal representation in pattern recognition pro
cedures including but not limited to use for fault monitoring, as a 
template for matched filtering or as training data in a classifica
tion or regression machine such as a layered perceptron artificial 
neural network. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal can 
be generated. The architectures rely on the decon1.position of GTFR into 
spectrogram components. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
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Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, ~owever, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectr~gram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition pf spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

OO OO A k k ·. 
C[n; u] = L L ip[n - m; k]x[m + 

2
]x*[m -

2
Je-J21rku (1) 

k=-oo m=-oo 

where the superscript* denotes complex conjugation and <f[n - m; k]] is the 
kernel of the GTFR. 

In continuous time, the GTFR can be written as 

1
00 100 

A T T 
C(t;f) = r=-oole=-oo ip(t-t;T)x(e+ 2)x*(t- 2)e-j21rfr (2) 

Although we will deal primarily herein with discrete time signals, continuous 
time analogies will be obvious to those well skilled in the art. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-i2
1rku (3) 

k=-oo 

where w[k] is a sliding window. The magnitude squared of the STFT will 
here be referred to as the spectrogram of the signal. 

00 

S[n; u] =I X[n; u] 12=1 L w[k]x[n - k]e-j 2
1rku 12 (4) 

k=-oo 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
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resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-Williams and 
"\i\Tigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 

4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determining GTFR using the weighted sum of pro-
1 

cessed spectrograms when one spectrogram component is a com-
bination of two other spectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrograb components. In this figure, weightings 
are specified. 

Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 
the first two. 

Figure 5 Illustration of the double diamond kernels in discrete and con
tinuous time. 
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5 Detailed Description of the Invention 

We here define the class of spectrogram decomposable GTFR's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

C[n; u] = L amPSm[n; u] (5) 
m 

where the processed spectrogram is defined as 

PSm[n; u] =I Xm[n; u] * hm[n] 12, (6) 

and 
L+ m 

Xm[n; u] = L Wm[k]x[n - k]e-jZ1rku (7) 
k=L;;. 

where * denotes convolution. The limits {L~, L!,} describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 
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As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-i21rku, (8) 
k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-j21rku, (9) 
k=O 

and 
X3[n; u] = X1[n; u] + X2[n; u] (10) 

For a1 = a2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is feel to STFT processors 310 that compute X 1 and X 2 . The 
outputs of the processors are added 315 to produce X 3 • The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = X 1 [n-N; u] and 
X 3 [n; u] = -X1 [n; u] - X 2[n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
which is feel to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

\1/e also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Double diamond kernels. The methods thus described for computing 
GTFR's can be used to generate GTFR's with double diamond kernels. The 
double diamond kernel is illustrated in Fig. 5. The continuous time kernel 
505 is J( t; T ). As shown, the region of snpport for the kernel is the diamond 
shown 510. In other works, the kernel is identically zero outside of the kernel. 
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Two examples of discrete time double diamond kernels, corresponding to the 
discrete kernel, J[n; k] 520, are also shown. Both have double diamonds as 
regions of support 535 525. The double diamond on the left 535 has used 
rectangular sampling 540 while the one on the right uses hexagonally spaced 
samples 530. Both of these kernels can be generated using the techniques 
derived herein. Alternately, the method of Kooiman [4] can be used, but 
with higher computational overhead. We also note the direct applicability of 
the method of differential increments and accruance here [5]. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be clue to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 

8 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal can 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
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Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents al temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, ,however, a tradeoff between time resolution and 
frequency resolution in spect1ograms. One can, for example, display a quick 
temporal change in a spectr?gram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition bf spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

OO OO A k k · 
C[n; u] = L L </>[n - m; k]x[m + 2]x*[m - 2Je-J 2

1rku (1) 
k=-oo m=-oo 

where the superscript * denotes complex conjugation and J[n - m; k]] is the 
kernel of the GTFR. 

In continuous time, the GTFR can be written as 

C(t; f) = </>(t- f;T)x(f + -)x*(t- -)e-32
1rf-r loo loo A T T . 

-r=-oo e=-oo 2 2 
(2) 

Although we will deal primarily herein with discrete time signals, continuous 
time analogies will be obvious to those well skilled in the art. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-j2
1rku (3) 

k=-oo 

where w[k] is a sliding window. The magnitude squared of the STFT will 
here be referred to as the spectrogram of the signal. 

00 

S[n; u] =I X[n; u] l2=1 L w[k]x[n - k]e-j 2
1rku 12 (4) 

k=-oo 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 

4 



resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-Williams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 

4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determi~ng GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other spectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrograb components. In this figure, weightings 
are specified. 

Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 
the first two. 

Figure 5 Illustration of the double diamond kernels in discrete and con
tinuous time. 
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5 Detailed Description of the Invention 

We here define the class of spectrogram decomposable GTFR's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

C[n; u] = L amPSm[n; u] (5) 
m 

where the processed spectrogram is defined as 

PSm[n; u] =I Xm[n; u] * hm[n] 12, (6) 

and 
L;t'.. 

Xm[n; u] = L Wm[k]x[n - k]e-i 2
1rku (7) 

k=L;. 

where * denotes convolution. The limits {L~, L;;J describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 
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As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-i21rku, (8) 
k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-i21rku, (9) 
k=O 

and 
X3[n; u] = X1[n; u] + X2[n; u] (10) 

For a1 = a2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X 1 and X 2 • The 
outputs of the processors are added 315 to produce X 3 • The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = X 1 [n-N; u] and 
X 3[n; u] = -X1[n; u] - X 2[n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

We also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Double diamond kernels. The methods thus described for computing 
GTFR's can be used to generate GTFR's with double diamond kernels. The 
double diamond kernel is illustrated in Fig. 5. The continuous time kernel 
505 is J( t; T ). As shown, the region of support for the kernel is the diamond 
shown 510. In other works, the kernel is identically zero outside of the kernel. 
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Two examples of discrete time double diamond kernels, corresponding to the 
discrete kernel, J[n; k] 520, are also shown. Both have double diamonds as 
regions of support 535 525. The double diamond on the left 535 has used 
rectangular sampling 540 while the one on the right uses hexagonally spaced 
samples 530. Both of these kernels can be generated using the techniques 
derived herein. Alternately, the method of Kooiman [4] can be used, but 
with higher computational overhead. We also note the direct applicability of 
the method of differential increments and accruance here (5]. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal can 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components . 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Tvlusic, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
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with various levels of success. The zarn"og"taili is a--~4•]:il-R-wit--hxq-Jiite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition of spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

(X) (X) A k k . 
C[n; u] = L L qi[n - m; k]x[m + 2]x*[m - 2]e-12

-rrku (1) 
k=-=m=-= 

where the superscript * denotes complex conjugation and J[n - m; k ]] is the 
kernel of the GTFR. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

(X) 

X[n; u] = L w[k]x[n - k]e-i21rku (2) 
k=-= 

I 

where w[k] is a sliding window. The magnitude squared of the STFT will 
here be referred to as the spectrogram of the signal. 

(X) 

S[n; u] =I X[n; u] 12 =1 L w[k]x[n - k]e-j2-rrku 12 (3) 
k=-= 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-Williams and 
·Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as:the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 
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4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

r-
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Figure 2 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other spectrogram components. 

Figure 3 Niethod of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrogram components. In this figure, weightings 
are specified. 

Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 

NO 20.sos1 

the first two. 1 

5 Detailed Description of the Invention 

vVe here define the class of spectrogram decomposable GTFR's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

C(n; u] = I: amPSm[n; u] 
m 

where the processed spectrogram is defined as 

PSm[n; u] =I Xm[n; u] * hm[n] 12, 

and 
L+ 

Xm[n; u] = f Wm[k]x[n - k]e-j2
11"ku 

k=L-;;. 

(4) 

(5) 

(6) 

where * denotes convolution. The limits {L~, L!J describe the desired 
duration of summation. The functions hm(n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
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the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simpiified significantly. 
An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 

As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-jZ1rku, (7) 
k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-jZ1rku, (8) 
k=O 

and 
X 3 [n; u] = X 1[n; u] + X 2[n; u] (9) 

For a1 = a2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X 1 and X 2 • The 
outputs of the processors are added 315 to produce X 3 • The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X2[n; u] = Xi[n-N; u] and 
X 3 [n; u] = -Xi[n; u] - Xz[n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 

6 



which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

We also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7 



7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 

8 
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1 Field of the Invention 

This invention relates to methods and architectures for generating short time 

Fourier transforms and spectrograms, to methods and architectures for gener

ating digital windows and similar impulse and to corresponding applications 

of these methods and architectures. Spectrograms and short time Fourier 

transforms are a common mode for representation the frequency content of a 

temporal signal as a function of time. Windows are used in numerous digital 

signal processing (DSP) applications including architectures for spectrograms 

as well as for data smoothing and spectral estimation. 
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2 Background of the Invention 

Humans perceive soun<l in both time and frequency. A representation of 

the frequency content of a signal as a function of time is referred to as a 

time-frequency representation (TFR). :-.Iusic, for example, is written as a 

TFR. Notes can be viewed as a frequency representation. The placement of 

these notes side by side then represents a temporal sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. The zamogram of Zhao, Atlas and Marks is a 

TFR with quite good resolution in both time and frequency that can be 

architecturally configured to use the spectrogram as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 

This patent contains computationally efficient methods and corresponding 

architectures for generating short time Fourier transforms and spectrograms, 

their window components, and applications. 

We will henceforth use the terms short term Fourier transform and spec

trogram interchangeable. The spectrogram of a discrete signal, x[n], corre-

7 



sponding to a window, w[k], is 

L 

S[n; u] = L w[k]x[n - kJe-i 21rku ( 1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S( n; u] 1
2 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. \Vindowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes methods and corresponding architectures 

for generating sliding windows and similar impulse responses and their use 

in generating spectrograms. The sliding window, an impulse response of fi

nite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 

two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 
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and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec

ified time, can be used to generate the composite window impulse response. 

Such is the case when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

vVhen used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei-

- ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein-, the spectrogram processor may be used to monitor a single frequency· 

line of the spectrogram or generate frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/ or type can be changed from 

frequency line to frequency line or can be changed in real time. In this 

application, we can, for example, generate constant Q type spectrograms. 
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In parallel embodiments, common circuitry such as delay lines and weight

ings may be factored from the array so that a single circuit, common to each 

of the processor lines, can serve the entire array thereby reducing the over

all computational requirements of the processor. The specific embodiments 

wherein the spectrogram's frequency spacings are uniform and/or integer 

multiples of the reciprocal of the window's duration require even less com

putationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the

overall spectrogram may be nonexistent (i.e. in the case where the window's 

end points are zero) or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 
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window is evaluated using short time Fourier processing techniques some 

embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imag

inary part of the spectrogram. The term architecture is used 1ri the most 

general sense, referring not only hard ware embodiment, but to the underly

ing method of computation. In certain instances, a particular architecture 

embodiment is presented to illustrate a family of architectures whose gener

alization will be readily evident to one skilled in the art. 

The spectrogram generation methods and corresponding architectures de

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology, communication systems and biol

ogy. The spectrograms resulting from use of this method can also be used as 

templates for pattern recognition or as components in other signal process

ing architectures, such as architectures for computing zamograms. Use of the 
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methods described herein for software simulations and hard ware or firmware 

implementations of spectrograms or other processors using sliding windows 

can result in simplification of computational and hardware requirements. 

4 Brief description of the drawings 

Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary component~ of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 
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Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 

Figure 7 . Illustration of methods for generating a spectrogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 
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Figure 13 . Realization of a A filter when the input is complex. 

Figure 14 . Realization of a I( filter using a bank of A filters and the 

schematic representation of a I( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 

Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line. 

_ Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and ·imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 
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Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 

Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to O' = 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec-
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trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at up = fr using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at up = fr using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig-
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ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, sq = sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen

tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series (e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 (xi) filter and its schematic repre

sentation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 
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window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of~ filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 

5 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

-sponses of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of time. 

Methods of using such filtering in methods of generation of spectrogram are 

also presented. Architectures will be presented as specific embodiment ex

amples to illustrate the methods described. 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of arrows. A number, variable or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

(multiplied) by that quantity. One exception is the notation z-J which, from 
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the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the a,rrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 

combination, such as (1 + j)z- 3
, where j is the square root of -1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected (i.e. multiplied by 1). The signal coming 

from a node ( a point where two or more signals meet) is equal to the sum of 

signals going into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation_ 

is denoted by a boxed J N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block processing 

elements. Portions of processors may be isolated using a dashed line closed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 
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hereby deemed to refer not only the physical hard ware associated with the 

computation, but the underlying method as well. 

Spectrograms Using Filters. 

The spectrogram in Eq. 1 can be written as 

L 

S[n; u] = e-J2 rrnu I: w[k]x[n - k]ei2rr(n-k)u 
k=-L 

e-j2rrnu X {(x[n]ej21rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L ::; n ::; L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-J21r(n-L)u{(x[n]ej211"nu) * w[n - L]} (3) 

A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 

sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, we 

will refer to this impulse response as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 

produce the spectrogram 135. Note that the term exp(j21r Lu) in the post 

complex sinusiod multiplication 125 term 130, exp(-j21r(n-L)u) could also 
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by placed in the premultiplication 115 term 120 or, for that matter, could be 

a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12 =1 ( w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, ifs = Q + jK, and both (2 and Kare real, then I s 1
2 = e2 + K2

• The real 

number i is arbitrary. It's effect along with the post ~ultiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. \Nhen only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response 

of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu 
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As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] 12 =1 (w[n; u]ei2
1riu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows From Coherent IIR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 

duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

( or Kronecker delta), 8[n], is one for n = 0 and is zero otherwise. The 

response 209, y1 [n], to a Kronecker delta 205 input into a digital filter 207 

with impulse response h1 [n], is shown and, appropriately, is termed the filter's 

impulse response. We will either refer to a filter by its impulse response or its· 

transfer function. If the filter's impulse response is not finite in duration, ~t 
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is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n 2 6, 

Y2[n - 6] = Y1[n] (8) 

In other words, shifting y2 [n] six units to the right in discrete time yields 

an identical signal to yi[n] for n 2 6. \Ve can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of 

six units. The delay line, as shown, also inverts the signal ( i.e. multiply it 

by -1 ). The result, then, is a composite filter 220 whose response 230 to an 

impulse 218 is equal to yi[n] for n < 6 and is zero for n 2 6. The response 

of h1 [n] has been coherently canceled by the delayed response of h2 [n]. 

As an example, consider the impulse response of the following IIR filter. 

R 
hi[n] = L 'Prniresrnµ[n] (9) 

r=l 

where the cpr's and sr's are constants, possibly complex, the lr's are finite 

nonnegative integers and µ[n] is the unit step function ( =1 for n 2 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 

h2[n] = L 'Pr(n + N"Yresr(n+N)µ[n], 
r=l 

(10) 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 9 

can be made common to both hi[n] and h2[n]. Both hi[n] and h2 (n] are fed 
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the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of hi[n] to produce 

a filter the composite impulse response of which is 

h[n] = hi[n] - h2 [n - N]. (11) 

The impulse response, h[n], is equal to that of hi[n] for 0 ~ n ~ N - 1 and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 (n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2:: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse. 

response for n 2:: 4, we require a second filter, h2 [n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 
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the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of hi[n] to produce 

a filter the composite impulse response of which is 

h[n] = hi[n] - h2 [n - N]. (11) 

The impulse response, h[n], is equal to that of h1 (n] for 0 ~ n ~ N - l and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter hi[n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 

method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2 N and N an integer, y[n - 4N] = y[n]. To cancel this impulse. 

response for n 2 4, we require a second filter, h2[n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 
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rectangular window) has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 

Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 

response of h[n] = sin( 1rn/ N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are. 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro

necker delta 306 is 

y[n] = y[n]e 8
n (12) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 
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Note then, that for n 2: 4, 

y[n - 4] = y[nJe- 48 (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the. 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 
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'vVe will generally denote the real part of s by -er. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

'vVhen dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(7rn/2)e-'rnµ[n]. (14) 

The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of component coherent 

. cancellation circuits just described can be placed in cascade and/ or parallel to 

achieve even greater flexibility in the design of impulse responses. We allow 

reference to single component coherent cancellation circuits being connected 
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in cascade and/ or parallel in order to allow the degenerate case of a single 

circuit to be subsumed in this discussion. 

In certain instances common circuitry car. be factored from combinations 

of cascade and/ or parallel to yield a reduction in overall co~putational re

quirements. 'vVe will show that windows expressed in a finite cosine series, 

for example, can be synthesized by a parallel combination of second order 

IIR filters and that the delay circuitry can be factored so that a single delay 

circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir

cuit consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number· 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 
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impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hg[n] (15) 
q=O 

where 

hq[n] = Jqnlqej2rrnuqe-O"qnµ[n] (16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (including inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, %, uq, and O'q, There exists numerous computa

tional topologies for a given set of parameters. Such circuitry can be designed 

straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n ~ Mq, 

hq[n - Mq] = e-jZrrMquqeo-qMqhq[n], 

we choose to define 

wq[n] = hq[n] - ejZrrMquqe-o-qMqhq[n - .Nlq], 

Clearly, wq[n] is zero for n ~ Mq and the composite IIR filter 

Q 

tv[n] = L wq[n] 
q=O 
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has a response that is finite in extent. 

As has been illustrated in a previous example, the result can be extended 

to the case where the lq 's are nonnegative integers. \Vindow components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. i\fany commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

Q n 
w[n] = L,Bqcos(7rnq/L)IT[L] 

q=O 2 
(20) 

The Hanning and Hamming windows require Q = 1 and the Blackman win

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n -L] = :Z:(-l)q,Bqcos(7rnq/L)IT[-L-] 

q=O 2 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = L( -1 )q ,Bqcos( 7rnq/ L )µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] 

30 

(23). 



A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + l stages and connecting them in 

parallel. vVe rewrite Eq. 22 as 

Q 

h[n] = L hq[n] (24) 
q=O 

where 

hq[n] = cqcos( n0q)µ[n] (25) 

where 0q = 1rq/2L and cq = (-l)q,Bq, For q =j:. 0, the z transform of this 

equation is 

00 

Hq(z) = L hq[n]z-n 
n=O 

-
cqz-1 cos( 0q) 

1 - 2z-1cos( 0q) + z-1 
(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = cq and 0 = 0q, Recognizing there exists a number 

31 



of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, ho[n] = c0 = ,30 • This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /30 = /31 = 0.5. 

For Hamming windows, /3o = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 

circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = l stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages_ 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 
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Blackman window for the case where end point correction is not used. Here, 

/Jo = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 
. 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, l and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal . 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-<7n). If we wish to keep 

the window shape as close to the <7 = 0 case as possible, vVe choose <7 to be 

a positive number just slightly greater than zero. 
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Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-a(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

h[n - 2L] = e2aLhg[n] (28) 

vVe can therefore generate the damped window 

w[n-L] w[n - L]e-a(n-L) 

h[n] - e-ZaLh[n - 2L] + w[L]5[n - 2L) (29) 

where 

w[L] = w[L]e-aL (30) 

is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where a = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 
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can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

( with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using tv[n - L] instead of the window 

shown 140 where, now, 

L 

S[n; u] = L w[k]x[n - k]e-j 2,rku (31) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. · 

We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

Q 

h[n] = L hq[n] (32) 
q=O 
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where 

hq(n] = cqcos( 1rnq/ L )e-!T(n-L) µ[n]. (33) 

For c = cqe(TL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. \Ve denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-!T(n-L) µ[n]. (34) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-a-) 

cascaded with a multiply of exp( a- L )c0 • For c0 = /30 and ffiq = /3qexp( a- L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = 1 damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is realized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 
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the n = 1 stage 925 (/3q = /3qexp( O" L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 

more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, .the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
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Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters ( the /3q's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. \Ve also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For 

such architectures, the complex sinusoidal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n; u] = L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allo":7 

for damping. 

and 

w[n; u] = w[kJe-j211'nU 

Q 

I:wq[n; u] 
q=O 

. k 
wq[k; u] = /3qcos( 1rqk/ L )e-qke-J21!'ukII[

2
L ]. 

(36) 

(37) 

In our discussions concerning modulated windows to follow, we will include 
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both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for a = 0. Motivated by causality, 

we write 

wq[k - L; u] = (-1 )q ,i1qcos( r.qk/ L )e-a(k-L)e-j2rru(k-L)II[k - L]. (38) 
2L 

vVe therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (39) 
q=O 

where 

hq[k;u] = (-l)q/Jqcos(1rqk/L)e-a(k-L)e-j 2rru(k-L)µ[k]. (40) 

Digital filters with this impulse response can be straightforwardty generated 

by those skilled in the art. One approach is to analyze the z transform Df 

Eq. 40 
00 

Hq(z; u) = L hq[k; u]z-k (41) 
k=O 

which gives 

l L · L q q 
Hq(z;u) = 2(-l)q(Jqe" eJ21ru [A(z;u-

2
L)+A(z;u+ 

2
L)]. (42) 

where 

A(z;v) = [l - e-i_21rve-az-1 i- 1 • (43) 

Note that, for q = 0, 

Ho(z; u) = /JoeuLei21ruLA(z; u). ( 44) 
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The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145- corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. vVe can write Eq. 43 as 

A(z; v) 
1 - ej2rrve-O' z-1 

1 - 2e-a cos(27rv )z-1 + e-2a z-2 

Ar(z; v) + j/\.i(z; v) (45) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 
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1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requires 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

I<(z; u) - H(z; u)e-i2irnL 

Q 1 . 
(30e(7LA(z; u) + L 2(-l)q/JqN(z; v)e(7L 

q=l 

q q 
x [A(z; u -

2
L) + A(z; u + 

2
L)] (46) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) - L h[n; u]z-n 
n=O 

Q 

- L Hq(z; u) (47) 
n=O 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q -
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½(-l)qexp(aL),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input \410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we wili'depict the I< 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the I< 

filter is parameterized by the frequency u, damping coefficient a, filter order 

Q, and vector of Fourier coefficients i]. The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the J( filter 1440. From Eqs. 36, 37 and 39, we can establish 

the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-2uLh[n - 2L; u] + w[L; u]8[n - 2L] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

n(z; u) = I: w[n; uJz-n. (49) 
n=O 

The z transform of Eq. 48 is then 

f2(z; u)z-L 
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where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 50 is 

defined as 

( 51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 

1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired outpuf 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the I( filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present · 

example architectures whereby the squared magnitude of the spectrogram 
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is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a K filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

·to give the desired spectrogram output 1630. One or more of the parameters 

of the circuitry (i.e. u, L, CJ, iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the K filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the K filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 

44 



of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a J{ 

filter 1 710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

( without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 12, is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 

Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a I< filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter. 

to yield the desired squared magnitude of the spectrogram output line 1830 

(without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 ::; p::; P, 

we propose an architecture for the transfer functions 

where D(z; up) is the z transform of w(z; up). The embodiment of this archi-

45 



tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

I( filters 1915. For P spectral lines, there are P separate I( filters the pth 

of which is tuned to frequency up and is of order QP with Fourier coefficient 

vector /3p· The input to each I{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each I( filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 

on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

I( filters 2015. The output of each I< filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

(53) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 42 becomes 

The q = 0 case warrants special statement. 

H ("'· u) = (-l)Pf] eaLA(z· .L.) o ~' o ' 2L . (55) 

For linear frequency spacing (and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l · Indeed, one or more common A filters· are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21T'upL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = l, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 
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weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = l to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 

not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

( e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fanouts from the bank of A filters 
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are not shown. If, for example, there was to be a frequency line generated at 

u = P2j,
2

, then the A filter in the bank 2212 parameterized by fr would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line to output line as can the values in the iJP. This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin-

-gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint_ 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ej27r(n-L)u{(x[n]ej211"nu) * w[n - L]} (So) 
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where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when O' = 0. vVe can write the window expression in Eq. 29 as 

w[n - L] = h[n] * {5[n] - e- 2aL8[n - 2L]} + w[n]5[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h [ n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor archite~ture with transfer 

function 
00 

H(z) = L h[k]z-k (58) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately· 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-j21r(n-L)u 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
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which is premultiplied by a temporally varying complex exponential 2415, 

passed through an iJ filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21r Lu) term in the post multiply 2425 term, exp(j21r( n-L )u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the iJ filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the fI filter and the delay line) are not connected. 

This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

. 
where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2.525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

2.S may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 ~ p ~ P, we can replicate Eq. 59 as 

S[n _ L; up] = uiP[L]e-j21r(n-L)up + e-j21r(n-L)up 

x[hP[n] * {ei21rnup(x[n] - e-2aLe-11"upLx[n - 2L])}](61) 

where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, wP[n], 

and therefore corresponding impulse responses, hP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of fI filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 
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of exp(±j21r( n ±½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen

tial term, exp(-2a'L), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig- -

nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip I 1 :S p :S P} 

which, in turn, are fed into a bank 27 40 of fI filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 
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delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. up= fr). It follows that exp(-j47rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp( ±j2Jr Lup) = ( -1 )P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

(-l)P{ul[L]x[n-2L] 

+vV2Lnp[hP[n] * {vV2nl(x[n] - e-2(1Lx[n - 2L])}]} (62) 

where we have used the common DSP notation 

w.J - ej-r.J/L 
2L - (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810 the output of which services a number of pre-. 

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of if filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

. this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 
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deleting end point correction is 

An illustration of a corresponding architecture for the paraliel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through fI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.1 as 

L 

S[n - L; u] = I: x[n - L - k]w[k]e-i2
1rku (65) 

k=-L 

where we write the window with a tilde to denote that it can be represented 
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q O'.q Sq 

1 1 j1r/L 4 

0 1 0 
2 

-1 1 -j1r/L 
4 

Table 1~ Hanning: r.p(k) = cos2(;Z), Q = 1. 

by the Szasz series 
Q 

w[k] = L O'.qe-sqk (66) 
k=-Q 

Where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { aq I Q s; 

q s; -Q} and {sq I Q s; q s; -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case. 

of w[k]II[
2
~] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k]II[
2
~]. Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q O:q Sq 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: r.p(k) = 0.54 + 0.46 cos( 7Z), Q = 1. 

q O:q Sq 

2 0.04 j21r / L 

1 0.25 j1r/ L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r / L 

Table 3: Blackman: r.p(k) = 0.42 + 0."5 cos(1r{) + 0.08 cos( 21k),Q = 2. 
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We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L aqSq[n - L; u] 
q=-Q 

L 

Sq[n - L; u] = L x[n - L - k]esqke-j 21rku 

k=-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-i21rku 

k=-L 

L+N 
e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (69) 

k=-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I: + I: I: (70) . 
k=-L k=-L+N k=-L k=L+I 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-j21ru)N S[n - N - L; u] + sMn] (71) 

where 
-L+N-1 L+N 

st[n] = { L L }x[n - L - k]e(sq-j211"n)k_ (72) 
k=-L k=L+l 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-~-;;;~f- 1 + ~f1f+1 term in Eq. 72 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. vVe shall first describe evaluation of 

st[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for st[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There -are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(73) 

We denote a vector of these values by X· The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

-
left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around l N is the schematic notation for downsampling 
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by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of St[n] by an appropri

ately parameterized box 3050 inside of which is an encircled SR, 

Two other architectures for computing St[n] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

sMn] = st[n] - SN[n] (74) 

where 
-L+N-1 

st[n] = L x[n - L - k]e(sq-jZrrn)k. (75) 
k==-L 

and 
L+N 

SN[n] = L x[n - L - k]e(sq-jZrn)k_ (76) 
k=L+l 

Under the assumption that the ratio of the window duration to N ( in our case 

2~;J"1 ) is an integer, we can straightforwardly establish from these equations 

the identity 

(77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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yield St(n]. This signal, at a clock rate equal to /-1 th 
that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of s;:t[n] 

via Eq. 77. (The notation z;;/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 
. . 

An IIR filter 3170 that is an alternate architecture to compute S;:t[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an 01ttput of St[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute St[n] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sq[n-L-N; u], 

is made available through a delay 3220. This output is added to st[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output componel?-_t 3215. We schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Ha_nning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = 1, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 c2.n be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, aq = a-q· In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by aq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and Xq· The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the a.q coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As m previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p!:l where Cl 

is the uniform spacing. Furthermore, let Sq = -a+ j21rq!:l. As before, a is a 

damping factor and can be set to zero for the undamped case. Under these . 
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conditions, Eq. 71 becomes 

L L x[n - L - kJe-"ke-j 2,r(p-q)kA 

k=-L 

3[n - L;p- q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a 3 (xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

where 
L L+N 

3K,[n; p] = { L L }x[n - L - k]e-"ke-j 2,rpk6. - - (80) 
k=-L k=L+l 

An architecture for generating the recursion for the 3 filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized 3K, filter 3510 which is exactly the same as the S"it filter in Fig. 32 

when we use 

(81) 

The output of the 3K, filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

_ The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a 3 written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 3 filter so that a single delay line feeds the 

entire bank. 

A bank of 3 filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = ptl uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q :Sp:::; Q. The frequency line at u = (p+ l)tl uses 3 

filters in the interval -Q + 1 :::; p :::; Q + 1. There is only one 3 filter that was 

not used in u = ptl spectrogram line that is not used here. As illustrated 

in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 3 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does. 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the Ctq coefficients are even functions of q, i.e. o:q = Ct-q· This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 
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3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the o:q coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 
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resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components 1s senes within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. -Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /3q 's . 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight (30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of (31 in the q = 1 stage is replaced by /3i/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ /3o. The output 530 would then 

be changed from y[n] to y[n]/ (30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]//30 instead of S[n - L; u] 135 and I S[n - L; u]/ (30 1
2 

instead of I S[n - L; u] J
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on ·Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_ 1 , 

Therefore, replacing both a±1 by 1 and a 0 by ao/ a1 will yield an output 

of S[n - L : u]/ a 1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(21rku) (82) . 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + jSs[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similarly, using a Hartley transform, 

L 

SH[n; u] = L w[k]x[n - k]cas(2rrku) 
k=-L 

where 

cas(g) = cos(g)sin(g). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(85) 

(86) 

(87) 

can also be generated by combining the real and imaginary outputs of any 

spectrogram processor thusfar described. Any person skilled in the art can 

straightforwardly apply the methods described herein to generate t-hese closely 

related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 

thusfar can be extended to windows in higher dimensions by those skilled in 

the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAWS. While the preferred embodiments of the invention have been 

illustrated and described, variations will.be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows: 

1. The method for realizing sliding windows and similar finite du

ration impulse responses wherein two infinite impulse response 

filters with causal impulse responses other than a constant or sin

gle exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero there

after; also, realization of windows achieved by cascading and/ or 

parallel connection of one or more such windows. 

2. Use of short time Fourier transforms and spectrograms computed 

using windows of the type in Claim 1 as a means of representing, 

displaying, monitoring or otherwise characterizing signals origi

nating from waves including but not limited to electromagnetic, 
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acoustic, electronic and biological waves for purposes including 

but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 
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3. Computation of short Fourier transforms, spectrograms, sliding 

windows and similar impulse responses in software, hardware of 

firmware using the method for realizing sliding windows and simi

lar finite duration impulse responses wherein two infinite impulse 

response filters with causal impulse responses other than a con

stant or single exponential, the delayed response of one being 

proportional to the response of the second after a given time, are 

used in a composite filter with the first being connected in cas

cade with an inverted weighted delay line equal in duration to the 

given time whereupon this cascade connection is joined in parallel 

with the second filter in such a manner that the second filter's 

impulse response is coherently canceled by that of the cascade 

connection at and beyond the given time thereby producing a 

composite impulse response that is equal to the impulse response 

of the second filter up to but not including the given time and is 

zero thereafter. Also, computation of windows achieved by cas

cading and/ or parallel connection of one or more such windows. 

4. The method for computing sliding windows and similar finite du

ration impulse responses wherein a resonant. circuit with com

posite causal impulse response, possibly damped and other than 
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a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coher

ent cancellation of the filter's response beyond a specified time 

is achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 

of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction; also, the method of 

computation of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 

5. The method of realizing component windows and similar finite 

duration impulse responses in Claim 4 wherein the resonant cir

cuit is synthesized as the parallel combination of two or more 

infinite impulse response filters each of which has the response of 

a specified a 2:: 0 damped Fourier cosine series component of the 

desired impulse response. 

6. Unmodulated windows formulated.on the basis of the method in 

Claim 5 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 
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spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a complex sinusoid and is then fed into a window 

of the type in Claim 5. 

7. Modulated windows formulated by the method in Claim 5 for use 

in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 

a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 5. 

8. Modulated windows formulated by the method in Claim 5 for use 

in generation of windows and similar impulse responses of the 

type in Claim 5 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 
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a manner that one A filter contributes to a number of frequency 

lines. 

9. Disjoint unmodulated windows formulated by the method in Claim .5 

for use in generation of the squared magnitude or real and imag

inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 

wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 5 and either post complex conjugate 

multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

10. Disjoint unmodulated windows formulated by the method in Claim 9 

for use in the generation of the squared magnitude or real and 

imaginary components of one or more frequency lines of a spectro

gram at frequencies that are integer proportional to the reciprocal 

of the window's duration prior to end point correction, wherein 
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the delay circuitry that feeds the bank of processors is compu

tationally simplified at these frequencies and the pre weightings 

required in the more general case of Claim 9 are no longer present. 

11. The method described in Claim 4 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 

time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis computation methods either known or to be discovered. 

12. The method of realizing the windows and similar finite duration 

impulse responses in Claim 11 wherein the resonant circuit is syn

thesized as the parallel combination of infinite impulse response 

filters each of which has the response of a specified Szasz series 

component of the desired impulse response. 

13. The method described in Claim 11 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 
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14. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of one 

or more frequ~ncy lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different win

dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 11. 

15. The method described in Claim 11 for use m generating the 

squared magnitude or real and imaginary components of two or 

more frequency lines of a spectrogram at equally spaced frequency 

intervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

16. The computational method of the type described in Claim 15 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by . 
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the Szasz coefficients thereby reducing the number of required 

multiplications. 

17. The short time Fourier analysis computational method required 

in Claim 11 whereby the cumulative contribution of new data 

to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 

the spectrogram. 

· 18. Use of spectrograms computed usmg windows of the type m 

Claim 4 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from ,vaves including 

but not limited to electromagnetic, acoustic, electronic and bio

logical waves for purposes including but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 
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Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. Electromagnetic waves include those in 

the visible spectrum used, for example, in fiber optics communi

cation. Other electromagnetic waves include those used in radio, 

computer, video and other communication signals; radar and li

dar; and the outputs from electromagnetic imaging systems, such 

as microscopes or imaging systems found in cameras. Signals 

originating from biological waves include, but are not limited to, 

those from the cardiovascular and neurological systems of man 

and animal. 

19. Computation of spectrograms and sliding windows in software, 

hardware or firmware using the method for realizing sliding win

dows and similar finite duration impulse responses wherein a res

onant circuit with composite causal impulse response, possibly 

damped and other than a constant or single exponential, is con

nected in cascade with weighted delay line circuitry consisting 

of a weighted delay line additively joined to the undelayed reso

nant circuit output, the multiplicative weight in the delay being 

chosen so that coherent cancellation of the filter's response be-
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yond a specified time is achieved and that the composite impulse 

response is equal to that of the resonant circuit up to but not 

including the duration of the delay line and is zero then on; also, 

the augmentation of this method to include end point correction; 

also, realization of windows achieved by cascading and/ or parallel 

connection of one or more such windows. 
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Contents: 
ZAMOGRAMS™ 

♦ Q: What is a Zamogram™? 

A: A time-frequency representation with 

remarkable resolution attributes. 

♦ We will contrast Zamograms™ with 

Spectrograms, Choi-Williams displays & the 

Wigner Distribution. 

SZASZ SERIES* WINDOWS 

♦ Can be used to generate spectrograms & 

zamograms™ without using FFT' s. 

♦ Q: . Why are Szasz series windows better? 

A: • Fewer FLOPS than FFT. 

• Modularity. 

• Window flexibility. 
0 length need not be 2N. 
0 window can vary with frequency. 

• Nonlinear frequency bins (e.g. in decades) 

*E. Masry, "An extension of Szasz's theorem and its applications", IEEE Transactions 
on Information Theory, vol.IT-19, pp.184-187 (1973). 

M• Multidimensional Systems Corporation 
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Q: What is a Zamogram™? 

A: A time-frequency display with high resolution in both 

time and frequency. 

Zamogram™: 

L n+ lkl12 . k 
Z[n;u] = L L q,[k] x[n- 12] x*[n+k12] exp(-j2nku) 

k=-L m=n-1 k I 12 

Spectrogram: 
L 

S[n;u] = L w[k] x[n-k] exp(-j2"1tku) 
k=-L 

THE CLASSIC RESOLUTION PROBLEM: 

♦ High frequency resolution is achieved in a 

spectrogram by using a WIDE & FLAT sliding widow. 

PROBLEM: Poor time resolution. 

♦ Good time resolution is achieved in a spectrogram by 

using a NARROW & PEAKED sliding widow. 

PROBLEM: Poor frequency resolution. 

Multidimensional Systems Corporation 
proprietary & confidential technical inf onnation. ·· 
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THE SOLUTIONS: 

♦ CLASSIC SOLUTION: Compromise between poor 
frequency & time resolution. 

♦ A MORE RECENT SOLUTION: Use non-linear 
generalized time-frequency representations such as 
the Wigner-Ville Distribution and the Choi-Williams 
distribution.! 

♦ M-D SYSTEMS SOLUTION: Use a zamogram™2-4 
computed using a Szasz series window. 
• The zamo gram TM displays better time-frequency 

resolution of · time-varying signals than any 
technique thusfar demonstrated. 

• Using Szasz series windows (instead of FFT's) 
1. reduces the flops by a factor of about l/2, 

2. uses a totally parallel architecture (no 
butterflies) and 

3. increases the flexibility of representation. 

PUBI...IC DOMAIN INFORMATION ON ZAMOGRAMS TM CAN BE FOUND IN TIIE FOLLOWING PUBLICATIONS. 
SOME OF TIIE FIGURES IN TIITS PRESENTATION HAVE APPEARED IN TIIESE PAPERS. 

1. L. Cohen, "Time-frequency distributions - a review", Proceedings of the IEEE, 
vol.77, pp.941-981 (1989). 

2. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the generalized time-frequency 
representation to speech signal analysis", Proceedings of the IEEE Pacific Rim 
Conference on Communications, Computers and Signal Processing, pp.517-519, 
Victoria, B.C. Canada, June 4-5, 1987. 

3. Y. Zhao, L.E. Atlas and R.J. Marks II "The use of cone-shaped kernels for generalized 
time-frequency representations of nonstationary signals", IEEE Transactions on 
Acoustics, Speech and Signal Processing, (in press). 

4. W.C. Kooiman, "Time-frequency speech displays that are an improvement over the 
spectrogram", M.S. Thesis, Department of Electrical Engineering, University of 
Washington (1989). 

5. L.E. Atlas, W.C. Kooiman and R.A. Cole, "New nonstationary techniques for the 
analysis and display of speech transients", submitted to ICASSP 1990. 

6. L.E. Atlas, W.C. Kooiman and M. Stoermer, "A comparison of cone-shaped and 
exponential kernels for generalized time-frequency representations", submitted to 
ICASSP 1990. 
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COMPUTING ZAMOGRAMS™ USING DIFFERENTIAL 

INCREMENTS: 

Choi-Williams, Wigner-Ville and, to date, the zamogram™, require two

dimensional representation arrays. Zamogram TM implementation using the 

method of differential increments requires only one-dimensional FFf' s. 

A 

x(n+2L +1) 
-P<2L> 

x(n+2L) -P<2L-1> 

x(n+2L-1) -P<2L-2> 

-P(l) x(n+2) 

f<0)/2 x(n+l) 

x<n> 
:f<0)/2 

x<n-1) 
-P(J) 

x(n-2) 
-?<2> 

A 

2 

I ~iayl 
I 

~ l register 

t"-J~---~ 
x<n-2L+J) 

-P<BL-1> 
x(n-2L> 

-?<BL> A I signal 
sanples 

Notes: 
♦ The above figure is in the MDSC Report, "Use of Szasz series windows in 

signal processing" by R.J. Marks II (26 Oct 89). 
♦ The method of differential increments is described in the MDSC Report, 

"Architectures for computing time-frequency representations" by R.J. 
Marks II (27 Dec 89). 

♦ Note the FFf based spectrogram component. Using Szasz series based 
spectrograms in this same architecture results in attributes for Szasz series 
zamograms TM similar to Szasz series spectrograms. 

proprietary & confidential technical information. 
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Exponential Windows 

Signal⇒ ... 2 4 1 3 0 1 4 1 2 0 ... 
X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Sum of Products: 

4x2°+1x21+3x22+0x23+Ix24+4x25+1x26 = 226 

Shift the window one to the right: 

Signal⇒ ... 2 4 1 .3 0 1 4 1 2 0 ... 

X X X X X X X 

Window⇒ 20 21 22 23 24 25 26 

Can compute the Sum of Products (SOP) in two ways: 

♦ Directly: 

New SOP=lx2° +3x21 +4x22B+ lx23 +4x24 + lx25 +2x26 =239 

♦ Using exponential update: 

New SOP= (Old SOP - 4x20);2 + 2x26 = 239 

= 

M• M ~ltidimen~ion~l _Sys~ems Corporation 
proprietary & confidential technical information. ·· 
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Notes: 
♦ The exponential update can be extended to Fourier 

transformation updating of the data within the 

exponential window. 
♦ Although there are no useful exponential windows, 

there are a number of useful windows that are 

weighted linear sums of exponentials. In general, 

within the window interval, let 

q>(n) = L aq exp(sqn) 

where there are Q terms in the sum. The aq's and the 
Sq' s can be complex. 

♦ Example Szasz windows: 

Ctq Sq Ctq Sq 
l 0 2 0.54 0 
1 jrr/L 4 0.23 jrr/L 
1 -jrr/L 4 0.23 -jrr/L 

Hanning: cp(k)·....: cos2(;Z), Q = 3. Hamming: cp(k) = 0.54 + 0.46 cos(1r{), Q = 3. 

aq Sq 

0.42 0 
0.25 j-rr/L 
0.25 -j-rr / L 
0.04 J

0

2n: / L 
0.04 -j2rr / L 

Blackman: '-P(k) = 0.42 + 0.5 cos('7) + 0.08 cC!s(2t),Q = 5. 

M• f!/!!~1~1!!J!ie'!!,f!!:'!u~1,~!!a!~'!'s C <}rporation 
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Alternate Explanation: Truncated Resonant Circuitry 

~[ n] ,---------, y[ n] 

~l----'-_,__.__.__,_---"--'-af--'---'----'--41..._._--'----'-41.__,_--' 

----->- Resonant ► n 
Circuit 

l
y[n-4] 

••-•·· i!,. i!,. i!,. ir 
n 

t y[n}-y[n-4} 

• • i' • • • • • • • • •n 

.L 
-4 -z 

--
n 

Periodic 1 y[n}-y[n-4} 
- Resonant - -
~ , , ,.. 

Circuit 

.L -4 -z -, 
n 

1 Periodic y[n}-y[n-4] 
- - Resonant -,.. , -Circuit 
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The technology can also be implemented using analog 

circuitry for continuous time spectrograms. Advantages 

here include 

♦ The absence of high Q circuits. 

♦ Shorter output lag time from the input to the output. 

♦ Totally parallel computation of each spectral line. 

♦ The ability to arbitrarily place frequency bins in, for 
example, logarithmic intervals. 

♦ Each spectral line can have a different window duration 
and/or type. 
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♦ Placing a number of such circuits in parallel results, in 
this example, of a Fourier series synthesis for the 
desired window. 

♦ For Hanning & Hamming windows, only two stages 
are needed: 
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♦ A Blackman window requires three stages: 
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I 

Obtaining a Spectral Line: 
(unmodulated window) 

L 
S[n;u] = L w[k] x[n-k] exp(-j2rcku) 

k=-L . 

= exp(-j2rcnu) [ { x[n] exp(j2rcnu)} * w[n] ] 

j2rrnu 
e 

Using a Szasz series window: 

-j21Tnu 
e 

-z-2L 

S{n;u} 

S{n;u} Periodic 1 
~-- Resonant t---:>'--~-.i.__~ 

J2rrnu 
e 

Circuit 

-z-2L 

1 Periodic 
;--_,,,,_-~ _ _J___~ Resonant 

J2rrnu 
e 

Circuit 

-J2rrnu 
e 

-j21Tnu 
e 

S{n,·u} 
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Comparing the FLOPS For Hanning or Hamming 
windowed Spectrogram: 

For N output spectral lines: 
FFf requires (1 + 5 log2,N) N FLOPS* 
Szasz series window requires 21 N FLOPS.+ 

Therefore, the Szasz window has fewer FLOPS if N> 2. 

*There are Nf2 log2N butterflies in an FFf that does a transform on N input points. Each butterfly requires 
one complex multipication and two complex adds. This gives a total of 10 FLOPS per butterfly. In 
addition, there are N multiplies required in the windowing operation. Thus, we require a total of 

(1 + 5 logiN} N FLOPS per spectral line 

+In quadrature, the input is multiplied by cos(21t11u) and sin(21tnu) [2 FLOPS]. Each is sent to a Szasz 
window [2x6 = 12 FLOPS]. The delay line combination adds an additional FLOP. The output of each 
window is multiplied by cos(21tnu) and sin(21tnu) [4 FLOPS] and the quadrature components are added [2 
FLOPS]. This adds to 21 FLOPS per spectral line. Note: Computation of the cos's & sin's are not 
included in this number. . 
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Advantages of Szasz series windows for spectrograms: 

♦ Fewer FLOPS than FFf's. 

♦ Shorter output lag time from the input to the output than 
is obtained using FFf' s or DFI'' s. 

• FFT's require O{log2N} time cycles. 
• Szasz series requires O { 6} cycles. 

♦ The ability to arbitrarily place frequency bins in, for 
example, log intervals, without the matrix-vector 
operations required by the DFT. 

♦ The ability to arbitrarily compute each spectral line in 
parallel without the cross butterfTy connections required 
by FFT's. 

♦ Modularity that allows a straightforward increasing of 
the number of output frequency bins. 

♦ Each spectral line can have a different window duration 
and/or type. 

♦ Use in computation of zamograms™ using the technique 
of differential increments. All of the above attributes 
are applicable to the zamogram™ thus computed. 
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The technology can also be implemented using analog 

circuitry for continuous time spectrograms. Advantages 

here include 

♦ The absence of high Q circuits. 

♦ Shorter output lag time from the input to the output. 

♦ Totally parallel computation of each spectral line. 

♦ The ability to arbitrarily place frequency bins in, for 
example, logarithmic intervals. 

♦ Each spectral line can have a different window duration 

and/or type. 
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Use of Szasz Series Windows in Signal 
Processing 

Robert J. :tviar ks II 

October 26, 1989 

There exist a number of signal processing algorithms wherein a win
dow, r.p(k), shifts across a signal to give an alternate representation of the 
signal. Included are weighted running averages, spectrograms and zamo
grams [1,2,3]. Conventionally, weighted running averages are computed 
using the equivalent of an finite impulse response (FIR) filter the taps of 
which correspond to the window samples. Digitally computed spectrograms 
are traditionally computed by weighting the signal samples in a interval by 
the window weights followed by a fast Fourier transform (FFT). Digital 
zamograms also require the use of FFT's for each point in time in which a 
spectral line is computed [3]. 

For windows and that are uniform (i.e. rectangular or boxcar windows), 
the value of a signal representation generated from a sliding window can be 
obtained by adding to the current representation new data introduced by 
the shift ~nd deleting data no longer included in the window. vVith non
rectangular windows, however, shifting alters the weights of all data and 
the procedure is no longer applicable. An approach with similar computa
tional advantages occurs when the window is of the form r.p( k) = esk. Then, 
since cp( k ± 1) = e±s e9 k, shifting from k to k ± 1 is equivalent to multiplying 
each data point by e±s. Unfortunately, there are no useful windows that are 
exponential except the degenerate case of the rectangular window. There 
are, however, a number of commonly used windows that are superpositions 
of weighted exponentials. We refer to a weighted sum of exponentials as a 
Szasz series [4,5]. Trigonometric polynomials are special cases. The Szasz 
components of the signal representation can be individually computed_ us-
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ing the exponential updating approach and the components superimposed to ob
tain the desired processing output. The generic procedure for the updating 
using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the 
previous window but not that in the current window. Likewise, 
add the newly introduced terms. 

2. Multiply each of the elements common to both windows by the 
Szasz increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs. 

Two Szasz components may be complex conjugates of each other. In 
such cases, it is many times computationally convenient to combine the two 
components into a single composite component as shown in Fig. 2. Similarly, 
only the real portion of the output of a Szasz component may be required in 
certain cases. 

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spectrograms and zamograms .:tre then 
presented. 

1 Szasz Series Windows 

A linear exponent Szasz series can be written as 

(1) 

where the { Ctq} 's and the {Sq} 's are possibly complex. \Ve will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be 
even. \Ve then use the alternate form 

'Pe(k) = 'P(I k I) (2) 

Some popularly used windows and their Szasz series representations are 
in Tables 1 through 4. In ea.ch case, the Szasz series is an even trigonometric 
polynomial so that 'Pe(k) = cp(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can 
always be approximated to an arbitrary accuracy by a Szasz series. 

2 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



update by 
Szasz factor 

I/ 

add new Szasz 
data 

subtract 
COr"tponent 

old data #1 

update by 
Szasz factor 

•z 

input signal 
add new Szasz signal 
data Y representation 

),,i COf'1ponen t >-(:8 ► subtract 
old cla ta #2 I 

• • • • • • • • • 

update by 
Szasz factor 

IQ 

add new Szasz 
data 

subtract COr"tponent 
old data #Q 

Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is. that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains 
is updated by a common Szasz factor. 

~ 
ITITJ 

Table 1: Rectangular: cp(k) = 1, Q = 1. 
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add new 

data 

subtract 
old data 

add new 

data 

subtract 
old data 

update by 
Szasz f'actor 

llq 

Szasz 
conponentt---J 

#q 'I 

update by 
Szasz Factor 

#q 

Szasz 
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#q 

1.·pdate by 
Szasz Factor 

#8 

add new Szasz 
data 

sul:Jtract),J co~ponen ti-----'~ 
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Figure 2: A single composite component on top may replace the two Szasz 
components shown on the bottom when they are related by a complex con
jugate. 

Ctq Sq 
1 0 2 
l j1r IL 4 
1 -j1r/L j' 

Table 2: Hanning: ip(k) = cos2(;Z), Q = 3. 

Ctq Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: ip(k) = 0.54 + 0.46 cos(1r{), Q = 3. 

4 11~(!i;' 
=========~'072-r:/~J 
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Ctq Sq 

0.42 0 
0.25 j-rr/L 
0.25 -j-rr/ L 
0.04 j21fj L 
0.04 -j2,r/ L 

Table 4: Blackman: 1.p(k) = 0.42 + 0.5 cos(1r{) + 0.08 cos(2t),Q = 5. 

v(n+L) 

z<n> 
> 

Figure 3: An FIR implementation of the weighted running average filter. 
The D denotes a unit delay. 

I 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n) = I: ip(k)v(n - k) (3) 
k=-L 

As is shown in Fig. 3, this process can be straightforwardly implemented on 
an FIR filter with 2L + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

where 

z(n) = I: zq(n) 
q 

L 
zq(n) = Ctq I: esqkv(n - k) 

k=-L 
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Clearly, then 

L 
CXq L esqkv(n + 1 - k) 

k=-L 

L-1 
CXq L esq(k+Ilv(n - k) 

k=-L-1 
L-1 

cxqe3q L esqkv( n - k) 
k=-L-1 

e3qzq(n) + cxqe-sqLv(n + L + 1) - O'.qesq(L+I)v(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse 
response (IIR) filter. The results of Q such filters can then be summed to 
give the desired output, z( n ). One such realization for Q = 3 is shown in 
Fig. 4. Note the applicability of the algorithm illustrated in Fig. 1 here. The 
Szasz factor is e3 q, the new data is aqe-sqLv(n + L + 1) and the old data is 
cxqesq(L+Ilv( n - L ). 

vVhen L is large, the realization of the weighted running average in Fig. 4 
requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift register are required from in the 
IIR realization. The FIR realization requires 2L + 1 taps. 

2.1 Computing. Complex Szasz Components Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z(n) can be computed separately. If we express z(n) in terms of it's real and 
imaginary parts: 

(7) 

then, if v(n) is real, the iteration in Eq. 6 can be written in component form 
as 

z;(n + 1) - z;(n)~[e3 q] - z!(n)S'[e3 q] 

+~[cxqe-sqL]v(n + L + 1) - ?R[cxqesq(L+l)]v(n - L) (8) 
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v(n+L +I) 

·1 

-

v(n-L) -c<, _,s1 <L•l> 
/~ 

.,s, 
) 

(z,<n+JJ 

' 0 
z,<nJ 

c<, e·s2L 
(zfn+IJ 

zfnJ ?ti 0 

I -c<, _,s2 <L•l> I es, 

z(n) 

~---------~/

31 

____ as_a __ ~ -c<o _.s0<L•l> . _ 

Figure 4: An IIR implementation of the weighted running average filter. 
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.R[esq) 

v(n+L+J) I .R[ °'-q e-S'qLj , I z;<n> 

~,,,I 

), 

7 
~°'-q e"o<L•IJ J 

-.R[ C(q ;.-q(L+IJ l / -::-s-f esq) 

v(n-L) \_ ~f: D 
zb<n> ~I ► 

-~C(q e-v l t 
.R[esq] 

Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

and 

z!(n + 1) - z;(n)~[e"q] +z!(n)~[e-'q] 

+~[er.qe-sqL]v(n + L + 1) - ~[er.qe-'q(L+I)]v(n - L) (9) 

where ~/~ denotes the real/imaginary part of and 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component 
can by realized by the IIR filter illustrated in Fig. 5. The real and imagi
nary parts of all Szasz <:omponents are summed to obtain zr(n) and zi(n) 
respectively. 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, 1..p(k), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a com
plex conjugate. Motivated by this observation, assume that V q 3 either Cr.q 
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or sq is complex (or imaginary), :lq 3 a<i = a; and Sq= s;. In such cases, 
the two Szasz terms can be combined into a single IIR filter. Define 

zq(n) = zq(n) + zq(n) 
= 2?Rzq(n) (11) 

This can be computed simply by multiplying the real output in Fig. 5 by 
2. The two complex Szasz components at the top of Fig. 6 can therefore be 
replaced by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where a 1 is real and s1 = 0. Let a:2 = a:3 and 
s2 = s3 = jr. / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Since all of the multipliers become real, we implement the_ q = 1 term 
using the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 
terms are related by a complex conjugate. We therefore choose to implement 
them using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 
S(n,p) = I: cp(k)v(n - k)e-i2.rpk/i'vf (12) 

k=-L 

where p is a discrete frequency index and lvf parameterizes the number of 
points in the frequency domain. 

The function I S( n, p) 1
2 is also referred to as the spectrogram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v(n), is fed through a delay line and delayed values are weighted 
by samples of cp(k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 
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v(n+L +l) 

v(n-U 

C( a e-"fl 
rzin+J) 
,_ D z,/n> 

_ C( .... esq<L +l) 
q esq I 

v(n+L +!) I 2 

v(n-U 

Figure 6: ·when two Szasz components are related by a complex conjugate, 
then the two components ( shown here at the top) can be replaced by a single 
one (shown at the bottom). 
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D z<n> 

1 

COS(TT/L) 

v(n+L +l) 2 

-c<, sin CTT/L) 

-sin(TT/L) 

v(n-U 

COS(TT/L) 

Figure 7: Implementation of a Q = 3 component weighted running avera.ge. 
Hanning and Hamming window weighted running averages are special cases. 

v(n+L) D D D D D 

___ _,__, __ \ f-(-.. ~-l)-·--1 f-<-1~ .... L ... -1~, l~-f-<➔~L-•<l ••• u ~(L) 

FFT 

y 

S(n, -U S(n, -L + J > S(n, -L +2> S(n,L -1) S<n,U 

Figure 8: Computation of the spectrogram amplitude using the FFT. 
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3.2 Spectrogram computation using Szasz series com
ponents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, 
then the spectrogram in Eq. 12 can be written as 

S(n,p) = ~Sq(n,p) 
q 

where 
L 

Sq(n,p) = Ct.q ~ esqkv(n - k)e-.i2rrpk/i\,f 
k=-L 

The qth Szasz component update is calculated as follows. 

L 
Sq(n + l,p) = Ct.q ~ esqkv(n + l - k)e-i2rrpk/iH 

k=-L 
L-1 

= Ct.q ~ esq(k+1)v(n _ k)e-j21rp(k+1)/M 

k=-L-1 
L-1 

= Ct.qesqe-jhp/i'vf ~ esqkv(n _ k)e-i2:rpk/i\4 

k=-L-1 

= esqe-i2rrp/M Sq(n,p) + Ct.qe-Lsqej21rpLfMv(n + L + l) 

(13) 

(14) 

-aqe(L+1)sqe-j21rp(L+1)/Mv(n - L) (15) 

vVe are again following the procedure outlined in Fig.1. The new data is 
O:'qe-Lsqei21rpL/iHv(n + L + l), the old data is Ct.qe(L+I)sqe-i 2;;-p(L+I)/ivfv(n - L) 
and the Szasz factor is e3q e-i21rp/M. Implementation of the specific iteration 
in Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs 
by the arrays ei21rpL/M and ci21rp(L+i)/M is common to each of the Q Szasz 
components, the alternate implementation shown in Fig. 10 is possible. 
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v(n•L •/) D S 1 (n,p) 

v(n-LJ 

-oc / ,,.,l(L+J) ,,-j2rrp(L+J)/11 ,,s J e-i2rrp/11 

D S2 (n,p) 

- oc z e•z{LH) ,,.-J21rp(L+ /)/JI 

S{n,p) ;-----.--~+-:-------. 
D Sq(n,p) 

- OCq f!¾/LH) e-J2np(LH}/1l 

Figure 9: Computation of the spectrogram when the window is represented 
as a Qth order Szasz series. The thick lines correspond to signal flow direc
tions of vectors parameterized by the frequency variable, p. The thin lines 
correspond to (possibly complex) scalars. 
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3.2.1 Realizing the real & imaginary parts of a Szasz component 
of a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and 
imaginary parts of the Szasz component in Eq. 15 can be written as 

s;(n + 1,p) = ~[e3qe-i21rpfM]s;(n,p) - S'[e 3qe-i21rpfM]S~(n,p) 

+~(aqe-Lsqei2.-rpLfM]v(n + L + 1) 
-~[aqe(L+l)sqe-i2.-r(L+l)f,W]v(n - L) (16) 

and 

s; ( n + 1, p) - 8'[ e3
q e-J2.-rpf,W]s; ( n, p) + ~[ e3

q e-j2.-rpf ,W]s; ( n, p) 

+S'[aqe-LsqeJ2.-rpLf,H]v(n + L + 1) 
-8'[aqe(L+1)sqe-j2.-r(L+1)/i\,f]v(n - L) (17) 

where 
Sq(n,p) = s;(n,p) + ;'S!(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. We obtain 

(19) 

from 
sr(n,p) = L s;(n, p) (20) 

q 

and 
Si(n,p) = L·S!(n,p) (21) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and q, are related by a. complex conjugate: 

Then, using Eq. 12, we can immediately show that 

S4(n, p) = s;(n, -p) 
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v(n-U 

D S 1{n,p) 

D S2 {n,p) 

- <Xz e•z(L+I) 

D SQ {n,p) S(n,p) 
:----..... -;IJl,,(:t-;:----..... 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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Figure 11: When a Szasz component of a spectrogram is complex, it's real 
and imaginary components can be realized as shown here. The real and 
imaginary components of the spectrogram are obtained by summing the real 
and imaginary components of the Szasz components. 

16 

proprietary & confidential technical information. 
Multidimensional Systems Corporation 

© 1990 by Multidimensional Systems Corporation 



s. (n,p) s. (n,p) 

conjugate 
& transpose 

Figure 12: The two Szasz components of a spectrogram indexed by q and q 
shown on the left can be obtained by simple augmentation of the output of 
the qth Szasz component as shown on the right. Transposition replaces p by 
-pin the array Sq(n,p). 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of 
two Szasz components, indexed by q and q, by a simple augmentation of the 
output of the Szasz component with index q. The equivalent operation using 
the real and imaginary outputs of the Szasz component in Fig. 11 is shown 
in Fig. 13. 

3.2.3 Example: Hanning and Hamming windowed spectrograms 

In Fig. 14 we illustrate application of the Szasz series computation of a 
spectrogram for the a Q = 3 case when a 1 is real, s1 = 0, a 2 = a3 and· 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with 
good resolution in both domains. In the discrete domain, the zamogram of 
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s;(n,p) 

s; (n,p) + Sf:. (n,p) ~---, ______ ·r .. + q • I .. -----~•: transpose I- -

s;(n,p) 

s;(n,p) +Sl(n,p) 

~-----. ____ ._CB .. ' q • I .. -••~--••! transpose I J 
I 

-1 

Figure 13: The real and imaginary components of the qth component of a 
· Szasz component can be straightforwardly augmented to give the sum of the 
real and imaginary parts of two Szasz components. 
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v(n+L+f) 

. ex l co, (2'<pl/J.I) 
co• (2•p/ll) S~(n.p) 

f 

cos (2•p/ll) 

- C(. co, (2'r pl/J.I) 

cos[ " (-J:- -1/ )I s;{n.p) 

D 

.__..,.transpose 

p 

D s; (n.p) 

co,("(-/:- ~ )] 
"', sin( • (-f: -2pl,.f/ JI transpose 

-1 

Figure 14: Generation of a spectrogram using Szasz components. Hanning 
& Hamming windowed spectrograms can both be thusly implemented. 
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a temporal signal, x(n), can be written as 

C(n;p)= f f ~(n-m;k)x(m+~)x"(m-~)e-i21rpk/M (24) 
m=-oo k=-oo 

where, at time n, the kernel~( n - m; k) is identically zero for indices, (m, k ), 
not in the set An. This set can be expressed as the intersection of three sets: 

where 

and 

For (m, k) E An, 

~n = {(m,k) I -2L ~ k ~ 2L}, 

- I k I 
17n = { ( m, k) I m ~ 

2 
+ n}, 

I k I 
(n = {(m,k) l,m ~ -

2
-+n} 

~(n - m; k) = <p(k) 

We will assume that <p( k) = <p(I k I) is even. 

4.1 Iterative Zamogram Procedure 

(25) 

(26) 

(27) 

(28) 

(29) 

Using Eq. 24, we will show that the zamogram can be iteratively updated as 

C(n + I;p) = C(n;p) + 2~x*(n + I),B+(n,p) - 2~x*(n),8-(n,p) (30) 

where ~ denote the real part of, 

2L 
,B+(n,p) = I: 5k<p(k)x(n + k + l)e-i21rpk/M, (31) 

k=O 

and 
2L 

,e-(n,p) = I: 5k<p(k)x(n - k)ei21rpk/M, (32) 
k=O 

and bk = ½ for k = 0 and is one otherwise. Note that the ,B± ( n, p) 's are simply 
spectrograms which, as discussed in the previous section, can be generated 
using FFT's or Szasz series windows .. 
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The proof of these .equations is straightforward. Let ,\~ be the set on 
points in An but not in An+l . Then 

,\;: = {(m,k) Im= I~ I +n+l;I k I~ 2L} (33) 

Similarly, let ,\! denote the set of points in An+l that are not in An, Thus 

,\! = { ( in, k) I m = - I ~ I + n; I k I~ 2L} (34) 

Clearly, then 

C(n + l;p) - [ L + L - L ]cp(k) 
(m,k)EAn (m,k)E.\! (m,k)E.\;;' 

xx(m + ~)x(m - ~)e-i21rpk/M 
2 2 (35) 

or, equivalently, 

C(n + l;p) = C(n;p) + Bt(m)- B;;(m) (36) 

where 
k k . 

B;(p) = L cp(k)x(m + -)x(m - -)e-12-:rpk/iW (37) 
2 2 

(m,k)E.\~ 

Equivalently, we can write 

B!(P) = 2?Rx*(n + l),B+(n,p). (38) 

and 
B;;(p) = 2?Rx*(n),8-(n,p) (39) 

Substituting this and Equation(38) into Equation(36) establishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

vVe will now present two techniques to evaluate the iterations in Eq. 30. 
A signal flow graph at time n is shown in Fig. 15 for direct evaluation 

of Equation(30). The sample signals are introduced into a shift register as 
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shown on the left. The shift register is tapped and each of the· samples is 
multiplied by stored weights, {<p(k)}, as shown. The two vectors of the win
dowed samples are fed into two pipelined FFT processors. Transposition of 
the output of the lower FFT is required because there is a ei21rvk/i'vf term in 
Equation(32) rather than the e-i21rvk/M used in Equation(31). The trans
position replaces k with -k to take care of this. The delays in Fig. 15 are 
required to synchronize the samples x(n) and x(n+l) with the computational 
delays required in the processing to that point ( e.g. by the FFT). These two 
samples are weighted by either ±2 after which they multiply every element of 
the output of the FFT processo:cs. The real part of the resulting two vectors 
are summed. The sum is added to the current zamogram register, and a new 
spectral line of the zamogram emerges in vector form from the processor. 
The parameter I:::,. is the total number of clock cycles required from input to 
output. 

4.1.2 Using a Szasz vVindow 

A second implementation is possible when the zamogram 's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(30) can be written as 

C(n + l;p) = C(n;p) + [I x(n + 1) 12 
- I x(n) l2]<p(O) 

+2~[x*(n + 1) I: b1(n,p) 
q 

-x*(n) I: b;(n,p)J 
q 

where the Szasz components, bt(n,p), can be updated as 

b1(n,p) ~ e-(-'q-i½'r)b1(n - l,p) 

( 40) 

-a
9
x(n + 1) + a

9
e-2L(.,q-~)x(n + 2L + 1) (41) 

and 

b;(n,p) = e(-'q-~)b;(n - l,p) 

+a
9
x(n - 1) - aqe2L(-'r~)x(n - 2L - 1) 

A proof will be presented after some discussion. 
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c:: 
II 

a, • 
. f,;: 
-1-> 

-1-> 
0 

a, 
§ 

~ 
0 

~ 
-1-> 
t... • ·~ . .c . 
V'l 

A 
f'(2L) 

x(n+2L +J> 

x(n+2L) f'<2L -1> 

x<n+2L-J> :P<2L-2> 

x(n+2) :Pm 

x(n+J) -f(0)/2 

x(n) 
-f(0)/2 

x<n-1) 
:Pm 

x(n-2) 
:P<2) 

~ l register 

f-:ll-0()------~ 

x<n-2L +J> 
:P<2L-1> 

x(n-2U 
-P<2L> A I signal 

sa1'1ples 

Figure 15: Ite1·ative updating of a zamogram using FFT's. 
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bf{n.p) 

bt{np): I 
bt{n.p) 

2 2 I x{n+l)I - lx(n)I 

b j{n.p) 

bi{n.p): I C(n,p) 

b"q(n.p) 

Figure 16: Iterative updating of a zamogram using Szasz components b;, 
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A signal flow diagram for the re'cursion in Eq. 40 is shown in Fig. 16. 
Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L - 1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). 

We can express the complex b~(n,p)'s in terms of their real and imaginary 
components as 

Similarly, let 

(43) 

(44) 

A corresponding implementation equivalent to that in Fig. 16 is shown in 
Fig. 17 using real arithmetic. 

Note that both Eqs. 41 and 42 are iterations of Szasz components as 
illustrated if Fig. 1. The Szasz factors are exp± (sq - i;~?)- For Eq. 41, the 
new data is Ctqexp[-2L(sq - i~}i,)]x(n+2L+ l)'and the old data is aqx(n+ 1). 
In Eq. 42, the old data is Ctqexp[2L(sq - i~;i')]x(n - 2L - l)] and the new 
data is Ctqx(n -1). Implementation of the updates of the b;'s in Eqs. 41 and 
42 are illustrated in Fig. 18. 

Proof: To show Eqs. 40, 41 and 42, we substitute Equation(!) into 
Eq. 37: 

B;(p)= L Letqe1qlklx(m+~)x(m-~)e-i21rpk/M (45) 
(m,k)E,\;;' q 

Using the definition in Eq. 33, we find that 

Bt(m) =I x(n + 1) 12 cp(0) + 23(x*(n + 1) L b1(n,p) (46) 
q 

where 
2L 

b1(n,p) = Ctq L e-sqkx(n + k + l)e-i2:rmk/M (47) 
k=l 

The recursive form in Equation( 41) can easily be established from Equation( 4 7). 
Similarly, 

B;:(p) =I x(n) 12 cp(0) + 23(x*(n) I:b;(n,p) (48) 
q 

where 
2L 

b;(n,p) = Ctq L e-sqkx(n - k)ei2:rmp/M (49) 
k=l 

The recursion in Equation( 42) follows and the proof is complete. 
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bf(n.p) 

bT(np): I 
b'q(n.p) 

I x(n+l)l2
- l.x(n)l 2 

b'"[(n.p) C{n,p) 

. "f(np): I 
b""{;(n.p) 

b-j(n.p) 

b-Jrn pJ: I 

Figure 17: Iterative updating of a zamogram using Szasz components and 
real arithmetic. 
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- 2L(s - J2,..p/H) 
c<qe q 

x(n+2L +J) 

x(n+l) D b;<n-1,p) 

----,.(+:--.--~.---► 

----x·--.. 
2L(S - J2fl'p/H) 

-Of.qe q 

x<n-2L-l> 

x<n-1) D b~<n-1,p> 

Figure 18: Iterative updating of the Szasz components for the zamogram. 
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Realizing the real & imaginary parts of a Szasz component of a 
zamogram: Assume that the signal, x(n), is real. From Eq. 41, the real 
and imaginary components of b;(n,p) follow as 

bt(n,p) = ~[e-(sq-4'r)]bt(n - l,p) - 8'[e-(sq-i~~
0

)]b~i(n - l,p) 

-~[aq]x(n + 1) + ~[a
9
e-2L(sq-2ir]x(n + 2L + 1) (50) 

and 

b;i(n,p) = 8'[e-(sq-~)]bt(n - l,p) + ~[e-(sq-~))b;\n - l,p) 

-8'[aq]x(n + 1) + 8'[aqe-2L(sr4r]x(n + 2L + 1) (51) 

The computational algorithm shown at the top of Fig. 19 implements these 
equations. 

Similarly, from Eq. 42, the real and imaginary components of bt ( n, p) are 

bt(n,p) = ~[eh-4r)]b/(n - l,p)_ - 8'[e(sq-2i.T)]b;i(n - l,p) 

+~[aq)x(n - 1) - ~[aqe2L(sq-4T)]x(n - 2L - 1) (52) 

· and_ 

(53) 

These two equations are implemented at the bottom of Fig. 19. 
If x(n) is real and cp(k) is real and even, then an inspection of Eq. 24 

reveals that C(n,p) is also real. In this case, Eq. 40 can be written as 

C(n + l; p) = C(n; p) + [x2(n + 1) - x2 (n)]cp(O) 
+2x(n + 1) L bt(n,p) 

q 

-2x(n) L bt(n,p)] 
q 

(54) 

·with reference to Fig. 19, the 2bt(n, p) terms can be generated as shown in 
Fig. 20. 
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x(n+2L+l> 

x(n+J) 

x(n-1) 

,R[ ;<sq- J2"p/H) ] 

.... ---~~--

t 
,R [ e <sq - J2"p/H) ] 

I .-----~~-'<Y 

.,_ ____ ~,...,--.... 
y 

'D, (s - JZ"p/H) ] 
J\. I e q 

b~(n-1,p) 

b-;<n-1,p) 

b;f <n-1,p> 

Figure 19: Evaluating the real and imaginary parts of bt(n,p) (top) and 
b;(n, p) (bottom). 
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~ [ cx.qe-eL<sq- je"p/H) I 

x(n+J) 

x<n-1) 

-R[cx.q] 
t 

... ----0<"~----r 
R[ e <sq- Jctrp/H) ] 

I ..----~~-.. 'CJ 

b-;<n-1,p) 

~:.....-..... . 
RI e <sq- Jctrp/H) J 

Figure 20: When cp(k) and x(n) are real, only bt(n,p) contributes to C(n,p). 
These real components can be generated as shown here. 
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Combining conjugately related Szasz components: If two Szasz com
ponents with indices q and q are related by a complex conjugate as 

b1 ( n, p) = [ b~ ( n, p)] * (55) 

then, for c.p( k) and x( n) real, the contribution of the conjugate pair to C ( n, p) 
is simply 2b~(n,p). The implementation follows directly from Fig. 19 and is 
shown in Fig. 21. · 

Example- Zamograms with Hanning & Hamming windows: To 
illustrate computation of zamograms using a Szasz series window, consider 
again the Q = 3 case where a:-1 is real and s 1 = 0. Let a:-2 = a:-3 and 
s2 = s3 = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Implementation of our running example is shown in Figs. 22, 23 and 24. 
Figure 22 shows generation of bf(n - 1,p) on top and, for the conjugate 
terms, 2bf(n - 1,p) on the bottom. The generation of b1r(n - 1,p) and 
2b2r ( n - l, p) is similarly shown in Fig. 23. The terms are gathered as 
shown in Fig. 24 to produce the zamogram, C( n, p ). 

Note that in Figs. 22 and 23, the multiplication of x( n + 2L + 1) and 
x(n-2L-1), respectively, by the sinusoidal arrays is common to both the 
q = l and q = 2 stages. As in Fig. 10, the commonalty allows a single 
sinusoidal array multiplication. Such modification of Fig. 22 is shown in 
Fig. 25. A similar modification is readily applicable to Fig. 23. 

5 Applications 

Time-frequency displays are used in a number of applictions. The Szasz 
series implementation of the spectrogram and zamogram are applicable in 
most all of these cases. They include use of Szasz series computed spectro
grams and zamograms: 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such 
as speech, sonar and seismic signals. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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x<n+J> 

x<n-1) 

.R( ;<sq- j2"p/H) ] 

I .,.... ___ r}~-... 

.... ----~~-----
.R[ ;<v j2"p/HJ J 

.R [ e (sq- je"p/H) J 

I ,.. .----.... ~:,.,..-.... '-CY 

2 b-;<n-1,p) 

~--... ----,----..<x:--• 
I 
2 

.... --~y 
.R[ e <sq- Je"p✓H> ] 

Figure 21: If two Szasz components with indices q and q are related by a 
complex conjugate and cp(k) and x(n) are real, then the contributions of both 
terms to C(n,p) are simply 2bt(n,p). As shown here, they can be generated 
as shown here by simply multiplying the outputs in the previous figure by 2.~ 
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C0S(2rrp/H) 

x(n+2L +I> D 

Of. l sin ( 4rrLp/H) 

y 
x_<_n+_I_>_......,..--✓ D 

cos(Errp/H) 

cos[rr ( ~ -f )] 1 . 
.... ----~:...--.. 

cos [ 7r ( ~ - t ) ] 
Figure 22: Generation of the bt ( n - 1, p) 's for Hanning a.nd Hamming win
dows. 
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cos (2rrp/H) 

-----~!~ 
x<n-BL-1) D 

°'J sin(4rrLp/H) 

~l / 

x(n-1) % 
--,,...~--,>-/ 

D 

-----r 
cos <Brrp/H) 

cos [ 1T ( ~ - t ) J 

-----"-!i.---.. 
2 b",.(n-1,p) 

2 

D 

... ---~15<',..--.... 
t 

cos [ rr ( ~ - f )] 
Figure 23: Generation of the b2r ( n - 1, p) 's for Hanning and Hamming win
dows. 
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h7<n.p> 

2b'{<n.p) 

C<np) 

b"(<n.p> 

2b"""f(n.p> 

Figure 24: Generation of the zamogram using the inputs generated in the 
previous two figures. 
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cos < 4rrLp/M) 0:1 

x(n+2L +1> 

COS(crrp/M) 

.-----i:....-'<Y 

D 

I ::>-
i .----~'.&:---...... 

x(n+J) 

sin ( 4rrLp/M) 
-s;n <crrp/M) 

.... ----r 
COS(crrp/M) 

· cos [ rr ( ~ - f )] 

----i~ '<Y 

t 
cos [ rr ( i -f ) ] 

Figure 25: A modification wherein the sinusoidal array common to 
components is computed but once. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a signal representation used as a template in a pattern recog
nition scheme such as matched filtering or as training data in a 
classifier such as a layered perceptron artificial neural network. 

6 Notes 

Some final remarks follow. 

1. The Szasz series window is also potentially applicable to certain 
other generalized time-frequency representations (GTFR's) [6). 
Kernels with Hourglass and diamond shapes (3] in the (m, k) 
plane can be evaluated by Szasz series windows when, within 
the shape, the window is cp( k ). The zamogram has a cone
shaped kernel (3] in the ( m, k) plane . 

2. In many spectrograms and GTFR's, output spectral lines are 
not computed at every signal sample point. The Szasz series 
window approach can be adapted to such cases in one of two 
ways. First, and most obvious, the iteration can proceed at each 
point with outputs generated periodically. Secondly; the itera
tion can be modified to the longer period. For example, in the 
weighted running average example, if there is to be an output 
at every other input sample point, then, at each iteration, two 
new samples would be introduced (instead of one) and two old 
samples would be deleted (instead of one). Each Szasz factor 
would be squared. 

3. For the spectrogram ( and the spectrogram component of the 
zamogram), computation of the output spectral line can be 
viewed as a number of multiplexed IIR filters parameterized 
by p. The only time one filter "talks" with another is . in the 
operation of transposition. 
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There exist a number of modifications to .the implementation of 4
· the Szasz signal processing algorithms that ~or~espond direc:ly 

to the commutative, distributive and associative laws applied 
to multiplication and addition. Performing a single sinusoidal 
array operation in Fig. 25 ( compare with Fig. 22) is an example 
of a variation due to the distributive law. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain time-frequency representations ( zamograms) of a signal can be gen
erated. The architectures rely on accumulation of differential increments of 
the zamogram output. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrogran:is 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram· at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the ·wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating the zamogram in both discrete and 
continuous form. 

3 Summary of the Invention 

The zamogram is a time-frequency representation. A cross-zamogram be
tween two signals, x(t) and y(t), can be written 

JT r+clrl-a+ . 
Z(t; u) = r=-T J~=t-clrl-a- c.p(T)x(e- CT)y*(e + cT)e-J2trur dedT (1) 

where the superscript* denotes complex conjugation, c.p(t) is a window that 
is zero outside of the interval -T :'.S t :'.S T, u is the frequency variable and c, 
a+ and a_ are all positive constants. The auto-zamogram of a signal, x(t), 
is obtained by setting x( t) = y( t) in this expression. 
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Similarly, for discrete signals x[n] and y[n], the discrete version of the 
cross-zamogram 1s 

L n+clkl-a+ 
Z[n; u] = I:: I:: r.p[k]x[m - ck]y*(m + ckJe-i21l"ku (2) 

k=-L m=n-clkl-a-+l 

where r.p[n] is a discrete window that is zero outside of the interval -L :s; k :s; 
L and c&a+ :s; a_ are all positive constants. vVe have assumed there are an 
odd number of points (2L + 1 when L is an integer) for r.p[k]. Architectures 
similar to those embodiments described and illustrated herein result for an 
even number of points and are apparent to those skilled in the art. 

The auto-zamogram of a discrete signal, x[n], is obtained by setting x[n] = 
y[n] in Eq. 2. Note that we are using square brackets for discrete signals ( e.g. 
x[n] ) and parenthesis for continuous signals ( e.g. x( t) ). If bis not an integer, 
then [b] should be interpreted as the greatest integer not exceeding b. 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-vVilliams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

This patent presents efficient architectures for computationally efficient 
generation of various forms of the cross- and auto-zamogram. In common to 
each architecture is the computation of the incremental change in the zamo
gram's output which is added to an accumulation of the previous zamogram 
output. For digital implementation, such an approach significantly reduces 
the required number of floating point operations (FLOPS) over, for exam
ple, direct evaluation of the double sum in Eq. 2. In the continuous case, 
such a characterization allows generation of zamograms using delay lines and 
common analog circuitry and spectrograms. 

The architectures for the zamogram depend on ( a) whether the zamogram 
is a cross-zamogram or an auto-zamogram (b) whether the processing is ana
log ( continuous time) or discrete time ( c) whether the signal to be processed 
is real or complex and (d) whether the kernel displays certain symmetry 
properties. Each architecture embodiment contains two processing stages. 
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The first stage computes the zamogram's differential increment. The second 
stage has as its primary function the digital accumulation or discrete inte
gration that updates the zamogram's output with the differential increment. 
These accruance processors can also utilize the signals processed by the first 
stage in this update. 

Each zamogram processor employs one or more spectrogram processor 
components. These can be generated by conventional means, such as with the 
use of fast Fourier transforms (FFT's) or with methods yet to be developed. 
Each processor also contains one or more delay lines to properly phase the 
signal processing. 

4 Brief Description of the Drawings 

Figure 1 A schematic representation of a spectrogram. 

Figure 2 Computation of a number of linearly spaced spectrogram 
frequency lines. 

Figure 3 . Computation of a number of spectrogram frequency lines 
for a discrete signal using a discrete Fourier transform. 

Figure 4 . An architecture for the differential increment stage for a 
cross-zamogram for complex inputs. 

Figure 5 . The accruance stage for both cross and auto-zamogram 
processors of analog signals. When the differential increment is 
complex, so is the integration. Real differential increments require 
only real integration. 

Figure 6 . The accruance stage tor discrete cross-zamogram processors. 

Figure 7 . An architecture for the differential increment stage for a 
cross-zamogram for complex inputs when the zamogram kernel is 
in a certain cone form 

Figure 8 . Schematic representation of a conjugate multiply of two 
complex signals. 
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Figure 9 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a complex input. 

Figure 10 . The accruance stage for discrete auto-zamogram proces
sors. 

Figure 11 . An architecture for the differential increment stage for an 
auto-zamogram for complex inputs when the zamogram kernel is 
in a certain cone form 

Figure 12 . The accruance stage for a discrete auto-zamogram proces
sors when the zarnogram kernel is in a certain cone form 

Figure 13 . Schematic representation of a processor that generates only 
the real part of the spectrogram as its output. 

Figure 14 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a real input. 

Figure 15 . An architecture for the differential increment stage for an 
auto-zamogram corresponding to a real input when the zamogram 
kernel is in a certain cone form. 

5 Detailed Description of the Invention . . 

Direct conventional evaluation of the cross-zamogram expressions in Eqs. 2 
and 1 requires computation of the summand and integrand, respectively, 
over a portion of a two dimensional plane for each point in time the cross
zamogram output is computed. A more computationally efficient method re
sults when the differential increment of the output is computed at each point 
in time and accumulated to the previous cross-zamogram output. Computa
tion of the increment requires conventional or yet to be disclosed spectrogram 
circuity. 

SPECTROGRAM DISCUSSION. The spectrogram of a signal, x, 
corresponding to a window, w, can be written in the continuous case as 

S(t;u) = 1-:=-T w(r)x(t- cr)e-jZ1rurdr 
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The duration of the continuous window, w(t), is 2T. We will parameterize 
the continuous window by D = T. Analogously, for the discrete signal, the 
spectrogram becomes 

L 

S[n; u] = I: w[k]x[n - k]e-i21rku (4) 
k=-L 

When L is an integer, the duration of the discrete window, w[n], is 2L + 1. 
We will parameterize the discrete window by D = L. 

In order for the spectrogram relation to be causal, the output must ap
pear delayed. An total output delay of T +a will be allowed in the continuous 
case and a+ L in the discrete case. vVe will schematically depict the spectro
gram thus implemented as shown on Fig. 1. We can symbolically denote the 
schematic in Fig. 1 by the sequence { w, D, u, a, c }. The five parameters for 
the spectrogram are shown in the box 100. For an input, x 101, the output 
is a spectrogram, S 102. For a continuous input, x(t), the spectrogram is 
S(t - T- a; u) corresponding to a window, w(t). For a discrete input, x[n], 
the spectrogram is S[n - L - a; u] corresponding to a discrete window, w[n]. 

Typically, a sequence of spectrogram signals is desired. For example, 
as pictured in Fig. 2, M spectral lines are generated from a processor 250 
with an input, x[n]. Specifically, for 1 ~ p ~ kl, the spectral lines are 
Sp= S[n - L - a; t1l• The input 200 is presented to spectrogram processors 
201,202,203 to produce the corresponding spectral lines 204,205,206. One 
possible signal processing architecture 350 for the schematic representation 
in Fig. 2 250 is shown in Fig. 3. The input, x[n], 300 is placed into a sequence 
of unit delay lines .301, 302, 303. The corresponding input 300 and delayed 
versions of the signal 304, 305, 306 are weighted ( e.g. amplified or multiplied) 
by their corresponding window weights by using multipliers 310, 311, 312, 
313. The outputs of these multipliers are fed into a discrete Fourier transform 
(DFT) processor 330. The outputs 320, 321, 322, 323 correspond to those 
in Fig. 2. The delays are dictated (1) the time to feed the signal through 
the delay lines and (2) the delay through the DFT processor. A fast Fourier 
transform (FFT) processor can be used in lieu of the DFT processor. The 
FFT is generally computationally more efficient than a matrix-vector DFT 
architecture and results in less delay. 

CROSS-ZAMOGRAMS. Zamograms, when computed using differen
tial increments, use spectrograms as components. vVe first illustrate for the 

. i 

. }: 
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continuous case. The cross-zamogram output is first shifted. 

JT r-T+clrl-a+ . 
Z(t-T;u) = -r=-Tj~=t-T-clrl-a- cp(r)x(e-cr)y*(e+cr)e321rurdedr (5) 

By differentiating with respect to t and using Liebnitz's rule, the incremental 
output of the cross-zamogram follows as 

8Z(t - T; u) = (6) 

{x(t - T- a+)[1:_T cp*(-r)y(t -T- 2cT - a+)e-j21rurdr]" 

{T . 
-x( t - T - a_ )[Jr=O cp*( -T )y( t - T - 2cr - a_ )e-j21rur dr]* 

+y*(t -T- a+)[1:_T cp(r)x(t-T - 2cr - a+)e-j21rurdT 

-y*(t -T- a_)[1:
0 
cp(r)x(t-T-2cr - a_)e-i21rurdr]}8t (7) 

As shown in Fig. 4 with D_ = T, each of the four integrals is recognized as a 
spectrogram with respective parameters { wa, T, u, a+, c} 400, { Wb, T, u, a+, c} 
401, { We, T, u, a+, c} 402 and { wd, T, u, a+, c} 403 where 

Wa(t) = cp*(-t)II( t; ½ ), (8) 

t - I 
wb(t) = cp*(-t)II(-;y1-), (9) 

t+ I 
Wc(t) = cp(t)II(-;y1-), (10) 

and 
t- I 

wd(t) = cp(t)II(-;y1-). (11) 

One preferred embodiment of a computational architecture for the dif
ferential increment of the continuous cross-zamogram in Eq. 7 is shown in 
Fig. 4. 

The boxes containing an asterisk (*) 415, 416, 417 correspond to complex 
conjugation. If the signal is represented directly in complex form, this means 
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that the imaginary component is negated. Complex signals can also be inter
preted to be in quadrature form. Here, complex conjugation corresponds to 
negating of the signal corresponding to the imaginary component ( typically 
the sin term). If the input into a complex conjugator is real, then the output 
is the same as the input. 

Delay lines 420, 421, 422, 423 are denoted schematically by arrows with 
the time delay written inside. In this architecture, we have assumed that 

a_= a++ 6. (12) 

where 6. is a positive constant. Note that the two delay lines 421, 422 can 
be equivalently realized by two delay lines with delays D + a_ and D + a+· 
The input, y 410 is fed into two spectrograms 400, 401 and, after conjugation 
415, through a delay line 421. Similarly, the input, x 412, is fed into two 
spectrograms 402,403 and a delay line 420. Each spectrogram output _is 
multiplied 430, 431, 432, 433 by a delayed version of one of the inputs. The 
outputs from each of these multipliers is summed 440 to yield the differential 
increment, 6.Z = aZ(t;tT;u) 445. Generation of the desired result, Z ( t -
T; u) 503, is obtained by feeding the output 445, 501 through an integrater 
502 as shown in Fig. 5. The denoting of integration by 1/s stems from 
Laplace transform theory wherein integration transforms to the reciprocal of 
the Laplace variable, s. 

The discrete form of the cross-zamogram can also be evaluated using the 
same computational procedure in Fig. 4 except that digital circuitry is used 
in lieu of analog. From Eq. 2, we compute the difference 

6.Z[n - L; u] = Z[n - L; u] - Z[n - L - 1; u] 
-<p[0]{x[n - L - a+Jy*[n - L - a+J - x[n - L - a_]y*[n - L - a_]} 

-1 

= x[n - L - a+]{ L cp*[-k]y[n - L - 2ck - a+Je-i21ruk}* 
k=-L 

L 

-x[n - L - a_]{L cp*[-k]y[n - L - 2ck - a_Je-j2rruk}* 
k=l 
-1 

= x[n - L - a+]{ L <p*[-k]y[n - L ~ 2ck - a+Je-i21ruk}* 
k=-L 
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-1 

+y*[n - L - a+J I: <,o[k]x[n - L - 2ck - a+Je-jZ1ruk 
k=-L 

L 
-y*[n - L - a_] I: <,o[k]x[n - L - 2ck - a_Je-jZ1ruk (13) 

k=I 

One preferred computational architecture for the differential increment 
of the discrete cross-zamogram in Eq. 13 is shown in Fig. 4. The windows 
for the discrete implementation follow from Eq. 13 are 

Wa[n] = <p*[-n]; -LS n:::; -1 (14) 

Wb[n] = <p*[-n]; 1 Sn:::; L (15) 

wc[n] = <p[n]; -LS n S -1 (16) 

and 
wd[n] = <p[n]; 1 :s; n :::; L (17) 

The boxes in Fig. 4 containing an asterisk (*) 415, 416, 417 correspond to 
complex conjugation. If the input into a complex conjugator is real, then 
the output is the same as the input. As in the continuous case, delay lines 
420, 421, 422, 423 are denoted schematically by arrows with the time delay 
written inside. In this architecture, we have assumed the relation in Eq. 12. 
Note that the two delay lines 421, 422 can be equivalently realized by two 
delay lines with delays D + a_ and D + a+. The input, y 410, is fed into two 
spectrograms 400, 401 and, after conjugation 415, through a delay line 421. 
Similarly, the input x is fed into two spectrograms 402, 403 and a delay line 
420. Each spectrogram output is multiplied 430, 431, 432, 433 by a delayed 
version of one of the inputs. The outputs from each of these multipliers is 
summed 440 to yield the differential increment, 6Z[n - L; u] in Eq. 13. 

Generation of the desired result, 6Z[n - L; u], can be performed using 
the accruance processor in Fig. 6. The output 6Z[n - L; u] 445, 610 is input 
into the processing architecture along with the same inputs 412, 410 , x[n] 
613 and y*[n] (note conjugation) 616 that were used, respectively, to compute 
6Z in Fig. 4. The signals 616, 613 are multiplied 619 and fed to a delay 
line 620. The delay line output is run through a second delay line 621 and 
recombined with an undelayed version of the signal 622. This combination 
is weighted by <po = <,o(0) 630 and added 635 to the differential increment 
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610 and the previous zamogram output, Z[n - L- l; u] 640. This sum is the 
desired Z[n- L; u] 650. At the next discrete point in time, after being passed 
through a unit delay 645, this output value is used to compute Z[n-L+l; u], 
the next zamogram output value. 

CONE ZAMOGRAMS. A special case of the discrete architectures in 
Figs. 4 and 6 is when 6. = 1. 

Another special case occurs when a+ = a_ = a which dictated that 
6. = 0. The continuous differential increment in Eq. 7 can then be written 
as 

8Z(t-T;u) = (18) 

{x(t - T - a)[1:_T <p*(-r)sgn(-r)y(t - T - 2cr - a)e-iZ1ruT dr]* 

(T . 
-y*(t -T - a)[J,.=-T cp(r)sgn(-r)x(t -T- 2cr - a)e-JZ1ruTdr]}at (19) 

where sgn(t) = -1 if t < 0, sgn(t) = 0 if t = 0 and is otherwise one. 
An architecture for generating the differential increment of the cone form 

of the continuous cross-zamogram is shown in Fig. 7. The inputs 710, 711, 
after proper conjugation 715, are fed to spectrograms 720, 721. The spec
trogram outputs, in one case conjugated 735, are multiplied 740, 741 by an 
input fed through a delay line 730, 731. The outputs of the multipliers 740, 
741 are summed 745 to obtain the differential increment 6.Z = oZ(t;T;u) 747. 
This output, when· fed to an integrater 502, produces the desired zamogram 
output 503. 

The cone form for the discrete form of the cross-zamogram follows from 
Eq. 13 for a+ = a_ = a. 

6.Z[n - L; u] = 

L 

x[n - L - al{ L <p*[-k]sgn[-k]y[n - L - 2ck - a]e-iZ1ruk}* 
k=-L 

L 

-y*[n - L - a] L cp[k]sgn(k]x[n - L - 2ck - a]e-jZ1ruk 
k=-L 

where sgn[k] = sgn(k). 
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An architecture for generating the differential increment of the cone form 
of the discrete cross-zamogram, shown in Fig. 7, is the same as for the con
tinuous case except that digital circuitry is used. The inputs 710, 711, after 
proper conjugation 715, are fed to spectrograms 720, 721. The spectrogram 
outputs, in one case conjugated 735, are multiplied 7 40, 7 41 by an input 
after being fed through a delay line 730, 731. The outputs of the multipliers 
740, 741 are summed 745 to obtain the differential increment 6.Z[n - L; u] 
747. This output is fed to the accruance processor shown in Fig. 6 along 
with the same inputs 613, 616 as in Fig. 7 611,612 except that, for the case 
of y, conjugation is required. 

AUTO-ZAMOGRAMS. The auto-zamogram is a special case of Eqs. 5 
and 2 when x = y for the continuous and discrete cases res.pectively. In both 
cases, we will assume that the kernel, <.p, is an even function. 

For the continuous case, the expression for the differential increment fol
lows from Eq. 5 for x(t) = y(t) and cp(t) = cp*(-t). After some expression 
manipulation, we obtain 

8Z(t -T; u) = (22) 

2?Rx(t-T- a+)[1:_T <.p(r)x(t-T-2cr - a+)e-jz1ru1"dr]* 

{T . 
-2~x*(t -T- a_)[;T=O cp(r)x(t-T- 2cr - a_)e-J21ru1"dr] (23) 

where ?R denotes the real part of Note that this differential increment is real 
even for complex signals. 

In order to describe the processor for this continuous auto-zamogram, we 
introduce a schematic for conjugate multiplication in Fig. 8. Two complex 
numbers, f 810 and g 820 are c<?mbined to give 

h - ?Rf g* 

- ?Rf g* 

- ?f?.f X ?f?.g + <:sf X 2sg (24) 

where 8' denotes the imaginary part of This operation is schematically de
picted by the circle inscribed within a box with a multiplication sign written 
in the circle 840 and will be referred to as conjugate multiplication. 

An architecture for the auto-zamogram in Eq. 23 is schematically de
picted i.n Fig. 9. The input, x = x( t) 900, is doubled 905 and input into two 
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spectrograms 910, 915 and a delay line 920. The expressions for the contin
uous spectrogram windows are given in Eqs. 10 and 11. The output of one 
spectrogram 915 is conjugately multiplied 921 by the delay line output. The 
delayed signal, after passing through a second delay line 925 is conjugately 
multiplied 930 by the output of the second spectrogram 910. The outputs of 
the conjugate multipliers are combined 935 to produce the differential incre
ment, t:::..Z = 8Z(t - T; u)/ 8t 940. This differential increment is placed into 
the integrater 502 to yield the desired output, Z(t-T;u) 503. 

An expression for the discrete auto-zamogram differential increment is 
obtained by setting y[n] = x[n] in Eq. 13 and assuming a Hermetian relation 
for the kernel. 

cp[k] = cp*[-k] (25) 

After some manipulation of Eq. 13, we obtain 

t:::..Z[n -L; u] = (26) 

Z[n - L; u] - Z[n - L - 1; u] - cp[0]{I x[n - L - a+ 1
2 

- I x[n - L - a_ 1
2

} 

-1 

= 2?Rx*[n - L - a+J L cp[k]x[n - L - 2ck - a+Je-i2
1ruk. 

k=-L 

L 

-2?Rx*[n - L - a_] L cp[k]x[n - L - 2ck - a_Je-i21ruk}(27) 
k=l 

An architecture for the auto-zamogram in Eq. 27 is schematically depicted 
in Fig. 9. The input, x = x[n] 900, is doubled 905 and input into two spec
trograms 910, 915 and a delay line 920. The expressions for the continuous 
spectrogram windows are given in Eqs. 16 and 17. The output of one spec
trogram 915 is conjugately multiplied 920 by the delay line output. The 
delayed signal, after passing through a second delay line 925, is conjugately 
multiplied by the output of the second spectrogram 910. The outputs of the 
conjugate multipliers are combined 935 to produce the differential increment, 
t:::..Z = .6.Z[n - L; u] 940. This differential increment 940, 1010 is placed into 
the accruance processor illustrated in Fig. 10 with the purpose of generating 
the desired result, Z[n - L; u]. With reference to Eq. 27, 

Z[n - L; u] = t:::..Z[n - L; u] + Z[n - L - l; u] 
+cp(0]{I x[n - L - a+ 1

2 
- I x[n - L - a_ 1

2
} 
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The signal input into the first processor 900 is also introduced here 1020. 
First, in accordance to Eq. 28, the magnitude squared 1030 of the signal is 
computed 1025 

I x[n] 12= {~x[n]}2 + {8'x[n]}2 (29) 

(If x[n] is real, I x[n] 1
2= x2[n]). This is placed into a delay line 1035. 

The delay line output is fed into a second delay line 1040 the output of 
which is combined 1045 with the output of the first delay line. This value 
is weighted by <p0 = r.p[O] 1050 and added 1055 to the differential increment 
1010 and the previous zamogrnrri output, Z[n - L - l; u] 1060. This sum 
is the desired Z[n - L; u] 1065. At the next discrete point in time, after 
being passed through a unit delay 1070, this output value is used to compute 
Z[n - L + l; u], the next zamogram output value. 

AUTO CONE ZAMOGRAMS. A special case of the discrete archi
tectures in Figs. 9 and 10 is when~ = 1. This corresponds to the cone kernel 
zamogram published by Zhao, Atlas and Marks when the input is complex. 

Another special case of the discrete procedure occurs when ~ = 0 and 
a+ = a_ = a. The differential increment in Eq. 27 becomes 

~Z[n - L; u] = Z[n...:.. L; u] - Z[n - L - l; u] 
L 

= -2~x*[n - L - a] L r.p[k]sgn[k]x[n - L - 2ck - aJe-iZ1ruk (30) 
k=-L 

The architecture for this second cone shaped kernel is shown in Fig. 11. The 
input, x = x[n] 1110, is multiplied by negative two 1120 and input into a delay 
line 1130 and a spectrogram 1140. The outputs are conjugately multiplied 
1150 to produce the differential increment, ~z 1160 which is input 1210 
into the accruance processor shown in Fig. 10. For the parameters under 
consideration, we have 

Z[n - L; u] = ~Z[n - L; u] + Z[n - L - 1; u] (31) 

The processor input 1210 is simply added 1215 to the previous zamogram 
output, Z[n - L - 1; u] 1220 to produce the desired result, Z[n - L; u] 1225. 
This result is fed through a unit delay line and used to compute Z[n-L+ 1; u], 
etc. 

AUTO-ZAMOGRAMS WITH REAL INPUTS. To this point, we 
have allowed for all signals to be complex of represented in quadrature form. 
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Until otherwise stated, we will henceforth restrict all signals, kernels and 
windows to be real. The kernel functions, <p, will be assumed to be an even 
functions. In such cases, the auto-zamogram is real. From Eq. 23 and 27, 
the differential increment is also real. 

For our working assumption, the continuous differential increment in 
Eq. 23 can be written as 

&Z(t -T; u) = ?R&Z(t - T; u) (32) 

= 2x(t -T - a+) 1:_T cp(r)x(t-T - 2cr - a+)cos(27rur)dr 

-2x(t - T - a_) 1:
0 

cp(r)x(t - T - 2cr - a_)cos(27rur)dr (33) 

From this expression, we conclude that only the real part of the spectrogram 
is now required. From Eq. 3 · 

. T 

?RS(t;u) = 1-,,.=-T w(r)x(t- cr)cos(27rur)dr (34) 

This operation, using a cosine transform rather than a Fourier transform, is 
schematically depicted in Fig. 13. It is similar to the spectrogram schematic 
in Fig. 1 except that the frequency variable 1310 is circled 1315. For the 
continuous case, the input, x = x( t) 1320, into the processor 1325, yields 
an output of ~S(t - T - a; u) 1330, which is the real component of the 
spectrogram. 

The auto-zamogram architecture corresponding to Eq. 33 is shown in 
Fig. 14. The input, x = x(t) 1410, is doubled 1415 and input into two 
spectrograms 1420, 1425 and a delay line 1420. The expressions for the 
continuous spectrogram windows are given in Eqs. 10 and 11. The output 
of one spectrogram 1425 is multiplied 1430 by the delay line output. The 
delayed signal, after passing through a second delay line 1435 is multiplied 
1440 by the output of the second spectrogram 1420. The outputs of the 
multipliers are combined 1445 to produce the differential increment, 6.Z = 
&Z(t - T; u)/&t 1450. This differential increment is placed into the (real) 
integrater 502 to yield the desired output, Z( t-T;u) 503. 

For the discrete case, from Eq. 27 

6.Z[n - L; u] = ?R6.Z[n - L; u] 
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= Z[n - L; u] - Z[n - L - l; u] - <p[O]{I x[n - L - a+ 1
2 

- I x[n - L - a_ 1
2

} 

-1 

= 2x[n - L - a+ I: <p[k]x[n - L - 2ck - a+Jcos(21ruk) 
k=-L 

L 

-x[n - L - a_] I: <p[k]x[n - L - 2ck - a_cos(21ruk)(36) 
k=l 

Again, only the real component of the spectrogram is used to compute the 
differential increment. From Eq 4, 

L 

?RS[n; u] = I: w[k]x[n - k]cos(21rku) (37) 
k=-L 

This operation is also schematically depicted in Fig. 13. It is similar to 
the spectrogram schematic in Fig. 1 except that the frequency variable 1310 
is circled 1315. For the discrete case, the input, x = x[n] 1320, into the· 
processor 1325, yields an output of ?RS[n - L - a; u] 1330, which is the real 
component of the spectrogram. 

The auto-zamogram architecture corresponding to Eq. 36 is shown in 
Fig. 14. For the discrete case, the input, x = x[n] 1410, is doubled 1415 
and input into two spectrograms 1420, 1425 and a delay line 1420. The 
expressions for the continuous spectrogram windows are given in Eqs. 16 and 
17. The output of_ one spectrogram 1425 is multiplied 1430 by the delay line 
output. The delayed signal, after passing through a second delay line 1435 is 
multiplied 1440 by the· output of the second spectrogram 1420. The outputs 
of the multipliers are combined 1445 to produce the differential increment, 
.6.Z = .6.Z[n - L - a; u] 1450. This differential increment is input 1010 into 
the accruance processor in Fig. 10 along with the original processor input 
1020, 1410. 

AUTO CONE ZAMOGRAMS WITH REAL INPUTS. A special 
case of the discrete architectures in Figs. 14 and 10 is when .6. = 1. This cor
responds to the cone kernel zamogram published by Zhao, Atlas and Marks 
when the input is real. 

Another special case of the discrete procedure occurs when .6. = 0 and 
a+ = a_ = a. The differential increment in Eq. 36 becomes 

.6.Z[n - L; 1t] = Z[n - L; 1t] - Z[n - L - l; 1t] 
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L 

= -2x[n - L - a] L cp[k]sgn[k]x[n - L - 2ck - a]cos(21ruk) (38) 
k=-L 

The architecture for this second cone shaped kernel is shown in Fig. 15. The 
input, x = x[n] 1510, is multiplied by negative two 1520 and input into a 
delay line 1530 and a spectrogram with a real output 1540. These outputs 
are multiplied 1550 to produce the differential increment, 6.Z = 6.Z[n-L; u] 
1560 which is input 1210 into the accruance processor shown in Fig. 10. For 
the parameters under consideration, Eq. 31 is applicable. The processor input 
1210 is simply added 1215 to the previous zamogram output, Z[n - L -1; u] 
1220 to produce the desired result, Z[n-L; u] 1225. This result is fed through 
a unit delay line and used to compute Z[n - L + 1; u], etc. 

SEQUENTIAL VS. PARALLEL IMPLEMENTATION. Consider 
generation of P frequency lines of a cross-zamogram corresponding to a set of 
P frequency bins { u = up I p = 1, 2, ... , P} and to the two (possibly complex) 
signals, x and y, each of finite duration. The frequency bins can, for exam-. 
ple, be spaced logarithmically. Furthermore, consider any embodiment of a 
cross-zamogram processor with a single ( complex) output corresponding to a 
tuneable frequency u. The P lines may be computes by (1) sequentially feed
ing the same signals through the same processor P times each time changing 
the processor frequency corresponding to one of the desired frequency bins, 
(2) feeding the signals into a bank of P processors each of which is tuned to a 
desired frequency or (3) a combination of the first two methods. Tuning the 
frequency of the cross-zamogram processors is equivalent to choosing the fre
quency parameter of the spectrogram components. The previously discussed 
FFT and DFT approaches can, of course, also be used in the auto-zamogram 
architecture. 

A similar architecture flexibility is also available for the auto-zamogram. 
Consider ·generation of P frequency lines of a auto-zamogram correspond
ing to a set of P frequency bins { u = up I p = 1, 2, ... , P} and the finite 
duration (possibly complex) signal, x. The frequency bins can, for exam
ple, be spaced logarithmically. Furthermore, consider any embodiment of a 
auto-zamogram processor with a single output corresponding to a tuneable 
frequency u. The P lines may be computes by (1) sequentially feeding the 
same signals through the same processor P times each time changing the 
processor frequency corresponding to one of the desired frequency bins, (2) 
feeding the signals into a bank of P processors each of which is tuned to a 
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desired frequency or (3) a combination of the first two methods. Tuning the 
frequency of the auto-zamogram processors is equivalent to choosing the fre
quency parameter of the spectrogram components. The previously discussed 
FFT and DFT spectrogram approaches can, of course, also be used in the 
auto-zamogram architecture. 

ARCHITECTURE VARIATIONS. There exist numerous variations 
to the zamogram architectures thus far discussed that are apparent to those 
well versed in the art. Many deal with equivalent component substitution. 
These include, but are not limited to 

1 The variations on spectrogram representation. The spectrogram 
can be reconfigured in many ways. Suppose a common input, 
x, were placed into two spectrogram processors corresponding to 
{ WA, D, u, a, c} and { w,s, D, u, a, c} and the outputs of the two 
processors were added. The result is the same as a single spectro
gram processor with parameters {WA+ ws, D, u, a, c}. Similarly, 
for a given set of parameters, the spectrogram of x added to the 
spectrogram of y is identical to the spectrogram of x + y. Fur
thermore, the spectrogram processors commute with respect to 
both time delay and amplitude scaling. Multiplying a signal by 
a factor prior to placing it into a spectrogram is equivalent to 
placing it through the spectrogram and then multiplying by the 
factor. Similar, a time delay prior to the spectrogram is equiva
lent to a delay after the spectrogram.· These, and other algebraic 
aspects of the spectrogram, allow numerous perturbations to the 
preferred architecture embodiments presented in this work. 

2 The equivalence of delay and conjugation and delay to delay and 
conjugation. Thus, in Fig. 4, one or both sequential operations 
of conjugation and delay can be reversed with no effect on the 
resulting outcome. 

3 Delays of D + a+ and D + a_ are required in Figs. 4, 6, 9, 10, 11 
and 14. In these figures, this is accomplished by two delay lines 
with delays D + a+ and ~- Clearly, the same operation can be 
performed with two delay lines with delays of D + a+ and D +a_. 

4 The equivalence of weighting a delay with delaying a weighting. 
For example, in Figs. 6 and 10, the weight, cp0 630, 1050 can be 
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removed, replaced by an identity operation, and placed immedi
ately after the multiplier in Fig. 6 or the magnitude squared box 
in Fig. 10. Similarly, the weighting factors of ±2 in Figs. 9 , 11 
14 and 15 (905, 1415, 1120 1520) can, in each case, be placed 
at the processor output rather than the processor input without 
effecting the processor's algorithmic performance. The factors 
may also be placed internal to the processor in a number of ways 
without effecting the processor's algorithmic performance. 

5 In many instances, only proportional outputs are required. That 
is, we require a signal that is only proportional to the zamogram. 
In such cases, the zamogram processor can be scaled by an ar
bitrary factor. The multiplier in Fig. 9 905, for example, can be 
deleted if the corresponding input 1020 into the accruance pro
cessor Fig. 10 1065 is halved. If the weight 1120 in Fig. 11 is 
deleted, the output 1225 of the accruance processor in Fig. 6 will 
be -½Z[n - L; u] rather than the Z[n - L; u] shown. Similarly 
deletions of the weights in Fig. 14 1415 and Fig. 15 1520 can be 
made. 

6 Numerous scalings can also occur internal to the zamogram pro
cessor that still allow proportional computations. The delay line 
920 in Fig. 9, for example, can contain attenuation of, say ,. 
That is, the input is not only delayed, but weighted by,. In the 
same processor, assume lossy multiplies. That is, suppose both 
conjugate multipliers 930, 921 yield a factor of /3 times the ideal 
multiply. Then the output 940 will be equal to ( ,/3) 2 i::lZ rather 
than i::lZ. The accruance stage in Fig. 10 must, at some point, 
scale the input 1020 by the same factor. This can be done, for 
example, by using (,/3) 2 a 0 rather than a 0 for weighting 1050. 
Similar variations to other zamogram processors herein will be 
apparent to those well versed in the art. 

7 The use of half wave rectification on the zamogram signal to set 
all negative values to zero. This has been shown to be an effective 
display device in the work of Zhao, Atlas and Marks. 

Applications. Time-frequency displays are used in a number of appli
cations. Zamograms computed using the differential increment approach are 
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applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals indude, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as computational means of visual display of zamograms. 
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1 Field of the Invention 

The invention relates to digital evaluation of the real and imaginary of com
ponents of a discrete spectrogram when the signal window can be expressed 
as a truncated trigonometric series. The untruncated series can always be 
expressed as the response to a discrete resonant circuit. Truncation is ac
complished by the coherent superposition of the untruncated signal with the 
a shifted version of the same untruncated signal in such a manner as to make 
the overall circuit impulse response of finite duration. When there is both 
sinusiodal pre and post multiplication, the resulting output is a single line of 
a spectrogram. A number of such circuits can be placed in parallel tuned to 
arbitrary frequency bins to achieve spectrograms with any desired frequency 
scaling. Alternately, the same filter can be sequentially exposed to the same 
input with each presentation corresponding to a differently chosen resonance. 
The circuitry can be damped to assure stability. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
of signals. The zamogram is a TFR with quite good resolution in both time 
and frequency that uses the spectrogram as a component. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 
w[k], is 

L 
S[n; u] = L w[k]x[n - k]e-i 2

11"ku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 
window. This patent contains computationally efficient architectures for the 
generating spectrograms when the windows can be mathematically expressed 
as a truncated Fourier cosine series. We also present architectures for the 
more.general case of when the window is expressed as the weighted superpo
sition of exponentials with complex coefficients. 
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3 Summary of the Invention 

The present invention describes a digital signal processing architecture for 
generation of lines of a spectrogram. Windowing is accomplished through 
the use of conventional infinite impulse response (IIR) digital filters. A delay 
line is used to in conjunction to this IIR filter to make the composite response 
finite in duration. The composite impulse response is the window used in the 
spectrogram. Each IIR/ delay filter processor generates a single frequency line 
of a spectrogram. A number of such processors have the ability to compute 
in parallel the spectrogram over any desired sampled frequency interval with 
arbitrarily chosen spacing. Logarithmic spacing, for example, can be chosen. 
In addition, the window from line to line can be chosen to vary. Alternately, 
the same IIR/ delay filter processor can by swept sequentially with the same 
signal with each sweep tuned to a different frequency and/or window. 

4 Brief description of the,drawings 

Figure 1 .. Architecture for generating a spectrogram using a filter with 
the impulse response of a window. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained from a periodic resonant circuit and delay 
circuitry. 

Figure 3 . Use of periodic resonant and delay circuitry in the genera
tion of a line of a spectrogram. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate a 
Hamming or Hanning windowed spectrogram line. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 
Blackman windowed spectrogram line. 

Figure 7 . Architecture for generating a spectrogram using a filter with 
the impulse response of a damped window. 
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Figure 8 . A· digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

5 Detailed description of the invention 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] = e-jZ1rnu I: w[k]x[n - k]ejZ1r(n-k)u 

k=-L 

= e-jZrnu X {(w[n]ejZ1rnu) * x[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L ~ n < L. An architecture for this 
operation, using complex arithmetic operations is shown in Fig. 1. The input 
signal, x(n] 110, is multiplied 115 by a complex sinusiod 120. The product 
then serves as the input into a digital filter 140 with impulse response, w[n]. 
The filter output is multiplied 125 by a complex sinusiod 130 to produce the 
spectrogram 135. 

This patent claims architectures f0r tbP- window filter 140 based on digi
tal periodic resonant circuits ana aaruped resonant circuits. An ,rfostrative 
example of the fundamental idea using periodic resonant circuits is shown in 
Fig. 2. A discrete impulse ( or Kronecker delta), 8(n], is one for n = 0 and 
is zero otherwise. The response of a causal resonant circuit 215 to an input 
delta 210 is a causal periodic sequence, y[n] 220. By a causal periodic signal, 
we mean that, for n < 0, the signal is identically zero. For n 2: 0, the signal 
is periodic with some period, N. For the signal represented in Fig. 2 220, 
N = 4. Consider, then, placing the output of the periodic resonant circuit 
225 into a delay line whose delay is N. Using the notation z- 1 for a unit 
shift in time, the delay line 230 in the example in Fig. 2 is denoted by z- 4

. 

The minus sign 237 is used to reflect the multiplication of the signal by -1. 
The original signal uns hifted filter out put is added to this in w~rted rl ~)?..y to 
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produce the output y[n] - y[n - 4] 240. Thus, from the original signal 220, 
we have subtracted the signal shifted to the right by a period 245 to obtain 
a single period of the original signal 250. The response to the cascaded filter 
and delay line circuitry to an input impulse 255 is now a single period 250 
of the previous causal periodic response. 

The procedure can be extended to multiple periods. A delay line of length 
2N, for example, would result in two periods of output, etc. Typically, a 
period of the periodic resonant circuit's response will be used as the window, 
w[n - L]. The delay is required due to causality. Typically, we choose 
N=2L. 

The ordering of the delay line configuration and the resonant circuit can 
be switched. The delay line circuitry 260 can be placed prior to the periodic 
resonant circuit 265 and the same response 270 to an input impulse 275 is 
achieved. vVith reference to the general architecture in Fig. 1, the resulting 
architectures for the spectrogram are illustrated in Fig. 3. The modulated 
input stage 305, 306 is fed either into a cascaded periodic resonant to delay 
circuit 310 or a cascaded delay to. resonant circuit 315. In both cases, the 
line delay is for 2L time units corresponding to the duration of the window. 
In either case, the resulting output, sinusoidally weighted 320, 321, gives the 
desired spectrogram output 325, 326. 

For one skilled in the art, there exists numerous methods to design cir
cuitry for a given pole zero constellation on the complex z plane. In the most 
general case, one·can easily design digital circuitry corresponding to impulse 
responses of t'he form 

Q 

. h[n] = I:(-l)q,Bqcos[211'nuq - </>q]e-<7qnµ[n] (3) 
. q=O 

where µ[n] denotes the unit step. Such circuitry can be designed with the 
use of multipliers (including inverters), adders and unit delays. The quan
titative values of the multipliers and the topology of all of the components 
are dictated by the parameters Q, ,Bq, </>q, uq, and O'q, There exists numerous 
computational topologi"es for a given set of parameters. Such circuitry can 
be designed straightforwardly by those skilled in the art. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
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special cases of the cosine series 

Q n 
w[n] = L /3qcos[21rnq/(2L + l)]II[--] 

q=O 2L + 1 
(4) 

The Hanning and Hamming windows use Q = 1 and the Blackman window 
Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

Q n-L 
w[n-' L] = L(-l)q /3qcos[21rnq/(2L + l)]IT[ L ] (5) 

q=O 2 + 1 

Compare this with the special case of Eq. 3. 

Q 

h[n] = I:(-l)q /3qcos[21rnq/(2L + l)]µ(n] (6) 
q=O 

The window in Eq. 5 is recognized as the first period of Eq. 6. A periodic 
resonant circuit can be straightforwardly designed with an impulse response 
given by Eq. 6. Delay line circuitry 'is then cascaded with this circuit to 
achieve the desired composite window filter. 

One straightforward way to design the resonant circuit in Eq. 6 is by 
designing circuitry for each of the Q + 1 stages and connecting them in 
parallel. For n f: 0, we rewrite Eq. 6 as 

Q 

h[n] = L hq[n] (7) 
q=O 

where, for q f: 0, 
(8) 

where 0q = 21rq/(2L + 1) and cq = (-l)q/3q- The z transform of this equation 
lS 

n=O 
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Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is equal 
to the discrete convolution of the input 410 with the impulse response in Eq. 8 
with c = cq and 0 = 0q, Recognizing there exists a number of other digital 
filter architectures to generate the same operation, we will schematically 
represent the input 410, 420 output 415,425 relationship of this operation by 
a solidly outlined box 430 inscribed with parameters c and 0. For n = 0, 
ho[n] =co= /3(0). This operation can be performed by a simple multiply. 

Consider the Q = l example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, /30 = /31 = 0.5. For Hamming windows, 
/30 = 0.54and/31 = 0.46. For these parameter choices, both the Hanning and 
Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 315 shown in 
Fig.' 3. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 515 and the q = l 520 stages of the circuitry 
The outputs of both stages are added 525 to obtain the windowed output 
530. 

A Q = 2 example will be given for the Blackman window. Here, (30 = 0.42, 
/31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special case of the 
periodic resonant to delay processing 310 shown in Fig. 3. The input 605 is 
fed to the q = 0, l and 2 stages 610,615, 620. The outputs of each stage are 
summed 630 and fed into the delay circuitry 630 the result of which is the 
windowed output 650. 

The window architectures presented to this point are marginally stable. 
All of the circuits poles lie on the unit circle of the complex z plane. Stability 
can be assured by slightly perturbing the design to require all of the circles 
lie strictly within the unit circle. 

The source of the marginal stability in the circuitry is unit feedback ( e.g. 
in Fig. 4 435). Damping feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp( -o-n) where O' is a positive 
number just slightly less than one. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e_,rn 

7 
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where h[n} has period 2L. Then, for n > L, 

h[n - 2L] = e2o-Lhq[n] 

We can therefore generate the damped window 

( 11) 

(12) 

This can be accomplished as shown in Fig. 7 710. The damped resonant 
circuit 715 has impulse response h[n]. The damped window in Eq. 12 is 
obtained by cascading thic filter with a damped delay line. The output of 
the delay line is added 725 to the damped resonant circuit's output to achieve 
the desired damped frequency response. As in the u11damped case, the delay 
circuitry commutes with the damped resonant circuit without changing the 
overall response 730. - In either case, the damped window can be used to 
generate the spectrogram S[n - L; u] 735, 740 where 

L 

S[n; u] = L w[k]x[n - k]e-j 21rku (13) 
k=-L 

corresponding to input x[n] 7 40, 7 41. 
We can write Eq. 10 as 

Q 

h[n] = L hq[n] (14) 
q=O 

where 
(15) 

For c = Cq and 0 = 1rq/ L, one of many possible digital filters for this impulse 
response is shown if Fig. 8. The input 805 into the circuitry 810 produces an 
output that is the discrete convolution of the input with the impulse response 
in Eq. 15. We denote the general class of digital circuits with this response by 
the parameterized bold outline box 820 shown in Fig. 8. The input into this 
parameterized box produces the same output 830 as in the specific damped 
circuitry. 

A digital filter for Q = 1 damped Hanning and Hamming windows is 
shown in Fig. 9 using the delay to damped resonant circuitry cascade 730. 
The input 910 is fed to the damped delay circuitry 915. Then= 0 component 

8 
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of Fig. 15 can be realized by a first order feedback circuit 920. The output 
of the delay circuitry is fed into this circuit and the n = 1 stage 925. The 
outputs from both stages are added to produce the damped windowed output 
935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using the damped resonant to delay circuitry cascade 710. The input 1010 is 
fed to the q = 0, 1, 2 stages 1015,1020,1025. The outputs of the three stages 
are summed 1030 to obtain the damped windowed output 1035. 

More generally, those skilled in the art can straightforwardly design filters 
with impulse responses of the form 

(16) 

where Wq is a phase factor. Eq. 12 results in a window of finite duration. 
This allows additional flexibility in the design of damped windows through 
the method of Fourier series representation. 

We emphasize the existence of a number of implementations of digital 
circuitry for a given impulse response. One can, for example, combine the 
q = 0, 1 stages 920, 925' in Fig. 9 by writing the z transform transfer function 
equations for the q = 0 stage 920 and the q = 1 stage 925 and combine them 
with a common denominator. The resulting equation can be implemented in 
the Direct form II method described by Oppenheim, Willsky and Young. The 
resulting circuitry will be different than that in Fig. 9, yet the input-output 
relationship will be different. Indeed, similar procedures can be applied to 
combine the delay and resonant circuitry. 

Applications. Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

10 
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k=-zL 
2.l 

- L. f(k)x(n-k)x>1c(~)e-Jz-rrpk/A1 

k.:. ' 

~L 
- 2 ~ L '°(I<.) x(n - k.} x*(n) e -t)°-z:rrf l</A-f 

Jc.: I 

..j. 2 t?c.. ~ -f (/<.) X(n- k +1) X ,t (()+I) e -;r2.irr~/. 
k=--2.L 

1<.=---2L 
X(n+ 2L+ t 

.:Tkx,t eJ zrrpn/M 'ZL.; 
/ / 1c~o 
+ ~X,tn+1)e_jzirfn ~t 

k=-2 r_. 

~. 2Trp(n k)/M 



6 c ( up i t1 .. 2 L - 1 ) 

: f ( o ) [ I X ( n - 2L) / -z. - / x ( n • 2 L -, ) / ~J 
-jirr11ll 2 L .. k) 

- ~ & X • ( n • ~ L .. , ) e P L f{ k. ) x ( n -z.L - 1 -k) e! 1. rr " - ll,_ 

""') k=' • ' 
-,. '2. ~ X t (fl - 2.L) e j 2 11(_"' Lip j:1f(k ..,.,2L)x(n-k) e J2.rr( n k +2L) u, 

k.:. 0 

= f ( o) [ J X ( o • 2.L ) / z - J X ( n - 2 L - J ) J ~ 

- ;e_ [x~(n •2L-1 )ej.zrrnup}[ fC(~ )¥ [X(n-;1.(-1) e. 2TTiJUPf 
~ L: -

➔ ~{ x" ( n · :2L) ed:z~uP J [ f 5(n) * [ x (n) e j 2-;r( ♦ 2L+r)t.1~ 

i -
If llp :: '.½A4 or- jft.( L 

1 

mar vse. t') i(\steacl of n+ 1 
(Lal:.ef" 



SB 

TI us: 

~ {wn t-{>7'{ll -m )~ 
&!':J.. {wffl -I- ) ... z-JU:2., lJ ( I(} - I ) +- -r 
_ _;:,_.._--1-:...------~~__._.. l 

I - ;z ~-, &r.Cw) f 2 -2 

~ (wm + t/>) - ~-• ~ [tv Cm , ) ,-cpJ 
' . 

I- z~-~l() +- ~-2.. ~ 



Th.vs: - L ~-• 
-fc.(n)~ fPc..(~)::. zo<, ~t 

[ 
(!"'2,(:fc ) - 2 _, 

+ 4oe'.z I - 2. ~-•Ut:J..( 1i,)-f- iz 

:: ,Z o( I ~ ._ ~ [ _
1 

_ ~ - 2. L J 
,-:z-• 

L/o(~ [ 
+ , - 2 z·'cm (*) + z -,? ~(ff_ ) • ~-•- e.cuQ!°+lf.) ,- -i J ~.,,. 

=- zo<, ~-, [ -2.L] 8o<z [A-A£)- i! -•] 
I - t -• 1 - r + ---:-l.,.Q-~_L--,--___ _ 

,. .., ~ ... "A"'\/ ;n:::_) + - ' 
y - 2,o( I °l -1 ( I - C- - ~ L ) r - ~ oz; .......,~ L ~ 
X - l - ~ -, 

r ( I - z-•) : 2. Ol I C. - 1 
( l - i!-ZL) .X, 

y : 2. o( I ~ - f ( I - ~ - 2L.) X: + '2:, -I Y: 

2. 
.x. _ <a'~~ c~ c~u -~-~ 
r - 1 _ 2..~-1 C-t:Y21f_ + ~ -2: 

Y::.- ~o<2.[~(if)-z:']!+~~-•~~)-~-~ y 



-

'fe(n) 1 --
~ 

_, 
2 o<, c - - - - -- r- - r r .. 

- c-l.t..a 
- j I -

lf-1 If~(!£) 
i! _, l!-1 

-.. 

Note·. '3 a lar~e nu1r1ber cf o-the.- f-; lters 
'V·• -r '1 the.. sct"'m e 1-1 l c \ -

78 



.8€ 



{j C(u,,; n-2.L-1) 

= f(o)[x~(n-zL)- x-z(n-2.L-1)] 

+ x( n -n) C4l{ ~rr( 11+1) up) [ f s(,.,) * f xc,.,) ~ 2rr (n+ u,) ui 

-)((n .. 2L-1) C6.l.. ( z-rrnur) [tc(tl) "'f X(n-2L-I )~ (-zrr ,n )J] 

- J( (n- 2.L).4k.(~1r(fl +,)up) [ f 1") * f x( n l-4-ut 2rr (,, :2 +1) u,3] 
+ X(n-'2L-/ )~ (2:rrnup) [ fc.(rJ) ,t l X(rJ-2L-I )~(?TT ,o n)j] 

-2L. 

-1...----..-~~-4.---l(f1--r---j------~~~-)~ 

Co:>.. ;ur(n+2L+l)ll p 

X(n) 

t°-f (ni}- ..., 

~ 
- '2.l,.. 

~ ~l (t~n,I 



' . 
I 

01 
Sfec.TROG 

5 ( i . u ) : J 2 r ~ (-;-) X (t . -;- ) e -j 2:rru 1j i 
1 2.r· I I ) 

= [ -f( f) u,aCJrru t) TT (q";- )] ~ ir x {t) 

.,,.d [f(-t')~(zrut)TT(ir)J * x(t) zJ 
4 ,.. . 

.: S (t; U) + d S 
1 

(ii· U) 3) 

r( J 
/(t) e6J. (zrrut )Tr(t:/ttr) 

s t·u 
-- I 
~ 

.,. 

)((t) 
I -

f 

- . I - S (t/U} -' -f Ct) -(21Tu-t.)1T(¾ T) ► - y L -

' r I 

:: 5 ( t: • '2:T; U) -t\J S (t; -z. T; CA) 

S " ( t · 2 7JJJ =- tr ( t- :n) Cai ;).1T u (-1:. • :i T ) TT (t,j: il -1r '{.(t;) 

~ S; (t ·2Ti u) :r f(t · 2T ).M,f, :uru(t: ·2T) Tf(\-.;:-Til * X j 



h,. (t J; -f(t - z T) ~r~u(c ·ZTJ]rr(t-'-I-TZT) 

t, i (t ) :. -f( ~ - Z T) ~ [ 21TU ( t- 2.T )J TT(ti; ;-r) 
r 

S (t;u) - hr(tJ -.,. ... 
X(t > 

I 

. -
' . h1 

(t) -. . 
1,.--

s 1(t✓• t-6) 

Ex: y,,.; g Pc1/"" ,.,;a I W; ri J" w s ·. 

f ( t; ) ,:: A a, caj, el/T(;rt ) -rrciff=) 
f ( t · 2. T ) = ~ c1

1 
Cdcl-, [ ~7 ( t - ~T )] 

C(p_[2~'J/ -1ry] = (- l) 1 ~ ( A,p;.'It) 

-f(t - 2. T)" t (-1), d ~:['1 t-) 
7=0 1 T 

i{(-t) = b,c.c;i. [:ziru (t- zr J] co:i.[~'!;,'i(t.:zTi]rrCt,i T) 
1=0 . 



03 



Cot> s i e,.... 
I l 

s 4-J ( a 4- b ) ... +- -S--'--..-d -(a---,-h---) 

S -t d (a -b) + s +-J (a +b) 
= [s + J ca i- b)] [ s +-J Ca - bJ] 

2 [s -t-j aJ 
= .. [s ~- (az- b')]+ j s [ (a +b) t-(a-bJ] 

_ _ 2 ( s + J a ) . • ( s 2.,._ h '2._a '4 ) - • .2. as 
- ( s 2 + h ~ - a <- ) + J 2 a s ( s -z.+ h z. - c1 c!!) ... J 2.a. s 

-~ o( s 2..- h '2_.a~) + 2.a zs3"'" J i a (s '4-h 2-a,)- .2a s ~ 
- [ s 2.+ h -:z. - a 2. J 2.. + ( 2.. a s) ~ 

- .2. s ( s 2..,_ h 2.) + a 2s 1 + · a ( b -z_ a 2 ) - as 2.3,J 
... s 4 + ~s~ b~+c:1 2 ) ,- b"- c:1' 

,. :2. [s ( s .,_+ a'2.+ 1/')•J a (sa+az- b :a.)] 
[? 2 -(a +b>2-J [sz_ (a -b) 2

] 

Thus 'l • ~ · J (-l) a eJl/1TUT -'/ST -1 'ITrU• 
Ji
1

Ct)<__,. · "t:;J s, - e e q 

s ( s ~ + a "2.-1- b '2.) - J a· ( s '+ a 2.. - b' ) 
[_s 4

- (a+b)z.][s'-(a-b)~ 

a = ;2.TTU 
7r".f 

; b = ~T 

{) 



h?t ) .....,,, c· 1) 1 a 1 l-S-'Z --(a_+_~ -)'J_[ _s z-_-(-0 -_ b-)-~ 

[~4-rrur) {1 - e-~sT} s ( s "- .. ,. ... .., b~) 

.,_ ~ 'ITT u r) ~ 1 .,_ e - 'I 5 T] a ( s ~ + a "- b ~ ) ] 
-1 

=-<-•>,a, [i- s·"c~+h)'][! - s·<(a-1,)'-J-

[ ( J - e-'isT) ~ ( 41TUT) [ i + s-2.ca 'Z.~ b' )] 

+ ( i -1- e ·'lsT) ~ ( 'Irr u T) a s· • [ 1 + s ·'"(a..,_ b 2 l] ':\' 
. -----=-'--:-;;:~-=-~---:-:-:::-::::; h~ (t) = c_-, )q d, [s~-(a2.+ b?.)] [s~-(g- b ) 2

] 

[-(1 .. e·'4 5T) a (s 2 +a'-b') C!a:J..(~ut) 

+ ( 1. + e -q sT) s ( s "+ a z... b "- ) ~ rr u t-) J 
s-• 

= t ' ) , a, [ i - s -z (a + b ) 2.J [ 1.. - s -2 
( a - b ) 2 J 

[ (, - e-'isT )(-a) s .. 1 (1. + s· 2(a2.- h-z.) J ~ t-) 

+{ (, .,_ e-'IST) ( 11- s· 2 (az.-1-h")] ~ (z.-rrut )] i< 

1 _ YCsJ 
i - c S --z. - .Z:-Cs) 

TCs)= XC.s)+ c.s· 2 YCs) 

.X-Cs) 

I 



(-,/'a, s-1 .1 1 i ~(q,rut) 

► 1 : : / • 1 : / > [ : ~ ~~qrrur):: 
5"2 (a•J,)'- s·~(a-b)'- e·'ITS = =® 

~-z.<a.z-t-h' 

@ .. £,.. Ji\ ► 

s-'2(a 2 -h2
) .. 

i 

@) .. < 5- ~. 

s -~( a 2 + h 2 ) 

,.. 
Sj(t;u) 

• 
I 

s1(t;li) 

a : 2rru 

b::. 1r;/:z.r 

~ 

110 

""'' 

c::; 

~ 



h;(t)~s-z.~0 c2.iru)2. Ls (,-e-<4 5
') ~ :zrruT. 

•(~1TU) ( I ... e -'IST) ..4-hi, ( 2.irur) J 

IJ? 

; ao r · ( -/./ST) 
ho(-t:) ..c, >- s-:z.-t ( -zvu)Z - 21TU 1 - e c..o:2. 2.TT UT 

( -"fST) f_ , J + s I +- e J. A-,iA1.. ~7T u T) 

S:( ) "' •2T;u 



08 

£xc>"'actin~ Commot\ Delay _Circui-f:f'/~ 

O(s) 

1 C-o:l- (2.Ti<I T) - (ZTTU) s· 1 



do S • I do 5 _, 

J + (2rru)as-2. = I+ a-z.s-2.. 



,- q=-0 rar I 

© 



I 

'{}(r) 

a J T St- :Z. (-1: - T j U) = f>( r) 
~=- T 

x [ t- n c/71- a+ -er] 7*[t - T + c/-rl-a+ + c, 

e -J ,-rru, Jr 

-1 T f(1') 
i=- T 

x [ t - r - c 11-I - a_ - c. i J ,Y * ft - T -c. I "t I - a_+ c ,~ 

e-d2-rru-r cl-r Ce:) 



21 
~t ~ ( i:: - T; l-f ) 

J f J) ) [ ] * [ ] -J 2.TT ~ =- 1'::.o 7 (1' X t - T-c3+ Y -t;- T + 2C7'-cl+ ea 'J 1 



5c_(t. -. r-a·; u )-= J r -J2TTU7: 
_ 

7 
W(r)x(t- r-a-c:r)e d1 



It t=-o 

-er~, -a_ <3" < 

_j~-Ck 

-a+> - a_ 
~a_> a+ 

c1;1-a.,. =-) 

) 

a_ = c:3-t- -t- 6. 

S (t - T- a U ~ -, 

"' 



II -f'(t ~ -,o*(--t 
Wa ( t ) = f-4 ( - t:) "TT" t +_ ,T l'2 

W&(f)::: f*(-t) rrct:-T"lt'l..) 

Wc(-tJ= iY-t)TT(-t-;_,77') 

WJ{t:) :! -f'( l) 1T (~-z,) 

y(1:.) 

cc 

.T 

e-s( '.T+ a-+ 

W c. T 

tA 

T 
)((t) 

a.. c. 

a_=- a,...+o 



s 

rf 

Cases 

~(t)= f'*(-t) 

Wa(t)=- WJ(t) ~ W.1,= We 

, 
X 1 f 

I 

cc s 

a r-e re a f no 
/ 

I 
c.c. s 

E7 u i v a / er1 t- d e / a y I i ,i e c_i r-c u ; -t:: r-y 

* Sf ec.-t. r-og;ra M e1 u; val enf:s 

a 

e -sb Wa 

--
a 

T 

c.. 

T 

C. 

-sh e 

W4 

--
a+J, 

T 

C 



' £7 

w, T 

-
a C. 

W1-+W"L r 
----- --

W2 T a C 

-· -
a C 

(c) 

5 (t · u) = 
C I 

J_ : 
Sc. ( t - ?t; u ) :: 



_, 

CROSS CoNc J<ERNE:L 

a+=- a_ =- a 
11 =- o 

Can use. ES with 6=o, a-t=;J-=a ~, 
F;-om f E' 3 

§2(t-, Tiu) 
~t . 

[J o . J* ~ ~2~? 
:. X ( i - T- d ) r:.- __ T f' (- 1' ) / ( -t · 2 T-Z c ?" -a ) e .,I I 

~ - . -z1ruT [ J .T ]lf: 
- x(t- T-a) "r=o -f (--r) 1(-1:.-2.T .. 2c1"-a)ed d-t. 

b 

+ '!"' (t- r-a) [ J.,.,,. /Cr l x ( t: - 2.T• 2.c. ?'-a ) e. -J .,_.,J ;J 

Oe.:f,n e 

w.1 ( t) = f'{t) 7': (-t ) 

w2. ( t J =- w1*( --+:) 

~ ({-1-) r (--ti 

.. 
tB 



• 

T 

y{t) 

}( (t) 

a C 



1:10 

Srec.ia I Cas~.s 

~ r~ i' {t) = f~(-t; ) ., then W 1 =W, 
Tf I 

* X :J re..a I~ no 
I 

/ are c.c s 

* Oe/ a1 ~ srec.-1::rog;rar'I-'} £"' i v; Va /-e r1-f:. S 



E:1/ 

T f X = y °l f ( t ) = f "'(--1:,) 

From E:3 

f>~(t.- .Tju) 
~t 

1: x(-t - .T- a .. ) 

[ J T ..P )t ) ) -;, -z:rrt1 J * 
- X (c - T- a - ) '?'=-

0 
/ ( - 1'" X ( t: - T- 2c ,-d. - e_ I 

+xit:- r-a-t-) [J O 
'f(-r) x (e- T-2.c.-r-cI+J e-J 7.rru J,] 

1'::- .T 

- x*(t- r-a_) [ fr=: f( r) x(t - T-2cr- a_) e -J ,1r,rrd ,J 

=2~ x(i- T-a+1[/r.~ ri';~c.x(-t- T-2c?'-a,_)e-Jz1T JJ>i: 
- 2 ,,e,__ x* ( t- r- a_) [ J

1
,,: -f (-r) x (i::- T- :z.c?--a_) e-j "'ird'-i-] 

..__/ 

\)}~ 



E 12.. 

wJ T " " r 

u 

a.- C 

2 e 
• (2T+a+)S 

~ 
X(-t J 

/ 

I 
W,c 

u 

a C. 

where • o< ~ o<,.. ... d ,o<; 

/3 = /3,. ... J /3; 

('J ,-fvr. I I §} o( 11 -c<· g. 
" ~ 

Va f"·1 a t·,on s: 
* No c c. '.s ·, .f. X , s r ea/ 

* Oelay i 5fec.crog;ram ~ 1viv. 

* 2 C.~r) be rut- lot.s· Or} Flaces 

* a_ -=- a+ = a (see G)) 
>k ~x == t2a x* 



X = Y J f'(t) = -f * (--t:} 

a_ = a..,. =- a 
Can wr;te tll as 

t,;(t- Tif!) 
~-t 

=-~ ~ x(t.- T-a) 

[ f 
T • 

JJ{ ) , -J '2.TTLI 
r= · T 1 -r) ~· (-r x(t- T-'2.c?"'-a)e d 

X(-t) 

-..z 

Va.,..iat'1on s 

* 
* * 
* x(t, real 

w, (1' l 

w, T 

lJ 

a C 

s rectrogra m ovt:fut 

M I b 'xi 
2. 

V -1:;ply I 

/ 

\ 
"-

,..., 



l=or real i(\rvt-s: 

AvtoramograMS are Rea/ ! 
~; ·,s rea I 

Ot"J I I rea I pa rt a .J- s pec.t:rc g--ram 

i s needed ( i • e. Cos ; n e X Po r--m ) 

W T 
.. 

X(t) 

~ 
~ feG2-

a 
(0 

~ } w(..,.) x (t - r- l ~@rrur) ?" 

* Then ti/ bec:ome.s. 

(5 =l,- (t - T · l-' J 1 o 
<z>t / ~ A X (-t.-T-a +) - T f(r) X (t.-T-ZC:t'-a ) 

uo.{zrru,) ·J -r 

- :z. x (t- T- a_) J :-f(-;-) x(t - T-<-c. -r- a_) 

CrcJ- lmu,;, J J -r-

5ee ~aui::o -r 

can use 1 r·11>t 



Sim,'/arly) £13 bec,ome-s 

6 °2(t;-T;u} 
b-t- - = ~ 2. 'X {-t. - T- a ) 

" J_: -f(-;-)if (-;-) 

X (-t: - T- 2.c_'t'- a ) ~c 2rrur)dr 

s~ e 2a-l::.oco - r-

I 



Oi ft er-enc.e.. --------
Z.L 

~ [n ·u] = L 
I 

m=n+clk.{-a,-
~ -f[k] x [ Vi1 - c. I<] 

k-= -2. L fY1::: n -c I kl -a _ 

[ ] -J zrrku l )t' tYl + C I<. e, 

~ [r1 + ii u J - ~ [ n i u ] 

~ t [ z=_n+clkl-a++~ 2/kl-a+ J -f [k] 

k = - 2. L rn ~ .,-- c I k I - cl - + i m = n - c. I k.l - a - • 

J e -J zrr ku 
x[m-ck] 7*[m+ck 

n + c/ I<. I - a + + ; 
• n-c(kf-a_-r, 

-r ___...~----r------i ---... ... n, 

n-c/kl- a. n+ c.ll"'l - a+ 

n+c l I< I - a t- t- ; 

z_ 
n+cll<.1-a+ 

-L 
m= n-clkl-a .. +; r>1 = n -cf I<. I - ci -

fl+c.Jk\ -at- +-i n -c I k I - a..;. + ; - 1 

=- L -L_ 
m-=- n+ c.lkl -cl.- t- 1 m=-fl-c.lkl-a_ 

Fi 



F2... 

~[nri · u] ~ 
I , 

[ 

0 -a-f- + I 
:L_ 

m = n-:-a ,..+1 

l[njuJ 
n- a.+ J - 1 

- L ]l[k]x[m]y>t[m] 

n+ck-a_+;-1 

-L Jf(k) 
m :. f1 r ck - a _ 

x(rn -c.k] 7 ~ [m +ck] e -d "'-irku 

ZL 

+L [ z:k-a++i _ z=_-a_+i-1] f(k) 

k = 1 m = n +-c k -a 1- 1- I m:. n - c. k -a _ 

·X[m-ck]y*[rn+ck.]e.·j-z:rrk<-1 



Then: 

)( 

~-;, ~ . 

©,p 
or p=-m - Ck 

n-a_t-i -.1. 

e,'¥:.. 

- L ] f(k) 
m =-n-a _ 

F3 

-1 n-a_-,.i-1 k 
- L Z: i'(k) x[p]7~[m+zcl<.]e-J,rr !.l 

k = -.z L f:: n - a_ 

® 

2.L n-a+ + .t. 
f'[k] x[p] 7"' [m+2c.k] e-J z-.rku +L L 

k=J p:: n-a++·L 
<JD 

f 

2L 
n-a't,-i -

-L L --fW x[r-:zc.k] y"'lp] e -J-z.rrku 
k=-1 p= n-a _ 

(D 



• n-a_+, -1. 

- 2: 
p=-n-a_ 

2L k 
L f(k) x [ p- 2ck] e-jzrr ,_, 
I<.= I 

• n-a_-t, -1 

- L 
f =n-a_ 

i_ -f(k) 7* Lp i- zck] e-J aku 
1(:-zL 

n-a++I 

+~ 
f = n -a.,. +- I 

:: .6i [n; u] 

Can construct us i () g 
LJ~ (r1 + I j U] - 6 i [ n_; U] 



6. [n,·t- 1 · u] - 6· [n · u] 
I ) I J 

-I 
= y.it[n-a+t-i-1-t] L f(k]x[n-a++i+1-2c/.J 

k= -2 L - . zrrk11 
x e d "i 

- y* [n 



_G 1 

< r> n 1- c I k J - ~ + 

~ [n; u J :: l: 2 
k = <·T) m =- n - c I k J - a.+, 

[ ] 
.it [ ] -J 2-rr k u 

XX m-ck I m+c.k e 

Make ;1: causal: 

~[n- <T); u] 
< T) n - < T > + c. I k J - a -,. 'f [ I< J 

= L L 
k:: {T) m-= n -< T > -cl k I - a _-t, I 

[ k J k -j. 'Z 'la '"' u x X Wt-C />t [M + C ] e 

O~f J. ere nc e: 

~ [ n - < T) i u J - l [ n .. 1 - ( T ) ; u ] 
( T> [ n - < T> + c \ k I - a .,. t\ - 1 - ( T > + c I k l - a ... 

=L L . -2 
k .: <-T) rn = n - < T > -c / k 1 - a_+ I n1 : n - t -< T ) -cl k I - a _ 1 

• -f[k] x [m-ck] /*[m+ck] e-d :zirku 
<T) ✓ (:,I<. , 

=- ~ -f [kJx[n-<r)+ cl k I- a+J ;/'fn-(T)rcl kl- t-+cL;.:: 
k=<-r) . _d 2.:rru I< , 

" e 
<r> - L --/[k] x[n-(T)-clkl-a_-d]1-1'[n-(T)-c}/~ 1-a_Kl{-

I< =-fr) -d· 2.--rru k xe 



Ca..se i.: T is an ·, Ateger 

T=L 

~[n-Lju]• "2:[n-L-1.;u] 
L 

:: L._ 'f [k] X [n-L + cl k I-al .. ck.] 
k: .. L [' k] --J· 21TU k xr* n-L+clkl-a++c e 

L 
- L /[l<]x[n-L-clkJ-a_-cl<J 

k- ... L *[ I J _d. 'ZlTc.J ,~ 
- x y n - L - c 1~ I - a _ + c k e 

=- -f £oJf [n-L -a-t] /;,; [ n - L -a -1.J 
-X[fl-L-a.J y~[n-L-a_JJ 

- J • 

+ L f [/.:] x [n • L ;;?=I<· a+] y* [n-L·a+J e-d ~1ru 
k.: -L 

L ~~ 
+ L_ 'f [k] X [n- L - a.,. l Y '>\' [n -L.a. 2c.k-a+J ec, 

k::. I / 

GZ. 
I 

- I . ~ k -F-L f [ I<] X [n-L-a_] l ',t [n- L+:Zck-aJeJZTT1 . 

L I k 
~ L f [k] X [n- L-~ck- a.] r* [ n-L-CI_ le-o -zrrtJ 

k= I 

.,_. 



_, 

A~ [n-L; u] 

:: -2 [o -Liu] - c [rl - L - Ii (I J 

- -f[o]{x[n-L- a➔] y~[n-L-a.,..] 

-x[n -L-a_J y* [n - L-a_J j 
-, J. 

-=- L -f [k] >< [n-L-2..cl<.-a+J y~ [v1-L-a+Je-jc.TTt.t<.. 
k =-L -, 

t- L -f [-I<]>< [r1 - L -.;i +]I* Lt> -L - :i.c.l<. -a+] etJ ,rr1..1 
k.=-L 

L . J - L 'f [-1<] x [ n -L-d _] v * [n -L - 2.~I, .... a_Jed- ztru <-
k.= I I 

i=- [ J c ] . -i ~rru k - c_ f k x n - L- 2.c..k- a_ y'f [r> - L-el_J e. u-
J< = I I 

] { 
~ f <t [ l J ] -J 'l. rru J, 1 * = ~ [ n -L .. a.. c_ - <- 1 ln - L - 2 c I< - ;1. + e o J 

l<,a-L 

- x[,,, -L -a_]. [ ±: f *[-I<] '/ [n -L - zd, -a_J e -j -..m..1:] 
/<. =- ' 

+1*[n-L-a+J f... -f [k] )( [n-L - 2.c k-ci +] ~-J zrru I<., 
k= - '-

] 
L [ J [ J -~ 'l.ttUk. - / * [,, -L -.;;i _ L... 'f k x n - L .. 2..c f < - a _ e. u 

k=1 

G-3 



----·-w L 
X[nJ 

-- u 

a C 

-i=- J [ k] -~,rruk Sc [I); LI ] = c__ w' [ I<. )(' n - C. e fJ 

As.svme. a_=- a+t-'1 

Can use ~cross 

Wa [n1 ::. f )If [-n] . -Lfn~-1 
/ 

WJ, l I)] :. f '>t( .. ,, ] . l ~ n f L 
/ 

We. (n] :. -f [n J . .. L!:Y)G.-/ 
/ 

WJ[ n J :. , [nJ . ff:r')~ L 
,I 

Fr-on, (;3 

2f.n-L·u] =- 2 [n-L-J 'UJ 
I I 

+ /J 2: [n - L ' LI] 
I 

+ f [o] t X [ n - L - a.,.] 'f ..,,_ [11 - L - a+] 
- >< [n-L- a_] 1 *Cn-L~a_]j 



Gone. Cross 2-aMog-ra.M 

a 1' = a,_ = a 11 6 = o 

From C, 3: 

7£k]:{ -, I I<< o 
/ 

0 . k:. o 
I 

I 
. /<. >O I 

U.se ~c.rscon e,, 

Wl [n J =

w ,_ [ n] = 

f"' [-/...] o/ L-kJ 

f[k] 7[kJ 

/ 
· JJ<./ f L 

; } kl~ L 

GS 
I 



Auto ~amog-ral"l1 

x =- y -, i' [ I< ] =- f' 'i' [ - J<J 
From G '3 

Ll ~ [n - Liu] 

/J * - 1 ] -j -z rru 
= ~ 1<.JJ..; x [ n - L - a+ ] L.. '-f [I<] x [n -L - 2..c.l< - a+ e 

k =-· L 

-.z~x*[n-L-a_] 2.L -f[k]x[n-L-2.cl<--~JL-J~ vf.<.. 
k:. I 

Use ~c1tJ-co 

Furthermore now GY beco.-.,es 
~ 

Z [ n - L; LA] ~ ~ [I) - L - I ; u l 
t fl~ [n -Li u] 

+ fJ[o] { {x(n-L-a +)I<-

- /x(n-L-a _ )( 'J 
Can use ~svm wj x = y or r:.sum 2.... 



r 

a-t-=- a_-1. -:.a or- a_=a+I 

a_ = at+ 6. 

-: a_ - i + 6 -=> 6 = 1 
Fram G 3: 



G7 

I-Juto - Cone ~ amo g-ra rY} 

x-= y ~ 'f [k] ~ ?~[-k.] f cJ_= a..,=a 

U5e ~at::ocone 



- Far real ;,,futs 

Av t. o ea ma g;r-am s a ,-.e_ -r-e a J 

Ll r [n - L · u ] i s 
I 

real 

>t(' From G'-: 

~ ~ (n - l · u] ,, ~, 
=2.x[n-L-a+J L_ --f [ I<] >< [ n -l - 2c. /, - a+ J ~ ( 

J<.::-L 
L. 

-2..x[t1-L-a_J L -/Lf<..Jx[t1-L-2clc:..-a_]l!.d:J.[2. 
/<::. I 

L 

~ Sc [t>; U]:::. L_ W [k] X [,-, - k] Ct!r.2. [ ?.TrLI J<._] 
k::. -L 

US e... ~ Sc./WJ 

G6 

Trl.J /<] 



6 ~[n-L;u] 

l 

= -_z X [n-L-a] k~L -/[k]r[k] 

x [,., -L- -:ac /<. - a] ~ (-z:rru k. ) 

Use. -:z:.atoc.o- ,-. 

1 ~surn-r 



Case ! : 

Case 2.. 

~ even =tt-of 
samples 

I n~tead c.f G .1 v.s e 
L Jn .. c.Jkf-a+ 

7l[n;u]: L_ [: 7°[k-½] 
k::. -L+i m=-n~clk I-a_+ 1 

x [m - c.k] 7* [m +ck] e-J z1rkl,.j 

G!O 



- t_ --f [k- t] x [n-L -c.1 kl -a_ -ck] 
k=-L+I 

i 

I 

G If 
2-



G 12. 

4~[n-L; uJ · 
.: 2-[n-L;uJ- t[n-L-l;cA] 

o . k 
"L.. -f[k-i]xLn-L-ck-a+]y*[n-L-a+Je.-a~rr u 

k=-L+ 1 
L . k 

+ z=-f [J,. -½] >< [n - L- a+J y * [n - L + 2.ck-c1+Je -d :rr u 
k=-1 

0 ] . f<e,4 - L f [ k - t >< [ n -L - a_ J 1 * [., -L ~ ~ c./<. - a _J e.-d z 

k=-L+ 1 

- t._ f[k-i:J >< (n- L-2.ck-aJ v'1Tn-L- a_J -cJm-ku 
k=-1 I 

=x[n-va
4

] [t-1[-lc-}] y[n-L-i.cl<·aJe-j-z.v ~* 

x[n-L-a_] [ ~- --t1-k-4=] 7[0-L-2.c.l<-aJe-d=- ~>i 

yvrri-L-aJ. £. f [ k - f J x[n-L-ck - cl+] e-J ~,rr k 
k=- -L ..,., 

y * [n-L-c:L] t_ --f [k-'i.] >< [n -L -2.c.l<-a _J e:J-z.rr tt 
I< =-1 



l 

Use rCroSS 

Wa [n] =- f Ytt [ - l< - ;: ] • .:...LL I<{.-, 
/ 

w'b [n J :. f * [ -I< - =!:] • D ~ I<; f L - I 
/ 

we_ [n] =- 'f [/<. - t J .. - L-t I L le:.. L 0 
/ 

Wet [n] =- f [ I< - i-] .t ~ I<. L L 
/ 

Ob-f:a T f) ~ b r s i IYl fl e. a c..c_,u W\ (.)IQ te. . 
Use e-sum - e.. 



a+ =- a_ =-a 

!1"2[n-L;u] 

=- x[n-L-a] 

I. 

L-1 
2: f*[-1<-i]~tk-½] 
k=--1... (J , J -j -z rr 1< u y [n-l -2.C.K -a ea 
L-

-7' * [ri - L - a] L_ -f [ k - ½ ] ~ [ k - =i J 
k=-L+1 0 

J e -J ~rrl<u 
X [n - L - z.c k - a 

w, [ n ] =- -f [ k • ½ ] ':4;j' [ k - 4: ] i -L + / !o /" f L 

w,[n] ~ f* [-/, --4:] r [-/<.- U ; -L !:. /<!, L-1 

Use cc.rscot"\e, 

~ ~ s un-, - e 



A-u-1:o ~amogral'Y} 

X:: y l 'f [ k - t J =- -f * [ - k - i] 

l=rom GI 2.. 

~ 2 [n- L; u] 

= x[n-L-a._J [i-f[-k- 1 

k:·L 2 
A- ¼ess 

lZIS 



l 

ltv-to Cone 

x [n • L - a] ( t_ f [I<-±] x [ 11- L - 2c k -a] e · d -z.,,-lc:) 
k=-L 

X [>1-L -a] [ ~ f [k-d_] X LJl-L-2.d.-;j) e -J -zrrk14_J 

x [n-L-a] [ ±_ f'[k-f:]x[>'I-L•!!.c.k-;J e-J"'-rrk'!] 
I<= -L+-1 

-x[., ·L-d J [ Z f [k-f] x[ 11 -t-2..cl<-a]ei- ' kt.f 
I<=- I 



X 
u 

a C 

too 
.Y 

zspec 



l 
x{n} I 

I 
I 

', 

• • • 

--

I 

! 

----

'· 
I 
i 
I 

--

I 

I 

w{n} 

a 

w{n} 

a 

1 
~ 

,V\ 

2 
~ 

t'\ 

• • • 

2L+1 i 

s 
--

1 1P .,.-,t,.,-

2L+1 

--

1 

I J z_.o? 

...-w-{n_} __ 2_L_+ 1-.r\ ,/l-- '2P (,, 

--------.~s::: ~s 
a 1 

( tt\ 

zfftl 



[ n} 

0 / ~- 70 ___ ~---
/1-- 3r 0 

w{-/LJ 

I 
I ~3,1 

x{p-l} __ :=-1 w{-JL+l] 

• • • 

1 
3[3 

"• ------· 

DFT 

• • • 

zfft2 



/ 
y 

~10 
wa D 

u 

C 

/1--'-jtJ \ ------.. D 

u 

[I] a C lff 7 
41S.,/4.../ L __ -> 4 2' ---11~--~ >I D +a+ ~--~ 

> 
WC 

u 

C 

------r z-- ~o,3 
D 

u 

a C 

zeros 



1 
s 

zint 



L. 

zsum 



X 

/ 

D 

u 

a C 

u 

/v 
/ 

~a ___ c___, ~ 

Cz / 
I 

zcrscone 



f 

/ 
/ 

·! · / 
✓-

llik·· 

g 

zmult 



() \ (\ 
. \ v 

,.v' 
/ 

wd D q'7C 
r 

C\6) 
u 

, a C 

I 

qJ[) 
_,,-· 

X 

qS~ Ylfa >. ➔1 D+a 
+ 

,v-' L'.'.!Z 

/ 
+ 

/ 

+ 
I /Vqt,S 

.,, -

J 
,.,.. / 

I 
I 

°'fj~ 
w D 

C 
/l, 12, 

u 

a+ C 

zaut 



/ 

Ll Z 

-, ( /1 1(/ V 
-L,/' I ' 

~-' 

//,,,· 

' :1l('j', 
I •: 1 ' 
i V · 

-L; t{J 

z[n-L-1,·u]~-· 

zsum2 



/ 

X 

Wj D 

u 

a C 

> 

zatocon 



/2-30 

Z[ n -L-1 )·u J ~-----' 

zsum-e 



C 

zspec-



D 

0 
C ,q.fo 

> 

0 
C 

zauto-

I 



/"'1,'77 0 

·D+a > 
D 

zatoco-r 



:Z.T 
A . 

~=-2 (t -t:. 

A 
t=t-.:t 

2. 

t-r 

I\ r:: 2.(t-t) 
A 

t.: t + f 

t+T 

-----1--------~ 

-1
2-T l-r+ l!l C(tjU) -

- A 1.!!. -1(1') 
1'~-zr t.= t - 2. 

A 1: ) *(" 1: ) -J zrru t', "' " x ( t - -z.. x -t: + z.. e a 1' cl-t 



C(t+llt·u)- C(t·u) 
I I .L1i .. ;'2.T [ Jt+Ll't+ z 

- J\ LIL 
-,, !=t+At- 2. 
I :-zr u 

t t ttl 

-1 ~] -f{;) 
t.=t- z. 

As ~t _.. dt, we rec.og-n~~e that-

Ja+dt 
a J( ~)J~ ,. cit: J(a) 



C(t+d-tjU) - C(t;u) 

= dt l]:T"[f(· -,, ) x ( t) x * (t,. r) e -J -..rruJ 
- f{- 1') X (t - 1") K *( -1:-) e -J -z.rru 1' ]J; 

+dt; j: [ f( 

- [ -f( 

:I) X ( t - ~) X * (-1:; ) e-j 7-TrLf 1 

. '?') x( i; ) X * (-t+-r} e -J-..rrujJ I 
or 

6C(t;u) _ J,T 
6 t, -

0 
f(r) 

[ X (t:) x* ( t-+ 1") e --J '2.rt°t.l 1" 

- X(t-'r) x*Ct)e-J7-1ru.-
• "?.. ,r u 1'" 

+ x ( t +-'t ) x* ( t ) e d 

- X(-l) x*(t•~) ed -zrru,..J Jr 



k. 
Cot1eiL ---~------

/,(,/ r./ / 
0 "/✓ 

!=I<; I 

r n + I ::. r I\ t A n-t - A : 
\+ { I I ill ) 
/\0 = t (fl~ k) n = 2. t fl + l ./ J k } f 2 L..3 ('() 

x;; = t ( r1; I< ) l n' == -1}1 
+ n ; , k 1 ~ 2 ~ 



Thus 

C(n+ 1,m) = C(n,m) .,_ S~(m j - s; (m) (t.) 

s;(m) = z: L. a, e - s, I I< Ix(~ to~ )x*cn-¼) e-;j vrmk/M 
c_n:k)t A~ 1 

• sn+(m) = ! f: a .. e -5'1 I le.IX ( l~I + Oi- I + ½) 
'l:::' k=-~L I 

*( )Id .k) -·, '2 Tr~ k I }1 
X :z+n+-J--z. ea 

. ~ a, [ IX (n ... I ) l "2, 

1- Q '2L _ s k · . k 1 
-t- L e 1 X ( n +- l + k ) X ~ (n + I ) e-d ZIT 

111 
'tf 

k= I 

;}- +s1 k · k) J. 2.irM l</M l 
+- c__ e x(n+1)x*(n+1- e- j 

k::-2L 

.:. t a
1 

[ I xco+1) )z 
'f-" . 2.1- k * ) --s- - S, -_i ~,rmk/M 

+ X (n + I C-- e X (o -r k+1) e r:, 

J<.:: I 

+ X (O+I) !:. e -s, J."xln+k-t· I) e} 2.-.rnik/M J 
. ~=- I 



J '2tr"1) - (s1+ ~ (z1..) 
+ e X(0+2L+I) 



- - zt.. -s, kl -lkl 
• qn(m)- L.

1
a1 Le x( °i:"n+f] 

J<::.-2L . 

X 
~ [-fil + k.J -d* '2.rrm I~ /M 

2 n- '2 e 

.:: /x(n) I'" ~, a, 
2.L -s k I 

+ X(n) L a ~ e 1 x*(n-/<.)e-d-..1T"1l:/>1. 
, , le.= I 

+ x,r(n l Z:-
1
a

1 
!~ e-s,k x(n-~ e j-z.TT"'l</11 

-:. I X(n)) '2.. c:, a~ 

+2Re Xk(n) ~,a1 o\;(n,mJ 



- z.L - S, d ?.71'm /M 0(, (n,m) = L e x (n-l<.1 e 
k=-1 I\ A I\ 

n - I< : n - k- 1 => k : k r l • )<. = I<. - , 
~ 

2L-I " . I\ 
-( ) . cs- -s, ( I<+• ) ( /" ) J -z rrm ( I<. +,) /M 

()(1 n,IYl - f- e X n - <. -- f e 
l<=O. 

• - A A - d 217 .. , 2 L-1 k " . k/2 ::: es,+ M L e-s, x(n-1<-,)eJ-Z.rTM M 

" 1<=0 
-s +J~m : e , [ o(; ( n - I 

I 
f"() ) 

+x(n-1) 

-(s - J.~rr~) 2L ] -e i X(n-2L-1) 

-Es,- J ~rrW1 J [ 
=. e O(; (n-1,rn) + X(n-1) 

. -(s - J !,""') 2L.. J - e 1 X(n-2L-1) 



Jn summar-y: 

C (n + , ., m ) = C ( n, m ) 

+{IX (n + I ) l -! ... I X ( n}, ~ J c:, a 'l 

+ ~ ~ [ xYr(n+ 1) L
1 

a 1 O({ (n,m) 

' - x*(()) c:, ai 0(,-cn,m)] 

w hef"e 



7 

~ _.\. 

C (n + ,) = C (n ) 

+ [ ) x co+, ) I 2 
- I x ( n ) I ~J Lei a'l E ( o) 

+1 ~ [ x*(n+1} Z:q a'l CX,,t(n) 

- x*Cn) z.
1 

a
1 

~
1
-(n)] 

I _. -\ ot.; (n) '° ~ E. ( I ) @ o(.j (n-1) _ 

+ X(n) t(,) - ""bi· f.(2L) X (n-zL-1) 



8 

---~ -----· 

.\,,., 7Q_ . 
ro•,v 
Sum 

! I 
I ,._i _......__... I 

I 
--·~---,---·-·- ~ ;,I 

J-t----1---i---11--------- I __ ___. 

_..._ 

I 
___ l._ __ i 

j t l 

i------.-------l-----

a, i 

i 

....., 
-,} 

--~' -~ r----~ 
! 

"':) l 

'"',.;. ,_i ---"> 

.____ __ ----- ----+ 

l 
[- i-----1::.. 

f-------- b,,. ·---

.I - ! 1 . !·---,-:::_ 
,i, • : . ' -------- ► 

j
1 

C(o+1) : 1----L - l I --.\-
.__ ______ ~ [l X (()+I) f "7.._ / X (n) J 2.r t 

(can use x~(r,t-1) ~ x·~ registers 

.,, 
.1, 

_.___, X*( TY) 



I I I 

-X(fl I I 

-

,, 

r: b c' h ,,,. , b 
~, I "I V2_ C, I 3 

~' b l b ' l 
'-'l. I Cz_ 2- E,-.!. D3 

I I 

~ I 

l I 

En (2L l. E 2L . 2tl ¢ 21,.. b'2L 
1 v, , , o, "'' s 

) 

' 



O!Kc' 

,o 

IP <p ( n - ; ; I"') ' Sr:a::s =e-IS not: a. Se..,,.; ~s 
/ 

t'1e..-,
1 

assurn·,...,b 

¥en -; i k ) ~ --f ( /<. ) _; ( ~; I<-) ~ r,,, J 

( C,) ·, s s t: ~ I I Va I; d / e.K C e fr 

S: ( m), L_ -f(J._) X (~ + ~) x -.-(; -~) e-J2irmkf, 
(n,k)<=:A~ 

2L . / k I I<. 
• Sn-t-(m)= L -f(k)x(~+n+J+~) 

k= -2.L 

· >< X,., ( f ~ I I<. ) -j 2.rmk(,t,f 
4- .... n+1- z e 

:: f'( o) f X (n + /)} 2- X x ( n -,.. t ) 

,. ~ -f (/<) x ( fl+ lo , )'1 e -d -,_ rr"" k./ "1 

l<.=• X(l)+t) 

t- t_L- ·-f ( -+ k )' x t fl - I<- t- , ) e -J " rr"' k 1 "1 
k = - ' ~ 

= f'rk) 

= -f ( o) / X (n + 1 ) / -z.. 

l<'. ZL -iz«wtk//t1 
--+- X (n+I) Z:,. -f(f<.) X (n t- f< + I ) e r:, 

J<~ I 

::: f( 0) f X ( n r i) (z.. 

+ 2 k x~(() + 1) ex.+(,\ m) 



I I 

♦ 
Zl .._0( ) -izrrmk/M 

O("'"(n,Ml) = L T k) x(n+l<+1 e a 
k= I 

In general, oC'°(n,m) may not:: he.. 

re curs ~ v e / / u F d a -t ed _,, b u t mu st:: 

be comfuced bf a OFT (o.,.. FFT). 

• s; ( m);: {J(o) I X ( n) ) ~ 

♦ «- ( n,rn): '[2 -f (k) x (n -J..) e_.J -:z.rr,.,k/M 
k=-1 

Agail')
1 

update re7uires df\ r:'FT. 

Tn summary; 

+ f(o) [ / X(n+1) l-z..- J X(n)}'J 

ZL ~ _pr I ) C k ) -,.4 -z.Trm k/ ,vJ 
c_ , L <. x J)+ "' 1 e V 

k-:::1 

~C( n, m) = z=. -f( k) x(n -k) e j z.rrmf</1\i 
k =- I 



17,. 

A 1-t e ,- n a t; e I ( : 

C(n+1,Y>'1 ).:: C(r1, m) 

-t .=< I~ )( ~ ( n i- I ) D( + ( () I m ) 

- 2 ~ X ~~ ( r1 ) o( - ( n , m ) 

+ ~ ( · f ) -J' 2.irmk/2 
o( ( n 

I 
rY1 ) .:: L- 0 k ( k X ( n + I< + 1 ) e 

k=o 
ZL 

cC(11, m) = L bk 'f(k) X (n -k) e J-..rrmklM 
k=o 

lv'h ere: 

k. z; S = ( V k=-o 
1. ; /<./ C) 



X (fl-" 2 L. t- I ) 

X(tl+2L) 

X(n-1-2.) 

X (n + c) 

x(n) 

.... 
4J 
"1J 

X (n-,J 
ll r------1 

.. 

' ' ;-----•· 

X(n -2 Lt i} 

X(ri-;z. L) 

conjugate 
f(D) ,_.---, 

j2 
r .. ! 

~►- • . { ,, t 

'-"--' 
a c t-ua J 

de (a y 
~,,L 

Cn (21.) 
'•. 

Cn(i:L-1) 

C,Ju. .. 2 

~ C_~( 2l -3) 
1 ~(2L-4\ 

C,11 (2L-5" 
. 
~ . 

• •· • :'I ,·"·k 
·, 

r--:---.:....i· . i,~ 
'Ct'll• > 

. · C(o) 
" 

_j 

13 
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1 Field of the Invention 

This invention relates to digital signal processing architecture (DSP) com
putational architectures for generating spectrograms and to computational 
architectures for generating digital windows and similar impulse responses. 
Spectrograms are a common representation for characterizing the frequency 
content of a temporal signal as a function of time. Windows are used in 
DSP applications including architectures for spectrograms as well as for data 
smoothing and spectral estimation. 
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2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
of signals. The zamogram is a TFR with quite good resolution in both time 
and frequency that can be architecturally configured to use the spectrogram 
as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 
or Blackman windows. The choice of the window determines the properties 
of the spectrogram in manners well known to those well versed in the art. 
This patent contains computationally efficient architectures for generating 
spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 
w[k ], is 

L 

S[n; u] = L w[k]x[n - k]e-i21rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the win
dow. Temporally sliding windows can be viewed as filter impulse responses 
that are typically of finite duration. Windowing is used in other applications 
including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes digital signal processing (DSP) architectures 
for generating sliding windows and similar impulse responses and their use in 
DSP spectrogram architectures. The sliding window, an impulse response of 
finite duration, is generated using two infinite impulse response (IIR) filters. 
The second filter, postponed through a delay line, cancels the response of 
the first to yield a composite impulse response that is finite in duration. A 
specific embodiment of this architecture occurs when the second IIR filter is 
simply a delayed and possibly weighted version of the first. Then a single 
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IIR filter can be factored from each processor. The IIR filter, appropriately 
augmented with delay circuitry to coherently cancel the response of the filter 
beyond a specified time, can be used to generate the composite window 
impulse response. Such is the case when the required impulse response can 
be expressed as the superposition of causal damped sinusoids with arbitrary 
phase. 

When used as components in spectrogram architectures, the sliding win
dows come in two types: modulated and unmodulated. Reference to a win
dow herein without specification of type either specifically or in context will 
be to the unmodulated window. The IIR and delay components of the win
dows can be either joined or disjoint in the spectrogram architecture. In any 
of the embodiments described herein, the architectures may be used to mon
itor a single frequency line of the spectrogram or generate frequency lines 
sequentially. The window shape can be changed in real time simply by an 
alteration of the filter parameters. Alternately, the processors can be placed 
in an array to generate the spectrogram frequency lines in parallel with ar
bitrary ( e.g. logarithmic) frequency bin spacing. The window shape may be 
changed from frequency line to frequency line or changed in real time. In 
parallel embodiments, common circuitry may be factored from the array so 
that a single circuit, common to each of the processor lines, can serve the 
entire array thereby reducing the overall computational requirements of the 
processor. The specific embodiments wherein the spectrogram's frequency 
spacings are uniform and/or integer multiples of the reciprocal of the win
dow's duration also result in computation simplification. 

In the case where a periodic replication is canceled using a possibly 
weighted delay, the output contribution corresponding to the end point of 
the window will not be forthcoming. Circuitry for end point correction can 
be applied to compensate for the final point of the window's contribution to 
the spectrogram. In certain cases, however, end point correction need not be 
used in the architectures since the contribution to the overall spectrogram 
may be nonexistent or negligible. 

Any of the embodiments of the spectrogram architectures can be con
strued to generate the squared magnitude of the spectrogram or the real and 
imaginary part of the spectrogram. 

The spectrogram architectures described in this patent are applicable 
to evaluation and display of spectrograms for acoustic, electric, electromag
netic, electrochemical, mechanical and electromechanical signals in applica-
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tions such as fault detection, radar, speech analysis and synthesis , sonar, 
seismology and biology. The spectrograms resulting from the spectrogram 
architectures can be used as templates for pattern recognition or as com
ponents in other signal processing architectures, such as architectures for 
computing zamograms. 

4 Brief description of the drawings 

Figure 1 . Architectures for generating either the squared magnitude 
or the real and imaginary components of a spectrogram using 
either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained by coherent cancellation of the response 
of an IIR circuit beyond a certain point in time. For periodic 
impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 
a specified point in time by using weighted delay circuitry. To 
maintain symmetry in the resulting composite impulse response, 
end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 
a Hamming or Hanning windowed spectrogram line. End point 
correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 
Blackman windowed spectrogram line. End point correction is 
not used. 

Figure 7 . Architectures for generating a spectrogram using a filter 
with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 
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Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of an architecture for a A filter and its schematic 
representation. 

Figure 12 . A A filter architecture using real multiplies for real inputs 
and a corresponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 Realization of a I( filter using a bank of A filters and the 
schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 
D(z). 

Figure 16 . An architecture for a single modulated window for gener
ation of the real and imaginary parts of a spectrogram line. 

Figure 17 . An architecture for a single modulated window processor 
without end point correction for generating the real and imag
inary parts of a spectrogram line. The squared magnitude of 

. the spectrogram line can be generated with a slight architecture 
modification. 

Figure 18 . An architecture for generation of the magnitude squared 
of a spectrogram line without end point correction. 

Figure 19 . Parallel modulated window based architecture for gener
ating a number of real and imaginary output spectrogram lines 
with arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 
point correction for generating the squared magnitude of a num
ber of spectrogram lines at arbitrary frequency spacings. 
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Figure 21 . · Parallel modulated window based architecture for gener
ating the real and imaginary components of spectrogram lines at 
equal interval frequency bin spacings for Q = l. 

Figure 22 . Parallel modulated window based architecture for generat
ing the magnitude squared of spectrogram lines at equal interval 
frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 
representation. The undamped case corresponds to a-= 0. 

Figure 24 . Generating the real and imaginary component of a spec
trogram using a disjoint unmodulated window with the delay cir
cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with
out end point correction using a disjoint unmodulated window 
with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram at arbitrarily 
spaced frequency bins using an disjoint unmodulated window and 
a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correction 
at arbitrarily spaced frequency bins using a disjoint unmodulated 
window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram when the fre
quency bins are at up = fr using an disjoint unmodulated window 
and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correc
tion when the frequency bins are at Up = fr using a disjoint 
unmodulated window and a single delay line. 
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5 Detailed description of the invention 

Schematics for Signal Flow. A number of signal flow diagrams will be 
shown in this section that use schematic representations for which are stan
dard for characterizing digital signal processing (DSP) computational archi
tectures. Signals flow in the direction of arrows. A number, variable or 
combination thereof, written directly adjacent to an arrow generally means 
that the signal is weighted (multiplied) by that quantity. One exception is the 
notation z-J which, from the theory of z transforms, means that the signal 
is delayed for J time units. The second a,nd final exception is at the input or 
the output of the processor when the notation by the arrow is, respectively, 
the processor's input and output signal. In subprocessors, the input will typ
ically be denoted by the sequence, x[n], and the output by y[n]. Also, x[n] 
will generally denote the signal for which the spectrogram is computed. At 
other than the input and output, a combination, such as (1 + j)z-3

, where j 
is the square root of (-1), means that the signal is multiplied by the complex 
number 1 + j and is delayed by 3 units of time. This, is course, is equivalent 
to the weighting and then delaying. If no number, variable, shift or combina
tions thereof appear adjacent to an arrow, then the signal is unaffected ( e.g., 
multiplied by 1 ). The signal coming from a node is equal to the signals going 
into a node. If more than one signal come from a node, each has a value of 
the sum of the signals coming into the node. Repeatedly used circuits will 
be defined as appropriately parameterized block processing elements. 

Spectrogram Architectures. The spectrogram in Eq. 1 can be written 
as 

L 
S[n; u] = e-jZ1rnv. I: w[k]x[n - k]ejZ1r(n-k)v. 

k=-L 
- e-jZ1rnv. X {(x[n]ejZ1rnv.) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L :S n :S L. As written in Eqs. 1 
and 2, the operations are not causal. Causality can be achieved by delaying 
the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-jZ1r(n-L)v.{(x[n]ei21rnv.) * w[n - L]} (3) 

An architecture for this operation, using complex arithmetic operations is 
shown at the top of Fig. 1. (See, for example, Lim & Oppenheim). The 
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input signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The 
product then serves as the input into a digital filter 140 with impulse re
sponse, w[n - L]. For reasons which will be made clear, we will refer to this 
impulse response as an unmodulated window. The filter output is multiplied 
125 by a temporally varying complex sinusiod 130 to produce the spectro
gram 135. Note that the term exp(j21r Lu) in the post complex sinusiod 
multipication 125 term 130, exp(-j21r(n - L)u) could also by placed in the 
premultipication 115 term 120 or, for that matter, could be a weight at any 
point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 
is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ei21r(n-i)u) * x[n] 12 (4) 

where, ifs = <p + jw, and both <p and w are real, then I s 1
2= cp2 + w2

• The 
real number i is arbitrary. It's effect along with the post multiplying complex 
sinusiod 130 is annihilated by the magnitude squared operation since, for real 
rp we have the relation I exp( -j21rnrp I= 1. When only the squared magnitude 
of the spectrogram is required, we can use the processor shown at the bottom 
of Fig. 1. The input 142 is again premultiplied by a complex sinusiod 150. 
The product is fed into a digital filter 155 the impulse response of which is 
the desired shifted window, w[n - L]. The magnitude squared operation 160 
is preformed on the filter's output. The result of this operation 165 is the 
squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-i21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 
the input 175 be input into a digital filter the impulse response of which is 
the modulated window 177. The output is then the desired spectrogram 179. 

If the magnitude squared is only required in the using a modulated win
dow, then 

I S[n; u] 12 =1 (w[n; u]ei21riu) * x[n] j2 (7) 
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where, as before, i is an arbitrary phase term. The input 181 is fed into 
a filter 183 with impulse response w[n; u]exp(j21riu ). The filter's output is 
magnitude squared 185 to generate the squared magnitude of the spectrogram 
187. 

Windows from Coherent IIR Cancellation This patent claims ar
chitectures for the windows and similar filters with finite temporal duration 
whose impulse responses are generated by the coherent cancellation of the 
response of an IIR filter beyond a certain point in time. A general overview of 
this operation is shown at the top of Fig. 2. A discrete impulse ( or Kronecker 
delta), 8[n], is one for n = 0 and is zero otherwise. The response 209, y1 [n], 
to a Kronecker delta 205 input into a digital filter 207 with impulse response 
h1 [n], is shown and, appropriately, is termed the filter's impulse response. 
If the filter's impulse response is not finite in duration, it is appropriately 
termed an IIR filter. Consider a second IIR fil_ter 213, h2 [n] whose response 
215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume that, for n ~ 6, 

Y2[n - 6] = Y1[n] (8) 

In other words, as shown, shifting y2 [n] six units to the right in discrete time 
yields an identical signal to y1 [n] for n ~ 6. We can then connect the two 
filters together in parallel with h2 [n] connected in series with a delay line 222 
of six units. The delay line, as shown, also inverts the signal. The result, 
then, is a composite filter 220 whose response 230 to an impulse 218 is equal 
to y1 [n] for n ::; 5 and is zero for n > 5. The response of hi[n] has been 
coherently canceled by the delayed response of h2 [n]. 

The coherent cancellation can be more straightforwardly achieved if the 
filter h1 [n] has a causal periodic response. The filter is then referred to as a 
periodic resonant circuit. To illustrate, suppose that, in Fig. 2, the response 
236 to an impulse 232 input to a periodic resonant circuit 234 has a period, 
as shown, of four. Thus, for n ~ N and N an integer, y[n - 4N] = y[n]. 
To cancel this impulse response for n > 4, we require a second filter, h2 [n], 
whose impulse response is y[n- 4] 238. This can be done simply by delaying 
the response of the periodic resonant circuit by four units. Therefore, the 
periodic resonate circuit 244 can be connected in cascade with delay line 
circuitry 248 so that its impulse response coherently combines with a delay 
of the same impulse response. The result is a circuit whose response 250 to 

· an impulse 242 is the desired y[n] - y[n - 4]. As shown 240, the composite 
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impulse response is finite in duration. The specific case of y[n] =constant 
has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 
linear time invariant circuits, their order may be reversed without effecting 
the composite impulse response. In other words, as illustrated at the bottom 
of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 
circuit 256 then the new composite response 260 to an input of a Kronecker 
delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 
other variations on such coherent cancellation. If µ[n] is the unit step ( =1 
for n 2'. 0 and 0 otherwise) then, for example, an impulse response of h[n] = 
sin(1rn/N)µ[n] added to the same impulse response deleted N units results 
in a composite impulse response that is the first positive half cycle of the sin 
only. 

Coherent cancellation can also be performed using delay lines with digital 
filters the response of which are damped periodic funtions. As illustrated in 
Fig.3, consider the example where the response 310 of a damped resonant 
circuit 308 to an input Kronecker delta 306 is 

y[n] = y[n]esn (9) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 
constant. Note then, that for n 2'. 4, 

y[n - 4] = y[n]e- 48 (10) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 
the impulse response four units in time and weighting the delay by exp( 4s) 
to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 
output of the damped resonant circuit 318 into delay circuitry 320 which 
appropriately weights 322 and delays 324 the response to the impulse 316 
so that, when coherently superimposed, we generate the desired composite 
impulse response 326 which is finite in duration. Such coherent cancelation 
has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 
318 are linear and time invariant and can therefore be interchanged in the 
order of cascading. An impulse input 340 can be fed first to the delay circuitry 
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330 and then to the damped resonant circuit 333 to generate a composite 
response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 
special case of cancelation in the damped case whens = 0. Ifs is imaginary, 
then actual damping does not take place. Nevertheless, the same principals 
of cancellation apply. vVe will generally denote the real part of s by -a. 
Since two or more periods of a periodic function can be considered a single 
period, the procedure can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 
it may be advisable to use end point correction. Such occurs, for example, 
when certain symmetry aspects of the desired impulse response are needed. 
Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 
response to an impulse 340 is 

y[n] = cos(1rn/2)e-o-nµ[n]. (11) 

Application of coherent cancellation after the first period of the cosine will 
result in the response shown 346. In certain cases, such as windowing, we 
desire the end point of the period which the cancellation circuitry places to 
zero. We would like to have the end point, rather, at the point shown by the 
hollow dot 350. Addition of this point to the impulse response is referred to 
as end point correction. 

A number of such composite coherent cancellation circuits can be placed 
in cascade and/ or parallel to achieve even greater flexibility in the design of 
impulse responses. In certain instances, as we shall see, common circuitry 
can be factored from such combinations to yield a reduction in overall com
putational requirements. We will show that windows expressed in a finite 
cosine series, for example, can be synthesized by a parallel combination of 
second order IIR filters and the delay circuitry can be factored so that a 
single delay circuit can serve the entire array. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 
the art, there exists numerous methods to design circuitry for a given causal 
impulse response. One approach is use of a Fourier series synthesis of the 
impulse response. In the most general case, one can easily design digital 
circuitry corresponding to impulse responses of the form 

Q 

h(n] = I: hq(n] (12) 
q=O 
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where 
hq(n] = 1qei21rnuqe-aqnµ[n] (13) 

Such circuitry can be designed with the use of multipliers (including invert
ers), adders and unit delays. The quantitative values of the multipliers and 
the topology of all of the components are dictated by the parameters Q, 1q, 

uq, and o-q, There exists numerous computational topologies for a given set 
of parameters. Such circuitry can be designed straightforwardly by those 
skilled in the art. Since 

hq[n - Mq] = e-i21rMquqeaqMqhq[n], 

we conclude that 

roq[n] = hq[n] - ej211"Mquqe-aqMqhq[n - Mq], 

Clearly, roq[n] is zero for n ~ Mq and the composite IIR filter 

Q 

ro(n] = L roq[n] 
q=O 

(14) 

(15) 

(16) 

has a response that is finite in extent. The realization of windows of the 
type in Eq. 15 using the superposition of the IIR filter response, hq[n], with a 
weighted version of the same impulse response postponed Mq units through a 
delay line and the application of such circuitry and its variations to generation 
of spectrograms constitute the primary claims of this patent. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
special cases of this cosine series 

Q n 
w[n] = L,Bqcos(1rnq/L)II[

2
L] 

q=O 

(17) 

where nm] = 1 for -1 :S n :S 1 and is otherwise zero. The Hanning and 
Hamming windows require Q = 1 and the Blackman window Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

Q n-L 
w[n-L] = L(-l)q,Bqcos(1rnq/L)II[-L-] 

q=O 2 
(18) 
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Compare this with the special case of Eq. 15. 

Q 

h[n] = I)-l)q,Bqcos(1mq/L)µ[n] (19) 
q=O 

The window in Eq. 18 is recognized as the first period of Eq. 19 except at 
the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] (20) 

A periodic resonant circuit can be straightforwardly designed with an impulse 
response given by Eq. 19. Delay line circuitry is then cascaded with this 
circuit to achieve the desired composite window filter. The window's end 
point can be inserted with the use of a weighted delay line and, in certain 
cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 19 is by 
designing circuitry for each of the Q + 1 stages and connecting them in 
parallel. For n =/- 0, we rewrite Eq. 19 as 

Q 

h[n] = I: hq[n] (21) 
q=O 

where, for q =/- 0, 
hq[n] = cqcos(n0q)µ[n] (22) 

where 0q = 1rq/2L and cq = ( -1 )q ,Bq, The z transform of this equation is 

(X) 

Hq(z) = L hq[n]z-n 
n=O 

cqz-1 cos(0q) 
1 - 2z-1cos(0q) + z-1 

(23) 

Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is 
equal to the discrete convolution of the input 410 with the impulse response 
in Eq. 22 with c = Cq and 0 = 0q, Recognizing there exists a number 
of other digital filter architectures to generate the same operation, we will 
schematically represent the input 410 420 output 415 425 relationship of this 

14 



operation by a solidly outlined box 430 inscribed with parameters c and 0. 
For n = 0, h0 [n] = c0 = /30 • This operation can be performed by a simple 
multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, /30 = /31 = 0.5. For Hamming windows, 
/30 = 0.54 and /31 = 0.46. For these parameter choices, both the Hanning 
and Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 265 shown in 
Fig. 2. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 and the q = l stages 515 520 of the circuitry 
The end point correction is obtained by an additional weighted delay 540 of 
the signal. The outputs of all stages are added 525 to obtain the windowed 
output 530. Note that, for Hanning windows, w[L] = 0 and the end point 
correction is not needed. Indeed, for any window, the effect of not using end 
point correction diminishes as L increases. In such cases, one may choose 
not to use the end point correction in the computational architecture. 

A Q = 2 example will be given for the Blackman window for the case 
where end point correction is not used. Here, /30 = 0.42, /31 = 0.5 and 
/32 = 0.08. The architecture in Fig. 6 is a special case of the periodic resonant 
to delay processing 270 shown in Fig. 2. The input 605 is fed to the q = 0, l 
and 2 stages 610 625 620. The outputs of each stage are summed and fed 
into the delay circuitry 630 the result of which is the windowed output 650. 

Stability Assurance. The window architectures presented to this point 
are marginally stable. All of the circuits poles lie on the unit circle of the 
complex z plane. Numerous modifications can be applied to the fundamental 
architecture to assure stability. Each feedback iteration sum, for example, 
can be rounded towards zero. Alternately, stability can be assured by slightly 
perturbing the design to include slight damping that will move all of the cir
cles strictly within the unit circle. In other words, the source of the marginal 
stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 
feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp(-o-n) where a- is a positive 
number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-<7(n-L) (24) 
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where h[n], given by Eq. 19, has a period 2L. Then, for n > 2L, 

h[n - 2L] = e2aLhq[n] 

We can therefore generate the damped window 

w[n- L] w[n - L]e-a(n-L) 

h[n] - e-2aLh[n - 2L] + w[L]5[n - 2L] 

where w[L] = w[LJe-aL is the value of the end correction factor. 

(25) 

(26) 

An architecture for computing Eq. 26 is shown in Fig. 7. The damped 
resonant circuit 715 has impulse response h[n]. The damped window is ob
tained by cascading this filter with damped delay line circuitry 720. The end 
point correction factor is computed 725 and added to the filter output 730 
to produce a windowed output 735 of the input 705. The undamped case is 
a special case of this processing procedure for the case where a = 0. As in 
the undamped case, the end point correction factor has less and less effect 
on the output as L increases. In such cases where the end point correction 
factor can be omitted, the end point correction factor stage 725 of Fig. 7 can 
be omitted. As in the undamped case, when the end point correction factor 
is deleted, the delay line circuitry becomes commutable with the damped 
resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 
top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam
ple, performs identically with the same number of floating point operations 
(FLOPS). The numerical value of the used in the multiplies to achieve the 
end correction factor, for example, is different. Either architecture 750 755 
can be used in the two spectrogram architectures in Fig. 1 as the window 140 
(with w[n] replacing w[n]) to generate spectrograms with damped windows. 
Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
shown 140 where, now, 

L 
S[n; u] = I: w[k]x[n - k]e-j2

1rku (27) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 
w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 
the expression for the spectrogram is now given by Eq. 27. 
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We now discuss a possible architecture for the damped resonant circuit 
that parallels the undamped case. We can write Eq. 24 as 

A Q A 

h[n] = :E hq[n] (28) 
q=O 

where 
hq[n] = cqcos( 7rnq/ L )e-a(n-L) µ[n]. (29) 

For c = cqeaL and 0 = 7rq/ L, one of many possible digital filters for this 
impulse response is shown if Fig. 8. The input 805 into the circuitry 810 
produces an output that is the discrete convolution of the input with the 
impulse response in Eq. 29. We denote the general class of digital circuits 
with this response by the parameterized bold outline box 820 shown in Fig. 8. 
The input 825 into this parameterized box produces the same output 830 as 
in the specific damped circuitry. 

For q = 0, 
ho[n] = coe-a(n-L) µ[n]. (30) 

An architecture for this impulse response is a single loop feedback circuit 
with a forward gain of one and a unit delay feedback weighted by exp(-0') 
cascaded with a multiply of exp(O'L)c0 • For c0 = (30 and fq = {3qexp(O'L), 
this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Hanning, Hamming and Blackman Windows. A digital filter for 
Q = 1 damped Hanning and Hamming windows is shown in Fig. 9 using a 
slight variation of the architecture 334 shown in Fig. 3. The input 910 is fed 
to the damped delay circuitry 915. Then = 0 component of Eq. 29 is realized 
by a first order feedback circuit 920. The output of the delay circuitry is fed 
into this circuit and the n = l stage 925 (f q = /3qexp( O' L)) and the end point 
correction factor stage 940. The outputs from all stages are added 930 to 
produce the damped windowed output 935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 
The input 1010 is fed the delay circuitry 1012 and then to the q = 0, l, 2 
stages 1015 1020 1025 and the end point correction stage 1040. The outputs 
of all of the stages are summed 1030 to obtain the damped windowed output 
1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 
far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 
as different frequency. This can be performed in parallel where a number of 
spectrogram processors are each tuned to different frequencies and all spec
trogram lines are computed at the same time in parallel. Alternately, the 
same processor can be exposed to the same signal a number of times. For 
each presentation, the complex sinusoid(s) are tuned to different frequen
cies. The lines of the spectrogram are thus computed sequentially. In either 
the parallel or sequential embodiments, the choice of frequencies need not 
be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
Similarly, in either case, the window from spectral line can be changed from 
spectral line to spectral line. For the sequential embodiment, this requires 
the changing of the window parameters (the f3q's and possibly Q) for each 
presentation of the signal. Other spectrogram processors that use common 
circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 
modulated windows and their use in the generation of spectrograms. For such 
architectures, the complex sinusiondal premultiplies 115 145 are no longer 
required. In parallel embodiments, a single delay line circuit can service the 
all of the resonant circuits. For the damped spectrogram in Eq 27, we write 

L 

S[n; u] L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (31) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 
for damping. 

and 

w[n; u] w[k]e-j21rnu 
Q 

Ewq[n;u] 
q=O 

Wq [k; u] = /3qcos( 1rqk/ L )e-<7k e-jZ1rukrr[2~ ]. 

(32) 

(33) 

The undamped case, as before, follows by setting CT = 0. In our discussions 
concerning modulated windows to follow, we will include both the damped 
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and the undamped case. The undamped case can be considered as a special 
case of the damped case for a= 0. Motivated by causality, we write 

Wq[k - L; u] = (-1 )q ,Bqcos( 1l"qk/ L )e-o-(k-L)e-j2-rn(k-L)n[k ~ L]. (34) 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (35) 
q=O 

where 
hq[k; u] = (-l)q ,8qcos(7rqk/ L )e-o-(k-L)e-i21ru(k-L) µ[k]. (36) 

Digital filt<)rs with this impulse response can be straightforwardly generated 
by those skilled in the art. One approach is to analyze the z transform of 
Eq. 36 

co 

Hq(z; u) = L hq[k; u]z-k (37) 
k=O 

which gives 

1 L '2 L q q 
Hq(z;u) = 2(-l)q,Bqeo- eJ 1ru [A(z;u-

2
L)+A(z;u+ 

2
L)]. (38) 

where 
A(z;v) = [1- e-j21rve-o-z-1J-1 • (39) 

Note that, for q = 0, 

Ii (z· u) - ,B eo-L ei21ruL A(z· u) 0 , - 0 , · ( 40) 

The A (lambda) filter in Eq. 39 can be implemented using the IIR filter ar
chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 
unit delay feedback 1120. A schematic representation 1150 of the filter, ap
propriately parameterized with input 1130 and output 1145 corresponding 
to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a comp~ex output 1145. The input 1130, 
however, can be either real or complex depending on the use of the A filter. 
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Using real multiplies, the A filter can be implemented for real inputs 1205 as 
is shown in Fig. 12. We can write Eq. 39 as 

A(z; v) 
1 - ei21rv e-O" z-1 

1 - 2e-a cos(21rv )z-1 + c 2a z-2 

Ar(z; v) + jAi(z; v) (41) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 
and imaginary output components, respectively, of the A filter. The real 
input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 
imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 
the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 
to with transfer function Ar(z; u) for a real input, x[n] 1205. Similarly, yi[n] 
is equivalent to the output of a filter with transfer function Ai(z; u) for a real 
input, x[n] 1205. The schematic 1240 for the depiction of the real 1220 and 
imaginary 1225 components for a real input 1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 
12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 
xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requires 
more computational circuitry. One such embodiment is shown in Fig. 13 
uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out
put, yr[n] 1305 is the sum of the real response of the real input 1310 and 
the negated 1315 imaginary response to the imaginary input 1320. Similarly, 
the imaginary response 1325 is the sum of the imaginary response of the real 
input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
transfer functions 

K(z; u) = H(z; u)e-j21ruL 

Q 1 
/JoeaLA(z;u) + I::-(-l)q(JqA\z;v)eaL 

- q=l 2 
q q 

x [A(z; u -
2
L) + A(z; u + 

2
L)] (42) 

where H(z; u) is the z transform of h[n; u]. 
00 

H(z; u) = L h[n; u]z-n 
n=O 
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Q 

I: Hq(z; u) (43) 
n==O 

An input 1410 is weighted proportional to Fourier coefficients 1415 (/Jq 
½(-l)qexp(aL),Bq) which in turn are fed into a bank of appropriately tuned A 
filters 1420. The outputs of the A filters are summed 1425 to yield an output 
1430 which is equivalent to the response of the input 1410 to a digital filter 
with transfer function I<(z; u) in Eq. 42. Schematically, we will depict the I< 
filter by the representation 1440 shown in Fig. 14. Note that the architecture 
can be construed for either real or complex inputs 1410 depending on whether 
the A filters are constructed for real or complex inputs. In either case, the I( 

filter is parameterized by the frequency u, damping coefficient a, filter order 
Q, and vector of Fourier coefficients iJ. The vector iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 
line circuitry and the I< filter 1440. From Eqs. 32, 33 and 35, we can establish 
the identity 

w[n - L; u] = h[n; u] - e-i41ruLe-20-Lh[n - 2L; u] + w[L; u]8[n - 2L] ( 44) 

where w[L; u] is the value of the end point correction factor. The correspond
ing modulated window transfer function results from a z transform of Eq. 44. 
Define 

00 

n(z; u) = I: w[n; u]z-n. (45) 
n==O 

The z transform of Eq. 44 is then 

!t(z; u)z-L [1 - e-j41ruLe-20-Lz-2L]H(z; u) + w[L; u]z-2L 

[1 - e-j411"uLe-20-Lz-2L]ej21ruL K(z; u) + w[L; u]z-2L ( 46) 

where we have used Eq. 42. From Eq. 31, the output of a filter with this 
transfer function when presented an input of x[n], is the spectrogram line 
S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 46 is 
defined as 

D(z) = [1 _ e-j411"uLe-2o-Lz-2L]ej21ruL (47) 

One embodiment of an architecture for this transfer function is shown at 
the top of Fig. 15. The input 1505 is placed through the delay circuitry 
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1510, is post multiplied by a complex exponential 1515 to give the desired 
output 1520. This embodiment has the advantage of isolating the complex 
exponential 1515 which, when the squared magnitude of the spectrogram is 
desired, can be deleted. An alternate architecture for D(z) requiring fewer 
FLOPS is shown at the bottom of Fig. 15. The input 1525 is fed through 
delay circuitry 1530 with different weights than before 1510 to achieve the 
desired output signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 
delay circuitry and the J{ filter 1440, we can generate circuitry for synthesis of 
the spectrogram line based on the modulated window. As with the previously 
discussed spectrogram architectures, we will present architectures whereby 
the squared magnitude of the spectrogram is generated or both the real 
and imaginary parts of the computed. As before, in any embodiment, end 
point correction may or may not be used. The contribution of end point 
correction to the final result diminishes as L increases. Both serial and 
parallel implementation will be discussed. 

An architecture for generating a single spectral line of a spectrogram 
based of Eq. 46, is shown in Fig. 16. The input 1605 is fed to delay circuitry 
1610 the output of which is fed to a J{ filter 1616 the output of which, in 
turn, is shifted in phase 1620. The end point correction factor 1625 is added 
to give the desired spectrogram output 1630. One or more of the parameters 
of the circuitry (i.e. u, L, O', iJ and Q) can be changed and the same 1605 
or alternate input can be applied to generate a second output spectrogram 
line. 

As is the case with other embodiments in the descriptions of this patent, 
the architecture in Fig. 16 has a number of variations in detail design that 
are evident to one skilled in the art. The multiplication by the complex 
exponential 1620 in Fig. 16, for example, can be performed immediately 
prior to the J{ filter 1616 instead of directly after. Indeed, if end point 
correction is not used, the J{ filter, delay circuitry and exponential shift 1620 
can be cascaded in any order desired. Such arbitrariness in the cascading of 
two or more linear time invariant filters is well known. One of these six 
orderings is shown in Fig. 17. The input 1705 is first fed into a J{ filter 
1710 and then into the delay circuitry 1715. After post multiplication by 
the complex sinusiod 1720, we achieve the desired spectrogram line 1725 
(without end point correction). This embodiment has the advantage that A 
filters with real inputs can be used if the processor input 1705 is real. Note 
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also, that if the only the squared magnitude of the spectral line, I 5( n -
L; u] 1

2
, is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 
operation. A variation such magnitude squared computation is shown in 
Fig. 18. A different cascading order, though, is used here. The input 1805 is 
placed first into the delay circuitry 1818 and is then fed into a I{ filter 1815. 
A magnitude squared operation 1820 is performed on the output of this filter 
to yield the desired squared magnitude of the spectrogram output line 1830 
(without end point correction). 

A parallel architecture for generating spectrograms using modulated win
dows is shown in Fig. 19. Using Eq. 46 for 1 :s; p :s; P, we propose an 
architecture for the transfer functions 

n(z; up)z-L = (1 - e-j41rupLe-20-Lz- 2L]ei21rupL K(z; up) + w[L; up]z- 2£ ( 48) 

where f2(z; up) is the z transform of w(z; up). The embodiment of this archi
tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 
I{ filters 1915. For P spectral lines, there are P separate I{ filters the pth 
of which is tuned to frequency up and is of order QP with Fourier coefficient 
vector /3p, The input to each I{ filter is the sum of a weighted 1950 input 
1905 and weighted 1955 delay. The output of each I{ filter is added to the 
end point correction factor 1925 to generate the real and imaginary portions 
of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 
squared of the spectrogram output is required. In such a scenario, if end 
point correction is not used, the complex sinusiod weights 1950 have no effect 
on the processor output and can therefore be deleted from the architecture. 
An embodiment of such a processor is shown in Fig. 20. The input 2005 is 
placed through delay circuitry 2010 the output of which services the bank of 
I{ filters 2015. The output of each I{ filter is magnitude squared 2020 which 
gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 
vVhen the frequency bins in the parallel architecture are spaced linearly as 

p 
Up= 2L (49) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 38 becomes 

l p-q p+q 
Hq(z;u) = 2(-l)P+q,BqeuL[A(z; 2L) + A(z; 2L)]. (50) 

The q = 0 case warrants special statement. 

Ho(z;u) = (-l)P,BoeuLA(z; 
2
~). (51) 

For linear frequency spacing (and Q > 0), some of the same A filters required 
to generate the line at, say, up, are also required to generate the frequency 
lines at up±l · Indeed, one or more common A filters are required up to 
and including the Up±Q frequency lines. We can configure the processing 
architecture so that a A filter can be used for a number of frequency lines in 
the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 
in the delay circuitry all become real. The complex sinusoid, for example, 
becomes exp(j21rupL) = ( -1 )P which is obviously computationally simpler 
to implement. 

An embodiment for the bank of shared A filters for generating spectro
grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 
circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 
each A filter services three spectrogram frequency lines. The outputs are 
weighted proportional to the Fourier series coefficients 2125 and are com
bined 2130 with the end point correction factors 2135. These sums are then 
weighted 2140 by (-l)P to generate the real and imaginary components of 
the spectrogram frequency lines 2145. If, instead of weighting by ( -1 )P, a 
magnitude squared operation is performed, then the output lines become the 
magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 
using basically the same bank of A filters. Additional A filters would have 
to be added to contribute to the lower and higher spectral lines. Extending 
from Q = 1 to Q = 3, for example, would require the addition of two A filters 
and the low frequency end and two at the high frequency end. In general, 
for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
not at either end will contribute to a total of 2Q + 1 frequency lines. Note 
that this architecture can also be implemented using FIR embodimants of 
the A filter delay line circuitry combination. 
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An embodiment for parallel generation of the magnitude squared of a 
spectrogram using a bank of A filters without end point correction for Q = 2 
( em e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed 
to a delay circuitry 2212 the output of which serves the bank of A filters 
2210. The outputs of the filter bank are weighted by Fourier coefficients, 
combined, and magnitude squared 2220 to give the magnitude squared of 
the spectrogram frequency line 2215. All of the fanouts from the bank of 
A filters are not shown. If, for example, there was to be a frequency line 
generated at Up = ~+z, then the A filter in the bank 2212 parameterized 
by fr would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the iJp, 
This same statement applies to the corresponding processor in Fig. 21 for the 
generation of the real and imaginary components of the spectrogram. Note 
that this architecture can also be implemented using FIR embodimants of 
the A filter delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin
gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 
for the damped case, has requires a delay line for each spectrogram frequencv 
line. With the modulated window, we see that a single delay line can serve 
the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 
form, the unmodulated window can also be used to generate spectrogram 
circuitry in parallel with the use of a single delay line. Discussions of this 
capability and corresponding illustrative architectures are the topics of this 
section. 

From Eq. 27, 

S[n - L; u] = ej21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (52) 

where w[n] is the damped window in Eq. 26. The undamped case will not 
be treated separately since it a special case of the dampened architectures 
when a= 0. We can write the window expression in Eq. 26 as 

w[n - L] = h[n] * { 8[n] - e- 2aL8[n - 2L]} + w[n]8[n - 2L] (53) 

where w[n] is the value of the end point correction factor. The impulse 
response, h[n], is that of the damped resonant circuit and, for this discussion, 

25 



is given by Eq. 28. For a given Q, a processor architecture with transfer 
function 

00 

H(z) = L h[k]z-k (54) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos
ite impulse response of which is h[n] to generate the desired output 2315. 
We schematically denote the damped resonant circuit by the appropriately 
parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 53 into Eq. 52 followed by straightforward convolution 
algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-i21r(n-L)u + e-j21r(n-L)u 

x[h[n] * {ei21rnu(x[n] - e-20-Le-i41ruLx[n - 2L])}] (55) 

An architecture for generating a spectral line based on this expression is 
shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
which is premultiplied by a temporally varying complex exponential 2415, 
passed through an iI filter 2420 and is post multiplied by a temporally vary
ing sinusiod 2425 the output of which is added to the end point correction 
factor 2430 to give the real and imaginary components of the spectrogram 
2435. The exp(j21r Lu) term in the post multiply 2425 term, exp[j21r(n-L)u], 
can alternately be generated by a multiply at a number of other locations 
including before or after the iI filter or the pre-multiply 2415. Note that in 
this embodiment, and in those to be described, that the disjoint unmodu
lated window does not appear in a lumped form as schematically depicted in 
Fig. 1. It's components ( the iI filter and the delay line) are not connected. 
This is the reason for the use of the word disjoint in the description of the 
window. 

As in previous cases, the spectrogram processor in such embodiments 
can be modified to display the squared magnitude of the output spectrogram 
resulting a reduction of the required number of FLOPS. Without end point 
correction, the squared magnitude of Eq. 55 is 

I S[n - L; u] 12 =1 h[n] * {ej21r(n-i)u(x[n] - e-20-Le-i41ruLx[n - 2L])} 12 (56) 

where the effects of the arbitrarily chosen positive number, i, are totally 
eliminated by the magnitude squared operation. An embodiment of an ar
chitecture corresponding to Eq. 56 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 
a time varying complex sinusiod 2515 and placed through an if filter 2520 
and is magnitude squared 2525 to generate the desired squared magnitude 
output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 
25 may be sequentially fed signals to generate a number of spectrogram lines 
or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 
For 1 :Sp :S P, we can replicate Eq. 55 as 

S[n - L; up] = ul[L]x[n - 2L]e-j2ir(n-L)up + e-j2ir(n-L)up 

x[hP[n] * {ej2irnuP(x[n] - e-2uLe-j41rupLx[n - 2L])})(57) 

where we have explicitly all allowed the windows, wP[n], and therefore corre
sponding impulse responses, hP[n], to vary for varying p. One embodiment 
of the corresponding processor is shown in Fig. 26. The input 2606 is fed 
to delay circuitry 2610 which services the remainder of the processor. The 
delayed signal is weighted by complex phase terms 2515 and is recombined 
with the undelayed signal 2520. The combination is placed into a band of 
pre-multipliers which service a bank of if filters 2630 the outputs post mul
tiplied 2635 by time varying complex exponentials. The multiplier values of 
exp(±j27l'(n ± ½)up) were chosen here in part to illustrate the flexibility of 
placement of the term exp(j27l' Lu) (in the post multiply 2425 in Fig. 24) in 
the processing architecture. The outputs of the post multipliers are added 
2640 to the end point correction factor 2645 to give the real and imaginary 
components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 
spectrogram lines based upon replication of the processor type illustrated in 
Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 
processor. End point correction circuitry if not included. The input 2705 is 
fed into delay circuitry 2710 which serves the entire processor. The exponen
tial term, exp(-2aL), present in the delay circuitry 2610 if Fig. 26, is not 
included here but is, rather, combined with the weighting factors 2715 of the 
delayed signal. The weighted delay signals are added 2720 to the original sig
nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip j 1 :S p :S P} 
which, in turn, are fed into squared magnitude processors 2730 the outputs 
of which are the magnitude squared of the spectrogram lines 2730. 
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Equally Spaced Frequency Lines Using Disjoint Unmodulated 
Windows and a Single Delay Line. The computational requirements for 
generating spectrograms using disjoint unmodulated windows and a single 
delay line are less when the frequencies are integer multiples of the inverse 
of 2L (i.e. up = fr). It follows that exp( - j41rupL) = 1. Thus, the bank of 
complex multiplies such as is required 2615 in Fig. 26 is no longer required. 
Furthermore, exp( ±j21r Lup) = ( -1 )P becomes a much easier number by 
which to multiply. IN such cases, Eq. 55 becomes 

S[n - L; up] (-l)P{wP[L]x[n - 2L] 

+vV2Lnp[hP[n] * {vV2nl(x[n] - e-20-Lx[n - 2L])}]} (58) 

where we have used the common DSP notation 

w.J - ej1rJ/L 
2£ - (59) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
the delay circuitry 2810 the combination of the output of which services a 
number of pre-multipliers 2820. As before, the outputs of the pre-multipliers 
are fed to a bank of iJ filters 2825 the outputs of which are post multiplied 
by time-varying complex sinusoids 2830. These outputs are added 2835 to 
the end point correction factor 2840 and are then weighted by (-l)P to give 
the real and imaginary components of the spectrogram lines 2845. A single 
stage of this processor can be used for sequential generation of spectrogram 
lines. 

A further computation reduction can be realized if only the squared mag
nitude of the spectrogram is required. The squared magnitude of Eq. 58 
deleting end point correction is 

I S[n - L; up] 12=1 hP[n] * {W2t'(x[n] - e-20-Lx[n - 2L])} 12 (60) 

An illustration of a corresponding architecture for the parallel implementa
tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 
circuitry 2910 the summed output of which feeds the rest of the processor. 
The summed output is pre-multiplied by time varying sinusoids 2915, passed 
through iJ filters 2920 and magnitude squared 2925. The result 2930 is the 
squared magnitude of the spectrogram lines. 

Architecture Variations. We emphasize the existence of a number of 
implementations of digital circuitry for a given impulse response. One can, 
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for example, combine the q = O, l stages 920, 925 in Fig. 9 by writing the z 
transform transfer function equations for the q = 0 stage 920 and the q = l 
stage 925 and combine them with a common denominator. The resulting 
equation can be implemented in the Direct form II method described by 
Oppenheim, Willsky and Young. The resulting circuitry will be different than 
that in Fig. 9, yet the input-output relationship will be identical. Indeed, 
similar procedures can be applied to combine the delay, end point correction 
and resonant circuitry. Such design variations are well known to those well 
versed in the art. 

As has been noted, linear time invariant components is series within a 
circuit can be interchanged in order without changing the composite response. 
In Fig. 14, for example, the coefficient multipication 1415 can be done after 
the A filter bank 1420 rather than before, as is shown. Similarly, the series 
combination of h2 [n] followed by the delay, -z-6 at the top of the processor 
220 in Fig. 2 can be reversed without effecting the composite impulse response 
230 of the entire processor 220. Such commutative aspects of digital filters 
are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 
or window is required. In such cases, for example, all of the values of the 
/3g's can be weighted by some appropriately chosen value. In Fig. 5, for 
example, the weight /30 in the q = 0 stage 515, for example, can be replaced 
by one if the value of /31 in the q = l stage is replaced by /3i/ /30 and the 
end point correction weight 540 is changed from -w[L] to -w[L]/ /30 • The 
output 530 would then be changed from y[n] to y[n]/ (30 • The resulting filter 
used, for example, in the two unmodulated window spectrogram processors 
in Fig. 1, would result in outputs of S[n - L; u]/ /30 instead of S[n - L; u] 
135 and I S[n - L; u]/ /30 1

2 instead of I S[n - L; u] 1
2 165. Thus, by allowing 

proportional outputs, we are able to save a multiply. Similar scalings and 
variations in other architectures described in this patent will be apparent to 
those well skilled in the art. 

Applications. Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar and lidar. 

2. as a means of representing or displaying acoustic signals such as 
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speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery and electromechanical signals. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal and electrochemical signals. 

7. use as a signal representation in pattern recognition procedures 
such as fault monitoring or as a template for matched filtering 
or as training data in a classifier such as a layered perceptron 
artificial neural network. 

8. as component in other signal processing architectures including 
architectures for zamograms. 
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COPYRIGHT 
OFFICE 

LIBRARY 
OF 
CONGRESS 

Washington 
D.C 
20559 

PB : cte 

• Multidimensional Systems Corp 
ATTN : Robert J . Marks II 
1131 199th Street, S.W . 
Lynnwood, WA 98036 

RE : MDSC DOCUMENTS I 

Dear Mr. Mark : 

June 8 , 1990 

Space 2 of the application names an individual as the author 
of the work and indicates that the work was made for hire. A "work 
made for hire" is defined as: 

( 1) "a work prepared by an employee within the scope of his 
or her employment" ; or 

(2) "a work specially ordered or commissioned" for certain 
uses specified in the statute but only if there is a written 
agreement to consider it a "work made for hire." 

Where a work is "made for hire," the employer is considered 
the author and should be named at Space 2. If an individual 
contributes to or creates a work in his or her capacity as either an 
officer or employee of a company or organization , the work is 
considered a "work made for hire" and the employer should be named as 
the author rather than the individual . If the author is a company or 
institution, it is necessary to check "Yes" in the "made for hire" 
question below the name in Space 2. If appropriate, please complete 
and submit a new application for this work . 

Please reply within 120 days (see Cir . 7c) and retur n the 
enclosed copy referring to our CONTROL NUMBER 70-020-125(M). 

Enclosures : 
Appl. ret'd 
Form TX 
Cirs. 7c, 9 
cc: this letter 

Sincerely yours , 

!~o~w ~ c:-~ 
Copyright Examiner 
Literary Section 
Examining Division 



COPYRIGHT 
OFFICE 

LIBRARY 
OF 
CONGRESS 

Washington 
D.C. 
20559 

.... . t( 

p 
cl d c PY r., 

Jun' . 19 

RETURN THIS 
COPY WJTH 
YOUR REPLY 
Effects of not replying 
are explained in 
Circular R7c. 

1-y 'O r,1 .v .e- ~, r.. 1 

and rf'tur th 
fil( ). 

d 

or 



FORM TX 
UNITED STATES COPYRIGHT OFFI CE 

REGISTRATION NUMBER 

TX TXU 
EFFECTIVE DATE OF REGISTRATION 

Month Day Year 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 
·•.·············-·-·-•-•.•-•.•.••· ·····:·: ... -..... -.•-•-•.•.•.•.••··········· ···:·_:_:_:_:_.,:.:_:_:,:.:-:-:-:-:-·:::.:::::: ... •.•.:•:•:•:-:-:-.::.::::::.:: .. -.-.-.-... -;.:.;-:."::::::·········:·:·:·:.-.:::;.····:·:···.·····:· ··· ··::::··· -·:·; ·: ···· ·: .. -.-.:: ···:·:·:·:··:·:·· ...• -.:: ·: ·: .. ·· ···• ... :·· .. -.-:-:-;: .. : ·:·····.:::.::·-... -.. ;.;-;,;::::::::.:: . ... •.•-'-•··_;.;.;-:,.-... 

1 
TITLE OF THIS WORK "' 

MDSC Oocum errts I 
PREVIOUS OR ALTERNATIVE TITLES "' 

PUBLICATION AS A CONTRIBUTION If this work was published as a contribution to a periodical, serial, or collection, give information about the 
collective work in which the contribution appeared. Title of Collective Work T 

If published in a periodical or serial give: Volume T NumberT Issue Date T On Pages T 

.·.·.w.· ··• .. • .. A ······················r:;tM1i·ciF.AUTHOli°°Tw••·'···········w.·.·.·.•.•·· w••· •·W····--·w······ .••·· ·· ·· ,, ............... · .·· ,· ··· ······w········ .. ,.,· , ..... , ....... ·.·.w ·w.•.•.•.•.•.•. · DATEs•'oF.BIRTH.•AND.DEATHw.w.•.•··· ..... ··········• .,, .. 2 Robert: J , Marks x - · Y•;·;so Yea,I>ed'I' 

NOTE 
Under the law, 
the ·author" of a 
"work made for 
hire" is generally 
the employer, 
not the em
ployee (see in
structions) . For 
any part of this 
work that was 
"made for hire" 
check "Yes" in 
the space pro
vided , give the 
employer (or 
other person for 
whom the work 
was prepared) 
as -Author " of 
that part, and 
leave the space 
for dates of birth 
and death blank. 

w7.s this contribution to the work a AUTHOR'S NATIONAiliTY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
"work made for hire"? Name of Country A THE WORK If the answer to either 

~ Yes OR { Citizen of ► US _ Anonymous? D Yes~ No of these questions is 
"Yes," see detailed 

D No Domiciled in ► Pseudonymous? D Yes D No instructions. 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyright is claimed. T 

T echnolog., v Qe,scr~ et::ioo 
NAME OF AUTHOR "' T I DATES OF BIRTH AND DEATH 

Was this contribution to the work a 

D Yes 

0 No 

"work made for hire"? 

NATURE OF AUTHORSHIP 

NAME OF AUTHOR"' 

Was this contribution to the work a 

D Yes 

0 No 

"work made for hire"? 

AUTHOR'S NATIONALITY OR DOMICILE 
Name of country 

{ 
Citizen of ► 

OR 
Domiciled in ►---------------

Year Born T' Year Died "" 

WAS THIS AUTHOR'S CONTRIBUTION TO 
THE WORK If the answer to either 
Anonymous? D Yes D No of these questions is 

"Yes." see detailed Pseudonymous? 0 Yes O No instructions. 

Briefly describe nature of the material created by this author in which copyright is claimed. T 

DATES OF BIRTH AND DEATH 
Year Born T Year Died T 

AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
Name of Country THE WORK If the answer lo either 
OR j Citizen of ► 

l Domiciled in ►----------------
Anonymous? D Yes D No of these questions is 

"Yes." see detailed 
0 Yes O No Pseudonymous? instructions. 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyright is claimed. T 

-··· •.. •• • • ·.•:•:•:•.•-=:::·. : _:•:•:•:•:•:•:•:•:•:•:•:❖:-:•'.•:•:-:.:.···.·=·=•:•:•: •:•:•:•:• · :-:-· '.•'.•'.·'.·'.· •:•:•:•:•:-:-:-:•:•:•:-:•· ;.;.;.;.;.:.:-:::.•:-:-:-:•:•:•:•:•:•:•:-;.;.;.;.;.;.;.:,:.:,:.·.·····=···=·=•:•:•:•:•:•:•······· =❖=•=·=·=·=··············=·=•:•:•:❖:•·· ··=·=•:•:•:•:,:-:-·.·········=·=•:•:•:-:-:-·.:-:-:-:•····:-·.·.·.·.•'.•:•:•:-:•:•:•:•:-:-;.;.;.;.;.;.;.::•.•:•:•:•:•:•:•:•:-:-:-:•:•:•=·=·=·=·=•::_:•:•:•:•:-:•:•:•:•:•:•:•:•:•:•:•:-:-:::::::: . :-:•:•:•:•:•:•:•:•:•:•:•:-;.:.;.;.:::::: . : _: _:•:•:•:•:•:•: •:•:•:• 

Jf.:._
1
,.' .. ·.:.·.'.,.'.:::·,:,.:,i,.t. WYEOARRKINWAWHS CIC

O
HMCPLREETEATDI0~

1
~!o~!!!~n DATE AND NATION OF FIRST PUBLICATION OF THIS PARTICULAR WORK g~~::f~!~~~tmatlon Month ► ________ Day ►--- Year ► ____ _ 

;}\,::/:?,:::: J q C/ Q ◄ Year ~u:i:~.~:.en hasbeenpubllshed. -..,.,.==----,,==--====--:c-===-c====-==◄ Nation ..... ~~~~~~~f h~rL;!~i~t~>I~:·;;::/~~·~•:~~·~·;•~:~-:•;·~;~:•;;~•:;~~~:~.~~~:•;t;h;:•~i~';';'~~;-';;';'h;•:•:•.••:• : :•·:: ····~~~L;f 7:~N~~~·~;Eo :,,.,.;.;.;,;:;.;:•:•:•:••:•:•::•:•:•:•:•:•:•:•:•:•:•::::::•:•:•::•:•:•:•:•:• 
See instructions 
before completing 
this space. 

Mul-t:: id imensiona sr~-t:em.s Corr . ffi~ONEDEPOSITRECEIVED 

!o 
~W------:-::-=--::-:::--:-,:------------
ic~ TWO DEPOSITS RECEIVED 

~ ~ ~~~~~_J~a:.,-;-;:---'L:-'~=-;::..:i~:----:-;--7"---:-:-'.:-:-----:-----i~w T SFER If the claimant(s) named here in space 4 are different from the author(s) named ~~-R_E_M_l""TT=-A-N-:cC-:cE:-N:-c-cU~M~B:-E:-R=-A-N..,,D_D_A_T_E _____ _ 
in space 2, give a brief statement of how the claimant(s) obtained ownership of the copyright.T 00 

Q 

Page 1 ol, _ __ _,,ages 



·,:.:.: •• •:-:•:•.•·---················❖······· ··········•.···.·.··•.···········=·=--.::.:.: ..... •.• ·.·. ··•·.· ..•.. • ... ·.··········••.•.•.•.•.•·•: ..... .. · •.. .•. ::.:.::::.::: ..... ...•.. .-.-:.-

EXAMINED BY 

CHECKED BY 

□ CORRESPONDENC!= 
Yes 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 

FORM TX 

FOR 
COPYRIGHT 

OFFICE 
USE 

ONLY 

··· ··::: •.• ·•:::::::::::···:·:·:·:·:·::.::: • • •.•: . ::-❖:····.·.·.:•:•:•:• •······•·•:·••·•:•:•.:.:•'.•:••·•·•·•·••:•:•:•:•:•:•:•: .: . .• :.:-:•:•.•. ··•·=•:-:•:•:•:•:•:•:•:•:•:: . .-.• .. •.•.-:-:•:••·=•:•:•:•:•:••·•·•·•·•····:-:-:•:•: ·••_. ·_. ••••• ;.;.:.:•:•:•:•.·•·•·•·•.•·· · ·=•'. •'.•'.❖'.•:•:•:-:••·•·•·•·•·•·•❖.·.:•:··.-· ··:.- ••• ;.;.;.;.; •• •.·.·.· ·· -· ·.-::.-••••••••.•••••••••• ·.::. ,.-:-:•:•:•:••·•·•·•·•·•·•·•·•·•·•·••:.: ..•. ::::::::::::::::::::::.::=· 

.•.PREVious···REGISTRATION Has registration for this work, or for an earlier version of this work, already been made in the Copyright Office? 

0 Yes t8_ No If your answer is "Yes, " why is another registration being sought? (Check appropriate box) T 

O This is the first published edition of a work previously registered in unpublished form. 

O This is the first application submitted by this author as copyright claimant. 

O This is a changed version of the work, as shown by space 6 on this application . 

If your answer is "Yes," give : Previous Registration Number T Year of Registration T 

.•.•.•.•····--···--······--··•.•.•.•.•.•···--····--··--··--···················--··· ···················.".": .. ::. ··· ... · .... ·.•.•·················· ·.··::··.···: .... ·.·.•····':".: ·.-·····: --.... , .... ·.·.·.'··········:.-: ·: .. .-.... •.······•:•.····'·:::··:.·· ..... ·.•····; ... •.··········;·:···· ·· ....... -.: ..... ·.·.•.•·······'··•.•.•--······ ·····•:•.····'·········'····• .. :· ·· ·;·: ... •.··············· .. :: ·.- ·: .... •.•················:t; .. . : ... •.·····················---.•.:::·:. DERIVATIVE WORK OR COMPILATION Complete both space 6a & 6b for a derivative work; complete only 6b for a compilation. 
a. Preexisting Material Identify any preexisting work or works that this work is based on or incorporates. T · 

N o.-i e., 

b. Material Added to This Work Give a brief, genera l statement of the mate rial that has been added to this work and in which copyright is claimed. T See instructions 
before completing 
this space. 

:::::::::;::.:-:•:•:•:•:•:••·••:.:.: ... :;:::::::·.:•:•:•:•:••·=·••:.::::::::::.;.".".;.;.;.;.;-:•:•:•:•:•:•:::::::::::"·.- · ·.-.:.;.;.:-:•:•:•:•:•:•:•::::::::::: ·.-.-.·.:.;.;.:.:•:•:•:•:-::::::::::::::::.:-:•:•:•:•:•:•:•:•:-:•:•:: . . :.: ... .: .• ::;:;.;.:-:-:•:•:•:•:•'.•:-:-:•:.::::::::::.:::.;.:-:•:•:•:•:•:•:•:•:•:•::::::: ·: ·.- ·.:•:•:•:•:•:•:•:•:•:.:.:.:. :::::::::.:'.;.:.:•:•:•:•:-: ' ••.:_:,::::.;.;: ••• ;.;.;.;-:.:-:-:•:-:•:-:•--·· ··.- ···.-.-.-.;.;.:•:•:•:•:•:•:•:•···· ·· · ···.-.- .•••.•••••••••• -······-· ···.-.-.-.: 

-space deleted-

REPRODUCTION FOR USE OF BLIND OR PHYSICALLY HANDICAPPED INDIVIDUALS A signature on this form at space 10, and a 
check in one of the boxes here in space 8, cons titutes a non -exclusive grant of pe rmission to the Library of Congress to reproduce and distribute solely for the blind 
and physically handicapped and under the conditions and li mitations prescribe d by the regulations of the Copyright Office: (1) copies of the work identified in space 
1 of this application in Braille (or similar tactile symbols); or (2) phonorecords embo dying a fixation of a reading of that work; or (3) both. 

,=/:'.;;;;\;;;Jr 

a O Copies and Phonorecords b O Copies Only c O Phonorecords Only See instruc tions. 

:•:•:•:•:•:•:•:•:•:•:·:::;:;:•:•:•:·:•:;::.:-:•:•:•:•:••·=·••:••·=·=·=·•·=·=•:•:•:•:•::::::.;•:•:••·•·•·•·•·•·=·:·:·:::·:•:•:•:•.·······❖:•:•:•:•:•:•:•:·:•:•:-:• •• :·.:••-:-.::·•:=::·• ·-:-·•··· •· :;:;:;:::;:;:::::::;::•::::: :;:::•::· .•• •. ·· ·.·.·.·::.·:·;·::···-···· ·:::.·.·.·:.·::.:.:.:::::::·:·:·.-.-.-.-:::::::.:.:.:.:.:.:.:.:. :•:•:••·=·=·•·=·•·•-=--:-:•'.•.•••:-:•:-:-:-:••·••:•:•:-:•.•-·-·.:-:-:-:•'.•'.•'.•·-- ·.;.;.:.;.; ••••.•• ;.:-.:-:-:-:•:•:•:•:-:•:•:•:-:•:•:••·•·=·•··.: .• :.:.:-:•'.•: ·.:•:••·••:•:•:••·=•:•:) 

DEPOSIT ACCOUNT If the registration fee is to be charged to a Deposit Account established in the Copyright Office, give name and number of Account. 
Name T Account Number T 9 
CORRESPONDENCE Give name and address to which correspondence about this application should be sent. Name/Address/Apt /City/State/Zip 'f' 

R.J /Vlarks :JI P"e.si d er'\t: 
Mu/ t; i d ; W1 e 11 ~ fl Cl I S_y S + em..s Co r o Be sure lo 

II 3 ' ' 7 c,ti .5 r . s id: . L V ,, .,, yJ aod1 \Al A: '1 '8' 0 37 ~;:ii~~~hone 
.7 Area Code & Tel6phon~ mber ~ ( 2_0 ~ ) . -" ? 7 t_ _ ca'? 9 ..S- ◄ number. 

"aKI''h-ic·A.TioN~ .···;: ·;~~·~~~~rsigned, h.;~i:,;·.;:.;;.:;;1y·,hat1·~~·;he. ········1 g·:~~:;~~~;~·~~;cl:;~~~;·••-, ·········•• .... '-····························••.~---•.-, .. • ....... :,;.:.ji;,;:;>·:-:;::; .. 

Check one ► O owner of exclusive right(s) \ll:\li \\\:\\\.JI\\\\\ 
of the work identified in this application and that the statements made Q!!.. authorized agent of Mu/-t: i ; ot1eo1s ic,,,_, 
by me in this application are correct to the best of my knowledge. ~ = =-'-"'-'--"-'----'====..._L_--=+=====--.,,_-=-4 ==-~ 
Typed or printed name and date T If this application gives a date of publication in space 3, do not sign and submit it before that date. 

Ro hert J. /V1 a. r k .5 IC date ► 2./ I I q o 

MAIL 
CERTIFI
CATE TO 

Name'f' 

R. J. tllal'ks 
Number/Street/Apartment Number 'f' . -t4 

L WA-

YOU MUST 
• Complete all necessary spaces 
• Sign your application in space 10 

SEND ALL 3 ELEMENTS 
IN THE SAME PACKAGE· 

1. Application form 
2. Non-refundable $'IQ filing fee 

In check or money order 
payable to Register of Copyrights 

3. Deposit material 

MAIL TO · • 
Register of Copyrights 
Library of Congress 

1 
Certificate 
will be 
mailed in 
window 
envelope 

Washington, D.C. 20559 .§!(I# 
·•:•:·. ·:· •.· ·: ·~· ·: ···:::··::· ·: ·.•• ·:···:·:::···:·.-:·:·:·::::::::··-··.·:· .. ::·:·:·: :::·:::;:::::;:;::::::::::::.:.:_:_:. -.: . •• :.:. :=:•:•:=:•:.: .• : .• .• .-•.•.•••• ..•• ;:;::::::::.:_:.:.:.::. : .•..• ,_: •. :.:.: .•. :;::::_:_::_:_:_:.: ••.. : .•.• . :. :::::::.:.:.:.: .•. : .. -........ ::::;:;:;:;:;:: ... :. -......... :•:•:•:=:•:=:.:.:.:.::::: ·•:•:=:•:•:•:•:•:=·· ···· -· .. ·:·: ·····•·=·•••::;:;:;:;:;:;:•:: :: :: : : : • ::;:;:;:;:;:;:;:·:?~.._~ ..... "-.: 

• 17 U.S.C. § 506(e) : Any person who knowingly makes a false representatio n of a material fac t in the applicatio n for copyright registration provided for by section 409. or in any wri tten statement filed ,n 
connec tion w ith the application . shall be l ined not more than $2.500. 

August 198~300,000 
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The Effects of 
Not Replying Within 
120 Days 
to Copyright Office 
Correspondence 

IN THE EVENT YOU DO NOT REPLY WITHIN 120 DAYS 

• The file on your case will be closed. You will not be 
notified when your file is closed. 

• Any published deposit you submitted may be made avail
able to the Library of Congress for use or dispos1t1on 
under the provisions of the copyright law, 17 U.S. C. §§40 7. 
704. 

• Any unpublish~ deposit or document you subm!lrd will 
be returned to you. 

• Any copyright filing or renewal fee submitted with a 
deposit and application will not be refunded. 

THE CONSEQUENCES OF A CLOSED FILE 

• If we close a file and you later re-apply for registration or 
recordation, you will be required to submit a new appl i
catlon, deposit, and fee or original document and fee. 

• The effective date of registration will be based on the new 
later submission. 

• Renewal registration ;'iiay r.o longer be-possible. 

THE SIGNIFICANCE OF THE EFFECTIVE DATE 
OF REGISTRATION 

Though registration is not a condition for securing copy· 
right, delaying the effective date of registration can have 
serious consequences. In an infringement suit. the court 
may not award statutory damages or attorney's fees 1t the n · 
fringement started before the effective date of registration -
unless, for published works, registration was made w1th1r" a 
grace period of 3 months following publication and the 

J. infringement started after first publication. 
~ ·. Also, while the recordation of a transfer or document per:-

taining to a copyright is not mandatory, it does const,tu!e 
constructive notice of ownership of rights, if the statutory 
time limits and conditions are satisfied. 



FORM TX 
UNITED STATES COPYRIGHT OFFICE 

REGISTRATION NUMBER 

TX TXU 

EFFECTIVE DATE OF REGISTRATION 

Month Day Year 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 
............. ,.•'.•'.•'.••··········: ............ :-:-:-:-:-: •••• :.: ••••.•.•. '. ... _:-:-:-:-:-: •• ::: ...... :.:.:-:-:-:., .............. :-:-:-:-: ................ : .. :-:-:-:•:❖-•:-:-:.::: .. ::: ... :.:-:-:-:-:-:-:-:-:-:-:.;::: ...... :.:: •.. :-:-:-:-:-:-:-:-:-:-··::::::::: ...• ·.·=·=·=·•·•·•·•·•·•·•·=;····-··-:::::···· .... -.❖-•-;·· .. ······:············································ 

i 

NOTE 
Under the law, 
th.e "author" of a 
"work made for 
hire" is generatly 
the employer. 
not the em
ployee ( see in· 
structions). For 
any part of this 
work that was 
"made for hire" 
check "Yes" in 
the space pro
vided, give the 
employer (or 
other person for 
whom the work 
was prepared) 
as "Author" of 
that part. and 
leave the space 
for dates of birth 
and death blank. 

TITLE OF THIS WORK V 

PREVIOUS OR ALTERNATIVE TITLES T 

PUBLICATION AS A CONTRIBUTION If this work was published as a contribution to a periodical, serial, or collection, give information about the 
collective work in which the contribution appeared. Title of Collective Work T 

If published in a periodical or serial give: Volume V NumberV Issue Date V On Pages T 

Was this contribution to the work a 
"work made for hire"? 

0 Yes 

□ No 
NATURE OF AUTHORSHIP 

·'.~ NAME OF AUTHOR T 

i~J:; 

Was this contribution to the work a 

0 Yes 

0 No 

"work made for hire"? 

NATURE OF AUTHORSHIP 

NAME OF AUTHOR ,r 

Was this contribution to the work a 

0 Yes 

0 No 

"work made for hire"? 

AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
Name of Country THE WORK If the answer to either 

f 
_________________ A ? 0 Yes O No of these questions is 

OR { 
Citizen o ► nonymous. "Yes," see detailed 
Domiciled in ►--------------- Pseudonymous? D Yes D No instructions. 

Briefly describe nature of the material created by this author in which copyright is claimed. "' 

AUTHOR'S NATIONALITY OR DOMICILE 
Name of country 

{ 
Citizen of ► 

OR 
Domiciled in ►---------------

DATES OF BIRTH AND DEATH 
Year Born V' Year Died V 

WAS THIS AUTHOR'S CONTRIBUTION TO 
THE WORK lftheanswertoeither 
Anonymous? 0 Yes O No of these questions is 

P d ? D D N "Yes," see detailed 
seu onymous. Yes o instructions. 

Briefly describe nature of the material created by this author in which copyright is claimed .. V 

DATES OF BIRTH AND DEATH 
Year Born 'I" Year Died. 'f' 

AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
Name of Country THE WORK If the answer to either 
OR { Citizen of ► 

Domiciled in ►---------------

Anonymous? 0 Yes O No of these questions is 
"Yes," see detailed 

Pseudonymous? 0 Yes O No instructions. 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyright is claimed. V 

3 .. :~,-~~~!P'00 

<~; same as fuw<ho, g<eeo <o spa~ 
2 
·• ~~-0-N_E_D_E_P_O_S_I_T_R_E_C_E_I_V_E_D _________ _ 

See instructions t-W--------------------
before completing ii:~ TWO DEPOSITS RECEIVED 

this space. =,....,..===----------------------------------13:w 
TRANSFER If the claimant(s) named here in space 4 are different from the author(s) named ~ ~-R-E-M-ITT_A_N_C_E_N_U_M_B_E_R_A_N_D_D_A_T_E ______ _ 
in space 2, give a brief statement of how the claimant(s) obtained ownership of the copyright.V 

00 
C 

................................ MOR·~··ON.BACK·; .. ~·~~~~l~;~-~;i~~·~licab;e~~~~~ .. ~·(number~ s:,•;;·on.the r~~~;;~;id~ of thi;·p~g~.···· ............ : .......................................... :.:.oci'NoT·wiiii=iiHERE .. 
• See detailed instructions. • Sign the form at line 10 .. 

Page 1 ot ___ -ages 



❖-:-:.:.:-:-:-:-:-:•:•:•:•:•:•:•:•:•:•:•:•:.:. ... _ _;; :: :-:•:•:•:•:•:-:-:•:•:-:-:•:•:-:-:-:.· .. :-:-:-:-:-:-:-:-:❖:• .. :-:-:-:•:•:•,•··•.•··=·•·=·=" ·.·.:-:-:-:-:-:•:•:•:•.········=•:•.• °': :,:,:•:•:•:•:: ·••;•:-:❖ 
EXAMINED BY 

CHECKED BY 

□ CORRESPONDENCE 
Yes 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEE"t 

FORMTX 

FOR 
COPYRIGHT 

OFFICE 
USE 

ONLY 

~:'. :.:; · ·: ·,:,:-:•:•:•:•:•:•:•:•:•.•"::::::::: •• ·:,:,:,:-:❖:::-:-:•:•:,.,:~::::: •.•. ::;. :❖:❖:-:-:u:.:::, :::::::::::·::-:,:, •·:·:•:•:,· .•. ::::.:;<";:;:;.-❖:•:•:❖ >:<: . , :~::;:7::,:3::•: "' .... -..:. •. ,. :. "':'.";;.,•'.:"\ ~:., ·❖:•:❖:❖:•:•:❖ '":'..:;,:_ .. :!-:❖:-:··· ·-:-::\ .:::-~·::'''t:,J\:,:-:❖" :•:❖ •,:::'"/~- ·;;;-:;:-,:❖:•:❖-..;d}::::_:;:::::::::/;:::..:•K ,:;-~:~::::: :\::❖:-~•-" :-:::,•;. 

PREVIOUS REGISTRATION Has registration for this work, or for an earlier version of this work, already been made in the Copyright Office? 
D Yes D No If your answer is "Yes," why is another registration being sought? (Check appropriate box) 'I' 

D This is the first published edition of a work previously registered in unpublished form. 

D This is the first application submitted by this author as copyright claimant. 

D This is a changed version of the work, as shown by space 6 on this application. 

If your answer is "Yes," give: Previous Registration Number 'I' Year of Registration 'I' 

... : .......... :=: ........ : ........ ::::•: · ............. ::::::::::::•:•:: .......... ::::::::::::::::::::::::::::: ::::. ·: · .. ,:::::::::::::::;:;:;:;:.: .... ·. :,:::::::;:;:::::;:::::: ... :::::.:; ::::::::::::::::::::::: .: : . ·: ·:::::::: :::::;:;:•:•::.: .. : ... ·.:::::::::::::::::::::::::::;:❖ :: ..•.. :::· . ;.;.;:::::::::::::;:;:;:;:: .•.. ,:: ·:, ·.:-:-::;:;:;>_:::;:;:;::: .• :c ·;.:-:::::::::::::::•.a:>.. :•: :;:;:;:;::::: .•.••••.. -: 
DERIVATIVE WORK OR COMPILATION Complete both space 6a & 6b for a derivative work; complete only 6b for a compilation. ,lf-=f.::. 
a. Preexisting Material Identify any preexisting work or works that this work is based on or incorporates. 'I' ,fl::.,~;;.:· . 

b. Material Added to This Work Give a brief, general statement of the material that has been added to this work and in which copyright is claimed. 'I' 

=··'':':,_:};::=:: 

See instructions 
before completing 
this space. 

······: ..... ·········:.. . ... :::. ·······:· ..... .... -sp:ce d~leted-- ·······•·· ...... ,, ··········· i 
2~k~?~Y$f~?~i~!,ii~f,~'. :'.::~~"~'~ .. ~~'.~~,~~~E"~~~~i~t ~t~~~~~~~:ss :" ~~i~::~"~ ;~~~,:~F,i;i ~i: ........•. :.::i.:_·:•:::•··· .. ,=.·.:.:·;.'..;'..·:· 

and physically handicapped and under the conditions and limitations prescribed by the regulations of the Copyright Office: (1) copies of the work identified in space ".•: 
1 of this application in Braille (or similar tactile symbols); or (2) phonorecords embodying a fixation of a reading of that work; or (3) both. 

a D Copies and Phonorecords b D Copies Only c D Phonorecords Only See instructions. 

❖:•:•:-:-:•:•:•:•:•:•:•::::::::,:❖::.;.:-:,:-:•:•:•:•:•:•:•:•:.:•:•::.:,:-:·,·.·.:.:,:-:•:•:•:•:•:•:-:-:• •. ,.::::::.:❖·❖:••·=•:-:-:•:•:•:•:•:_.•::::.:-:❖··=·=·=·=•:•:•:•:•:•:•:_:_,:::::::·-.:-:•:•:•:•:•:•:-:-:-:•:•:•:_::::: .... ::·::::.:,:•:•:-:,:•:•:•:•:•:•:._:_:::::::::.:-:-:-:•:•:•:•:-:-:::.:_,'.::::::::::-.-.;-:-:-:•:•:-:•:•:•:•:•:.· ...... ::·::::.:•:•:-:-:-:-: : ..•. -:::::::::::--:❖:-:-:-:-:-:-:-:-·;:::::::::,:-:-:-:-:-:-:-:•:•:-:-:•:•:•· __ :::::::::::,:-:-:-:-:-:-:-:•:•:•:-:-:_:::::::::::::,··.:,:-:-:•:❖:-:_,_· 

DEPOSIT ACCOUNT If the registration fee is to be charged to a Deposit Account established in the Copyright Office, give name and number of Account. 
Name T Account Number T 

CORRESPONDENCE Give name and address to which correspondence about this application should be sent. Name/Address/Apt/City/State/Zip 'V 

Area Code & Telephone Number ► 

Be sure to 
give your 
daytime phone 

◄ number . 

.. CERTIFICATib·N; I, t~~·~~~ersigned, 1,;;,";,by;~ertify th~ti--~m the > ·1····0 auth~;:····· · ... :...... . .. ::............ . ... ::....... . ... ::::... . .... : ::.. :.:.:.: .•:•:•:•:• .. 

Chffk ~, ► ~ ::::::::~:,::,:':;,~,) 1 0 
of the work identified in this application and that the statements made D authonzed agent of 
by me in this application are correct to the best of my knowledge. Name of_a_u_th_o_r-or_o_tn_e_.r_c_o_p-yr-,g-h_l_c_la-im_a_n_t.-o-r_o_w_n-er_o_f_e_x_cl-us-iv_e_r-,g-h-t(_s_) -.._ 

Typed or printed name and date V If this application gives a date of publication in space 3, do not sign and submit it before that date. 

_______________________________________________ date ► 

Handwritten signature (X) V 

iW'~ :,m<' .. ······ .. ····· . .. ... ···•··· ········· . ··············· ······•····· =~~:;:,~~J~~\e "11 
SEND ALL 3 ELEMENTS 
IN THE SAME PACKAGE: 

Certificate 
will be 
mailed in 
window 
envelope 

Number/Street/Apartment Number 'V 

City/State/ZIP T 

1. Application form 
2. Non-refundable $10 filing fee 

1n check or money order 
payable to Register of Copyrights 

3. Deposit material 

MAIL TO: 
Register of Copyrights 
Library of Congress 
Washington, O.C. 20559 

·····:\;·~:~.-~--·; .506~~;:·~~~-~~·r~on w~~-~~~~~~gly make~·a·false repreS8~tatiOn of a mater(ai·t~~t in the ·app1(~~tion tor ~~i;~~;Qht registr-atio~·i;r·~~lded t"or·by· ~-ection 409.-~~.i~ any written:·~;~~~ent file~.i~·.. . ... 

connection with the application, shall be fined not more than $2,500. 

August 1989--300,000 ccU.S. GOVERNMENT PRINTING OFFICE: 1989:241-428/00,004 
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INTRODUCTION 

Under tne Copyright Act of 1976 (title 17 of the United 
States Code), a work is proteeted by cooylight from the ume 
it 1s created in a fixed form. In otner won:ss. when a work is 
wntten down or o1t'lerwlse set into tangible form, the cooy
ngnt immediately becomes the oropeny of the author who 
created it. Only the author or th0se deriving tnetr nghts from 
the autnor can ngnttully claim copynght. 

Altnough the general rule is that tne person who creates a 
work is the author of that work. there is an exception to that 
pnnciple: the copyright law defines a category of works 
catted "wanes made for hire." If a work is "made for hire." the 

· emp,oyer and not the employee is considered tne author. 
The emptoyer may be a firm or organaanon or an individual. 

To understand the comptex concept of a "work made for 
hire." it is necessary to refer not only to the statuto,y defini
tion. but also to legal custom and cases decided by courts. 

STATUTORY DEFINfflON 

Section 101 of tne copyright law defines a "work made tor 
hire· as: 

( 1) a work prepared by an emplOyee within tne scope of 
his or her employment: or 

(2) a work specially orderad or commissioned for use as a 
contnbution to a collective work. as a pan of a moaon pacture 
or other audio-visuat wane. u a trlnllatiOn. as a sup
p1ementary work. as a compilation. as an instructional text. 
as a test. as answer matlriat for a tnt. or u an attu. if ttle 
pames express,y agree in a wntten inl1J'Urnent signed by 
them tnat the work shall be ccnsidered a work made for hire. 
For the purpose of the foregoing sentence. a "sup
plementary work" is a work snc:,ared for a publication a a 
secondary adjUnct to a work by anotner author for the pur
pose of introducing. conduding, illustrating, exptaining, re
v,s,ng, commenting upon, or assisting in the use of tne other 
work. sucn as forewords. atterwon:ss. pictonal itrustratiOns. 
maps. cnans. tables. editOrial notes. musieat arrangements. 
answer matenal for tests. bibtiograpnies. apf:lendixes and 
indexes. and an "ins1J'Uctional text" is a literary, pictorial or 
graohic work prepared for publieation and with tne purpose 

- - ' - . , ·~' .. ' 

Works-Made-For-Hire 
Under the 1976 Copyright Act 

WHO IS THI AUTHOR OF A WOFIK MADE FOR HIRE? 

If a work is a "work macte for hire." the emctoyer or other 
person tor wnom the work wu prepared Is the autnor and 
should be named as the autnor ,n Space 2 of the a0plicat1on 
tor copyright registratiOn. and the box marked "work-maae
for-hire'' should be cned<ed "yes." 

.. 

WHO IS THI! OWNER OF THI COPYRIGHT IN A 
WORK MADI FOR HIRE? 

If a work is a ··wonc made for hire," the employer or other 
person for wnom the WOrk was prepared owns the co0yr1gnt 
unless tnere nas been a written agreement to the contrary 
signed by bOtn parties. 

E;FFF.CT ON TERM OF COPYRIGHT PROTECTION 

The term of copyright protectiOn of a "Work maae for rme · 
is 75 years from the date of publicatiOn or 100 years from me 
date of creatJOn. whienever expires first. A wor1< not ·mace 
for hire· is ord1nanly protected by copynght tor the I,te ot me 
author plus SO years. For additional information concern,ng 
the terms of copyright protectlOn. reQuest Circular 1 Sa tram 
the Copyright Office. PublicatJOns Secuon. LM-455. L,brary 
of Congress. Washington. O.C. 20559. 

EPFECT ON TERMINATION RIGHTS 

The copyright law provides that certain grants of the r,gnts 
in a work which were made by the author may be term,natea 
35 to 40 years after the grant is made or after 0uoIIcat1or 
depending on tne circumstances. The termination orov,
sions of the law do not apply to "WC?rk! made tor rwe 



FOR FURTHER INFORMATION 

If you need further 1nformati0n. call or write the Copyright 
Office. (202) 479-0700. lnformanon Section. LM-401. Library 
of Congress. Washington. O.C. 20559. 

To order applicat10n forms and circulars. call the Forms 
Hotline. 202•707-9100, and leave a recorded message. 

• 

Copyright Office • Library of Congress • Washington, D.C. 20559 
. ;_• .... ...:~. - ~-.-'!..-
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• Multidimensional Systems Corp 
ATTN : Robert J. Marks II 
1131 199th Street, S.W. 
Lynnwood, WA 98036 

RE : MDSC DOCUMENTS I 

Dear Mr. Mark : 

June 8, 1990 

Space 2 of the application names an individual as the author 
of the work and indicates that the work was made fo r hire. A "work 
made for hire" is defined as : 

( 1) "a work prepared by an employee within the scope of his 
or her employment" ; or 

(2) "a work specially ordered or commissioned" for certain 
uses specified in the statute but only if there is a written 
agreement to consider it a "work made for hire." 

Where a work is "made for hire," the employer is considered 
the author and should be named at Space 2. If an individual 
contributes to or creates a work in his or her capacity as either an 
officer or employee of a company or organization, the work is 
considered a "work made for hire" and the employer should be named as 
the author rather than the individual. If the author is a company or 
institution, it is necessary to check "Yes" in the "made for hire" 
question below the name in Space 2. If appropriate, please complete 
and submit a new application for this work. 

Please reply within 120 days (see Cir. 7c) and return the 
enclosed copy referring to our CONTROL NUMBER 70-020-125(M). 

Enclosures : 
Appl. ret' d 
Form TX 
Cirs. 7c, 9 
cc : this letter 

Sincerely yours, 

!~o~,k/ PJd C:-~ 
Copyright Examiner 
Literary Section 
Examining Division 
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May 3, 1990 

MULTIDIMENSIONAL SYSTEMS CORP 
ATTENTION: Robert J. Marks 
1131 199th St., S.W. 
Lynnwood, WA 98036 

RE: MDSC DOCUMENTS I 

Dear Mr. Marks: 

We are delaying registration because of authorship ambiguity. 
You have given your name as author at space 2 of Form TX and have 
answered the "wo rk made for hire" question "no . " At space 4, however, 
you have indicated that you are an officer of Multidimensional Systems 
Corp. which brings up the question of whether the corporation should be 
named as employer for hire at space 2 and as sole claimant at space 4. 

A "work made for hire" is defined as : 

(1) "a work prepared by an employee within the scope of 
his or her employment " ; or 

(2) "a work specially ordered or commissioned" for 
certain uses specified in the law but only if there 
is a written agreement to consider it a "work made 
:for hire." 

Where a work is made :for hire, the employer is considered 
the author and should be named at space 2 of the application. If the 
corporation was the employer, your na me s hould be removed from space 2. 

In a related matter, we need to know who the claimant is, 
i.e. the corporation, yourself or both. Because a corporation and its 
officers are different legal entities, if both are named as claimants, 
we would need a tr.ans.fer statement at space 4. If only one is named as 
claimant, then we will need a new application with space 4 corrected. 

Finally, you need to remove the phrase "mathematical 
modeling" from your authorship statement at space 2 since it might 
imply a claim in formulas which are not subject to copyright 
protection. 

Please complete a new application form, giving special 
attention to the "work made for hire" question. Circular 9 has been 
enclosed to answer questions you may have. If facts are other than as 
stated, please explain. 

J 



MULTIDIMENSIONAL SYSTEMS CORP 
Lynnwood, WA 98036 

-2-

Please reply within 120 days (see Cir. 7c) and return the 
enclosed copy referring to our CONTROL NUMBER 70 020 125(M). 

Enclosures: 
Cir. 9 
Appl. ret'd 
Form TX 
cc: this letter 

Copyright Examiner 
Literary Section 
Examining Division 
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EXAMINED BY 

CHECKED BY 

□ CORRESPONDENCE 
Yes 

□ DEPOSIT ACCOUNT 
FUNDS USED 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 

FORM TX 

FOR 
COPYRIGHT 

OFFICE 
USE 

ONLY 

.: .• : .. :-:-:-:-:-:-:-:,:-:•:•:•-❖!❖!•!. : . . :-:-:-:-:•:•:•:•:•:❖--:-:-:-:-:-:-::::.:-:•:•:•:❖:❖-❖--- - :-;.;.;.;.;.:,_:•:-:-:-:•:•:❖:❖:❖---. :-:-:-:-:.::::: •. - -•:•:•:•:•:•:•:•:•:-:-::: ··=·=·=·=·=·=·=·=·=·=···❖=•=•:•:•:•:-:--.-. :-:❖:❖:❖:-:.:-·.•-•:•:•:•:-:,-: ._.. :-:-:-:-:-.• ·•·······=•:•:•::: -. -:,:.:-:-:-:,_.•.•,•-·=•:•:•:-::: -. :: ;.;.;.:.:-:-·-····•·❖-•:•:•:•:-::: .. :-:❖:❖:• - -·····•·❖=❖:❖:-:,:,:-- :❖:❖:-:-:-:,::: _:_:•:•:•:•:•:•:•:•:-:,:-:-:-:-:.;.: .... :.:_:•:•:•:•:-::: 

PREVIOUS REGISTRATION Has registration for this work, or for an earlier version of this work, already been made in the Copyright Office? 
D Yes D No If your answer is "Yes," why is another registration being sought? (Check appropriate box) V 

D This is the first published edition of a work previously registered in unpublished form. 

D This is the first application submitted by this author as copyright claimant. 

D This is a changed version of the work, as shown by space 6 on this application. 

If your answer is "Yes," give: Previous Registration Number V Year of Registration V 

. -._ ••••• - • :_:•:-:•:•:•:•:•:•:•:-:-:--❖:•:-••• - - ... _·_:•:-:-:•:•:•:•:-:-:-:--: ••••..... :•:•:•:•:•:-:-:-:--❖:-:-:-:.:.:-:,:-.• ·•·········=·=·=-- ·-:-:-:-:-:-:,:-:-:,: =- ...... •,•········=·=•=❖- - . - :-:-:-:-:-:-:-: -··········=•:•:-:-:-:❖- - :-:-:-:.;.:-:-:-:-~ .. -.❖:❖:❖:❖:❖--:-:-:-:-:-:-:-: ..• ❖.•:•:•:-:-:-:,:--❖:-:-:-:-:-:. - _,·.❖-•:•:•:-:-:--:. =·=·=·=·=·=·-···········•:•:•:•:-:-:-:: -=·=·=·=·=·=··············=•:•:-:-:-: -:-:-:,:.:,:-: .. •. -. _:•:-:-:-:-:-:-:-:-:-: --: ...... -. 
DERIVATIVE WORK OR COMPILATION Complete both space 6a & 6b for a derivative work; complete only 6b for a compilation. 
a. Preexisting Material Identify any preexisting work or works that this work is based on or incorporates. 'I" 

b. Material Added to This Work Give a brief, general statement of the material that has been added to this work and in which copyright is claimed. 'I" See instructions 
before completing 
this space. 

MANUFACTURERS AND LOCATIONS If this is a publish;d work ~~~sisting prepo~dernntly of ~~ndramatic literary ~aterial in E~glish, the la,.; may ···· · . ··· 
require that the copies be manufactured in the United States or Canada for full protection. If so, the names of the manufacturers who performed certain ···:.,:,:,:' 

processes, and the places where these processes were performed must be given. See instructions for details. .·.'·:·.· •. '·,.!.:/ .. _).·.ir 
Names of Manufacturers V Places of Manufacture V ·•.: 
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1 of this application in Braille (or similar tactile symbols); or (2) phonorecords embodying a fixation of a reading of that work; or (3) both. 
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of the work identified in this application and that the statements made D authorized agent of ____________________ _ 
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• 17 U.S.C. § 506(e): Any person who knowingly makes a false representation of a material fact in the application for copyright registration provided for by section 409. or in any written statement filed in 
connection with the application, shall be fined not more than $2.500. 

,,u.S. GOVERNMENT PRINTING OFFICE: 1987-181-531/40,024 April 1987-200,000 
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Multidimensional Systems Corporation 
1131199th Street S.W., Lynnwood, WA 98036 

Registrar of Copyrights 
Copyright Office 
Library of Congress 
Washington D.C. 20559 

I write to address the concerns raised in your letter dated May 3. 

5-10-90 

The material submitted for copyright indeed "made for hire" in the sense that Dr. Robert 
J. Marks II has been compensated with Corporate stock for the technology and 
corresponding documentation that he has developed. The copyright should therefore be 
issued to Multidimensional Systems Corporation. 

I affirm this personally and as the President of Multidimensional Systems Corporation. 

Sincerely, 

Robert J. Marks II, President 
M-D Systems Corp. 
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0 Yes 1:8'.. No If your answer is "Yes," why is another registration being sought? (Check appropriate box) T 

0 This is the first published edition of a work previously registered in unpublished form. 

O This is the first application submitted by this author as copyright claimant. 

0 This is a changed version of the work, as shown by space 6 on this application. 

If your answer is "Yes," give: Previous Registration Number T Year of Registration T 

:::::::::::::::::::::::::::::::::::: .. :·:::::::::::::::::::::::::::::::;.,,.•.·;::::::;:::::::::::::;:::::::::;:,::.:;:;:::•::::::::::::;:;:;:;:;:::::;:::;:::.;::,"•'•:;:::;:::;:::;:::;:;;:;:;:;:;:;:;:,··,:;:;:;:;:::;:;:;:;:;:;:;:::;:::;:;::,:;:;:;:;:;:;:;:;:;:;:::::;:,;:_:;:;:·::;:::;:;:;:;::;:;:;:::;:;:;:;:: •... ·::;:;:::::::::::::::::::::::::;:;:;:_.,·;::•·.:·::::::::::::<:::::::::::::::::::::::::::::•·::::::::,:::::::::::::::::· ···:,.,:,:;:::::;:::::::;:;:::~::::::::,:;:::::;:;:;:;:;:;:;:;:;:;:;:;::: ...• • 

DERIVATIVE WORK OR COMPILATION Complete both space 6a & 6b for a derivative work; complete only 6b for a compilation. 
a. Preexisting Material Identify any preexisting work or works that this work is based on or incorporates. T · ~ 

/\JoYl.'2, 

b. Material Added to This Work Give a brief, general statement of the material that has been added to this work an<l in which copyright is claimed. T See ins1ruc11ons 
belore completmg 
this space 

.•.:··.·-:-:.-.:-:-:❖:-:-•••·•.•••••·-:-:•:-:-:•:•:•:•:❖:•:❖::,.:::::::::,·-:-:❖:❖:••❖•·•·•❖•••·•··••:•:•:::.:-:-:•:-:-:-•••••❖•••·•·•·••:•::::::::❖·:-:-:••·•·•·•·••:•:•:❖:-:-: .• :::.·:•:•:••·•••❖•❖•·•❖•❖•❖:•:::::·:-:-:.-.:-:•:❖:❖:•:•:••·•·:•:=:•:•::.:-:,;:.:-:❖:❖:-:-:•:•:-:-:-:•:•:•::::.:.:-:-:•:••·•·•••-:-:-:-:•:-:-:• •. ::::::::::.:-:-:.•:•:-:•:-:-:-•••·• ... ::::::::.;.;.:❖:-:-v•··•·•·•·•·•·•·=·•••:•:•:•:•:-:-:•:•:-:••·•·•·•·•·•·•·•·•·•·•·•:•:.,.:.:-:•·•·•·•·•·•·•·•·=·•·•·••:-:•:-:•::::::::::.:-:,:-: 

-space deleted-
., 

-·-❖•••.••·•·=••❖-❖-❖-❖-••·•·•❖-❖-••:•:•:-:-:-:-:-:❖:-:••·•••❖-❖'.•:-:.·.••·•••❖·•=·•❖-❖-•:-:-:-:•:❖:❖.• •. ••·'.•'.: -❖-❖-•-❖•·•❖-❖---❖.·.·•.••❖: ·--❖-❖---·•·•·•·•❖-•.····· .•'.•'. ··•·•·•·•·•·•·•·•••❖-•:•.·-•,: ••·❖:❖•••·•·•••❖-❖-•.•,.•'.•'.•:••·•·•·•·•·•·•·•·•·•·•·•·•·•·•·•:-:-:-:.;.·❖-•'.•'.·'.•:•:•:••❖-❖-·•·-··•·•·•••❖-·•·•·•·•·•·•·•·•·•·•❖---❖.;.:-:-:•:•:••·•••❖-·-·•·•·•❖-•-·•·-····· .• :.:-:. •·•·•·•·•·•·•••❖•••··········'.•'.•'.•'.•:••❖-·-·•·•·•·•·•·•·•·•·•·•·•❖-•.··•·•••❖ 
REPRODUCTION FOR USE OF BLIND OR PHYSICALLY HANDICAPPED INDIVIDUALS A signature on this form at space 10, and a 
check in one of the boxes here in space 8, constitutes a non-exclusive grant of permission to the Library of Congress to reproduce and distribute solely for the blind 
and physically handicapped and under the conditions and limitations prescribed by the regulations of the Copyright Office: (1) copies of the work identified in space 
1 of this application in Braille (or similar tactile symbols); or (2) phonorecords embodying a fLxation of a reading of that work; or (3) both. 

a O Copies and Phonorecords b O Copies Only c D Phonorecords Only See ins1ruct1ons 

~~i7j;:, Ace;;~~~ " ;;; ~;'""""; ;;; ,s<o '" ,;;~;, '° • o:;;,., A~~:::~:%:~~::<;:; ,,;, Copyagh, Oilk,, ,,,, ;;;,;; ; .. , .. ;;,;,;;;~; A«;;;; ··~ .. ''wl 
·•::;; ... :•:-:;::··· 

CORRESPONDENCE Give name and address to which correspondence about this application should be sent. Name/Address/Apt/City/State/Zip.,, 

R.J Marks JI Pr-e-sider')::t: 
Mu Lt:i cJ; me.11 .siwa / Sy s±.ems Co c D Be sure to 

ll 3 t' I 9 9--d Sr. s uf. . I V '1,, woocl1 WA-- '1 ?{0.37 ~~:ii~~~hone 
7 Area Code & Teilr,hon;,,rumber ► ( 2._0 (!:, ) 7 ? (. _ 'B"? Cj S ◄ number. 

alITIFICATION" I, <he ""'""''""' he~by "'"fy '"" ~::,:": .. , ► ~ :~::~::~::,::•;;;,;,, 1U 
of the work identified in this application and that the statements made a authorized agent of M=u~l~t-~,~· ~~i_ni_e=vt=s~i~<!'Jcc~=-'----1"-='-'-'-"-=-"--'---lf-='-
by me in this application are correct to the best of my knowledge. "' 

Typed or printed name and date "f If this application gives a date of publication in space 3, do not sign and submit it before that date. 

I< 0 he rt J. /VJ. a r- k :s .IC date ► -=2.=-./_=-., ,1--/ _,_9-=0 __ 

Certificate 
will be 
mailed in 
window 
envelope 

Number/Streel/Apartmenl Number -Y 

-t h 

L 

SEND ALL 3 ELEMENTS "~, 
INTHESAMEPACKAGE:~ " ', 

1. Apphcat10n form 
2. Non•refundable $10 filing fee 

in check or money order 
payable to Register of Copyrights 

3. Deposit material 

MAILTO: 
Register ol Copynghts 
Library of Congress 
Washington. D.C. 20559 

-~. ·: ·;:; ·u:s··c:··-rso6(·~ i~ -A~;--;;;·;~·~. :h·~-k·~~;i·~~1;·~~k~-~··;·~·;i;;··;~·p~~;~~-i;t;~-~. ;;1 ~~~~t~;~;i ·,;~·;;~·th~ ~~~i,;~~t;~·~. r·o; -~~:)ight -;~gi~;;~i~~ ·p~~~;~-~~ ·;~~: ~~: ~~-~~;~~ ·~~~-: ;··:~-~~;. ::·;·;;··:;:~-~-~~;-·;~;;:··;;•:•;•:•.•.•-·······.-.:.-. 
connection with the application. shall be fined not more than $2,500. 

/\ugust 1989-300,000 *U.S. GOVERNMENT PRINTING OFFICE: 1989:241-428100,004 
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YOUR REPLY 
Effects of not replying 
are explained in 
Circular R7c. __ J 

Y(H.1 h.,1V·:0 giv1tn yrnJr t'1D!~1/"~ r.~.:.. tit.ltTP)l ..:-it !,.:.pr"':C~ 2 •...:•~- P:)rrn r:-<. nnd ~\{t'.1"(~ 

.4n:~t.t::r~;;(;_ th<.: n~,.:(1f"k ttttid·~·! ~er- hir-~:~~ qut!·aci'.-,n "r;~, .. u At: ~p;.;.Ct.~ 4
1 

hc:.:-w,_-~vJx:·~ 

;!{)t1 ~i~v,:,, tndic.~ted t.l'<tt y~1u .:t~ri> .~n ~-rif-.'ic:t)r f~f ftultttli.c.r!rH;io:t,;-1 Syfi~:~r:tfs 

c .. -·,~•;L. vh tcr~~1 t·--r i ng;1 up rhri qu-~:.;t:i.1)n nf tvh,:~thcr th(·t~ eo~pt)~ .. :?.t: ! r~1·r, nl·,,.>"u'i(} b~1 
n~m~d ~~ ~~plny~r Fnr ~•r~ ~~ ~~~ce 7 1nd s& ~0l~ c!~fm~nc ~t so~c0 4, 

( i) !)~ \.?C<Tk ~r-1~r~tLf'd hy ii.n emp1~:i)"E~ii wi r.hin th•;; scop;: nf 
hi::"":.. tJ r· h ~: ~ r1f;lp ;_ ;yymc. n t ~, r.~ r 

(!) j\;1 r..1: ;\-. ~-:;~cc.i.:31 ly ~}rdr-r-~d s-.)r cortff:..ii.:-?sir1ni•dr1 f~--..r 
c~rr1in u~~s 2p~~1fi~<l in tht' i~~ hut ~nty if th0r~ 
i~.: d "'Jrjtt'=.;"f1 t1.~r·~«·rv-:-nt t-::,~ c.:. .. ,nl!~idcr it ,.1 '\1!_;'fk rn .. :?dr; 

t f th,· 

In~ r~lated m2tt~r. wo n~~d re knou ~h~ lh~ cl~imaot Is. 
i.¥. th~ corp0r~cion, ycur~el! er both. 30caus~ a cor,orAtlon and it1 
c•fflc~.!r:~ ~'-r\": rlif~:t~?.""r~nt. ]1,;1g'Z11 (1 ntitif!-~e if both nt{~ nt~mt:.'d ~r,; c!.•'.'.iraa-:1t·i, 
~~ ~0u!d nc0d n tr3n~fer 9t&t~m~nt at vpoce 4. If ~nly on* is n~•~d 3s 
c1Rirnanc th0n we wl!l nued a n~w ~pµllc3t{on vith Rpnce 4 cn~rect~d-

F!aal.lyj :1::1u nc.~1d t.:~ r.2m(,.li.~ tht'l phr:1!;~ "t~nth,J;nntic~l 
r:;,:,chaling" frct:1 your ~nthor!':hip <tt;,t~m,rint at ~pl'lce 2 nince lt ~i.ght 
ir~rly ;'.l cl.1.irJ :in for::ulii~i which .1.rr: rv)c subj{~Ct t'..1 <"!<:rpyrii1bt 
;,rotcct.ion,. 

Pl~ase caaplete a new ~pplic3tlun fora. giving 3peci~l 
'-.1,tte:ntion tc: th~ :-~work .~.-..u:!~ .. f~_:;r ~1.J,·~~n qu~~sticn. Circu!.:tr 'l !J.as b 1::~n 
enclo~ed to answ0r qu~&tion~ you may hAv~. Tf £acts are other thun BF 
st~tcd, pleas~ exp!dln. 
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EXAMINED BY 

CHECKED BY 

□ CORRESPONDENCE 
Yes 

□ DEPOSIT ACCOUNT 
FUNDS USED 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 

FORM TX 

FOR 
COPYRIGHT 

OFFICE 
USE 

ONLY 

:_ ... - ::.::•:-:-:-:-:•:-::,;,;,;.;.;.;,:: __ :_ . ·.:•:-:-:-:•:•:-:-:,:.;:;.;:_ -- ••. : .. :.:-:•:-::,:.·❖•·•·=·•·=•-··. --.: .•. :.:-:-:•:•:-::.-........... -:. -•- .. :.:.:.:.:.:,:•:•:-:-:: .. _ •·• : .. .. :. '\ · _:_. ·.:.:,:.;,;.;.;.;,;,;,;.;.;.:.;,::: •. :.:.:.:.:•:•:•:•:-:-:•:••·•·=·•·=•:••·=·=•::::.:-:•:•:---:•:•:•:-:.;,:.;.;.:.:-::::::::•:•:•:•:---:-:-:•:-:•:-:•:-:.;,:.:,:.:,:-:.·.······--------· -.- -.- -.- -.- ---·: •• :: ········----· -.- -.- -.- . -••• ·: :.:,:.•,•.•,·.❖ ·::: -.- ·:: !❖:,:.:-:,:.❖:•:•:•: 

PREVIOUS REGISTRATION Has registration for this work, or for an earlier version of this work, already been made in the Copyright Office? 
D Yes D No If your answer is "Yes," why is another registration being sought? (Check appropriate box) 'Y 

D This is the first published edition of a work previously registered in unpublished form. 

D This is the first application submitted by this author as copyright claimant. 

D This is a changed version of the work, as shown by space 6 on this application. 

If your answer is "Yes," give: Previous Registration Number T Year of Registration 'Y 

,--._ ·\' .'. __ ;_:_:: .. :•:•:•:•:•: .. , . . :.: .. -. ¢:.: .. :.:-: ..... .... : ....... .' ... : .. ::•:-: ......... : .. :: .. :.'..:.:-:•:•:•:-. . -........ :.:-· .. :.:.:-:•:-.. -.. .. ...... __ : ___ _ : __ ::.:: .:-:•:-. .... · .. • .. • ... -... :.: .. :.:.:.:•:•:-: .... . . •.• .. • ...... :.:.:.:.:•:-:•:•:-:.-.. • .. · .. • .. ·.•-•-•---·=·••:: ·.-.-.-.--.-···;···· .... •:•.---- -.- • .-········:·:· ·· .... .- -.---·-· ·--········:::·.--· . .--- -.-.--·.-.-· ·· 
DERIVATIVE WORK OR COMPILATION Complete both space 6a & 6b for a derivative work; complete only 6b for a compilation. 
a. Preexisting Material Identify any preexisting work or works that this work is based on or incorporates. 'Y 

b. Material Added to This Work Give a brief, general statement of the material that has been added to this work and in which copyright is claimed. 'Y 
See instructions 
before completing 
this space. 

~~~UFACTIJRERS AND LOCATIONS· fr this is a p,:;bli;h~d work co~;i;ti~g preponderant!~ ~f ~~~~~amatic lit~~~;-~ateria{ ;~ ~~~~sh, t~e {~~ :~y . . ...... .... :::.:.:.:.:.: 
require that the copies be manufactured in the United States or Canada for full protection. If so, the names of the manufacturers who performed certain ... _:,:::;:" 

~r:~::~, :::.:~:cf!:: ;here these processes were performed must be givenP~a::!n:~c!'~:!;::e~ails. {/i//f 

!~~Ri!!~;;~?b~x!~!reU!~P?c! :,~!~~~e~!'n~!~!~!t~ygr~n~~1;!~!!?a ~~rii~!~~t~~gress to!;~~~:~~::; 1~~~:1: s:1:fyafC:r ~~e ~~!~ , --:,_·,;::!:_:·;,':_i:,'·:,,,.:,_1,._:,_::_;:_:.:;:;.:;.·,'.i,':,'·:_:·,.i::,_:::·:.,,.::.·: ·: 

and physically handicapped and under the conditions and limitations prescribed by the regulations of the Copyright Office: (1) copies of the work identified in space _ 
1 of this application in Braille (or similar tactile symbols); or (2) phonorecords embodying a fixation of a reading of that work; or (3) both. 

a D Copies and Phonorecords b D Copies Only c D Phonorecords Only See instructions. 
•:•: •:•:•:•:-:-:.:-:-:-::::::::::. : .:-:-:•:•·· ·•:•:•:-:.;.:,;.;,:.:,:.:::,~::•:•:•:•:•:•:•:•:•:••·•·=·=·=·:•:::.::::::::::❖:❖:-:•:•:•:•:•:•:•:•:-:-:-:-:.::::::_:;:::::::::•:•:•:•:•:•:•:•:-:•:•:•:-:.;,::::::::::::::~•=•::::•:•:•:•:•:•:•:•:•:-:•:-:•:-:.:,::::::::::-:-:-:•:• ··· · · ·•···- ;.;.;.;,:,;,;.;.;, ::::::❖:-:-:-:-:•:-:-:-;.;.;.;.;.;,;.;.;.;,:.;:::::::::::-:-:•:-:-:,:-:•:•:-:-:-:. ; .;.; ,:.:.:::::::: .: . :-:•:•:•:•:•:•:•:•:•:❖:,:-:::,:-::::::::::::::•:•:•:•:•:-:,:-:-:-:-:.;.:.:-::::::::::::::❖:-:-:-:•:•:•:•:•:•:•:❖:-::::::::::::::. · _ .:.:_: 

DEPOSIT ACCOUNT If the registration fee is to be charged to a Deposit Account established in the Copyright Office, give name and number of Account. 
Name 'Y Account Number T 

D other copyright claimant 
Check one ► 

D owner of exclusive right(s) 

CERI"IFICATION* I, the undersigned, hereby certify that I am the I ~ author 

of the work identified in this application and that the statements made D authorized agent of ____________________ _ 
by me in this application are correct to the best of my knowledge. Name of author or other copyright claimant, or owner of exclusive right(s) A 

Typed or printed name and date 'Y If this is a published work, this date must be the same as or later than the date of publication given in space 3. 

/<c, er J. k s :U... date ► :2. /, /9 o 

MAIL 
CERTIFI
CATE TO 

Certificate 
will be 
malled in 
window 
envelope 

J . Marks 
St . S. 

. , 

Have you: 
• Completed all necessary 

spaces? 
• Signed your application in space 

10? 
• Enclosed check or money order 

for $10 payable to Register of 
Copyrights? 

• Enclosed your deposit material 
with the app lication and fee? 

MAIL TO: Register of Copyrights, 
Li brary of Congress, Washington, 
D.C. 20559. 

0 

····················-,.······:·:··:·····•:•······:·:·· ·::·: ··:·--: ·•,;.;::::::.::.: :.::.::·:·.:_._;,;.;.;, .. : .. .::::.: .. : ..... : .. :.:.: ... , .. : ... . : ... , .. •,• .. .".: .. :.:_:_: ... •.•'.•.•···--·-=-·=··--·---•--: ... •.•··-···•·=·:·.:::_ ..... . : .. _-_. _ _._.:: .•.. :,:_: .. ,.:,:_: .. ~ ...... .' ... •.•-•.•.•.•·-=.: . .:.-.:.:.: .. : .. : .. :.: ... : .• _ . .-..... _: .. , ...... : ... : ... :_:_:.:_:.:, .. : . .-.. ::.: ... .-. .-. .:.:.:.: .... : .. _:.: .. _:,:_:_ .. : .. _:, .. .-., . .-_._:::::··:--·:·:·:· 
• 17 U.S.C. § _506(e): Any pe_rson who knowingly makes a false representation of a material fact in the application for copyright registration provided for by section 409, or in any written statement filed in_ 
connection with the application, shall be fined not more than $2,500. 

• U.S. GOVERNMENT PRINTING OFFICE: 1987-181-531/40,024 Apri l 1987-200,000 
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FORM TX 
UNITED STATES COPYRIGHT OFFICE 

REGISTRATION NUMBER 

l'X ® 
EFFECTIVE DATE OF REGISTRATION 

:l 
Month 

g 
Day 

ro 
Year 

DO NOT WRITE ABOVE THIS LINE. IF YOU NEED MORE SPACE, USE A SEPARATE CONTINUATION SHEET. 
_:::: -.- ·,:-:.:,:.:-:. .•. •. •············❖:-:-:,:-:, .• • ... . •.•.•.•.•.•·······-•.·-·.·-:,:,:-:-:-:-:,:-:-.•. •.•.•-·········:::::::: :-:-:,:-:,:.:,:.·,······:.-:::: -.- ·: ·: ·: ·.-.-.-••• : .• : : ::: •. ·:: - . ::: ·.-.-,-,•,•-·.::::: . ·: ·:. ·: ·:: ·.-.-.·-·-·-········::::: ·::. ·-:-:,:-:-:,:.•,•-·-·-·-•.::.:,:-:-:-:,:._ ... -·-• - • . • .•·- •-·,•-❖-❖:-:-........... . , .• _:_:,:-:-:•,• - ••• : •••• -•• -•• : .• : .•. •.•.•.•--·-·,•-·-·,•-·- -·-·-·-•-•.•-•-•.•-·-·-·-•-•.•.•···. • •'· •• 

TITLE OF THIS WORK T 

M05C Documents I. 
PREVIOUS OR ALTERNATIVE TITLES T 

PUBLICATION AS A CONTRIBUTION If this work was published as a contribution to a periodical, serial, or collection, give information about the 
collective work in which the contribution appeared. Title of Collective Work T 

lf published in a periodical or serial give: Volume T NumberT Issue Date T On Pages T 

.. ,.,,,,,;,;,., .. .. NAME~~ AUTHO~. . ·· ······· -· ········ ········ ····· ····· ···· . ···· •· ··· . DATES OF BiRTH AND DEAtif·- ... : ... .. .. . . 

::~::;:;;/'.;;;!!!!:!::: £) Re; b er t J. ;VJ a r k S jC Y;a~:~; Y~ar Died"' 

NOTE 
Under the law, 
the ·author · of a 
"work made for 
hire" is generally 

' r, 

n
or 

ts 

Was this contribution to the work a AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
"work made for hire"? Name of Country S A THE WORK If the answer to either 

0 Yes OR { Citizen of ► U _ Anonymous? 0 Yes 1i( No of these questions is 

~ No Domiciled in ►--------------- Pseudonymous? 0 Yes O No ·;~~~;~ii:n~etailed 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyri ht is claimed. T 

Te I P"' o ·, c.a 
NAME OF AUTHOR T 

Was this contribution to the work a 

0 Yes 

0 No 

"work made for hire"? 

NATURE OF AUTHORSHIP 

NAME OF AUTHOR T 

Was this contribution to the work a 

0 Yes 

0 No 

"work made for hire"? 

AUTHOR'S NATIONALITY OR DOMICILE WAS THIS AUTHOR'S CONTRIBUTION TO 
Name of country THE WORK If the answer to either 

j Citizen of ► Anonymous? 0 Yes O No 

OR l Domiciled in ►--------------- Pseudonymous? 0 Yes O No 

of these questions is 
"Yes ," see detailed 
instructions . 

Briefly describe nature of the material created by this author in which copyright is claimed. T 

AUTHOR'S NATIONALITY OR DOMICILE 
Name of Country 
OR j Citizen of ► 

l Domiciled in ►---------------

DATES OF BIRTH AND DEATH 
Year Born T Year Died ,. 

WAS THIS AUTHOR'S CONTRIBUTION TO 
THE WORK If the answer to either 
Anonymous? 0 Yes O No of these questions is 

"Yes," see detailed 
Pseudonymous? 0 Yes O No instructions. 

NATURE OF AUTHORSHIP Briefly describe nature of the material created by this author in which copyright is claimed. T 
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INTRODUCTION 

Under the Copyright Act of 1976 (title 17 of the United 
States Code), a work is protected by copyright from the time 
it is created in a fixed form. In other words. when a work is 
written down or otherwise set into tangible form, the copy
right immediately becomss the property of the author who 
created it. Only the author or those deriving their rights from 
the author can rightfully claim copyright. 

Although the general rule is that the person who creates a 
work is the author of that work, there is an exception to that 
principle: the copyright law defines a category of works 
called "works made for hire." If a work is "made for hire." the 
employer and not the employee is considered the author. 
The employer may be a firm or organization or an individual. 

To understand the complex concept of a "work made for 
hire," it is necessary to refer not only to the statutory defini
tion, but also to legal custom and cases decided by courts. 

STATUTORY DEFINITION 

Section 101 of the copyright law defines a "work made for 
hire" as: 

( 1 ) a work prepared by an employee within the scope of 
his or her employment: or 

(2) a work specially ordered or commissioned for use as a 
contribution to a collective work, as a part of a motion picture 
or other audio-visual work, as a translation, as a sup
plementary work, as a compilation, as an instructional text, 
as a test. as answer material for a test. or as an atlas. if the 
parties expressly agree in a written instrument signed by 
them that the work shall be considered a work made tor hire. 
For the purpose of the foregoing sentence, a "sup
plementary work" is a work prepared for a publication as a 
secondary adjunct to a work by another author for the pur
pose of introducing, concluding, illustrating, explaining, re
vising, commenting upon, or assisting in the use of the other 
work, such as forewords, afterwords, pictorial illustrations, 
maps, charts, tables, editorial notes, musical arrangements, 
answer material for tests, bibliographies, appendixes and 
indexes, and an "instructional text" is a literary, pictorial or 
graphic work prepared for publication and with the purpose 
of use in systematic instructional activities. 

Under the 1976 °Ce>pyr19 

WHO IS THE AUTHOR OF A WORK MADE FOR HIRE? 

If a work is a "work made for hire," the employer or other 
person for whom the work was prepared Is the author and 
should be named as the author in Space 2 of the application 
for copyright registration, and the box marked "work-made
for-hire" should be checked "yes." 

WHO IS THE OWNER OF THE COPYRIGHT IN A 
WORK MADE FOR HIRE? 

If a work is a "work made for hire," the employer or other 
person for whom the work was prepared owns the copyright 
unless there has been a written agreement to the contrary 
signed by both parties. 

EFFECT ON TERM OF COPYRIGHT PROTECTION 

The term of copyright protection of a "work made for hire· 
is 75 years from the date of publication or 100 years from the 
date of creation. whichever expires first. A work not "made 
for hire" is ordinarily protected by copyright for the life of the 
author plus 50 years. For additional information concerning 
the terms of copyright protection. request Circular 15a from 
the Copyright Office, Publications Section. LM-455. Library 
of Congress, Washington, D.C. 20559. 

EFFECT ON TERMINATION RIGHTS 

The copyright law provides that certain grants of the rights 
in a work which were made by the author may be terminated 
35 to 40 years after the grant is made or after publication. 
depending on the circumstances. The termination provi
sions of the law do not apply to "works made for hire.·· 



FOR FURTHER INFORMATION 

If you need further information. call or write the Copyright 
Office. (202) 479-0700. Information Section. LM-401. Library 
of Congress. Washington. D.C. 20559. 

To order application forms and circulars. call the Forms 
Hotline. 202-707-9100, and leave a recorded message. 

Copyright Office • Library of Congress • Washington, D.C. 20559 
January 1989 -2,000 
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1 INTRODUCTION 

The speech spectrogram, which was developed no less than forty-five years ago[l], has 

had a great effect on our understanding of speech production and has also been the 

pre-eminent tool for speech analysis. Virtually all conventional speech analysis and 

recognition techniques either use the speech spectrogram directly, or use filterbank 

equivalents[2], frequency smoothed variants ( e.g., cepstral coe:fficients[3]), or paramet

ric spectrogram models ( e.g., linear predictive coefficients[4]). All of the above cases 

are based upon time-frequency analysis which uses a quasi-stationary assumption. 

Namely, a speech signal, s(t'), is multiplied by a window, h(t- t'), located at time t, 

and then analyzed by nonparametric or parametric spectral analysis techniques. As 

the window (which is of finite duration) slides along int, successive spectral slices are 

generated. The implicit assumption in this quasi-stationary processing is that there 

is no spectral change in the speech signal during the duration of the window. 
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In this chapter our main emphasis is on the visual display of speech on the time

frequency plane. These very useful displays have conventionally been grey-scale im

ages where the horizontal axis is the time dimension and the vertical axis is the 

frequency dimension. The earliest commercial versions of spectrograms (e.g., the 

Kay Model D Sonagraph), which were electromechanical wonders, made use of spark 

sensitive paper as a display media. More modern computer-based versions of the 

spectrogram use a grey-level display, a high-resolution monochrome display (with 

dithering to simulate levels of grey), or most recently, color. 

For spectrograms and related display techniques, the underlying Fourier trans

forms give, under general conditions, representations which are not purely real. The 

magnitude of these complex numbers is ordinarily used in the representation, encoded 

as pixel intensity. If, for example, negative amplitudes were also to be displayed, there 

would be no straightforward and uniquely natural way to simultaneously encode pos

itive and negative amplitudes as an intensity pattern. Furthermore, the decades of 

insight about speech have been based on non-negative displays. 

In the last few years there has been considerable theoretical interest in truly non

stationary time-frequency representations (TFRs). That is, it is thought that by 

bypassing the assumption of quasi-stationarity it may be possible to improve the 

resolution or other attributes of the representation. Past theory has made great 

inroads by concentrating on defining properties and looking for TFRs which can 

simultaneously satisfy many properties ( e.g., [5]). Some examples of properties are: 

• The Time ]Ylarginal - Integration of the TFR over frequency results m the 

magnitude-squared of the time waveform (instantaneous power). 
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• The Frequency Marginal - Integration of the TFR over time results in the sta

tionary energy density spectrum. 

• Finite Time Support - If the time signal is non-zero only between times t 1 , and 

t 2 , the TFR is non-zero only between times t 1 and t2 • 

• Non-negativity- All values of the TFR in time and frequency are non-negative. 

A possible side effect of simultaneously satisfying these properties is the generation 

of spurious interference or beat frequencies (which were not in the original signal). 

We and others have found that spurious interference can be reduced explicitly[6,7) or 

by the iterative technique of projection onto convex sets[8). 

Speech signals are, in general, non-stationary, and some of the very short non

stationary events in these signals are important. The place of articulation is a key 

feature for the discrimination of many stop-consonant sounds. For example, the 

phonemes /bf, /cl/, and jg/ differ mainly in the place of closure at the beginning of 

the sounds. A precisely resolved representation for the short-duration burst that is 

usually part of these phonemes may be an important feature for speech analysis and 

recognition. 

Another important issue is the resolution of fine time structure within a period 

of voiced speech. The usual approach would be to assume that the periodic part of 

speech is stationary during the interval of a period and that non-stationary approaches 

do not apply. Since the excitation waveform from the glottis is neither a stationary 

random signal nor an impulse, we question this assumption of stationarity. Our 

approach, as we will show, allows for the representation of significant non-stationary 
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structure within a period of voiced speech. 

A last example of an important feature of speech is the representation of the 

movement of spectral peaks (formants) over time. In general, the rate of change of 

the movement of the formants is slow enough that quasi-stationary techniques can 

accurately track these movements. We do not question this assumption here, but, 

instead, consider another issue of the peak location estimation problem: we believe 

that the resolution and accuracy of formant estimation is hindered by the usual 

assumption of stationarity within a single period. Our work is beginning to give 

evidence that formant frequency resolution is markedly improved by our cone-kernel 

time frequency representation (CK-TFR) approach. 
I 

Our speech analysis technique departs from the usual quasi-stationary approach 

by using the theory of bilinear TFRs[9]. Instead of treating the time-frequency display 

as a succession of independent spectra, parameterized by time, a joint time-frequency 

representation is considered and optimized. This fundamental procedure is no differ

ent from ideas inherent in applications of the Wigner distribution (e.g., [10]), those 

mentioned by Riley[ll], or the fundamentals in a tutorial presented by Cohen[12]. 

"\i\That is unique in our technique is that the effect of the usual bilinear interference 

terms is essentially removed while still maintaining finite time support and good fre

quency resolution. In other words, we can achieve very good simultaneous resolution 

in time and frequency while not requiring the use of analytic signals to remove ,beat 

frequencies at zero frequency or requiring any other explicit removal of interference 

terms. It should also be noted that the underlying representation of our approach 

does generate some negative values; since the bulk of our results are displays of time-
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frequency intensity we choose to ignore the negative values (much as the conventional 

spectrogram display ignores phase). 

The following sections will provide a background on the cone-kernel and link 

it to other TFRs. We will show qualitative display advantages of the CK-TFR as 

compared to other TFRs and the spectrogram. Other properties of the cone kernel are 

discussed by Oh and Marks[13] and by Loughlin, Fitton and Atlas[14]. The chapter 

will conclude with some open questions and possibilities for future research. 

2 BACKGROUND 

The generalized time-frequency representation was introduced by Cohen[9] and has 

been used in both quantum physics and signal theory. It is a class of signals of the 

form 

C(t,f;g) = g(v,T)s(u+ -)s*(u- -)e321r(vu-vt-fr)dvdudT 1= 1= 1= T T . 

-(X) -(X) -(X) 2 2 

where s( t) is a signal and s*( t) is the signal's complex conjugate. The choice of 
I 

the two-dimensional kernel function g( v, T), specifies a particular TFR in the general 

class. 

In our previous work[6,15,16], we have gained the most insight by considering 

G(t,T) which is the one-dimensional Fourier Transform (in v) of g(v,T). By making 

this transformation we can re-express Cohen's TFR as 

C(t,f; G) = G(t- t',T)s(t' + -)s*(t' - -)e-3211:frdt'dT. 1= 1= T T • 

-(X) -(X) 2 2 

Figure 1 shows a block diagram implementation of this formulation. 
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Figure 1: Processing for a General TFR 

Figure 2: Finite-Extent, Non-Zero Support Regions of G(t, r) the Wigner, Spectro

gram, Margenau-Hill, and the Born-Jordan and Cone-Kernel TFR 

Given this basic formulation, we consider four desirable properties of a TFR: finite 

time support, satisfaction of the time marginal, satisfaction of the frequency marginal, 

and reduced influence of interfering cross terms. Figure 2 shows the non-zero support 

regions for the five representations which we will compare in this chapter. 

'With the exception of the spectrogram, all of the above kernel shapes satisfy 

finite-time support. As was described in Zhao et al[6], for the TFR to satisfy finite

time support, it is necessary that the non-zero support region of G(t, r) lie within 

the cone-shaped region defined by II1-r1(t), where II1-r1(t) equals 1 for -9 ::=; t ::=; lf, 
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and zero otherwise. The infinite-time versions of the Wigner kernel, G(t,T) = o(t), 

the Margenau-Hill kernel, G(t, r) = ½[o(t + f) + o(t - f)], and the Born-Jordan 

kernel derived by Cohen[9], G(t,r) = 1~1II1-r1(t) all satisfy the time and frequency 

marginals. However, as will be shown, the best reduction of the influence of interfer

ence terms is seen with the spectrogram (which smears in time and frequency) and 

with a cone-kernel TFR (CK-TFR) of the form w(r)II1-r1(t), where w(r) is a bounded 

taper function. As we will show in the next sections, the resolution of the CK-TFR 

is quite superior to the spectrogram and the interference is quite insignificant. 

3 RELATIVE COMPARISON ON TONES 

This section will illustrate the properties of finite-time support and interference re

duction by showing and describing the effect of the different TFRs. 

Figure 3 illustrates a simple test signal consisting of the sum of two real tones 

of different frequencies (1 kHz and 2 kHz) and different durations ( 40 ms and 20 

ms), and discrete implementations of five Cohen class(9] TFRs of this signal. For 

the TFRs, only the positive half of the spectrum is displayed, where the vertical 

axis is frequency (0-8 kHz) and the horizontal axis is time (0-50 ms). The first 

representation (Figure 3b) is the familiar spectrogram[l ]. The continuous-time kernel 

used to compute the spectrogram from Cohen's TFR equation is G(t, r) = h(t + 

f )h*(t- f) in the ( t, r) plane, where h( t) is a data window taper ( e.g., Hanning). Note 

that the spectrogram does not maintain the time or frequency marginal properties, 

and that finite time support is violated. For example, the extent of the 1 kHz tone in 

time in the spectrogram is visibly longer than the tone in the time waveform. In terms 
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Figure 3: a) The time waveform of a nonstationary two-tone signal (top), and five 

Cohen class TFRs of that signal; b) the spectrogram; c) the Born-Jordan TFR; d) 

the Wigner TFR; e) the Margenau-Hill TFR; and f) the CK-TFR (bottom). 
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of interference terms, there is, in general, no visible or significant interference terms 

in the spectrogram display. This should not be interpreted to mean the spectrogram 

has no interference terms, for it does, as must all Cohen class TFRs (unless the 

kernel is chosen to be independent of time, in which case the resultant TFR is also 

independent of time)[14). The interference terms for a spectrogram, however, are 

greatly attenuated and appear on top of actual signal frequencies for multitone signals. 

As such, they do not obscure signal frequencies. 

Figure 3c illustrates Cohen's Born-Jordan TFR[9) of the signal. The continuous

time kernel for this TFR is G(t,T) = 1~1II1r1(t), Vi/hile this TFR maintains finite-time 

support and the marginals, it has significant interference terms manifest over the 

range of frequencies between the true positive and negative signal frequencies, ± 1 

kHz and ± 2 kHz. Also observe the spectral leakage above 2 kHz, exaggerated by the 

need to use a rectangular window in the FFT computation to preserve the discrete

time marginal properties of this distribution. However, as with all the time-frequency 

displays of this chapter, only the positive amplitude values of the TFR are shown 

(not to be confused with the positive spectrum); negative amplitude values are set 

to zero ( white) in the display. As such, none of the displayed TFRs in Figure 3 

truly satisfy the marginals. This, along with the need to use a rectangular window 

in the FFT calculation, is an important point to keep in mind when weighing the 

relevance of the marginal properties against the interference term properties for a 

discrete implementation of a TFR display. 

Figure 3d shows the Wigner TFR[5,10) of the signal in Figure 3a. The kernel 

for this TFR is G(t,T) = o(t). The interfering cross terms appear at the average of 
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the signal frequencies (note thatl:this is a real signal, so that the positive and the 

symmetric negative frequencies o the signal interact to generate interference terms 

at O kHz and 0.5 kHz in the displayed TFR). The continuous-time Wigner TFR also 

preserves finite-time support, and satisfies the marginals. The displayed TFR exhibits 

some spectral leakage, owing again to the fact that a rectangular window was used in 

the FFT calculation to preserve the marginal properties of the Wigner TFR. As with 

Cohen's Born-Jordan TFR, the negative values of the Wigner TFR have been set to 

zero in the display; thus, the displayed TFR does not truly satisfy the marginals. 

The Margenau-Hill TFR[l 7] (which is the real part of the Kirkwood[18]-Rihaczek[19] 

TFR) is shown in Figure 3e. The continuous-time kernel for the TFR is G(t, T) = 

l/2[8(t + f) + 8(t - fl]. This TFR concentrates interference terms to appear only at 

actual signal frequencies in the ( t, f) plane; however, it does not attenuate them, and 

as such the resultant TFR exhibits significant oscillations on top of the true signal 

frequencies[14]. This TFR is rather interesting, in that for the continuous-time ker

nel, the resultant TFR is s(t)S*(f)cos(21r ft); thus, all signal frequencies appear in 

the TFR at every instant the signal s(t) is nonzero. For the discrete implementation, 

however, finite-window lengths are required yielding a short-time Fourier spectrum, 

Sy(!), which changes as the window slides along the time waveform. Thus, not all 

signal frequencies appear in the discrete TFR at every instant the signal is nonzero, 

as seen in the display ( although the 2 kHz term in the TFR does persist for nearly 

8 ms after it ceases in the signal of Figure 3a). The displayed TFR also exhibits sig

nificant spectral leakage, owing again to the use of a rectangular window in the FFT 

computation in an effort to preserve the discrete marginal properties of this TFR. 
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Figure 1f illustrates the cone-kernel time-frequency representation ( CK-TFR) of 

Zhao et al[6] for the test signal. The continuous-time kernel for the TFR is G( t, r) = 

w(r)II1-r1(t), where w(r) is typically chosen to be a general, bounded, and even ta

per for discrete implementation (note that for the unbounded w(r) = l~I' we have 

Cohen's Born-Jordan TFR). This general, bounded kernel sacrifices the marginal 

properties, but maintains finite-time support, and has excellent interference term 

properties[6,13,14]. As with the Margenau-Hill TFR and the spectrogram, the inter

ference terms are restricted to appear only at actual signal frequencies; however, un

like the Margenau-Hill TFR, the CK-TFR greatly attenuates the interference terms, 

resulting in a time-frequency display that is arguably superior to any of the others 

shown in Figure 3. For this example, a Hanning taper was used for w( r) in the FFT 

computation. As with all other displayed TFRs, only positive amplitude values are 

shown. Thus the displayed TFR is actually non-negative. 

4 RELATIVE COMP ARIS ON ON SPEECH 

Figure 4 illustrates the same five TFRs for the initial part of the speech utterance 

but, as spoken by a male speaker, from the TIMIT database. Speech is a highly 

nonstationary and multitonal si,nal in general, and as such the interference term 

properties of the TFRs have dramatic effects on the resultant time-frequency display 

and the subsequent interpretation of that display. 

The spectrogram of the speech signal, shown in Figure 4b, yields a time-frequency 

display that reveals three clear formant (peak) frequencies during the vowel voicing 

(30 ms and beyond in the time waveform of Figure 4a) as three horizontal dark 
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Figure 4: a) The time waveform of the speech utterance but (top), and :five Cohen 

class TFRs of the speech signal; b) the spectrogram; c) the Born-Jordan TFR; d) the 

Wigner TFR; e) the Margenau-Hill TFR; and f) the CK-TFR (bottom). 
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bands in the spectrogram display. The third formant contains less energy than the 

first (lowest) formant, as indicated by the lighter shading of the third formant. The 

spectrogram also indicates significant spectral energy spanning the range of 0-8 kHz 

at the /b/ burst (12 ms in the wa'feform), although this is smeared in time because of 

the time-frequency resolution trade-off inherent in the spectrogram. As observed in 

Figure 3b, and similarly here, the spectrogram is not adversely affected by interference 

terms, since they are drastically attenuated and localized to actual signal frequencies. 

A final observation from this display is the darkening and slight broadening of the 

formants at every pitch-period during the vowel voicing. This may be related to the 

increase of energy at the opening of the glottis at every pitch-period for voiced speech. 

Figures 4c - 4e illustrate the Born-Jordan, Wigner, and Margenau-Hill TFRs for 

the speech signal in Figure 4a. These TFRs all have finite-time support (note they 

do not smear the /b/-burst), and in the continuous-time case they would satisfy 

the marginal properties. For the discrete implementation of these TFRs we used 

rectangular windows with visible spectral leakage problems, in order to preserve the 

discrete marginal equivalents to the continuous marginals. As with the displays in 

Figure 4, however, the displayed TFRs show only the positive amplitude values, 

and as such none of the displayed TFRs truly satisfy the marginals. In addition, 

the interference term properties of these three TFRs are quite poor; this results in 

time-frequency displays that for the most part lose the desired information under the 

clutter of interference terms for multitone signals. In particular, note how the second 

and third formants are completely obliterated by the interference terms for the TFRs 

in Figures 4c - 4e. While the time resolution of these TFRs is certainly superior to 
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that of the spectrogram, as evidenced by the thin vertical striations at each pitch 

period and the lack of time-smearing of the / b /-burst, is is perhaps no better than 

just using the original time waveform! Thus, while these TFRs preserve finite-time 

support and satisfy the marginal properties, their interference term behavior severely 

undermines their usefulness for representing multicomponent signals such as speech. 

The discrete CK-TFR of the speech signal in Figure 4a is shown in Figure 4f. 

A Hanning taper for the discrete w( T) was used before the FFT calculations for 

this TFR, and as such, the discrete-frequency marginal is sacrificed. The discrete 

implementation of the CK-TFR does satisfy the discrete-time marginal, as long as 

w(O) = 1, which yields the discrete-time equivalent to a continuous-time impulse 

at the origin of the ( t, T) plane. For the continuous-time case, both marginals are 

sacrificed for general, bounded w(T). Note that this TFR indeed preserves finite-time 

support (no smearing of the /b/-burst), and thus has time resolution superior to the 

spectrogram. More striking, however, is the lack of obscuring interference terms in 

this display in addition to the fine time resolution. This is because the CK-TFR 

greatly attenuates interference terms and restricts them to lie on top of actual signal 

frequencies[14]. The combination of the fine time resolution and excellent interference 

term properties of this representation produce a display that precisely defines the 

formant frequencies, the spectral content of the burst, and the vertical striations at 

every pitch period during vowel voicing ( which may be a measure of the spectral 

content of the glottal driving function during voiced speech). Indeed, as we have 

shown previously[16], the temporal accuracy of automatic burst detection is much 

better for the CK-TFR than it is for the spectrogram. 
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The narrowing of the formant peaks ( as compared to the spectrogram) is due to 

an accompanying "lateral inhibition" effect in frequency [6]. This interesting effect 

may also have advantageous properties in auditory modeling and noise suppression. 

An interesting and newly observed phenomenon revealed by this TFR is the ap

parent "splitting" of the first formant during vowel voicing at every pitch-period. 

Figure 5 is an expanded view of the sonorant section of the speech waveform and 

corresponding CK-TFR (Figures 5a and 5b), a synthesized waveform that models a 

single formant of voiced speech, and its corresponding CK-TFR (Figures 5c and 5cl). 

The "formant splitting" phenomenon to which we refer is shown in the CK-TFR of 

the synthesized formant just prior to 40 ms, 60 ms, and 80 ms in Figure 5d. This 

same phenomenon is clearly observable in the first formant of the expanded view of 

the speech signal CK-TFR of Figure 5b. \Vhile it is unclear as to the exact origin of 

this phenomenon (and it may very well be a pathology of the CK-TFR processing), 

it nonetheless appears to be a consistent and potentially useful indicator of glottal 

opening. Interesting to note is th t this "splitting" occurs at precisely the same loca

tions in the CK-TFR where the rst formant of the spectrogram display appears to 

darken and slightly broaden in fr quency. Also, the same apparent splitting is, upon 

close inspection, observable in th first formant of the 'Wigner display. 

5 Conclusions 

It is apparent to us that truly nonstationary TFRs of speech can have visible advan

tages over the quasi-stationary spectrogram. As the TFR theory is being refined and 

extended, speech display and representation may be one of the key applications to 
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Figure 5: a) An expanded view of the sonorant (voiced) section of the speech ut

terance but of Figure 4; b) the corresponding expanded view of the CK-TFR of the 

sonorant section; c) a synthetic waveform modeling a single formant of voiced speech; 

d) The corresponding CK-TFR of the synthetic waveform. Observe the phenomenon 

of "formant splitting" at every pitch period in the CK-TFR for both the true speech 

signal and the synthesized model. 
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benefit. In particular, the spectrogram satisfies the property of non-negativity, but 

may be inadequate from other perspectives. 

In our work, and in the work of many others, the amplitude display of speech in 

the time-frequency plane is important. The literal appropriateness of the theoretical 

properties of time and frequency marginals and of non-negativity for these applica

tions is diluted by the fact that all negative values are set to zero.:;,N amely, all of 

the TFRs displayed in this chapter were actually non-negative due to the inability to 

directly convey negative values within the same plots. 

Our own work in this area, that is, defining "honest)) properties for TFR displays, 

is just beginning. There is also, as we believe, a fundamental open question as to 

how to define and parameterize nonstationarity. Much more work needs to be done 

in defining appropriate properties which link to applications of TFRs. 
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Figure 1. Processing for a general TFR. 

Figure 2. Finite-extent, non-zero support reg10ns of G( t, T) the ·Wigner, spectrogram, 

Margenau-Hill, and the Born-Jordan and cone-kernel TFR. 

Figure 3. a) The time waveform of a nonstationary two-tone signal (top), and five Cohen 

class TFRs of that signal; b) the spectrogram; c) the Born-J orclan TFR; cl) the 

.Wigner TFR; e) the Margenau-Hill TFR; and f) the CK-TFR (bottom). 

Figure 4. a) The time waveform of the speech utterance but (top), and five Cohen class 

TFRs of the speech signal; b) the spectrogram; c) the Born-Jordan TFR; cl) 

the ·wigner TFR; e) the Margenau-Hill TFR; and f) the CK-TFR (bottom). 

Figure 5. a) An expanded view of the sonorant (voiced) section of the speech utterance 

but of Figure 4; b) the corresponding expanded view of the CK-TFR of the 

sonorant section; c) a synthetic waveform modeling a single formant of voiced 

speech; cl) the corresponding CK-TFR of the synthetic waveform. 
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1 Field of the Invention 

This invention relates to digital signal processing architecture (DSP) com
putational architectures for generating spectrograms and to computational 
architectures for generating digital windows and similar impulse responses. 
Spectrograms are a common representation for characterizing the frequency 
content of a temporal signal as a function of time. Windows are used in 
DSP applications including architectures for spectrograms as well as for data 
smoothing and spectral estimation. 
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2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are probably the most commonly used scientific TFR's for representations 
of signals. The zamogram is a TFR with quite good resolution in both time 
and frequency that can be architecturally configured to use the spectrogram 
as a component. 

Spectrograms are computed using windows, such as Hanning, Hamming 
or Blackman windows. The choice of the window determines the properties 
of the spectrogram in manners well known to those well versed in the art. 
This patent contains computationally efficient architectures for generating 
spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 
w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-i2
1l"ku (1) 

k=-L 

where u is the frequency variable and L parameterizes the duration of the win
dow. Temporally sliding windows can be viewed as filter impulse responses 
that are typically of finite duration. Windowing is used in other applications 
including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes digital signal processing (DSP) architectures 
for generating sliding windows and similar impulse responses and their use in 
DSP spectrogram architectures. The sliding window, an impulse response of 
finite duration, is generated using two infinite impulse response (IIR) filters. 
The second filter, postponed through a delay line, cancels the response of 
the first to yield a composite impulse response that is finite in duration. A 
specific embodiment of this architecture occurs when the second IIR filter is 
simply a delayed and possibly weighted version of the first. Then a single 
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IIR filter can be factored from each processor. The IIR filter, appropriately 
augmented with delay circuitry to coherently cancel the response of the filter 
beyond a specified time, can be used to generate the composite window 
impulse response. Such is the case when the required impulse response can 
be expressed as the superposition of causal damped sinusoids with arbitrary 
phase. 

When used as components in spectrogram architectures, the sliding win
dows come in two types: modulated and unmodulated. Reference to a win
dow herein without specification of type either specifically or in context will 
be to the unmodulated window. The IIR and delay components of the win
dows can be either joined or disjoint in the spectrogram architecture. In any 
of the embodiments described herein, the architectures may be used to mon
itor a single frequency line of the spectrogram or generate frequency lines 
sequentially. The window shape can be changed in real time simply by an 
alteration of the filter parameters. Alternately, the processors can be placed 
in an array to generate the spectrogram frequency lines in parallel with ar
bitrary ( e.g. logarithmic) frequency bin spacing. The window shape may be 
changed from frequency line to frequency line or changed in real time. In 
parallel embodiments, common circuitry may be factored from the array so 
that a single circuit, common to each of the processor lines, can serve the 
entire array thereby reducing the overall computational requirements of the 
processor. The specific embodiments wherein the spectrogram's frequency 
spacings are uniform and/ or integer multiples of the reciprocal of the win
dow's duration also result in computation simplification. 

In the case where a periodic replication is canceled using a possibly 
weighted delay, the output contribution corresponding to the end point of 
the window will not be forthcoming. Circuitry for end point correction can 
be applied to compensate for the final point of the window's contribution to 
the spectrogram. In certain cases, however, end point correction need not be 
used in the architectures since the contribution to the overall spectrogram 
may be nonexistent or negligible. 

Any of the embodiments of the spectrogram architectures can be con
strued to generate the squared magnitude of the spectrogram or the real and 
imaginary part of the spectrogram. 

The spectrogram architectures described in this patent are applicable 
to evaluation and display of spectrograms for acoustic, electric, electromag
netic, electrochemical, mechanical and electromechanical signals in applica-

4 



tions such as fault detection, radar, speech analysis and synthesis , sonar, 
seismology and biology. The spectrograms resulting from the spectrogram 
architectures can be used as templates for pattern recognition or as com
ponents in other signal processing architectures, such as architectures for 
computing zamograms. 

4 Brief description of the drawings 

Figure 1 . Architectures for generating either the squared magnitude 
or the real and imaginary components of a spectrogram using 
either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du
ration can be obtained by coherent cancellation of the response 
of an IIR circuit beyond a certain point in time. For periodic 
impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 
a specified point in time by using weighted delay circuitry. To 
maintain symmetry in the resulting composite impulse response, 
end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 
its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 
a Hamming or Hanning windowed spectrogram line. End point 
correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 
Blackman windowed spectrogram line. End point correction is 
not used. 

Figure 7 . Architectures for generating a spectrogram using a filter 
with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re
sponse and its schematic abstraction. 
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Figure 9 . Use of damped resonant and delay circuitry to generate a 
damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 
damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of an architecture for a A filter and its schematic 
representation. 

Figure 12 . A A filter architecture using real multiplies for real inputs 
and a corresponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 Realization of a J{ filter using a bank of A filters and the 
schematic representation of a J{ filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 
D(z). 

Figure 16 . An architecture for a single modulated window for gener
ation of the real and imaginary parts of a spectrogram line. 

Figure 17 . An architecture for a single modulated window processor 
without end point correction for generating the real and imag
inary parts of a spectrogram line. The squared magnitude of 

. the spectrogram line can be generated with a slight architecture 
modification. 

Figure 18 . An architecture for generation of the magnitude squared 
of a spectrogram line without end point correction. 

Figure 19 . Parallel modulated window based architecture for gener
ating a number of real and imaginary output spectrogram lines 
with arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 
point correction for generating the squared magnitude of a num
ber of spectrogram lines at arbitrary frequency spacings. 
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Figure 21 . Parallel modulated window based architecture for gener
ating the real and imaginary components of spectrogram lines at 
equal interval frequency bin spacings for Q = 1. 

Figure 22 . Parallel modulated window based architecture for generat
ing the magnitude squared of spectrogram lines at equal interval 
frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 
representation. The undamped case corresponds to a-= 0. 

Figure 24 . Generating the real and imaginary component of a spec
trogram using a disjoint unmodulated window with the delay cir
cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with
out end point correction using a disjoint unmodulated window 
with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram at arbitrarily 
spaced frequency bins using an disjoint unmodulated window and 
a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correction 
at arbitrarily spaced frequency bins using a disjoint unmodulated 
window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 
real and imaginary components of a spectrogram when the fre
quency bins are at up = iL using an disjoint unmodulated window 
and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 
squared magnitude of a spectrogram without end point correc
tion when the frequency bins are at up = 2i using a disjoint 
unmodulated window and a single delay line. 
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5 Detailed description of the invention 

Schematics for Signal Flow. A number of signal fl.ow diagrams will be 
shown in this section that use schematic representations for which are stan
dard for characterizing digital signal processing (DSP) computational archi
tectures. Signals fl.ow in the direction of arrows. A number, variable or 
combination thereof, written directly adjacent to an arrow generally means 
that the signal is weighted (multiplied) by that quantity. One exception is the 
notation z-J which, from the theory of z transforms, means that the signal 
is delayed for J time units. The second and final exception is at the input or 
the output of the processor when the notation by the arrow is, respectively, 
the processor's input and output signal. In subprocessors, the input will typ
ically be denoted by the sequence, x[n], and the output by y[n]. Also, x[n] 
will generally denote the signal for which the spectrogram is computed. At 
other than the input and output, a combination, such as (1 + j)z-3, where j 
is the square root of (-1), means that the signal is multiplied by the complex 
number 1 + j and is delayed by 3 units of time. This, is course, is equivalent 
to the weighting and then delaying. If no number, variable, shift or combina
tions thereof appear adjacent to an arrow, then the signal is unaffected ( e.g., 
multiplied by 1). The signal coming from a node is equal to the signals going 
into a node. If more than one signal come from a node, each has a value of 
the sum of the signals coming into the node. Repeatedly used circuits will 
be defined as appropriately parameterized block processing elements. 

Spectrogram Architectures. The spectrogram in Eq. 1 can be written 
as 

L 
S[n; u] - e-j21rnu I: w[k]x[n - k]ej21r(n-k)u 

k=-L 
- e-j21rnu X {(x[n]ej21rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as
sumed to be zero outside of the interval -L ::;; n ::;; L. As written in Eqs. 1 
and 2, the operations are not causal. Causality can be achieved by delaying 
the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-j21r(n-L)u{(x[n]ej21rnu) * w[n - L]} (3) 

An architecture for this operation, using complex arithmetic operations is 
shown at the top of Fig. 1. (See, for example, Lim & Oppenheim). The 
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input signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The 
product then serves as the input into a digital filter 140 with impulse re
sponse, w[n - L]. For reasons which will be made clear, we will refer to this 
impulse response as an unmodulated window. The filter output is multiplied 
125 by a temporally varying complex sinusiod 130 to produce the spectro
gram 135. Note that the term exp(j21r Lu) in the post complex sinusiod 
multipication 125 term 130, exp(-j21r( n - L)u) could also by placed in the 
premultipication 115 term 120 or, for that matter, could be a weight at any 
point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 
is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ei21r(n-i)u) * x[n] 12 (4) 

where, ifs = <.p + jw, and both <.p and w are real, then I s 1
2= r.p2 + w2

• The 
real number i is arbitrary. It's effect along with the post multiplying complex 
sinusiod 130 is annihilated by the magnitude squared operation since, for real 
<p we have the relation I exp(-j21rn<p I= 1. When only the squared magnitude 
of the spectrogram is required, we can use the processor shown at the bottom 
of Fig. 1. The input 142 is again premultiplied by a complex sinusiod 150. 
The product is fed into a digital filter 155 the impulse response of which is 
the desired shifted window, w[n - L]. The magnitude squared operation 160 
is preformed on the filter's output. The result of this operation 165 is the 
squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j 21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 
the input 175 be input into a digital filter the impulse response of which is 
the modulated window 177. The output is then the desired spectrogram 179. 

If the magnitude squared is only required in the using a modulated win
dow, then 

(7) 
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where, as before, i is an arbitrary phase term. The input 181 is fed into 
a filter 183 with impulse response w[n; u]exp(j21riu). The :filter's output is 
magnitude squared 185 to generate the squared magnitude of the spectrogram 
187. 

Windows from Coherent IIR Cancellation This patent claims ar
chitectures for the windows and similar filters with finite temporal duration 
whose impulse responses are generated by the coherent cancellation of the 
response of an IIR filter beyond a certain point in time. A general overview of 
this operation is shown at the top of Fig. 2. A discrete impulse ( or Kronecker 
delta), 8[n], is one for n = 0 and is zero otherwise. The response 209, y1 [n], 
to a Kronecker delta 205 input into a digital filter 207 with impulse response 
h1 [n], is shown and, appropriately, is termed the filter's impulse response. 
If the filter's impulse response is not finite in duration, it is appropriately 
termed an IIR filter. Consider a second IIR filter 213, h2 [n] whose response 
215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume that, for n 2: 6, 

Y2[n - 6) = Y1[n) (8) 

In other words, as shown, shifting y2 [n] six units to the right in discrete time 
yields an identical signal to y1 [n) for n 2: 6. We can then connect the two 
filters together in parallel with h2 [n] connected in series with a delay line 222 
of six units. The delay line, as shown, also inverts the signal. The result, 
then, is a composite filter 220 whose response 230 to an impulse 218 is equal 
to y1 [n] for n :::; 5 and is zero for n > 5. The response of h1 [n) has been 
coherently canceled by the delayed response of h2 [n]. 

The coherent cancellation can be more straightforwardly achieved if the 
filter h1 [ n] has a causal periodic response. The filter is then referred to as a 
periodic resonant circuit. To illustrate, suppose that, in Fig. 2, the response 
236 to an impulse 232 input to a periodic resonant circuit 234 has a period, 
as shown, of four. Thus, for n 2: N and N an integer, y[n - 4N] = y[n]. 
To cancel this impulse response for n > 4, we require a second filter, h2 [n], 
whose impulse response is y[n- 4) 238. This can be done simply by delaying 
the response of the periodic resonant circuit by four units. Therefore, the 
periodic resonate circuit 244 can be connected in cascade with delay line 
circuitry 248 so that its impulse response coherently combines with a delay 
of the same impulse response. The result is a circuit whose response 250 to 
an impulse 242 is the desired y[n] - y[n - 4). As shown 240, the composite 
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impulse response is finite in duration. The specific case of y[n] =constant 
has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 
linear time invariant circuits, their order may be reversed without effecting 
the composite impulse response. In other words, as illustrated at the bottom 
of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 
circuit 256 then the new composite response 260 to an input of a Kronecker 
delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 
other variations on such coherent cancellation. If µ[n] is the unit step ( =1 
for n 2:: 0 and 0 otherwise) then, for example, an impulse response of h[n] = 
sin( 1rn/ N)µ[n] added to the same impulse response deleted N units results 
in a composite impulse response that is the first positive half cycle of the sin 
only. 

Coherent cancellation can also be performed using delay lines with digital 
filters the response of which are damped periodic funtions. As illustrated in 
Fig.3, consider the example where the response 310 of a damped resonant 
circuit 308 to an input Kronecker delta 306 is 

y[n] = y[n]esn (9) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 
constant. Note then, that for n 2:: 4, 

y[n - 4) = y[n]e- 48 (10) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 
the impulse response four units in time and weighting the delay by exp( 4s) 
to achieve the function 312 exp( 4s )y[n - 4). This is achieved by placing the 
output of the damped resonant circuit 318 into delay circuitry 320 which 
appropriately weights 322 and delays 324 the response to the impulse 316 
so that, when coherently superimposed, we generate the desired composite 
impulse response 326 which is finite in duration. Such coherent cancelation 
has been reported in the literature, again, for the specific case y[n)=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 
318 are linear and time invariant and can therefore be interchanged in the 
order of cascading. An impulse input 340 can be fed first to the delay circuitry 
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330 and then to the damped resonant circuit 333 to generate a composite 
response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 
special case of cancelation in the damped case whens = 0. Ifs is imaginary, 
then actual damping does not take place. Nevertheless, the same principals 
of cancellation apply. We will generally denote the real part of s by -er. 
Since two or more periods of a periodic function can be considered a single 
period, the procedure can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 
it may be advisable to use end point correction. Such occurs, for example, 
when certain symmetry aspects of the desired impulse response are needed. 
Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 
response to an impulse 340 is 

y[n] = cos(1rn/2)e-o-nµ[n]. (11) 

Application of coherent cancellation after the first period of the cosine will 
result in the response shown 346. In certain cases, such as windowing, we 
desire the end point of the period which the cancellation circuitry places to 
zero. We would like to have the end point, rather, at the point shown by the 
hollow dot 350. Addition of this point to the impulse response is referred to 
as end point correction. 

A number of such composite coherent cancellation circuits can be placed 
in cascade and/ or parallel to achieve even greater flexibility in the design of 
impulse responses. In certain instances, as we shall see, common circuitry 
can be factored from such combinations to yield a reduction in overall com
putational requirements. We will show that windows expressed in a finite 
cosine series, for example, can be synthesized by a parallel combination of 
second order IIR filters and the delay circuitry can be factored so that a 
single delay circuit can serve the entire array. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 
the art, there exists numerous methods to design circuitry for a given causal 
impulse response. One approach is use of a Fourier series synthesis of the 
impulse response. In the most general case, one can easily design digital 
circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (12) 
q=O 
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where 
(13) 

Such circuitry can be designed with the use of multipliers (including invert
ers), adders and unit delays. The quantitative values of the multipliers and 
the topology of all of the components are dictated by the parameters Q, 1q, 

uq, and a-q. There exists numerous computational topologies for a given set 
of parameters. Such circuitry can be designed straightforwardly by those 
skilled in the art. Since 

we conclude that 

Clearly, wq[n] is zero for n 2:: Mq and the composite IIR filter 

Q 

w[n] = L wq[n] 
q=O 

(14) 

(15) 

(16) 

has a response that is finite in extent. The realization of windows of the 
type in Eq. 15 using the superposition of the IIR filter response, hq[n], with a 
weighted version of the same impulse response postponed Mq units through a 
delay line and the application of such circuitry and its variations to generation 
of spectrograms constitute the primary claims of this patent. 

Many commonly used windows (Hanning, Hamming and Blackman) are 
special cases of this cosine series 

(17) 

where nm] = 1 for -1 :S n :S 1 and is otherwise zero. The Hanning and 
Hamming windows require Q = 1 and the Blackman window Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 
window 

Q n-L 
w[n -L] = l:(-l)q,8qcos(1rnq/L)II[--] 

q=O 2L 
(18) 
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Compare this with the special case of Eq. 15. 

Q 

h[n] = l)-l)q,Bqcos(1rnq/L)µ[n] (19) 
q=O 

The window in Eq. 18 is recognized as the first period of Eq. 19 except at 
the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] (20) 

A periodic resonant circuit can be straightforwardly designed with an impulse 
response given by Eq. 19. Delay line circuitry is then cascaded with this 
circuit to achieve the desired composite window filter. The window's end 
point can be inserted with the use of a weighted delay line and, in certain 
cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 19 is by 
designing circuitry for each of the Q + 1 stages and connecting them in 
parallel. For n -=f:. 0, we rewrite Eq. 19 as 

Q 

h[n] = L hq[n] (21) 
q=O 

where, for q -=f:. 0, 
(22) 

where 0q = 1rq/2L and cq = (-l)q,Bq, The z transform of this equation is 

00 

Hq(z) = L hq[n]z-n 
n=O 

(23) 

Using standard design procedures, a digital circuit 405 with this transfer 
function can be generated as in Fig. 4. The output 415 of the filter 405 is 
equal to the discrete convolution of the input 410 with the impulse response 
in Eq. 22 with c = cq and 0 = 0q, Recognizing there exists a number 
of other digital filter architectures to generate the same operation, we will 
schematically represent the input 410 420 output 415 425 relationship of this 
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operation by a solidly outlined box 430 inscribed with parameters c and 0. 
For n = 0, h0 [n] = c0 = /30 • This operation can be performed by a simple 
multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 
length 2L + 1. For Hanning windows, /30 = /31 = 0.5. For Hamming windows, 
/30 = 0.54 and /31 = 0.46. For these parameter choices, both the Hanning 
and Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 
special case of the delay to periodic resonant circuit cascading 265 shown in 
Fig. 2. The input 505 is fed into the delay circuitry. The output of the delay 
circuitry is fed into the q = 0 and the q = 1 stages 515 520 of the circuitry 
The end point correction is obtained by an additional weighted delay 540 of 
the signal. The outputs of all stages are added 525 to obtain the windowed 
output 530. Note that, for Hanning windows, w[L] = 0 and the end point 
correction is not needed. Indeed, for any window, the effect of not using end 
point correction diminishes as L increases. In such cases, one may choose 
not to use the end point correction in the computational architecture. 

A Q = 2 example will be given for the Blackman window for the case 
where end point correction is not used. Here, /30 = 0.42, /31 = 0.5 and 
/32 = 0.08. The architecture in Fig. 6 is a special case of the periodic resonant 
to delay processing 270 shown in Fig. 2. The input 605 is fed to the q = 0, 1 
and 2 stages 610 625 620. The outputs of each stage are summed and fed 
into the delay circuitry 630 the result of which is the windowed output 650. 

Stability Assurance. The window architectures presented to this point 
are marginally stable. All of the circuits poles lie on the unit circle of the 
complex z plane. Numerous modifications can be applied to the fundamental 
architecture to assure stability. Each feedback iteration sum, for example, 
can be rounded towards zero. Alternately, stability can be assured by slightly 
perturbing the design to include slight damping that will move all of the cir
cles strictly within the unit circle. In other words, the source of the marginal 
stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 
feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 
that are multiplied by a taper proportional to exp(-an) where a is a positive 
number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-a(n-L) (24) 
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where h[n], given by Eq. 19, has a period 2L. Then, for n > 2L, 

(25) 

We can therefore generate the damped window 

w[n - L] w[n - L]e-a(n-L) 

h[n] - e-2aLfi[n - 2L] + w[L]8[n - 2L] (26) 

where w[L] = w[LJe-aL is the value of the end correction factor. 
An architecture for computing Eq. 26 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob
tained by cascading this filter with damped delay line circuitry 720. The end 
point correction factor is computed 725 and added to the filter output 730 
to produce a windowed output 735 of the input 705. The undamped case is 
a special case of this processing procedure for the case where a = 0. As in 
the undamped case, the end point correction factor has less and less effect 
on the output as L increases. In such cases where the end point correction 
factor can be omitted, the end point correction factor stage 725 of Fig. 7 can 
be omitted. As in the undamped case, when the end point correction factor 
is deleted, the delay line circuitry becomes commutable with the damped 
resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 
top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam
ple, performs identically with the same number of floating point operations 
(FLOPS). The numerical value of the used in the multiplies to achieve the 
end correction factor, for example, is different. Either architecture 750 755 
can be used in the two spectrogram architectures in Fig. 1 as the window 140 
(with w[n] replacing w[n]) to generate spectrograms with damped windows. 
Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
shown 140 where, now, 

L 

S[n; u] = L w[k]x[n - k]e-j 2
1rku (27) 

k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 
w[n -L] 155 results in the squared magnitude of the spectrogram 165 where 
the expression for the spectrogram is now given by Eq. 27. 
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We now discuss a possible architecture for the damped resonant circuit 
that parallels the undamped case. We can write Eq. 24 as 

(28) 

where 
(29) 

For c = cqeuL and 0 = 1rq/ L, one of many possible digital filters for this 
impulse response is shown if Fig. 8. The input 805 into the circuitry 810 
produces an output that is the discrete convolution of the input with the 
impulse response in Eq. 29. We denote the general class of digital circuits 
with this response by the parameterized bold outline box 820 shown in Fig. 8. 
The input 825 into this parameterized box produces the same output 830 as 
in the specific damped circuitry. 

For q = 0, 
ho[n] = coe-u(n-L) µ[n]. (30) 

An architecture for this impulse response is a single loop feedback circuit 
with a forward gain of one and a unit delay feedback weighted by exp(-a) 
cascaded with a multiply of exp(aL)co, For Co = f3o and sq = {3qexp(aL), 
this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Hanning, Hamming and Blackman Windows. A digital filter for 
Q = l damped Hanning and Hamming windows is shown in Fig. 9 using a 
slight variation of the architecture 334 shown in Fig. 3. The input 910 is fed 
to the damped delay circuitry 915. Then = 0 component of Eq. 29 is realized 
by a first order feedback circuit 920. The output of the delay circuitry is fed 
into this circuit and the n = l stage 925 (Sq = /3qexp( a L)) and the end point 
correction factor stage 940. The outputs from all stages are added 930 to 
produce the damped windowed output 935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 
using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 
The input 1010 is fed the delay circuitry 1012 and then to the q = 0, l, 2 
stages 1015 1020 1025 and the end point correction stage 1040. The outputs 
of all of the stages are summed 1030 to obtain the damped windowed output 
1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 
far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 
as different frequency. This can be performed in parallel where a number of 
spectrogram processors are each tuned to different frequencies and all spec
trogram lines are computed at the same time in parallel. Alternately, the 
same processor can be exposed to the same signal a number of times. For 
each presentation, the complex sinusoid(s) are tuned to different frequen
cies. The lines of the spectrogram are thus computed sequentially. In either 
the parallel or sequential embodiments, the choice of frequencies need not 
be linear. Logarithmic spacing of frequencies, for example, can be chosen. 
Similarly, in either case, the window from spectral line can be changed from 
spectral line to spectral line. For the sequential embodiment, this requires 
the changing of the window parameters (the /3/s and possibly Q) for each 
presentation of the signal. Other spectrogram processors that use common 
circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 
modulated windows and their use in the generation of spectrograms. For such 
architectures, the complex sinusiondal premultiplies 115 145 are no longer 
required. In parallel embodiments, a single delay line circuit can service the 
all of the resonant circuits. For the damped spectrogram in Eq 27, we write 

L 

S[n;u] L x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (31) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 
for damping. 

w[n; u] 

and 

w[k]e-j21rnu 
Q 

I:wq[n;u] 
q=O 

(32) 

(33) 

The undamped case, as before, follows by setting a= 0. In our discussions 
concerning modulated windows to follow, we will include both the damped 
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and the undamped case. The undamped case can be considered as a special 
case of the damped case for O' = 0. Motivated by causality, we write 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = I: hq[k; u] (35) 
q=O 

where 
hq[k; u] = (-l)q (:Jqcos(1rqk/ L )e-a(k-L)e-jZ1ru(k-L) µ[k]. (36) 

Digital filters with this impulse response can be straightforwardly generated 
by those skilled in the art. One approach is to analyze the z transform of 
Eq. 36 

00 

Hq(z; u) = I: hq[k; u]z-k (37) 
k=O 

which gives 

where 
(39) 

Note that, for q = 0, 

( 40) 

The A (lambda) filter in Eq. 39 can be implemented using the IIR filter ar
chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 
unit delay feedback 1120. A schematic representation 1150 of the filter, ap
propriately parameterized with input 1130 and output 1145 corresponding 
to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 
however, can be either real or complex depending on the use of the A filter. 
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Using real multiplies, the A filter can be implemented for real inputs 1205 as 
is shown in Fig. 12. We can write Eq. 39 as 

A(z;v) 
1 - 2e-"cos(21rv)z-1 + e-2"z-2 

Ar(z; v) + jAi(z; v) (41) 

where Ar(z;v) and Ai(z;v) are the transfer functions that generate the real 
and imaginary output components, respectively, of the A filter. The real 
input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 
imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 
the complex output 1145 y[n] = yr[n]+ jyi[n]. The output yr[n] is equivalent 
to with transfer function Ar(z; u) for a real input, x[n] 1205. Similarly, yi[n] 
is equivalent to the output of a filter with transfer function Ai(z; u) for a real 
input, x[n] 1205. The schematic 1240 for the depiction of the real 1220 and 
imaginary 1225 components for a real input 1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 
12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 
xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requires 
more computational circuitry. One such embodiment is shown in Fig. 13 
uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out
put, yr[n] 1305 is the sum of the real response of the real input 1310 and 
the negated 1315 imaginary response to the imaginary input 1320. Similarly, 
the imaginary response 1325 is the sum of the imaginary response of the real 
input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
transfer functions 

I<(z; u) H(z; u)e-i21ruL 
Q 1 

f3oe"LA(z;u) + L 2(-l)q(JqAi(z;v)e"L 
q=l 

q q 
x [A(z; u -

2
L) + A(z; u + 

2
L)] (42) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = L h[n; u]z-n 
n=O 
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(43) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (/Jq 
½(-l)qexp(o-L),Bq) which in turn are fed into a bank of appropriately tuned A 
filters 1420. The outputs of the A filters are summed 1425 to yield an output 
1430 which is equivalent to the response of the input 1410 to a digital filter 
with transfer function K(z; u) in Eq. 42. Schematically, we will depict the I{ 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 
can be construed for either real or complex inputs 1410 depending on whether 
the A filters are constructed for real or complex inputs. In either case, the I{ 

filter is parameterized by the frequency u, damping coefficient o-, filter order 
Q, and vector of Fourier coefficients iJ. The vector iJ is of length Q + l. 

The circuitry for the modulated window can be implemented with delay 
line circuitry and the I{ filter 1440. From Eqs. 32, 33 and 35, we can establish 
the identity 

w[n - L; u] = h[n; u] - e-j411"uLe-20-Lh[n - 2L; u] + w[L; u]8[n - 2L] ( 44) 

where w[L; u] is the value of the end point correction factor. The correspond
ing modulated window transfer function results from a z transform of Eq. 44. 
Define 

00 

n(z; u) = L w[n; uJz-n. (45) 
n=O 

The z transform of Eq. 44 is then 

O(z; u)z-L [1 - e-j411"uLe-20-Lz-2L]H(z; u) + w[L; u]z-2L 
[1 - e-j411"uLe-20-Lz-2L]ej211"uL K(z; u) + w[L; u]z-2L ( 46) 

where we have used Eq. 42. From Eq. 31, the output of a filter with this 
transfer function when presented an input of x[n], is the spectrogram line 
S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 46 is 
defined as 

(47) 

One embodiment of an architecture for this transfer function is shown at 
the top of Fig. 15. The input 1505 is placed through the delay circuitry 
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1510, is post multiplied by a complex exponential 1515 to give the desired 
output 1520. This embodiment has the advantage of isolating the complex 
exponential 1515 which, when the squared magnitude of the spectrogram is 
desired, can be deleted. An alternate architecture for D(z) requiring fewer 
FLOPS is shown at the bottom of Fig. 15. The input 1525 is fed through 
delay circuitry 1530 with different weights than before 1510 to achieve the 
desired output signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 
delay circuitry and the I( filter 1440, we can generate circuitry for synthesis of 
the spectrogram line based on the modulated window. As with the previously 
discussed spectrogram architectures, we will present architectures whereby 
the squared magnitude of the spectrogram is generated or both the real 
and imaginary parts of the computed. As before, in any embodiment, end 
point correction may or may not be used. The contribution of end point 
correction to the final result diminishes as L increases. Both serial and 
parallel implementation will be discussed. 

An architecture for generating a single spectral line of a spectrogram 
based of Eq. 46, is shown in Fig. 16. The input 1605 is fed to delay circuitry 
1610 the output of which is fed to a J{ filter 1616 the output of which, in 
turn, is shifted in phase 1620. The end point correction factor 1625 is added 
to give the desired spectrogram output 1630. One or more of the parameters 
of the circuitry (i.e. u, L, a-, /J and Q) can be changed and the same 1605 
or alternate input can be applied to generate a second output spectrogram 
line. 

As is the case with other embodiments in the descriptions of this patent, 
the architecture in Fig. 16 has a number of variations in detail design that 
are evident to one skilled in the art. The multiplication by the complex 
exponential 1620 in Fig. 16, for example, can be performed immediately 
prior to the I( filter 1616 instead of directly after. Indeed, if end point 
correction is not used, the J{ filter, delay circuitry and exponential shift 1620 
can be cascaded in any order desired. Such arbitrariness in the cascading of 
two or more linear time invariant filters is well known. One of these six 
orderings is shown in Fig. 17. The input 1705 is first fed into a J{ filter 
1710 and then into the delay circuitry 1715. After post multiplication by 
the complex sinusiod 1720, we achieve the desired spectrogram line 1725 
(without end point correction). This embodiment has the advantage that A 
filters with real inputs can be used if the processor input 1705 is real. Note 
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also, that if the only the squared magnitude of the spectral line, I S[n -
L; u] 12, is desired (rather than the output shown 1725), then the complex 
sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 
operation. A variation such magnitude squared computation is shown in 
Fig. 18. A different cascading order, though, is used here. The input 1805 is 
placed first into the delay circuitry 1818 and is then fed into a J( filter 1815. 
A magnitude squared operation 1820 is performed on the output of this filter 
to yield the desired squared magnitude of the spectrogram output line 1830 
(without end point correction). 

A parallel architecture for generating spectrograms using modulated win
dows is shown in Fig. 19. Using Eq. 46 for 1 ~ p ~ P, we propose an 
architecture for the transfer functions 

where n(z; up) is the z transform of w(z; up). The embodiment of this archi
tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 
I( filters 1915. For P spectral lines, there are P separate I( filters the pth 
of which is tuned to frequency up and is of order Qp with Fourier coefficient 
vector /3p• The input to each I( filter is the sum of a weighted 1950 input 
1905 and weighted 1955 delay. The output of each I( filter is added to the 
end point correction factor 1925 to generate the real and imaginary portions 
of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 
squared of the spectrogram output is required. In such a scenario, if end 
point correction is not used, the complex sinusiod weights 1950 have no effect 
on the processor output and can therefore be deleted from the architecture. 
An embodiment of such a processor is shown in Fig. 20. The input 2005 is 
placed through delay circuitry 2010 the output of which services the bank of 
I( filters 2015. The output of each I( filter is magnitude squared 2020 which 
gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 
When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(49) 

then a computationally simplified parallel architecture can be realized. Equa-
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tion 38 becomes 

The q = 0 case warrants special statement. 

(51) 

For linear frequency spacing (and Q > 0), some of the same A filters required 
to generate the line at, say, up, are also required to generate the frequency 
lines at Up±l · Indeed, one or more common A filters are required up to 
and including the Up±Q frequency lines. We can configure the processing 
architecture so that a A filter can be used for a number of frequency lines in. 
the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 
in the delay circuitry all become real. The complex sinusoid, for example, 
becomes exp(j21f'upL) = ( -1 )P which is obviously computationally simpler 
to implement. 

An embodiment for the bank of shared A filters for generating spectro
grams is illustrated Fig. 21 for Q = l. The input 2105 is fed into delay line 
circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 
each A filter services three spectrogram frequency lines. The outputs are 
weighted proportional to the Fourier series coefficients 2125 and are com
bined 2130 with the end point correction factors 2135. These sums are then 
weighted 2140 by (-l)P to generate the real and imaginary components of 
the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 
magnitude squared operation is performed, then the output lines become the 
magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 
using basically the same bank of A filters. Additional A filters would have 
to be added to contribute to the lower and higher spectral lines. Extending 
from Q = 1 to Q = 3, for example, would require the addition of two A filters 
and the low frequency end and two at the high frequency end. In general, 
for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
not at either end will contribute to a total of 2Q + 1 frequency lines. Note 
that this architecture can also be implemented using FIR embodimants of 
the A filter delay line circuitry combination. 

24 



An embodiment for parallel generation of the magnitude squared of a 
spectrogram using a bank of A filters without end point correction for Q = 2 
( em e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed 
to a delay circuitry 2212 the output of which serves the bank of A filters 
2210. The outputs of the filter bank are weighted by Fourier coefficients, 
combined, and magnitude squared 2220 to give the magnitude squared of 
the spectrogram frequency line 2215. All of the fanouts from the bank of 
A filters are not shown. If, for example, there was to be a frequency line 
generated at up = P

2
1,2 , then the A filter in the bank 2212 parameterized 

by iL would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the "i]P. 
This same statement applies to the corresponding processor in Fig. 21 for the 
generation of the real and imaginary components of the spectrogram. Note 
that this architecture can also be implemented using FIR embodimants of 
the A filter delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin
gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 
for the damped case, has requires a delay line for each spectrogram frequency 
line. With the modulated window, we see that a single delay line can serve 
the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 
form, the unmodulated window can also be used to generate spectrogram 
circuitry in parallel with the use of a single delay line. Discussions of this 
capability and corresponding illustrative architectures are the topics of this 
section. 

From Eq. 27, 

S[n - L; u] = ejZ1r(n-L)u{(x[n]ejZ1rnu) * w[n - L]} (52) 

where w[n] is the damped window in Eq. 26. The undamped case will not 
be treated separately since it a special case of the dampened architectures 
when o- = 0. We can write the window expression in Eq. 26 as 

w[n - L] = h[n] * { 8[n] - e-ZuL8[n - 2L]} + w[n]8[n - 2L] (53) 

where w[n] is the value of the end point correction factor. The impulse 
response, h[n], is that of the damped resonant circuit and, for this discussion, 
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is given by Eq. 28. For a given Q, a processor architecture with transfer 
function 

00 

H(z) = L h[k]z-k (54) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos
ite impulse response of which is h[n] to generate the desired output 2315. 
We schematically denote the damped resonant circuit by the appropriately 
parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 53 into Eq. 52 followed by straightforward convolution 
algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-j21r(n-L)u 

X [h[n] * { ej21rnu(x[n] - e-20-Le-j41ruLx[n - 2L])}] (55) 

An architecture for generating a spectral line based on this expression is 
shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 
which is premultiplied by a temporally varying complex exponential 2415, 
passed through an fI filter 2420 and is post multiplied by a temporally vary
ing sinusiod 2425 the output of which is added to the end point correction 
factor 2430 to give the real and imaginary components of the spectrogram 
2435. The exp(j21r Lu) term in the post multiply 2425 term, exp[j21r(n-L)u], 
can alternately be generated by a multiply at a number of other locations 
including before or after the fI filter or the pre-multiply 2415. Note that in 
this embodiment, and in those to be described, that the disjoint unmodu
lated window does not appear in a lumped form as schematically depicted in 
Fig. 1. It's components (the fI filter and the delay line) are not connected. 
This is the reason for the use of the word disjoint in the description of the 
window. 

As in previous cases, the spectrogram processor in such embodiments 
can be modified to display the squared magnitude of the output spectrogram 
resulting a reduction of the required number of FLOPS. Without end point 
correction, the squared magnitude of Eq. 55 is 

where the effects of the arbitrarily chosen positive number, i, are totally 
eliminated by the magnitude squared operation. An embodiment of an ar
chitecture corresponding to Eq. 56 is shown in Fig. 25. The input 2505 is 
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fed into weighted delay circuitry 2510 the output of which is multiplied by 
a time varying complex sinusiod 2515 and placed through an fI filter 2520 
and is magnitude squared 2525 to generate the desired squared magnitude 
output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 
25 may be sequentially fed signals to generate a number of spectrogram lines 
or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 
For 1 ~ p ~ P, we can replicate Eq. 55 as 

S[n - L; Up] = ul[L]x[n - 2L]e-jZ1r(n-L)up + e-jZ1r(n-L)up 

X [hP[n] * { ejZ1rnup( x[n] - e-ZaLe-j41rupLx[n - 2L])} ](57) 

where we have explicitly all allowed the windows, wP[n], and therefore corre
sponding impulse responses, hP[n], to vary for varying p. One embodiment 
of the corresponding processor is shown in Fig. 26. The input 2606 is fed 
to delay circuitry 2610 which services the remainder of the processor. The 
delayed signal is weighted by complex phase terms 2515 and is recombined 
with the undelayed signal 2520. The combination is placed into a band of 
pre-multipliers which service a bank of fI filters 2630 the outputs post mul
tiplied 2635 by time varying complex exponentials. The multiplier values of 
exp(±j21r( n ± ½)up) were chosen here in part to illustrate the flexibility of 
placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 
the processing architecture. The outputs of the post multipliers are added 
2640 to the end point correction factor 2645 to give the real and imaginary 
components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 
spectrogram lines based upon replication of the processor type illustrated in 
Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 
processor. End point correction circuitry if not included. The input 2705 is 
fed into delay circuitry 2710 which serves the entire processor. The exponen
tial term, exp(-20-L), present in the delay circuitry 2610 if Fig. 26, is not 
included here but is, rather, combined with the weighting factors 2715 of the 
delayed signal. The weighted delay signals are added 2720 to the original sig
nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip I 1 ~ p ~ P} 
which, in turn, are fed into squared magnitude processors 2730 the outputs 
of which are the magnitude squared of the spectrogram lines 2730. 
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Equally Spaced Frequency Lines Using Disjoint Unmodulated 
Windows and a Single Delay Line. The computational requirements for 
generating spectrograms using disjoint unmodulated windows and a single 
delay line are less when the frequencies are integer multiples of the inverse 
of 2L (i.e. Up= fr). It follows that exp(-j41rupL) = 1. Thus, the bank of 
complex multiplies such as is required 2615 in Fig. 26 is no longer required. 
Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 
which to multiply. IN such cases, Eq. 55 becomes 

S[n - L; up] (-1 )P{ uiP[L]x[n - 2L] 

+w2Lnp[hP[n] * {W2!(x[n] - e-2<TLx[n - 2L])}]} (58) 

where we have used the common DSP notation 

w.J - ej1rJ/L 2L- (59) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
the delay circuitry 2810 the combination of the output of which services a 
number of pre-multipliers 2820. As before, the outputs of the pre-multipliers 
are fed to a bank of fI filters 2825 the outputs of which are post multiplied 
by time-varying complex sinusoids 2830. These outputs are added 2835 to 
the end point correction factor 2840 and are then weighted by ( -1 )P to give 
the real and imaginary components of the spectrogram lines 2845. A single 
stage of this processor can be used for sequential generation of spectrogram 
lines. 

A further computation reduction can be realized if only the squared mag
nitude of the spectrogram is required. The squared magnitude of Eq. 58 
deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa
tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 
circuitry 2910 the summed output of which feeds the rest of the processor. 
The summed output is pre-multiplied by time varying sinusoids 2915, passed 
through fI filters 2920 and magnitude squared 2925. The result 2930 is the 
squared magnitude of the spectrogram lines. 

Architecture Variations. We emphasize the existence of a number of 
implementations of digital circuitry for a given impulse response. One can, 
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for example, combine the q = O, 1 stages 920, 925 in Fig. 9 by writing the z 
transform transfer function equations for the q = 0 stage 920 and the q = 1 
stage 925 and combine them with a common denominator. The resulting 
equation can be implemented in the Direct form II method described by 
Oppenheim, Willsky and Young. The resulting circuitry will be different than 
that in Fig. 9, yet the input-output relationship will be identical. Indeed, 
similar procedures can be applied to combine the delay, end point correction 
and resonant circuitry. Such design variations are well known to those well 
versed in the art. 

As has been noted, linear time invariant components is series within a 
circuit can be interchanged in order without changing the composite response. 
In Fig. 14, for example, the coefficient multipication 1415 can be done after 
the A filter bank 1420 rather than before, as is shown. Similarly, the series 
combination of h2 [n] followed by the delay, -z-6 at the top of the processor 
220 in Fig. 2 can be reversed without effecting the composite impulse response 
230 of the entire processor 220. Such commutative aspects of digital filters 
are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 
or window is required. In such cases, for example, all of the values of the 
(3q's can be weighted by some appropriately chosen value. In Fig. 5, for 
example, the weight /30 in the q = 0 stage 515, for example, can be replaced 
by one if the value of /31 in the q = 1 stage is replaced by /3i/ /30 and the 
end point correction weight 540 is changed from -w[L] to -w[L]/ /30 • The 
output 530 would then be changed from y[n] to y[n]/ /30 • The resulting filter 
used, for example, in the two unmodulated window spectrogram processors 
in Fig. 1, would result in outputs of S[n - L; u]/ /30 instead of S[n - L; u] 
135 and I S[n - L; u]/ /30 1

2 instead of I S[n - L; u] 1
2 165. Thus, by allowing 

proportional outputs, we are able to save a multiply. Similar scalings and 
variations in other architectures described in this patent will be apparent to 
those well skilled in the art. 

Applications. Time-frequency displays are used in a number of applica
tions. Spectrograms computed using the truncated resonant circuit approach 
are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar and lidar. 

2. as a means of representing or displaying acoustic signals such as 
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speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery and electromechanical signals. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal and electrochemical signals. 

7. use as a signal representation in pattern recognition procedures 
such as fault monitoring or as a template for matched filtering 
or as training data in a classifier such as a layered perceptron 
artificial neural network. 

8. as component in other signal processing architectures including 
architectures for zamograms. 
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Spectrograms are computed using windows, such as Hanning, Hamming 

or Blackman windows. The choice of the window determines the properties 

of the spectrogram in manners well known to those well versed in the art. 

This patent contains computationally efficient architectures for generating 

spectrograms and their window components. 

The spectrogram of a discrete signal, x[n], corresponding to a window, 

w[k], is 
L 

S[n; u] = L w[k]x[n - k]e-i2
1rku (1) 

k=-L 

where u is the frequency variable and L parameterizes the duration of the win

dow. Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 

3 Summary of the Invention 

The present invention describes digital signal processing (DSP) architectures 

for generating sliding windows and similar impulse responses and their use in 

DSP spectrogram architectures. The sliding window, an impulse response of 

finite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. A 
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specific embodiment of this architecture occurs when the second IIR filter is 

simply a delayed and possibly weighted version of the first. Then a single 

IIR filter can be factored from each processor. The IIR filter, appropriately 

augmented with delay circuitry to coherently cancel the response of the filter 

beyond a specified time, can be used to generate the composite window 

impulse response. Such is the case when the required impulse response can 

be expressed as the superposition of causal possibly damped sinusoids with 

arbitrary phase. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type ei

ther specifically or in context will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In any of the embodiments described herein, the 

architectures may be used to monitor a single frequency line of the spec

trogram or generate frequency lines sequentially. The window shape can be 

changed in real time simply by an alteration of the filter parameters. Alter

nately, the processors can be placed in an array to generate the spectrogram 

frequency lines in parallel with arbitrary ( e.g. logarithmic) frequency bin 

spacing. The window shape may be changed from frequency line to frequency 
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line or changed in real time. In parallel embodiments, common circuitry such 

as delay lines and weightings may be factored from the array so that a single 

circuit, common to each of the processor lines, can serve the entire array 

thereby reducing the overall computational requirements of the processor. 

The specific embodiments wherein the spectrogram's frequency spacings are 

uniform and/ or integer multiples of the reciprocal of the window's duration 

result in computation simplification. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent or negligible. 

The previously described architectures are also applicable to the genera

tion of time decimated spectrograms. Data common to both of two tempo

rally adjacent time decimated spectrogram points in time is used to update 

the spectrogram, as before, using weighted delay circuitry. The contribution 

of the new data introduced into the window and the old data which exits 

the window is evaluated using short time Fourier processing techniques some 
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embodiments of which are public domain. Parallel embodiments of the time 

decimated spectrogram architectures wherein the spectrogram's frequency 

spacings are uniform result in architectural simplification since one compo

nent filter can contribute to more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be con

strued to generate the squared magnitude of the spectrogram or the real and 

imaginary part of the spectrogram. 

The spectrogram architectures described m this patent are applicable 

to evaluation and display of spectrograms for acoustic, electric, electromag

netic, electrochemical, mechanical and electromechanical signals in applica

tions such as fault detection, radar, speech analysis and synthesis , sonar, 

seismology and biology. The spectrograms resulting from the spectrogram 

architectures can be used as templates for pattern recognition or as com

ponents in other signal processing architectures, such as architectures for 

computing zamograms. Use of the procedures described herein for software 

simulations and emulations of spectrograms or other processors using slid

ing windows can result in simplification of the software code and reduced 

computational requirements. 

4 Brief description of the drawings 
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Figure 1 . Architectures for generating either the squared magnitude 

or the real and imaginary components of a spectrogram using 

either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 

impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 
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Figure 7 . Architectures for generating a spectrogram using a filter 

with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 

Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of an architecture for a A filter and its schematic 

representation. 

Figure 12 . A A filter architecture using real multiplies for real inputs 

and a corresponding schematic abstraction. 

Figure 13 Realization of a A filter when the input is complex. 

Figure 14 . Realization of a J{ filter using a bank of A filters and the 

schematic representation of a J{ filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 
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Figure 16 . An architecture for a single modulated window for gener

ation of the real and imaginary parts of a spectrogram line. 

Figure 17 . An architecture for a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 

the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . An architecture for generation of the magnitude squared 

of a spectrogram line without end point correction. 

Figure 19 . Parallel modulated window based architecture for gener

ating a number of real and imaginary output spectrogram lines 

with arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = l. 
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Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to a= 0. 

Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram at arbitrarily 

spaced frequency bins using an disjoint unmodulated window and 

a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 
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Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at up = iL using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at Up = iL using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, sq = sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen-
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tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series (e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 filter and its schematic represen

tation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced when the desired 

window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced when the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 
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5 Detailed description of the invention 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown in this section that use schematic representations which are standard 

for characterizing digital signal processing (DSP) computational architec

tures. Signals flow in the direction of arrows. A number, variable or com

bination thereof, written directly adjacent to an arrow generally means that 

the signal is weighted (multiplied) by that quantity. One exception is the 

notation z-J which, from the theory of z transforms, means that the signal 

is delayed for J time units. The second exception is at the input or the 

output of the processor when the notation by the arrow is, respectively, the 

processor's input and output signal. In subprocessors, the input will typi

cally be denoted by the sequence, x[n], and the output by y[n]. Also, x[n] 

will generally denote the signal for which the spectrogram is computed. At 

other than the input and output, a combination, such as (1 + j)z-3
, where j 

is the square root of -1, means that the signal is multiplied by the complex 

number 1 + j and is delayed by 3 units of time. This, is course, is equivalent 

to the weighting and then delaying. If no number, variable, shift or com

binations thereof appear adjacent to an arrow, then the signal is unaffected 

(i.e., multiplied by 1). The signal coming from a node (a point where two or 

more signals meet) is equal to the sum of signals going into a node. If more 
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than one signal come from a node, each has a value of the sum of the signals 

coming into the node. Time decimation is denoted by a boxed ! N where 

N is the decimation order. ReReatedly used circuits will be defined as ap

propriately parameterized block processing elements. Portions of processors 

may be isolated using a dashed line closed curve such as a box or circle in 

order to be referenced in the text. 

Spectrogram Architectures. The spectrogram in Eq. 1 can be written 

as 

L 

S[n;u] e-j21rnu L w[k]x[n - k]ej21r(n-k)u 

k=-L 
e-j21rnu X {(x[n]ej21rnu) * w[n]} (2) 

where* denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L ::; n ::; L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i21r(n-L)u{(x[n]ei21rnu) * w[n - L]} (3) 

An architecture for this operation, using complex arithmetic operations is 

shown at the top of Fig. 1. (See, for example, Lim & Oppenheim). The 

input signal, x[n] 110, is multiplied 115 by a complex sinusiod 120. The 

product then serves as the input into a digital filter 140 with impulse re

sponse, w[n - L]. For reasons which will be made clear, we will refer to this 
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impulse response as an unmodulated window. The filter output is multiplied 

125 by a temporally varying complex sinusiod 130 to produce the spectro

gram 135. Note that the term exp(j21r Lu) in the post complex sinusiod 

multiplication 125 term 130, exp(-j21r(n - L)u) could also by placed in the 

premultiplication 115 term 120 or, for that matter, could be a weight at any 

point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ei21r(n-i)u) * x[n] 12 (4) 

where, if s = c.p + j K, and both c.p and K are real, then I s 1
2= c.p2 + K 2

• The 

real number i is arbitrary. It's effect along with the post multiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for real 

q> we have the relation I exp( - j21rnq> I= 1. When only the squared magnitude 

of the spectrogram is required, we can use the processor shown at the bottom 

of Fig. 1. The input 142 is again premultiplied by a complex sinusiod 150. 

The product is fed into a digital filter 155 the impulse response of which is 

the desired shifted window, w[n - L]. The magnitude squared operation 160 

is preformed on the filter's output. The result of this operation 165 is the 

squared magnitude of the spectrogram as given in Eq. 4 
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Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j21rnu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be input into a digital filter the impulse response of which is 

the modulated window 177. The output is then the desired spectrogram 179. 

If the magnitude squared is only required in the using a modulated win

dow, then 

I S[n; u] 12=1 (w[n; u]ej21Tiu) * x[n] 12 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j2?riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows from Coherent IIR Cancellation This patent claims ar

chitectures for the windows and similar filters with finite temporal duration 

whose impulse responses are generated by the coherent cancellation of the 

response of an IIR filter beyond a certain point in time. A general overview of 

this operation is shown at the top of Fig. 2. A discrete impulse ( or Kronecker 
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delta), 8[n], is one for n = 0 and is zero otherwise. The response 209, y1[n], 

to a Kronecker delta 205 input into a digital filter 207 with impulse response 

h1 [n], is shown and, appropriately, is termed the filter's impulse response. 

If the filter's impulse response is not finite in duration, it is appropriately 

termed an IIR filter. Consider a second IIR filter 213, h2 [n] whose response 

215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume that, for n 2: 6, 

(8) 

In other words, as shown, shifting y2 [n] six units to the right in discrete time 

yields an identical signal to y1 [n] for n 2: 6. We can then connect the two 

filters together in parallel with h2 [ n] connected in series with a delay line 222 

of six units. The delay line, as shown, also inverts the signal. The result, 

then, is a composite filter 220 whose response 230 to an impulse 218 is equal 

to y1[n] for n ~ 5 and is zero for n > 5. The response of h1[n] has been 

coherently canceled by the delayed response of h2 [n]. 

The coherent cancellation can be more straightforwardly achieved if the 

filter h1 [n] has a causal periodic response. The filter is then referred to as a 

periodic resonant circuit. To illustrate, suppose that, in Fig. 2, the response 

236 to an impulse 232 input to a periodic resonant circuit 234 has a period, 

as shown, of four. Thus, for n 2: N and N an integer, y[n - 4N] = y[n]. 

To cancel this impulse response for n > 4, we require a second filter, h2 [n], 

19 



whose impulse response is y[n- 4] 238. This can be done simply by delaying 

the response of the periodic resonant circuit by four units. Therefore, the 

periodic resonate circuit 244 can be connected in cascade with delay line 

circuitry 248 so that its impulse response coherently combines with a delay 

of the same impulse response. The result is a circuit whose response 250 to 

an impulse 242 is the desired y[n] - y[n - 4]. As shown 240, the composite 

impulse response is finite in duration. The specific case of y[n] =constant 

has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the new composite response 260 to an input of a Kronecker 

delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. If µ[n] is the unit step (=1 

for n 2:, 0 and 0 otherwise) then, for example, an impulse response of h[n] = 

sin('7rn/ N)µ[n] added to the same impulse response deleted N units results 

in a composite impulse response that is the first positive half cycle of the sin 

only. 
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Coherent cancellation can also be performed using delay lines with digital 

filters the response of which are damped periodic functions. As illustrated 

in Fig.3, consider the example where the response 310 of a damped resonant 

circuit 308 to an input Kronecker delta 306 is 

y[n] = y[n]esn (9) 

where y[n] is the periodic function 236 in Fig. 2 and s is a (possibly complex) 

constant. Note then, that for n ~ 4, 

y[n - 4) = y[n]e- 48 (10) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4). This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 

has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 340 can be fed first to the delay circuitry 
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330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then actual damping does not take place. Nevertheless, the same principals 

of cancellation apply. We will generally denote the real part of s by -a-. 

Since two or more periods of a periodic function can be considered a single 

period, the procedure can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response to an impulse 340 is 

y[n] = cos(1rn/2)e-<mµ[n]. (11) 

Application of coherent cancellation after the first period of the cosine will 

result in the response shown 346. In certain cases, such as windowing, we 

desire the end point of the period which the cancellation circuitry places to 

zero. We would like to have the end point, rather, at the point shown by the 

hollow dot 350. Addition of this point to the impulse response is referred to 

as end point correction. 
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A number of such composite coherent cancellation circuits can be placed 

in cascade and/ or parallel to achieve even greater flexibility in the design of 

impulse responses. In certain instances, as we shall see, common circuitry 

can be factored from such combinations to yield a reduction in overall com

putational requirements. We will show that windows expressed in a finite 

cosine series, for example, can be synthesized by a parallel combination of 

second order IIR filters and the delay circuitry can be factored so that a 

single delay circuit can serve the entire array. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n) = L hq[n] (12) 
q=O 

where 

(13) 

Such circuitry can be designed with the use of multipliers (including invert

ers), adders and unit delays. The quantitative values of the multipliers and 

the topology of all of the components are dictated by the parameters Q, tq, 

uq, and O'q• There exists numerous computational topologies for a given set 
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of parameters. Such circuitry can be designed straightforwardly by those 

skilled in the art. Since 

we conclude that 

Clearly, wq[n] is zero for n 2: Mq and the composite IIR filter 

Q 

w[n] = L wq[n] 
q=O 

(14) 

(15) 

(16) 

has a response that is finite in extent. The realization of windows of the 

type in Eq. 15 using the superposition of the IIR filter response, hq[n], with a 

weighted version of the same impulse response postponed Mq units through a 

delay line and the application of such circuitry and its variations to generation 

of spectrograms constitute the primary claims of this patent. 

Many commonly used windows (Hanning, Hamming and Blackman) are 

special cases of this cosine series 

(17) 

where nm] = 1 for -1 ~ n ~ 1 and is otherwise zero. The Hanning and 

Hamming windows require Q = 1 and the Blackman window Q = 2. 
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Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n -L] = I:(-l)q,8qcos(1rnq/L)IT[-L-] 

q=O 2 
(18) 

Compare this with the special case of Eq. 15. 

Q 

h[n] = I:(-1 )q ,Bqcos( 1rnq/ L )µ[n] (19) 
q=O 

The window in Eq. 18 is recognized as the first period of Eq. 19 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]b'[n - 2L] (20) 

A periodic resonant circuit can be straightforwardly designed with an impulse 

response given by Eq. 19. Delay line circuitry is then cascaded with this 

circuit to achieve the desired composite window filter. The window's end 

point can be inserted with the use of a weighted delay line and, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 19 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. For n-=/= O, we rewrite Eq. 19 as 

Q 

h[n] = L hq[n] 
q=O 

where, for q -=/= 0, 

25 
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where 0q = 1rq/2L and cq = ( -1 )q /3q• The z transform of this equation is 

00 

Hq(z) = L hq[n]z-n 
n=O 

(23) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 22 with c = cq and 0 = 0q, Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For n = 0, h0 [n] = c0 = {30 • This operation can be performed by a simple 

multiply. 

Consider the Q = 1 example for Hanning and Hamming windows of 

length 2L + 1. For Hanning windows, /30 = /31 = 0.5. For Hamming windows, 

/30 = 0.54 and /31 = 0.46. For these parameter choices, both the Hanning 

and Hamming w[n]'s can be realized by the architecture in Fig. 5 which is a 

special case of the delay to periodic resonant circuit cascading 265 shown in 

Fig. 2. The input 505 is fed into the delay circuitry. The output of the delay 

circuitry is fed into the q = 0 and the q = 1 stages 515 520 of the circuitry 

The end point correction is obtained by an additional weighted delay 540 of 
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the signal. The outputs of all stages are added 525 to obtain the windowed 

output 530. Note that, for Hanning windows, w[L] = 0 and the end point 

correction is not needed. Indeed, for any window, the effect of not using end 

point correction diminishes as L increases. In such cases, one may choose 

not to use the end point correction in the computational architecture. 

A Q = 2 example will be given for the Blackman window for the case 

where end point correction is not used. Here, (30 = 0.42, (31 = 0.5 and 

(32 = 0.08. The architecture in Fig. 6 is a special case of the periodic resonant 

to delay processing 270 shown in Fig. 2. The input 605 is fed to the q = 0, 1 

and 2 stages 610 625 620. The outputs of each stage are summed and fed 

into the delay circuitry 630 the result of which is the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 

can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 
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Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp( -O'n) where O' is a positive 

number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-u(n-L) (24) 

where h[n], given by Eq. 19, has a period 2L. Then, for n > 2L, 

(25) 

We can therefore generate the damped window 

w[n - L] w[n - L]e-u(n-L) 

- h[n] - e-2uLJi[n - 2L] + w[L]8[n - 2L] (26) 

where 

w[L] = w[L]e-uL (27) 

is the value of the end correction factor. 

An architecture for computing Eq. 26 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with damped delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 

to produce a windowed output 735 of the input 705. The undamped case is 
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a special case of this processing procedure for the case where O" = 0. As in 

the undamped case, the end point correction factor has less and less effect 

on the output as L increases. In such cases where the end point correction 

factor can be omitted, the end point correction factor stage 725 of Fig. 7 can 

be omitted. As in the undamped case, when the end point correction factor 

is deleted, the delay line circuitry becomes commutable with the damped 

resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 

shown 140 where, now, 

L 

S[n; u] = I: w[k]x[n - k]e-i21rku (28) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 28. 
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We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 24 as 

Q 

h[n] = I)iq[n] (29) 
q=O 

where 

(30) 

For c = cqeuL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 30. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry. 

For q = 0, 

ho[n] = coe-a(n-L) µ[n]. (31) 

An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-a-) 

cascaded with a multiply of exp(a-L)c0 • For c0 = /Jo and '/3q = (Jqexp(a-L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Hanning, Hamming and Blackman Windows. A digital filter for 

Q = l damped Hanning and Hamming windows is shown in Fig. 9 using a 
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slight variation of the architecture 334 shown in Fig. 3. The input 910 is fed 

to the damped delay circuitry 915. Then = 0 component of Eq. 30 is realized 

by a first order feedback circuit 920. The output of the delay circuitry is fed 

into this circuit and the n = l stage 925 (~q = /3qexp( <7 L)) and the end point 

correction factor stage 940. The outputs from all stages are added 930 to 

produce the damped windowed output 935. 

A digital filter for Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, l, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 

more typically, one desires a number of parallel lines each corresponding to 

as different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen-
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c1es. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the /3/s and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For such 

architectures, the complex sinusiondal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 28, we write 

L 

S'[n; u] ~ x[n - k]w[k; u] 
k=-L 

x[n] * w[n; u] (32) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] w[k]e-j21Tnu 

Q 

~wq[n; u] 
q=O 

32 
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and 

(34) 

The undamped case, as before, follows by setting a = 0. In our discussions 

concerning modulated windows to follow, we will include both the damped 

and the undamped case. The undamped case can be considered as a special 

case of the damped case for a= 0. Motivated by causality, we write 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (36) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 

Eq. 37 
co 

Hq(z; u) = L hq[k; u]z-k (38) 
k=O 

which gives 
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where 

( 40) 

Note that, for q = 0, 

R (z· u) - (J eaLei21ruL A(z· u) 0 , - 0 , • (41) 

The A (lambda) filter in Eq. 40 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1150 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 40 as 

A(z; v) 
1 - 2e-acos(21rv)z-1 + e-2az-2 

Ar(z; v) + jA\z; v) (42) 

where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 
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the complex output 1145 y[n] = yr[n]+ jyi[n]. The output yr[n] is equivalent 

to with transfer function Ar(z; u) for a real input, x[n] 1205. Similarly, yi[n] 

is equivalent to the output of a filter with transfer function Ai(z; u) for a real 

input, x[n] 1205. The schematic 1240 for the depiction of the real 1220 and 

imaginary 1225 components for a real input 1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put, yr[n] 1305 is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

transfer functions 

I<(z; u) - H(z; u)e-jZ1ruL 

Q l 
(30euL A(z; u) + L 2(-l)q /3gAi(z; v)euL 

q=l 

q q 
x [A(z; u - 2L) + A(z; u + 2L)] (43) 
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where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = L h[n; u]z-n 
n=O 

Q 

I:Hq(z;u) 
n=O 

(44) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (/:Jq 

½(-l)qexp(o-L),Bq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 43. Schematically, we will depict the J{ 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the J{ 

filter is parameterized by the frequency u, damping coefficient a, filter order 

Q, and vector of Fourier coefficients 'iJ. The vector "iJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the J{ filter 1440. From Eqs. 33, 34 and 36, we can establish 

the identity 

w[n - L; u] = h[n; u] - e-j41ruLe-2uLh[n - 2L; u] + w[L; u]8[n - 2L] ( 45) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 45. 
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Define 
00 

n(z; u) = E w[n; u]z-n. ( 46) 
n=O 

The z transform of Eq. 45 is then 

!1(z; u)z-L 

where we have used Eq. 43. From Eq. 32, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 47 is 

defined as 

(48) 

One embodiment of an architecture for this transfer function is shown at 

the top of Fig. 15. The input 1505 is placed through the delay circuitry 

1510, is post multiplied by a complex exponential 1515 to give the desired 

output 1520. This embodiment has the advantage of isolating the complex 

exponential 1515 which, when the squared magnitude of the spectrogram is 

desired, can be deleted. An alternate architecture for D(z) requiring fewer 

FLOPS is shown at the bottom of Fig. 15. The input 1525 is fed through 

delay circuitry 1530 with different weights than before 1510 to achieve the 

desired output signal 1535. 
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Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the J{ filter 1440, we can generate circuitry for synthesis of 

the spectrogram line based on the modulated window. As with the previously 

discussed spectrogram architectures, we will present architectures whereby 

the squared magnitude of the spectrogram is generated or both the real 

and imaginary parts of the computed. As before, in any embodiment, end 

point correction may or may not be used. The contribution of end point 

correction to the final result diminishes as L increases. Both serial and 

parallel implementation will be discussed. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 47, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a J{ filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 

of the circuitry ( i.e. u, L, o-, iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 
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exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the I< filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the I< filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading of 

two or more linear time invariant filters is well known. One of these six 

orderings is shown in Fig. 17. The input 1705 is first fed into a I< filter 

1710 and then into the delay circuitry 1715. After post multiplication by 

the complex sinusiod 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 1
2 , is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 

Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a I< filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

( without end point correction). 

A parallel architecture for generating spectrograms using modulated win-
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dows is shown in Fig. 19. Using Eq. 47 for 1 < p :s; P, we propose an 

architecture for the transfer functions 

where f!(z; up) is the z transform of w(z; up), The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

J{ filters 1915. For P spectral lines, there are P separate J{ filters the pth 

of which is tuned to frequency Up and is of order QP with Fourier coefficient 

vector (Jp. The input to each J{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each J{ filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 

on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

J{ filters 2015. The output of each J{ filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 
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When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(50) 

then a computationally simplified parallel architecture can be realized. Equa

tion 39 becomes 

The q = 0 case warrants special statement. 

(52) 

For linear frequency spacing ( and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l· Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 

Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 
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circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 

not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

( em e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed 
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to a delay circuitry 2212 the output of which serves the bank of A filters 

2210. The outputs of the filter bank are weighted by Fourier coefficients, 

combined, and magnitude squared 2220 to give the magnitude squared of 

the spectrogram frequency line 2215. All of the fanouts from the bank of 

A filters are not shown. If, for example, there was to be a frequency line 

generated at up = v2+z, then the A filter in the bank 2212 parameterized 

by iL would make a contribution. Note, also, that the value of Q can be 

allowed to vary from output line to output line as can the values in the iJv· 
This same statement applies to the corresponding processor in Fig. 21 for the 

generation of the real and imaginary components of the spectrogram. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter delay line circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 

unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, has requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 
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capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 28, 

S[n - L; u] = ei21r(n-L)u{(x[n]ei2'rrnu) * w[n - L]} (53) 

where w[n] is the damped window in Eq. 26. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when a= 0. We can write the window expression in Eq. 26 as 

w[n - L] = h[n] * { b'[n] - e-2aL8[n - 2L]} + w[n]b'[n - 2L] (54) 

where 'l.V[n] is the value of the end point correction factor. The impulse 

response, li[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 29. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = L h[k]z-k (55) 
k=O 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 54 into Eq. 53 followed by straightforward convolution 
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algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-i21r(n-L)u + e-i21r(n-L)u 

x[h[n] * {ei21rnu(x[n] - e-2aLe-i41ruLx[n - 2L])}] (56) 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21r Lu) term in the post multiply 2425 term, exp[j21r(n-L)u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the fI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components (the fI filter and the delay line) are not connected. 

This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting a reduction of the required number of FLOPS. Without end point 
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correction, the squared magnitude of Eq. 56 is 

where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 57 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 :S p :S P, we can replicate Eq. 56 as 

where we have explicitly all allowed the windows, u,P[n], and therefore corre

sponding impulse responses, hP[n], to vary for varying p. One embodiment 

of the corresponding processor is shown in Fig. 26. The input 2606 is fed 
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to delay circuitry 2610 which services the remainder of the processor. The 

delayed signal is weighted by complex phase terms 2515 and is recombined 

with the undelayed signal 2520. The combination is placed into a band of 

pre-multipliers which service a bank of fI filters 2630 the outputs post mul

tiplied 2635 by time varying complex exponentials. The multiplier values of 

exp( ±j21r( n ± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry if not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen

tial term, exp(-2CYL), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip I 1 :S p :=:; P} 

which, in turn, are fed into squared magnitude processors 2730 the outputs 
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of which are the magnitude squared of the spectrogram lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. Up= iL). It follows that exp(-j41rupL) = 1. Thus, the bank of 

complex multiplies such as is required 2615 in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 

which to multiply. IN such cases, Eq. 56 becomes 

S[n-L;up] = (-l)P{wP[L]x[n-2L] 

+W2Lnp[/iP[n] * {w;[(x[n] - e-2uLx[n - 2L])}]} (59) 

where we have used the common DSP notation 

w:J - ej-rrJ/L 
2L - (60) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 

the delay circuitry 2810 the combination of the output of which services a 

number of pre-multipliers 2820. As before, the outputs of the pre-multipliers 

are fed to a bank of H filters 2825 the outputs of which are post multiplied 

by time-varying complex sinusoids 2830. These outputs are added 2835 to 

the end point correction factor 2840 and are then weighted by ( -1 )P to give 
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the real and imaginary components of the spectrogram lines 2845. A single 

stage of this processor can be used for sequential generation of spectrogram 

lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 59 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through iI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 

rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 
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O:q Sq 

1 0 2 

1 j1r IL 4 

1 -j1r/L 4 

Table 1: Hanning: c.p(k) = cos2 (;l), Q = 3. 

We rewrite the causal form of the spectrogram in Eq.l as 

L 

S[n - L; u] = L x[n - L - k]w[k]e-j21rku 

k=-L 

(62) 

where the write the window with a tilde to denote that it can be represented 

by the Szasz series 
Q 

w[k] = L O:qe-sqk (63) 
k=-Q 

Where Q parameterizes the order of the series and the possibly complex Szasz 

series coefficients and exponential factors are respectively { aq I Q ::; q ::; -Q} 

and {sq IQ::; q::; -Q}. Note that we have chosen to truncate the duration 

of the window in Eq. 62 by the sum rather than explicitly in Eq. 63 by 

a rectangle function. The cosine series in Eq. eq:cosin is a special case of 

w[k]II[k/ (2L )] with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

With a slight alteration of the sk's definitions ( -a is added to each 
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CYq Sq 

0.54 0 

0.23 j1r/L 

0.23 -j1r/L 

Table 2: Hamming: 1.p(k) = 0.54 + 0.46 cos(f ), Q = 3. 

CYq Sq 

0.42 0 

0.25 j1r/L 

0.25 -j1r/L 

0.04 j21r/L 

0.04 -j21r/L 

Table 3: Blackman: 1.p(k) = 0.42 + 0.5 cos(f) + 0.08 cos( 22k),Q = 5. 
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term), the corresponding damped windows in Eq. 27 are also special cases of 

w[k]II[k/(2L)]. Indeed, for a fixed u, the corresponding modulated windows 

in Eq. 33 are also special cases. 

We begin be decomposition of the spectrogram line into components. 

Q 

S[n - L; u] = L aqSq[n - L; u] (64) 
q=-Q 

where 
L 

Sq[n - L; u] = L x[n - L - k]esqke-j21rku (65) 
k=-L 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 65 by N time units. 

L 

Sq[n - N - L; u] = L x[n - L - N - k]esqke-j21rku 

k=-L 

L+N 
e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (66) 

k=-L+N 

The summand is the same as that in Eq. 65, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I:+ I: I: (67) 
k=-L k=-L+N k=-L 

Substitution into Eq. 65 followed by application of Eq.66 gives the following 

recurrsion relation for the decimated spectrum output 

Sq[n - L; u]eCSq-j21ru)N S[n - N - L; u] + st[n] (68) 
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where 
-L+N-1 L+N 

sMn] = { I: I: }x[n - L - k]e(sq-j21rn)k_ (69) 
k=-L k=L+l 

As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-Z:,,;!;'!:f-1 + z:,f;;f+l term in Eq. 69) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. We shall first describe evaluation of 

st[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for st[n] is shown in Fig. fig:firk. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(70) 

We denote a vector of these values by x_. The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 
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every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around ! N is the standard schematic notation for 

downsampling by a factor of N. The output of this box is the desired output 

3045. We schematically abstract the processor for generation of st[n] by an 

appropriately parameterized box 3050 inside of which is an encircled Sl 
Two other architectures for computing St[n] in Eq. 69 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

St(n] = St(n] - SN[n] (71) 

where 
-L+N-1 

st[n] = { L x[n - L - k]e(sq-jZ1rn)k_ (72) 
k=-L 

and 
L+N 

SN[n] = L }x[n - L - k]e(sq-jZ1rn)k. (73) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our 

case (2L + 1) / N) is an integer, we can straightforwardly establish from these 

equations the identity 

(74) 
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This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111. the output of which is downsampled 3114 to 

yield S_it-[n]. This signal, at a clock rate equal to 1/ Nth that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of S_it-[n] 

via Eq. 74. (The notation z--;/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter. 

An IIR filter 3170 that is an alternate architecture to compute S_it-[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of S_it-[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given architecture to compute st[n] 3050, we can generate the spectral 

line as given in the recurrsive relation in Eq. 68 using the architecture shown 

if Fig. 32. The previous output 3210 of the processor, Sq[n - L - N; u], is 

made available through a delay 3220. This output is added to st[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 
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output component 3215. We schematically abstract this processor with an 

appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.64 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = l ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = l, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding cxq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the cxq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

cxq coefficients are even. In other words, cxq = a-q· In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by cxq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 
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parameterized bu u and Xq• The outputs of filters corresponding to q > 0 

filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As in previous architectures, this embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p.6. where .6. 

is the uniform spacing. Furthermore, let sq = -CT+ j21rq.6.. As before, CT is a 

damping factor and can be set to zero for the undamped case. Under these 

conditions, Eq. 68 becomes 

L L x[n - L - k]e-o-ke-j 21r(p-q)kei 

k=-L 

3[n - L;p- q] (75) 
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The utility of the redefinition of this Szasz component of the spectrogram as 

a S (xi - pronounced see) filter will become evident shortly. Using Eqs. 68 

and eq:spm, we can establish the recurrsion 

Sn - L; p] = e-aN e-j21rpN~3[n - L - N; p] + st[n; p] (76) 

where 
L L+N 

st[n;pJ = { I: L }x[n - L - k]e-ake-i21rvM (77) 
k=-L k=L+l 

An architecture for generating the recurrsion for the S filter in Eq. 76 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the st filter in Fig. 32 

when we use 

X 
_ e-ake-j21rpk~ 

k- , (78) 

The output of the st filter is fed into an IIR filter 3520 which generates 

the desired output 3525 by computational evaluation of the recurrsion in 

Eq. 76. The schematic representation 3530 of this circuitry is shown as two 

intersecting rectangles, appropriately parameterized, with a S written in the 

center. When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the 

delay line may be factored from each S filter so that a single delay ine feeds 

the en tire bank. 

A bank of S filters can be used to efficiently generate spectral lines in 

parallel when the frequency bins are evenly spaced. For a given Q, the 
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generation of the spectral line at u = pl:),_ uses 2Q + 1 of the 3 filters with p 

parameters in the interval-Q ~ p ~ Q. The frequency line at u = (p+ 1)1:),_ 

uses 3 filters in the interval -Q + 1 ~ p ~ Q + 1. There is only one 3 filter 

that was not used in u = pl:),_ spectrogram line that is not used here. As 

illustrated in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to 

the output of a number of frequency lines. Here, the input 3605 is fed to a 

bank of 3 filters the outputs of which are weighted by desired a coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. aq = a-q• This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 

3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by o:1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by o:2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 
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spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the CXq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. We emphasize the existence of a number of 

implementations of digital circuitry for a given impulse response. One can, 

for example, combine the q = 0, 1 stages 920, 925 in Fig. 9 by writing the z 

transform transfer function equations for the q = 0 stage 920 and the q = 1 

stage 925 and combine them with a common denominator. The resulting 

equation can be implemented in the Direct form II method described by 

Oppenheim, Willsky and Young. The resulting circuitry will be different than 

that in Fig. 9, yet the input-output relationship will be identical. Indeed, 

similar procedures can be applied to combine the delay, end point correction 

and resonant circuitry. Such design variations are well known to those well 

versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 
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In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the {3q 's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight {30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of {31 in the q = l stage is replaced by f3i/ {30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ {30 • The output 530 would then 

be changed from y[n] to y[n]/ {30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 

in outputs of S[n - L; u]/ {30 instead of S[n - L; u] 135 and I S[n - L; u]/ {30 1
2 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_1 . 

Therefore, replacing both a±1 by 1 and a 0 by a 0 / a 1 will yield an output 
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of S[n - L : u]/a1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Applications. Time-frequency displays are used in a number of applica

tions. Spectrograms computed using the truncated resonant circuit approach 

are applicable in many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 

as used, for example, in radar and lidar. 

2. as a means of representing or displaying acoustic signals such as 

speech and sonar. 

3. as a means of representing or displaying electric current, voltage 

and power waveforms. 

4. as a means of representing or displaying mechanical signals such 

as vibration. Specific applications include monitoring and fault 

diagnosis of machinery and electromechanical signals. 

5. as a means of representing or displaying vibrational signals which 

have propagated in the atmosphere, a body of water and/ or solid 

portions of the earth. The signal sources can either be due to 

nature and/ or man. Included are seismic signals. 
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6. as a means of representing or displaying signals whose source 

is biological. Sources of biological signals include, but are not 

limited to, the cardiovascular and neurological systems of man 

and animal and electrochemical signals. 

7. as a model in software simulations and emulations of spectro

grams or other processors using sliding windows. 

8. use as a signal representation in pattern recognition procedures 

such as fault monitoring or as a template for matched filtering 

or as training data in a classifier such as a layered perceptron 

artificial neural network. 

9. as component in other signal processing architectures including 

architectures for zamograms. 

CLAIMS. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 

exclusive property or privilege is claimed are defined as follows: 

1. Digital signal processor architectures for window and similar finite 

duration impulse responses wherein two infinite impulse response 
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filters with causal impulse responses other than a constant or 

single exponential, the delayed response of one being proportional 

to the response of the second after a given time, are used in a 

composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time. This cascade connection is joined in parallel with the second 

filter in such a manner that the second filter's impulse response 

is coherently canceled by that of the cascade connection at and 

beyond the given time thereby producing a composite impulse 

response that is equal to the impulse response of the second filter 

up to but not including the given time and is zero thereafter. 

2. Digital signal processors for windows and similar impulse re

sponses of finite duration wherein a resonant circuit with com

posite causal impulse repons possi~ damped and other than 

a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that the com

posite response is equal in time to that of the resonant circuit up 

to but not including the duration of the delay line and is zero 
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then on. Also, the embodiment of this architecture wherein the 

ordering of the resonant circuit and delay circuitry are reversed 

in order. 

3. Architectures of the type in Claim 2 with or without end point 

correction wherein the resonant circuit is synthesized as the par

allel combination of two or more infinite impulse response filters 

each of which has the response of a specified Fourier cosine series 

component, possibly damped, of the desired window or similar 

impulse response. 

4. Unmodulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines of 

a spectrogram at arbitrary frequency spacings wherein the input 

is premultiplied by a sinusoid and input into a window of the type 

in Claim 3. 

5. Modulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines 

of a spectrogram at arbitrary frequency spacings wherein each 

frequency line can have a different window wherein, for two or 
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more frequency lines with windows of the same duration, a single 

weighted delay line and weighted version of the input services a 

bank of resonant circuits synthesized as in Claim 3. 

6. Modulated window architectures of the type in Claim 3 used in 

digital signal processors for generating the squared magnitude or 

real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

7. Disjoint unmodulated window architectures of the type in Claim 3 

used in digital signal processors for generating the squared magni

tude or real and imaginary components of one or more frequency 

lines of a spectrogram at arbitrary frequency spacings wherein the 

delay circuitry and resonant circuitry of the window are not in 

physical contact wherein, for two or more frequency lines, when 

all window durations are the same, a single delay circuit, appro-
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priately weighted, feeds a bank of processors each arm of which 

contains a premultiplication by a complex sinusoid, resonant cir

cuit filtering through a filter of the type in Claim 3 and either 

post complex conjugate multiplication for generating the real and 

imaginary components or squared magnitude operation for gen

erating the spectrogram's squared magnitude. 

8. Disjoint unmodulated window architectures of the type in Claim 7 

used in digital signal processors for generating the squared magni

tude or real and imaginary components of one or more frequency 

lines of a spectrogram at frequencies that are integer proportional 

to the reciprocal of the window's duration prior to end point cor

rection. The delay circuitry that feeds the bank of processors is 

computationally simplified at these frequency. The pre weight

ings required in the more general case of Claim 7 are no longer 

present. 

9. Digital signal processors of the type described in Claim 2 for 

generating decimated time spectrograms wherein the decimation 

downsampling is at least two input time units and whereby the 

contribution common to the spectrogram in two adjacent deci

mated time intervals is updated through combination delay and 
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resonant circuitry and the cumulative contribution to the spec

trogram of data uncommon to both is evaluated by short time 

Fourier analysis processor techniques either known or to be dis

covered. 

10. Spectrogram architectures of the type in Claim 9 used in dig

ital signal processors for generating the squared magnitude or 

real and imaginary components of one or more frequency lines of 

a spectrogram at arbitrary frequency spacings wherein each fre

quency line can have a different window wherein, for two or more 

frequency lines with windows of the same duration, a single delay 

line services a bank of circuits synthesized as in Claim 9. 

11. Time decimated spectrogram architectures of the type in Claim 9 

used in digital signal processors for generating the squared mag

nitude or real and imaginary components of two or more fre

quency lines of a spectrogram at equally spaced frequency in

tervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 
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bank. 

12. Time decimated spectrogram architectures of the type in Claim 11 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the Szasz coefficients thereby reducing the number of required 

multiplications. 

13. The short time Fourier analysis processor required in Claim 9 

whereby the cumulative contribution of new data to the spectro

gram in adjacent decimated time intervals is saved in weighted 

delay circuitry to the point where the data exits the sliding win

dow and is thereupon, after weighting, is subtracted from the 

spectrogram . 

. 14. The use of spectrogram processors using modulated or unmodu

lated windows of the type in Claim 2 (a) as a means of represent

ing or displaying electromagnetic signals as used, for example, 

in radar and lidar, (b) as a means of representing or display

ing acoustic signals such as speech and sonar, ( c) as a means 

of representing or displaying electric current, voltage and power 

waveforms, ( d) as a means of representing or displaying mechan-
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ical signals such as vibration. Specific applications include mon

itoring and fault diagnosis of machinery and electromechanical 

signals, ( e) as a means of representing or displaying vibrational 

signals which have propagated in the atmosphere, a body of water 

and/or solid portions of the earth. The signal sources can either 

be due to nature and/or man. Included are seismic signals, (f) 

as a means of representing or displaying signals whose source is 

biological. Sources of biological signals include, but are not lim

ited to, the cardiovascular and neurological systems of man and 

animal and electrochemical signals, (g) use as a signal represen

tation in pattern recognition procedures such as fault monitoring 

or as a template for matched filtering or as training data in a clas

sifier such as a layered perceptron artificial neural network, (h) 

as a component in other signal processing architectures includ

ing architectures for zamograms. and (i) as a model in software 

simulations and emulations of spectrograms or other processors 

using sliding windows. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal can 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components. 
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2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
N ates can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition of spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

OO OO A k k ·. 
C[n; u] = L L <P[n - m; k]x[m + 2Jx*[m - 2Je-J2

-rrku (1) 
k=-oo m=-oo 

where the superscript* denotes complex conjugation and ¢[n - m; kl] is the 
kernel of the GTFR. 

In continuous time, the GTFR can be written as 

Although we will deal primarily herein with discrete time signals, continuous 
time analogies will be obvious to those well skilled in the art. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-j2-rrku (3) 
k=-oo 

where w[k] is a sliding window. The magnitude squared of the STFT will 

4 



here be referred to as the spectrogram of the signal. 

co 

S[n; u] =I X[n; u] 12=1 L w[k]x[n - k]e-i 21l"ku 12 ( 4) 
k=-co 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-Williams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 

4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other spectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrogram components. In this figure, weightings 
are specified. 
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Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 
the first two. 

Figure 5 Illustration of the double diamond kernels in discrete and con
tinuous time. 

5 Detailed Description of the Invention 

We here define the class of spectrogram decomposable GTFR's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

(5) 
m 

where the processed spectrogram is defined as 

(6) 

and 
Lt, 

Xm[n; u] = L Wm[k]x[n - k]e-j2
1rku (7) 

k=L;, 

where * denotes convolution. The limits { L;:;;_, L;1;;,} describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
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An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 

As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

Xi[n; u] = L w[k]x[n - k]e-j21rku, (8) 
k=-L 

L 

X 2 [n; u] = L w[k]x[n - k]e-j21rku, (9) 
k=O 

and 
X 3 [n; u] = X 1 [n; u] + X 2 [n; u] (10) 

For a1 = a 2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X 1 and X 2 • The 
outputs of the processors are added 315 to produce X 3 . The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = Xi[n-N; u] and 
X 3 [n; u] = -X1 [n; u] - X 2 [n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

We also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
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for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Double diamond kernels. The methods thus described for computing 
GTFR's can be used to generate GTFR's with double diamond kernels. The 
double diamond kernel is illustrated in Fig. 5. The continuous time kernel 
505 is J(t; T). As shown, the region of support for the kernel is the diamond 
shown 510. In other works, the kernel is identically zero outside of the kernel. 
Two examples of discrete time double diamond kernels, corresponding to the 
discrete kernel, J[n; k] 520, are also shown. Both have double diamonds as 
regions of support 535 525. The double diamond on the left 535 has used 
rectangular sampling 540 while the one on the right uses hexagonally spaced 
samples 530. Both of these kernels can be generated using the techniques 
derived herein. Alternately, the method of Kooiman [4] can be used, but 
with higher computational overhead. We also note the direct applicability of 
the method of differential increments and accruance here [5]. 

We have described one method for computing the double diamond kernel. 
Here is another. Visualize the window of a sliding window Fourier transform 
at some slide time. One sliding window Fourier transform at frequency u 
is computed using the left hand side of the window and a second transform 
using the right. The transforms are conjugately multiplied together and the 
real part is taken. The result is a double diamond GTFR. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 
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5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal can 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components. 
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2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
N ates can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the 'Wigner distribution and 
the Choi-·Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition of spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

OO OO A k k · 
C[n; u] = L L ¢>[n - m; k]x[m + -]x*[m - -]e-12

1rku (1) 
k==-oo m=-oo 2 2 

where the superscript* denotes complex conjugation and ¢[n - m; k]] is the 
kernel of the GTFR. 

In continuous time, the GTFR can be written as 

Although we will deal primarily herein with discrete time signals, continuous 
time analogies will be obvious to those well skilled in the art. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-i2
1rku (3) 

k==-oo 

where w[k] is a sliding window. The magnitude squared of the STFT will 
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here be referred to as the spectrogram of the signal. 

00 

S[n; u] =I X[n; u] 12=1 L w[k]x[n - k]e-i2
1Tku 12 (4) 

k=-oo 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-Williams and 
·Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 

4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other spectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrogram components. In this figure, weightings 
are specified. 
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Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 
the first two. 

Figure 5 Illustration of the double diamond kernels in discrete and con
tinuous time. 

5 Detailed Description of the Invention 

We here define the class of spectrogram decomposable GTFR 's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

(5) 
m 

where the processed spectrogram is defined as 

PSm[n; u] =I Xm[n; u] * hm[n] 12 , (6) 

and 
L"J, 

Xm[n; u] = L Wm[k]x[n - k]e-j21rku (7) 
k=L;. 

where * denotes convolution. The limits {L;;, L!i} describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
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An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 

As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-jZ-n-ku, (8) 
k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-jZ-n-ku, (9) 
k=O 

and 
(10) 

For a 1 = a2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X1 and X 2 • The 
outputs of the processors are added 315 to produce X3 • The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = X 1 [n-N; u] and 
X 3 [n; u] = -Xi[n; u] - X 2 [n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

We also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
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for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Double diamond kernels. The methods thus described for computing 
GTFR's can be used to generate GTFR's with double diamond kernels. The 
double diamond kernel is illustrated in Fig. 5. The continuous time kernel 
505 is ¢( t; r ). As shown, the region of support for the kernel is the diamond 
shown 510. In other works, the kernel is identically zero outside of the kernel. 
Two examples of discrete time double diamond kernels, corresponding to the 
discrete kernel, ¢(n; k] 520, are also shown. Both have double diamonds as 
regions of support 535 525. The double diamond on the left 535 has used 
rectangular sampling 540 while the one on the right uses hexagonally spaced 
samples 530. Both of these kernels can be generated using the techniques 
derived herein. Alternately, the method of Kooiman (4] can be used, but 
with higher computational overhead. We also note the direct applicability of 
the method of differential increments and accruance here (5]. 

We have described one method for computing the double diamond kernel. 
Here is another. Visualize the window of a sliding window Fourier transform 
at some slide time. One sliding window Fourier transform at frequency u 
is computed using the left hand side of the window and a second transform 
using the right. The transforms are conjugately multiplied together and the 
real part is taken. The result is a double diamond GTFR. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 
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5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal can 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components. 
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2 Background of the Invention 
' 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
N ates can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition of spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

where the superscript* denotes complex conjugation and <;b[n - m; k]] is the 
kernel of the GTFR. 

In continuous time, the GTFR can be written as 

100 roo A T T . 
C(t;f) = r=-oole=-oo ¢>(t-(;r)x(e+ 2)x*(f- 2)e-J27rfT (2) 

Although we will deal primarily herein with discrete time signals, continuous 
time analogies will be obvious to those well skilled in the art. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-i2
,;rku (3) 

k=-oo 
where w(k] is a sliding window. The magnitude squared of the STFT will 
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here be referred to as the spectrogram of the signal. 

00 

S[n; u] =I X[n; u] 12=1 L w[k]x[n - k]e-i2
1rku 12 (4) 

k=-oo 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-Williams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 

4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other spectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrogram components. In this figure, weightings 
are specified. 
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Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 
the first two. 

Figure 5 Illustration of the double diamond kernels in discrete and con
tinuous time. 

5 Detailed Description of the Invention 

vVe here define the class of spectrogram decomposable GTFR 's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

m 

where the processed spectrogram is defined as 

and 
L"f;. 

Xm[n; u] = L Wm[k]x[n - k]e-i2
1rku 

k=L;, 

(5) 

(6) 

(7) 

where * denotes convolution. The limits { L~, Lt} describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
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An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 

As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-i211"ku, (8) 
k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-i211"ku, (9) 
k=O 

and 
(10) 

For a1 = a2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X 1 and X 2 • The 
outputs of the processors are added 315 to produce X 3 • The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = X 1 [n-N; u] and 
X 3 [n; u] = -X1[n; u] - X 2[n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

We also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
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for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Double diamond kernels. The methods thus described for computing 
GTFR's can be used to generate GTFR's with double diamond kernels. The 
double diamond kernel is illustrated in Fig. 5. The continuous time kernel 
505 is ¢>( t; T). As shown, the region of support for the kernel is the diamond 
shown 510. In other works, the kernel is identically zero outside of the kernel. 
Two examples of discrete time double diamond kernels, corresponding to the 
discrete kernel, </>[n; k] 520, are also shown. Both have double diamonds as 
regions of support 535 525. The double diamond on the left 535 has used 
rectangular sampling 540 while the one on the right uses hexagonally spaced 
samples 530. Both of these kernels can be generated using the techniques 
derived herein. Alternately, the method of Kooiman (4] can be used, but 
with higher computational overhead. We also note the direct applicability of 
the method of differential increments and accruance here (5]. 

vVe have described one method for computing the double diamond kernel. 
Here is another. Visualize the window of a sliding window Fourier transform 
at some slide time. One sliding window Fourier transform at frequency u 
is computed using the left hand side of the window and a second transform 
using the right. The transforms are conjugately multiplied together and the 
real part is taken. The result is a double diamond GTFR. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 
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5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 
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Field of the Invention 

The present invention relates to digital and analog computational methods 

and apparatus whereby certain time-frequency representations, can be gen

erated. The architectures rely on bilinear combinations of sliding window 

Fourier transforms and spectrograms. 

Background of the Invention 

Background Description 

The theory of transformation of a temporal signal into a frequency spec

tral representation is fundamental to many undergraduate engineering and 

science curricula. The Fourier transform is a mathematical method of do

ing so. Consider a time function represented by x( t) where t depicts time 

( e.g. in seconds). If u represents the corresponding frequency variable, with 

units of cycles per second or Hertz, then X(u) is the representation of x(t) 

in the frequency domain. The most common way to obtain X(u) from x(t) 

is by the process of Fourier transformation. In human speech, for example, 

the Fourier transform of a man's voice will typically contain lower frequency 

components than a woman's voice. Thus, the Fourier transform of a man's 

voice as represented, for example, by an electronic signal from a microphone 
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would generally have a larger magnitude at lower frequencies than that of 

a child's voice. The concept of frequency applies to numerous other types 

of signals also. Electromagnetic waves in the visible spectrum have different 

colors corresponding to the frequency of the electromagnetic wave frequency 

(vibration). Thus, the magnitude of the Fourier transform of the temporal 

electromagnetic vibrations will, in the visible range, result in a plot of the 

color components of the signal. 

As explained by Leon Cohen in "Time-frequency distributions - a review", 

Proceedings of the IEEE, vol.77, pp.941-981 (1989), there are many instances 

where the monitoring of the frequency components, or the Fourier transform, 

of a signal with respect to time is desirable. This is especially important 

when the character of the signal is changing with respect to time. Such 

signals are referred to as nonstationary signals. Common speech and music 

are both examples of nonstationary signals. A sound which does not change 

in time, such as an elongated tone or the roar from a waterfall, are examples 

of stationary signals. The changing of colors during a sun set is an example 

of an electromagnetic stationary signal. The fundamental Fourier transform 

does not allow for the generation of time-frequency analysis for nonstationary 

signals. Other techniques, collectively called time-frequency representations 

(hereinafter TFR's), are required. 
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Note that humans perceive sound in both time and frequency. Music, for 

example, is written as a TFR. Notes can be viewed as a frequency represen

tation. The placement of these notes side by side then represents a temporal 

sequence of frequency. 

Spectrograms are probably the most commonly used scientific TFR's for 

representations of signals. They display, however, a tradeoff in time and 

frequency resolution. Using the musical example, good frequency resolution 

corresponds to high precision knowledge of the music's tones ( as measured in 

cycles per second). Using spectrograms, however, good frequency resolution 

can be achieved only at the sacrifice of time resolution. Good time resolu

tion, for example, allows one to specify the time that a note changes from 

one frequency to another. Using spectrograms, high time resolution typi

cally requires a sacrifice in frequency resolution. Conversely, high frequency 

resolution requires a sacrifice in time resolution. 

In 1966, Leon Cohen introduced a class of bilinear generalized TFR's 

(hereinafter GTFR's) in a paper entitled "Generalized phase-space distribu

tion functions" J. lvlath. Physics, vol.7, pp.781-786 (1966). A number of 

important TFR's are subsumed in Cohen's GTFR. The Wigner-Ville dis

tribution, subsumed in Cohen's class, is not constrained by the frequency 

resolution versus time resolution tradeoff characteristic of the spectrogram. 
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Due to the bilinear nature of the transformation, however, the Wigner-Ville 

distribution contains significant interference artifacts. The double diamond 

kernel GTFR introduced in the paper S.Oh and R.J. Marks II, "Performance 

attributes of generalized time-frequency representations with double diamond 

and cone-shaped kernels", Proceedings of the 24th Asilomar Conference on 

Signals, Systems and Computers, Asilomar, CA (5-7 Nov 1990), on the other 

hand, is a GTFR with quite good resolution in both time and frequency with 

low interference. 

The double diamond GTFR is a time-frequency representation which is 

subsumed in Cohen's class of generalized time-frequency representation. A 

GTFR between two continuous time signals, x(t) and y(t), can be written 

r r A T T ·2 
c J,( t; u) = Ir le cp( t - e; T )x( e + 2 )y*( e - 2 )e-J 1rUT dedT (1) 

where the superscript * denotes complex conjugation, J( t; T) is the GTFR's 

kernel, u is the frequency variable. The auto-GTFR of a signal, x( t), is 

obtained by setting x( t) = y( t) in this expression. 

Similarly, for discrete signals x[n] and y[n], the discrete version of the 

GTFR is 

A k k . 
CJ,[n; u] = LL cp[n - m; k]x[m + 2Jy*[m - 2Je-J2

1run (2) 
m k 

where J[n; k] is the kernel of the GTFR. The auto-GTFR of a discrete signal, 

x[n], is obtained by setting x[n] = y[n] in Eq. 2. Note that square brackets are 
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j I A r r .
2 C,1,(t; u) = r J/p(t - (; r)x(( + 2 )y*(( - 2)e-J 1rur d(dr (1) 

where the superscript* denotes complex conjugation, ¢(t; r) is the GTFR's 

kernel, u is the frequency variable. The auto-GTFR of a signal, x( t), is 
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Similarly, for discrete signals x[n] and y[n], the discrete version of the 
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where ¢[n; k] is the kernel of the GTFR. The auto-GTFR of a discrete signal, 

x[n], is obtained by setting x[n] = y[n] in Eq. 2. Note that square brackets are 
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used for discrete signals ( e.g. x[n] ) and parenthesis are used for continuous 

signals ( e.g. x(t) ). 

In either the cross or auto form, the GTFR's in Eqs. 1 and 2 are generally 

complex. Two common techniques are used to make them real. The first is 

to take the real portion of of the GTFR 

~c. = ~ [c. + C":] 
¢, 2 ¢, ¢, (3) 

where CJ can refer to the GTFR's either in Eqs. 1 and 2 either in cross or auto 

form, * denotes complex conjugation, and~ denotes the real portion of (Here 

and henceforth, omission of time and frequency in an explicit expression 

allows abstraction of the description to either discrete or continuous time.) 

Note that performance of the dual C:SC¢ can be acheived using Eq. 3 through 

an adjustment in the choice of window. 

The alternate technique is to perform a magnitude operation 

(4) 

Other combinations can also be performed on the GTFR's in Eqs. 1 or 

2. The log, for example, can be taken of either Eq. 3 or Eq. 4 to place the 

result in units of decibels. Alternately, either Eq. 3 or Eq. 4 may be raised 

to some positive integer power, e.g. 2. 

GTFR's evaluated at frequency u 

quadratic or bilinear filters. 
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Prior Art 

Direct evaluation of the GTFR in discrete time using summation and the 

fast Fourier transform (FFT) algorithm is apparent to anyone skilled in the 

art. A more sophisticated method for evaluation of GTFR's with cone ker

nels ( called zamograms was proposed in a thesis by W.C. Kooiman, "Time

frequency speech displays that are an improvement over the spectrogram", 

M.S. Thesis, Department of Electrical Engineering, University of Washington 

(1989). Kooiman represented the one dimensional temporal signal on a two 

dimensional plane and applied a boxcar accumulator to generate a composite 

function which was windowed and Fourier transformed using an FFT. 

The methods and architectures disclosed in this patent are all one dimen

sional. The methods and architectures are also more flexible and generally 

require significantly fewer floating point operations (FLOPS) than any other 

known GTFR computation technique. As discussed later, the method and 

corresponding architectures in certain embodiments also allow a greater class 

of GTFR generation, including kernel variation from frequency line to fre

quency line and nonlinear frequency bin spacing. 
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Summary of the Invention 

The present invention is directed to architectures for computationally effi

cient generation of various forms of cross- and auto- GTFR's. Also taught 

herein is use of cross and auto GTFR's computed using the method or archi

tecture described herein as a means of representing, displaying, monitoring 

or otherwise characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic and biological waves for pur

poses including but not limited to 

• diagnosis, analysis, and/or synthesis of signals, 

• signal representation in pattern recognition, 

• template formation for matched filtering or as training data in a classi

fication or regression machine such as a layered perceptron artificial neural 

network, 

• use in modulation, demodulation and detection in communications. 

• acoustic waves include but are not limited to speech, sonar and seismic 

waves as well as other mechanical waves such as those due to mechanical 

vibration. 
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Brief Description of the Drawings 

The foregoing and other features and advantages of the present invention will 

be more readily appreciated as the same becomes better understood from the 

detailed description when taken in conjunction with the following drawings, 

wherein: 

Figure 1 illustrates the parameterized schematic of a sliding window 

Fourier transform processor; 

Figure 2 illustrates an architecture for generating a cross-GTFR by 

multiplicative combination of the outputs of two sliding window 

Fourier transform processors; 

Figure 3 illustrates the parallelogram support of the GTFR kernel gen

erated by multiplying outputs of two corn inuous time sliding win

dow Fourier transform processors; 

Figure 4 illustrates the parallelogram support of the GTFR kernel gen

erated by multiplying outputs of two discrete time sliding window 

Fourier transform processors; 

Figure 5 illustrates the support of the GTFR kernel generated by the 

real part of the product of two discrete time sliding window 

Fourier transform processors when the parallelograms overlap; 
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Figure 6 illustrates the support of the GTFR kernel generated by the 

real part of the product of two discrete time sliding window 

Fourier transform processors when the parallelograms do not over

lap; 

Figure 7 illustrates the schematic for generation of a cross-GTFR; 

Figure 8 

Figure 9 illustrates an architecture for superimposing component cross

GTFR's into a composite GTFR; illustrates generation of an 

auto-GTFR and the corresponding schematic; 

Figure 10 illustrates an architecture for parallel combination of a num

ber of component auto-GTFR's into a composite auto-GTFR's; 

Figure 11 illustrates how two weighted sliding window Fourier trans

form processors can represent a single sliding window Fourier 

transform; 

Figure 12 illustrates an architecture for generating an auto-GTFR with 

a double diamond kernel; and 

Figure 13 illustrates an architecture for generating an auto-GTFR with 

a double diamond kernel using a delay line. 
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Detailed Description of the Invention 

Direct conventional evaluation of the cross-GTFR's express10ns in Eqs. 1 

and 2 requires computation of the summand and integrand, respectively, over 

a portion of a two dimensional plane for each point in time the cross-GTFR 

output is computed. This patent teaches construction of GTFR's through bi

linear combination of sliding window Fourier transforms, and superpositions 

thereof. 

Computational components of the description will be described as cir

cuitry or a circuit. These terms are used in their broadest sense referring 

not only to the physical hardware associated with the computation, but the 

underlying method as well. Similarly, the term architecture is used in the 

most general sense, referring not only hardware embodiment, but to the 

underlying method of computation. In certain instances, a particular archi

tecture embodiment is presented to illustrate a family of architectures whose 

generalization will be readily evident to one skilled in the art. 

Schematics for Signal Flow and Corresponding Circuitry. A num

ber of signal flow diagrams will be shown that use schematic representations 

that are standard for characterizing signal processing computational archi

tectures. Signals flow in the direction of arrows. The point where one or 

more arrows meet is referred to as a node. A signal coming from a node is 
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equal to the sum of the signals going into the node. A hollow arrow denotes 

a delay line. The amount of delay is written inside of the arrow. A trian

gle denotes signal weighting (i.e. amplification) by the factor written inside 

the hollow arrow. The name of the signals at a point in the circuit can be 

written over the signal flow there. This is especially true at the input and 

the output of the circuit.. Other schematic generalizations will be defined as 

needed. The constant j denotes the square root of -1. 

Manners of implementation of these flow diagrams are well known to 

those well versed in the art. Two types of technology are applicable; discrete 

and continuous time. Hybrid approaches using both technologies are also 

possible. 

For discrete methodologies, arithmetic operations are straightforwardly 

performed on commercially available APU's (arithmetic processor units) and 

DSP ( digital signal processing) chips. Delay lines can be straightforwardly 

performed using digital shift registers, as is required in commonly used finite 

impulse response (FIR) and infinite impulse response (IIR) digital filters. 

Discrete time delay with analog values can be performed using charge cou

pled devices (CCD's). Custom digital VLSI (very large scale integration) 

integration chips can be designed to perform the operations taught by this 

patent. 
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The second technology applicable herein is temporally analog circuitry 

used to process continuous time signals. The operations of integration, in

version, weighting and signal summation can be implemented using commer

cially available operational amplifiers, capacitors and resistors in configura

tions well known to those versed in the art. Delay lines can be constructed 

through physical transmission of the analog signal through a channel. The 

speed of signal propagation and the channel's length dictate the delay. Ex

amples include surface acoustic wave devices and coaxial cable. 

SLIDING WINDOW FOURIER TRANSFORM DISCUSSION. 

The sliding window Fourier transform of a signal, x, corresponding to a 

window, w, can be written in the continuous case as 

Xw(t;u) = 1 w(t-r)x(r)e-j21rurdr (5) 

where w(t) is the continuous time window. Analogously, for the discrete 

signal, the sliding window Fourier transform becomes 

Xw[n; u] = I: w[n - k]x[k]e-j21rku 
k 

where w[n] is the discrete time window. 

(6) 

Equations 5 and 6 are also referred to as short time Fourier transforms. 

The magnitude squared of the sliding window Fourier transform is the signal's 

spectrogram. 

(7) 
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(Again, omission of arguments implies that the relationship is applicable to 

both the continuous and descrete time cases. Thus, Eq. 7 applies to both the 

continuous time sliding window Fourier transform in Eq. 5 and the discrete 

time sliding window Fourier transform in Eq. 6.) 

The schematic representation for generating the sliding window Fourier 

transforms is shown in Figure 1. The input 100 is placed into a shadowed 

box 105 that represents the sliding window Fourier transform processor. The 

processor is tuned to a frequency 110 of u. The window 115, w, is assumed to 

have support parameterized 120 130 by endpoints (a, b). For the continous 

time signal, the window w( t) is assumed to be zero outside of the interval 

a s:; t s:; b. Similarly, the discrete window, w[n], is assumed to be zero outside 

of the interval a s:; n s:; b. Although this convention implies windows with 

support over a single interval, windows with support over a number of disjoint 

intervals can also be used. The ouput 140 of the processor in Figure 1, Xw, 

is the sliding window Fourier transform given either by Eq. 5 or Eq. 6. 

The sliding window Fourier transform is time invariant with respect to 

window shift. If, for example, for the discrete case, a signal x[n] has a sliding 

window Fourier transform of Xw[n; u] corresponding to a window of w[n], 

then use of a window v[n] = w[n - p] on the same signal will result in 

the sliding window Fourier transform, Xv[n; u] = Xw[n - p; u]. The shift 
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invariance is also applicable to the continuous time sliding window Fourier 

transform. 

CROSS-GTFR's. To introduce the methodology behind the technology 

presented in this patent, consider the GTFR 

(8) 

where, as illustrated in Fig. 2, Yw 225 is the sliding window Fourier transform 

of the signal y 235. The window, w 215, has endpoints ( a, /3) 240. The 

window, w 210, for the input, x 230, has endpoints 220 of (a, b). Both sliding 

window Fourier transform processors 245 246 are tuned to a frequency 250 

251 of u. The output 282 of the bottom processor is multiplicatively combined 

281 with the output of the top processor. To generate the GTRF in Eq. 8, 

the muliplicative combination 260 is a complex multiply of the _top processor 

output 281 with the complex conjugate of the output 282 of the bottom 

processor and the output 265 is 

D= Cww 
' 

If the TFR in Eq. 3 is desired, then the multiplicative combination 260 of 

the top processor output 281, Xw, and the bottom processor output 282 Yw, 

lS 
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(9) 

Alternately, the multiplicative combination 260 can be chosen as a magnitude 

operation and the TFR in Eq. 4 is generated. The output 265 is then 

(10) 

Kernel Strucure. The GTFR kernel structures resulting from the ar

chitecture in Fig. 2 are now illustrated. Using Eq. 5, the continuous time 

expression for Cw,w in Eq. 8 is 

Cw,w(i, u) 1 i x(17)y*(>..)w(t - 17)w*(t - >..)e-jZ1ru(>.-r,)d17d).. 

r r w(t- e- ~)w*(t - e + ~) 
Ir le 2 2 

T T ·z 
xx(e + 2)y*(t- 2)e-J 1rUTdtdT (11) 

where the following variable substitution was used. 

[: :][;]=[:] (12) 

Comparing with the GTFR expression in Eq. 1, the kernel for the GTFR in 

Eq. 8 for continuous time is 

A T T 
¢>( t; T) = w( t - 2 )w* ( t + 2) (13) 
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A similar analysis applies to the discrete time equivalent of Eq. 8. Using 

Eq. 6, 

Cw,w[n, u] LL x[p]y*[q]w[n - p]w*[n - q]e-j21ru(p-q) 

p q 

k k 
LLw[n- m - -]w*[n- m + -] 

m k 2 2 
k k . 

xx[m + -]y*[m - -]e-Jhku 
2 2 

(14) 

where the following variable substitution was used. 

[: :][:] [~] (15) 

Comparing with the GTFR expression in Eq. 2, the kernel for the GTFR in 

Eq. 8 for discrete time is 

A k k 
</>[n; k] = w[n - -]w*[r: + -] 

2 2 
(16) 

The cross-GTFR in Eq. 8 can be realized, either in discrete or continuous 

time, as illustrated in Fig. 2. The input 230 x is fed to a sliding window 

Fourier transform processor 245 tuned to frequency u 250 with window w 

that is zero outside an interval with endpoints 220 (a, b). Similarly, an input 

of y 235 is fed to a second sliding window Fourier transform processor 246 

tuned to frequency u 251 with frequency w that is zero outside of an interval 

with endpoints 240 ( a, /3). The output 281 of the top processor, Xw, and 
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the ouput of the bottom processor, Yw are combined 260 to yield the output 

Cw,w 265. *********** 

The combination 260 is multiplicative. If the output Xw is combined 

260 through multiplipication by the complex conjugate of the output of the 

bottom processor 282, then Cw,w = Cw,w 265 given by Eq. 8. The combination 

can also be the real portion of one of the inputs times the conjugate of the 

other. Then the output 265 is 

is equivalent to the expression given by Eq. 3. Alternately, if the combination 

is the magnitude of the output of one processor times the conjugate of the 

other, then the output 265 is equivalent to the expression in Eq. 4. As 

discussed, other operations ( e.g. logs and powers) can caccompany these. 

The support of the kernel in Eq. 8 will be a tilted parallelogram on the 

( t, T) plane for continuous time and the ( n, k) plane for discrete time. Con

tinuous time will be illustrated first. Since w( t) is zero outside of the interval 

a :s; t :s; band w(t) is ·zero outside of the interval a :s; t :s; /3, the kernel in 

Eq. 13 is zero outside of intersection of the two intervals 

2(t- b) :s; T :s; 2(t - a); 2( O'. - t) :s; T :s; (/3 - t) (17) 

This is illustrated in Fig. 3 on the T 310 t 315 plane where, as seen on the t 
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axis, 0 < a < a < b < /3 is assumed. The kernel in Eq. 13 is zero outside of 

the shaded parallelogram 305. 

A similar parallelogram support exists for the the discrete case. Since 

w[n] is zero outside of the interval a ::; n ::; b and w[n] is zero outside of the 

interval a ::; n::; /3, the kernel in Eq. 16 is zero outside of intersection of the 

two intervals 

2(n - b) ::; k::; 2(n - a); 2(a - n)::; k::; (/3 - n) (18) 

This is illustrated in Fig. 4 in the k 410 n 415 plane. The dots 420, both 

hollow and solid, denote the locations of the sample points x[m+ !Jy*[m- !J, 

Assuming that the relative values shown for a, b, a and /3, the discrete kernel 

in Eq. 16 is identically zero at all the hollow dot locations. Analagous to the 

continuous time case, the support of the kernel is here a parallelogram. 

The real portion of the GTFR in Eq. 3 can be, itself, a GTFR of the type 

in Eqs. 1 and 2. If, for example, x and y are real, then ~Cw,w in Eq. 3 has, 

for continuous time signels, a kernel of 

J(t·T) = ! [w(t- ~)w*(t+ ~) +w(t- ~)w*(t+ ~)] (19) 
' 2 2 2 2 2 

Analagously, for discrete time signals 

A 1[ k k k kl </>[n· k] = - w[n - -]w*[n + -] + w[n - -]w*[n + -) 
' 2 2 2 2 2 

(20) 
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An example of the kernel support for the discrete kernel in Eq. 20 when, 

as before, w[n] is zero outside of the interval a ::s; n ::s; b and w[n] is zero 

outside of the interval a ::s; n ::s; (3. Consider first the case where a < a < 

b < (3 as illustrated in Fig. 5. On the k 505 n 510 plane, the location of 

points is, again, denoted by dots 515, both hollow and solid. The points 

where the kernel in Eq. 20 are identically zero are shown by hollow dots. 

The parallelogram 520 defined by the points a and b have a kernel value 

of ½[w[n - ½]w*[n + ½] + w[n - ½]w*[n + ½J. Those solid points above this 

parallelogram have a value of ½w[n - ½Jw*[n + ½], Those points below have 

a value of ½w[n - ½Jw*[n + }]. If b- a= (3- a and a= b, then the kernel is 

said to have a double diamond kernel. 

A second example of the kernel support resulting from Eq. 20 is shown 

in Fig. 6 on the k 605 n 610 plane when a < (3 < a < b. The kernel's value 

on the solid dots on top 615 have a value of ½w[n - ½]w*[n + ½J. The value 

on the solid dots below have a value of ½w[n - ½Jw*[n + ½J, As before, at the 

hollow dot locations 625, the kernel is identically zero. 

GTFR Banks. A schematic for a cross-GTFR tuned to frequency u 770 

with a kernel of J 771 is illustrated in Fig. 7 as a diamond with an inscribed 

square 705. The GTFR output 765 corresponds to inputs 730 x and 735 y. 

One manifistation of this processor is the one shown within the dashed lines 
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299 in Fig. 2. 

The GTFR's in Eqs. 1 and 2 are time invariant with respect to their ker

nel. We illustrate with the continuous time GTFR, although the property is 

also applicable to the discrete time GTFR. If a GTFR of CJ,(t; u) corresponds 

to a kernel of J(t; T), then, for a delay T, a kernel of ¢(t-T; T) would result 

a GTFR of CJ,(t - T; u). 

The GTFR is also linear with respect to its kernel in the sense that 

(21) 

Thus, for multipling the kernel by a (possibly complex) value of s is equava

lent to multiplying the resulting GTFR by s. Similarly, for a cross GTFR, 

multiplying the input x by rand the input y bys is equavalent to multiplying 

either the GTFR or the kernel by rs*. For an auto-GTFR, multiplying the 

input, x, by r is equivalent to multiplying the kernel or the GTFR output by 

lrl 2
• Such scaling variation can straightforwardly be incorporated into the 

GTFR architectures taught herein by those well skilled in the art. 

From Eq. 21, general time-frequency representations can be generated 

by connecting two or more of the processors 705 in Fig. 7 in parallel, as is 

shown in Fig. 8. The input x 830 and y 835 are fed into N processors 805 806 

807. All n processors are tuned to the same frequency, u, but may differ in 

window type and duration. The outputs of the processors are summed 810 
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to produce a composite TFR of c(N) If the nth processor is a GTFR with 

kernel ¢n, then cN will be a GTFR with kernel 

N 
'(N) - ~ A 

<p - L, </>n 
n=l 

(22) 

AUTO-GTFR's. When x = y in Eqs. 1 and 2, then CJ, is an auto

GTFR. The methods and apparatus thusfar taught are straightforwardly 

applied to generation of the auto-GTFR. To illustrate, the processor 799 in 

Fig. 7 is addended in Fig. 9 so that the same signal, x 930, provides both 

inputs to the processor. The output, Cw,w 965, is now an auto-GTFR. The 

composite processor is abstacted in a diamond 971 with an incircled u. For 

an input of of x 981, the output is the same auto-GTFR 982 as before 965. 

An architecture for auto-GTFR's corresponding to the one for cross

GTFR's in Fig. 8 is illustrated in Fig. 10. The input 1005 is fed to a parallel 

bank of N processors 1005 1006 1007. The outputs of the processors are 

summed 1010 to generate the time-frequency representation, c(N)_ If the 

nth processor generates an auto-GTFR with kernel ¢n, then the composite 

auto-GTFR with a kernel given by Eq. 22. 

Sliding Window and GTFR Properties and Equivalence. Sliding 

window Fourier transforms are linear with respect to their windows in the 

sense that 

(23) 
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where r ands are (possibly complex) constants. An example of how the lin

earity can be utilized to generate a composite sliding window Fourier trans

form from components is illustrated in Fig. 11. An input 1105, x, is fed into 

the the top sliding window Fourier transform processor 1110 the output of 

which is weighted 1125 by the constant, s. The input 1105 is also weighted 

by the constant r 1120 prior to being input into the bottom sliding win

dow Fourier transform processor 1115. The output 1117 of this processor is 

rXw2 = Xrw2 • This is added 1130 to the weighted output of the top processor 

to yield an output 1135 of Xw3 where W3 = rw1 + swz. 

A Double Diamond Architecture. An N = 3 architecture that is 

a straightforward variation of that in Fig. 10 that uses the sliding window 

architecture shown in Fig. 11. The achitecture, shown in Fig. 12, is for a 

double diamond support auto-GTFR. The input 1205 is placed-into two slid

ing window Fourier transform processors 1210 1215 that use multiplication 

for the combination. Both processors are tuned to frequency u and have a 

window w. The top processor 1210, though, has window endpoints (a,µ) 

and the bottom (µ, b). The outputs of the processors are added 1220 giving 

a sliding window Fourier transform 1225 that is tuned to u with window w 

that has endpoints (a, b). This is calculated this way in lieu of a third sliding 

window Fourier transform processor. This sliding window Fourier transform 
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is magnitude squared 1235. From it are subtracted 1238 1239 the magnitude 

squared of the outputs of the top 1230 and bottom 1235 processors. The re

sult of this superposition 1237 is a auto-GTFR 1240 with a double diamond 

kernel. (The double diamond corresponding to the the diamond generated 

by the long window minus the two smaller diamonds). 

When the window is rectangular, the shift invariance of the sliding window 

Fourier transform can be used to simplify the double diamond GTFR. This is 

illustrated in Fig. 13. The signal 1305 is input into a sliding window Fourier 

transform processor 1310. The output of the processor 1310 is fed to a delay 

line 1315 with T time delay units. The output of the delay line 1315 is 

added 1320 to the output of the processor. This is magnitude squared 1345. 

The undelayed and delayed processor outputs are magnitude squared 1330 

1335 and added 1340. This sum is subtracted 1350 from the squared sum to 

generate the GTFR output 1360. 

Time-frequency representations are used in a number of applications. 

Time-frequency representations computed using the methods described herein 

are applicable in many of these cases. They include use: 

1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur-
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rent and power) and biological waves; 

2. as a method of computing GTFR's or other signal processmg 

operations using sliding windows in software simulations and em

ulations; 

3. as a method of computing GTFR's or other signal processing op

erations that use sliding windows using computational hardware; 

and 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 
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Technical Proposal: Parallel Paradymes 
for Time-Frequency Displays 

Raytron Corporation 

June 30, 1990 

1 Identification and Significance of the In
novation 

Conventional approaches to short time Fourier analysis of discrete time se
ries requires either use of a fast Fourier transform (FFT) or a finite impulse 
response filter (FIR) discrete Fourier transform approach [8]. The FIR ap
proach, although highly parallel, requires a prohibitively large computational 
burden as the window size grows. vVe will present an infinite impulse response 
(IIR) based architecture that maintains the parallel attributes of the FIR ap
proach and requires fewer operations than an FFT for windows of moderate 
to long duration. The procedure is based on a Szasz series decomposition of 
the sliding window. Also, we propose to generate parallel architectures for 
the newly introduced zamogram which has resolution attributes far superior 
to the conventional spectrogram. 

There exists well established time resolution - frequency resolution trade 
off characteristics in time-frequency displays such as the cross ambiguity 
function and the spectrogram. The same linear mathematics that gives rise 
to the Heisenberg uncertainty principle prohibits good simultaneous resolu
tion of both time and frequency ( corresponding to position and momentum 
variables, respectively, in quantum theory). One approach to this problem 
is generalized time-frequency representations or GTFR's [4]. Until recently, 
however, this approach has been plagued by interference and other nonlinear 
artifacts. Recently, Zhao, Atlas and r.farks (ZA:M) [2, 18] have proposed a 
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GTRF that has superb resolution in both time and frequency, yet is accom
panied by minimal nonlinear artifacts. 

We illustrate the zamogram using figures from the paper by Zhao et.al. 
[18]. In Figure 1, we have a sinusoid turning off and on. Immediately below is 
a spectrogram of this signal displaying relatively poor resolution both in time 
and frequency. The ·Wigner distribution GTFR is shown immediately below. 
Although the ·Wigner distribution is known for its superb temporal resolution, 
the dis1 is marred by severe interference artifacts. The zamogram, shown 
on the bottom, has superb resolution in both time and frequency. As is 
done in spectrograms, the zamogram was here computed using a temporally 
decimated output [6]. The zamogram captures the time transition so well, 
however, that certain of the transition points appear and others have been 
skipped! A speech signal is shown in Figure 2. Shown are the spectrogram, 
vVigner distribution and the zamogram. The zamogram is quite effective in 
detecting the harmonic components of the utterance. 

vVe propose investigation of computational architectures and illustrative 
software based on proprietary computational paradigms. 

2 Phase I Technical Objectives 

Computation of the zamograms in Figures 1 and 2 was performed using a 
quite computationally intense procedure requiring generation of a nonlinear 
two dimensional data field from the one dimensional time series followed 
by windowing and fast Fourier transformation. Even generation of a short 
time Fourier transform or spectrogram grows faster than linearly in required 
operations with respect to the window size. 

vVe propose development of a computational paradigms for short time 
Fourier transforms, spectrograms and zamograms wit 1, the following remark
able attributes: 

• 1 Parallelism. Computation of each frequency line is performed in 
parallel with every other frequency line. 

• 2 Computational Requirements. The required number of operations 
is on the order of N = the number of frequency lines. This is even 
lower than the NlogN operations required by the fast Fourier 
transform (FFT). 
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Figure 1: Plots of some time frequency distributions of the on-off sinusoid 
shown on top. From top to bottom are the spectrogram, ·Wigner distribu
tion and zamogram. The zamogram's temporal resolution is so high, that 
transition edges were missed because the display was computed in a time 
decimated manner. (Used with permission) 
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Figure 2: Grey level plot of some time frequency distributions of the speech 
signal shown on top. From top to bottom are the spectrogram, ·Wigner 
distribution and zamogram. The zamogram displays much sharper temporal 
and harmonic resolution. (Used with permission) 
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• 3 Modularity, Programmability & Scalability. The computational 
architectures are modular. Additional frequency lines can be 
added by simply adding new processing modules in parallel. Each 
module can be programmed to any desired frequency line by the 
changing of a few module parameters. 

• 4 Frequency Bin Number and Spacing. An arbitrarily large or small 
number of frequency bins can be generated and spaced in fre
quency in any manner desired. Fourier transform values can be 
computed at a single frequency or can be generated with close 
frequency samples in ranges of interest. Also, nonlinear spacing 
( e.g. in decades), can be straightforwardly generated. 

• 5 Variable ·windows. The window type and duration can be differ
ent for each frequency line. This, for example, allows the equiv
alent of constant Q displays used in spectrograms [5]. 

The primary objective of Phase I is generation of software, written in C, 
that illustrates ( a) the flexibility, speed and parallelism of the Szasz series ap
proach to short time Fourier transforms and (b) the extraordinary properties 
of the zamogram. 

Zamograms. The continuous form of the zamogram of a signal, x(t), 
can be written 

1
T 1t+ 1¥ , T , , T , . 

Z(t; u) = r zp(r)x(e- -)x(e + -)e-J27rU"Td(dr 
-r=-T t=t-1;! 2 2 

(1) 

where zp( T) is the windowing kernel. 
The discrete version of the zamogram is 

_ lkl 
L m-n+ T I k I I k j 

Z[n; u] = L L zp[k]x[m - -]x[m + -Je-j27rku (2) 
k=-L - ltl. 2 2 m-n- 2 

where zp[n] is a discrete window that is zero outside of the interval -L :S k :S 
L 

The conventional approach to evaluation of this, and similar, GTFR's is 
( a) generate x[m - 1¥Jx[m + 1¥] on the ( m, k) plane, (b) window by zp[k], 
( c) sum within the cone defined by the summation limits and ( d) Fourier 
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transform in the k direction. Let N = 2L + 1. For digital implementation of 
O(N) frequency lines at some point in time using a window of duration N, 
these operations require, for each frequency line, (a) O(N2

) multiplies, (b) 
O(N2

) multiplies, ( c) O(N2
) adds and ( d) O(NlogN) operations. vVe will 

first outline a procedure for performing the operation in O(NlogN) opera
tions and then, remarkably, a procedure with greater flexibility that requires 
only O(N) operations. 

Indeed, we will demonstrate a procedure for performing temporally un
decimated Fourier transforms using O(N) operations opposed to the O(NlogN) 
required by an FFT. 

The Use Differential Increments and Accruance. The proprietary 
computational approach we propose [ll] is essentially derived by differenti
ating Eq. 1 using the rule of Liebnitz. After much manipulation, we obtain 

3Z(t; u) = _2x(t) {T cp(r)sign(r)x(t - r)dr 
t JT=-T 

(3) 

Clearly, 8Z(t; u)/8t is the product of the signal and the signal's spectrogram 
using a window of sign( T )cp( T). The temporal derivative of the zamogram 
can therefore be generated using the same order of operations required by 
a transform. The zamogram can be generated by placing this derivative 
through an integrator. 

For digital implementation, the partial derivative is replaced by a first or
der difference, the Fourier transform is replaced by a discrete Fourier trans
form (DFT) or FFT and the integrator by an add and accumulate. The 
result is 

6.Z[n; u] = Z[n; u] - Z[n - l; u] 
L 

= -22Rx[n] I: cp[k]sign(k]x[n - k]e-12,ruk 

k=-L 
(4) 

The corresponding computational approach, as illustrated in Figure 3, is, 
basically, to multiply a short time Fourier transform of x[n] computed us
ing a \Vindow of c.p[k]sign[k] by x[n]. This result is input into an add-and 
accumulate processor the output of which is the zamogram. 

Details of both discrete and continuous time computation of the zamo
gram based of the method of differential increments (i. e, partial derivatives 
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x{n} 
STFT ~ '> 

Figure 3: Illustration of computation of the zamogram using the method of 
differential increments and accruance. The time series, x[n], is subjected to 
short time Fourier analysis at frequency u. The transform is multiplied be 
the signal and fed to an add-and-accumulate processor the output of which is 
the zamogram at frequency u. STFT = Short Time Fourier Transform and 
A&A = Add and Accumulate. 
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and first order increments) and accruance (i.e. integration and add-and
accumulate) has been developed in detail [11 ]. 

Computational Approaches. There are three basic implementation 
techniques for digital computation of the zamogram using the proprietary 
method of differential increments and accruance. The methods revolve around 
the manner in which the Fourier transform is computed. 

l FFT. Using the FFT restricts the output bins to be linearly 
spaced. 

2 Finite impulse response (FIR) short time Fourier transform anal
ysis. This technique allows an arbitrary number of frequency 
bins at arbitrary spacing with a different window at each line [8]. 
Like the discrete Fourier transform (DFT), however, the FFT ap
proach can require significantly fewer operations for long window 
duration. 

3 Szasz series Fourier analysis. For an undecimated output series, 
Szasz series [12] Fourier analysis [9, 10] requires fewer operations 
than the FFT for large N, yet offers all of the flexibility of the 
DFT approach. This approach results in a highly parallel com
putational architecture. 

A brief description of the Szasz series approach is outlined in the following 
section. 

Fourier Transform Evaluation Using Szasz Series. Recently, there 
have been a flurry of papers reporting the same digital signal processing 
algorithm for generation of rectangularly windowed digital Fourier transforms 
that require fewer operations than an FFT [l, 7, 17]. Unfortunately, the 
rectangular window generates significant artifacts. Proprietary techniques 
have recently been developed [9, ??] that allows for generation of common 
widows based on Szasz series decomposition [12] of the window. 

The basic idea in the sliding window is best introduced by the following 
example. Consider the series of numbers ... 2,4,1,3,0,l,4,l,2,0. The sum of the 
bold numbers in the series ... 2,4,1,3,0,1,4,1,2,0 is 14. vVe move the window 
over one unit and have ... 2,4,1,3,0,1,4,1,2,0. vVe can, of course, generate 
the new sum by adding the numbers again. More efficiently, however, we can 
subtract the old number (4) from the sum and add the new number (2). This 
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is the root of the idea for forming sliding rectangular Fourier transforms that 
has been independently reported by a number of people. 

Consider the generalization of this approach applied to exponential win
dowing. If we weight the bold numbers in the ·series ... 2,4,1,3,0,1,4,1,2,0 by 
the geometric window 2°, 21

, 22, 23
, 24, 25, 26

, the result is 

4 X 2° + 1 X 21 + 3 X 22 + 0 X 23 + 1 X 24 + 4 X 25 + 1 X 26 = 226 

Applying this same window to the bold numbers of a single shift to the 
right, ... 2,4,1,3,0,1,4,1,2,0, can be obtained by the same multiply-and-add 
procedure. A better way, however, is to notice that (1) each number common 
to both intervals is now multiplied by half of what it was before and (2) we 
have a number that dropped off and a a newly introduced one. Using this 
procedure, we can compute the updated sum as 

oldsum - 4 X 2° 6 newsum = _ + 2 x 2 

Unfortunately, exponential windows, like rectangular windows, have poor 
properties. However, most commonly used windows can be expressed as sums 
of exponential windows. For example, for proper choice of coefficients, both 
the Hanning and Hamming windows can be expressed, within appropriate 
intervals, as 

<p[k] = ao + a1ei'1rk/L + a_1e-j1rk/L (5) 

A Blackman window can be obtained by the addition of two additional terms. 
Each of these three terms in Equation 5 can be generated by a simple in
finite impulse response (IIR) filter with truncation being achieved by delay 
circuitry. 

There exist numerous issues in the application of the Szasz series window 
to Fourier analysis. vVe will not elaborate on the details of the approach here, 
except to say that proprietary architectures for computation of a number of 
frequency lines have been created using a single delay line and requiring 
significantly fewer operations than an FFT approach. These architectures, 
when constrained to the attributes of the FFT (linear frequency spacing and 
# frequency lines = window duration) can be compared in a computational 
sense to the FFT. A log-log plot of the number of operations (multiplies and 
adds) versus window length is shown in Figure 4 for the case of Hanning 
and Hamming windows. The Szasz series approach requires fewer operations 
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for larger window sizes and, as mentioned previously, allows much higher 
flexibility than the FFT approach. 

Technical Objectives. The primary technical objective of Phase I will 
be development of a zamogram software emulator written in C with PC based 
color graphics. Special attention will be given to emphasis of the flexibility of 
the Szasz series approach to generation of zamograms, including the freedom 
to choose the number and spacing of the frequency bins. The variability of 
the window from line to line will also be accentuated. Letting the window's 
duration decrease with increasing frequency, for example, allows for a greater 
consistency in frequency resolution equivalent in concept to maintaining a 
constant Q. The final software package will allow interface to a large number 
of data formats. 

3 Phase I Work Plan 

The primary objective of Phase I is generation of detailed computational 
architectures for short time Fourier transforms, spectrograms and zamograms 
based on use Szasz series windows. The utility and flexibility of the approach 
will be illustrated with the use of an emulator written in C and using PC 
based color graphics display. The software package will be the deliverable 
product of Phase I. 

Display and Computation. The time frequency displays will be color 
coded in amplitude. For a given waveform, the software will offer the follow
ing options in the computation and display of the spectrogram and zamo
gram. 

• 1 Frequency bin spacing. Linear, logarithmic and zoom display op
tions, including the number of frequency lines. 

• 2 Window type and variability. The option to vary window size and 
type to achieve constant Q type displays. 

• 3 Amplitude display. Options for linear or dB displays. 

Interface format. Care will be given to allow access to the software 
from many common data formats. 
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The bulk of the work will be performed at the facilities of Raytron Cor
poration. An Gannt chart of the proposed six month project is shown in 
Figure 5. 

4 Related Work 

There is currently much work being performed in the area of time-frequency 
representation with the goal to improve on the spectrogram. Cohen has 
proposed a class of generalized time frequency representations in which a 
number of important special cases are subsumed. Included are the \\Tigner 
distribution, the Choi- 'Nilliams distribution [3] and the zamogram. 11fuch 
research has been focused on the ·Wigner distribution in the last decade. 
The interference terms, however, have been an obstacle to its wide spread 
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adoption. The Choi-vVilliams display, al though a significant improvement, 
still contains significant nonlinear artifacts. 

We will illustrate relative performance in terms of nonlinear artifacts and 
noise properties. In Figure 6, we have dB waterfall displays of (from top to 
bottom) the Wigner distribution, Choi-vVilliams distribution and zamogram 
of a temporal sequence of sinusoidal tones. The vVigner distribution displays 
significant interference terms. The Choi-vVilliams distribution is better yet 
still contains significant artifacts. The zamogram displays crisp resolution 
in both time and frequency. The effects of 3dB noise on the same signal is 
illustrated in Figure 7. The zamogram performs admirably. 

Another more recent approach to time-frequency representation uses wavelets 
[5]. As with the zamogram approach, wavelet time-frequency representations 
have the ability to focus on specific time-frequency regions. A comparative 
investigation of the approaches is included in Figure 5. 

5 Relationship with Future Research or Re
search and Development 

Completion of Phase I will result in a software package that will be made 
available to potential customers to establish the use of the Szasz series spec
trogram and zamogram in their particular application. 

The uncertainty principle has long been held to be a fundamental obstacle 
in the real time display of time-frequency displays. The principle, however, 
is based on linear models. Use of zamograms has indisputably demonstrated 
that good resolution with minuscule interference artifacts are possible in 
both frequency and time if we allow the use of nonlinearities. By presenting 
computationally efficient techniques to generate the zamogram, a significant 
obstacle has been removed for wide spread use of the zamogram. Potentially, 
the zamogram can be used in most any application where a spectrogram is 
used. 

Some relevant references are listed below: 

1. J.L. Aravena, "Recursive moving window DFT algorithm", IEEE 
Trans. Computers, vol.39, pp.145-151, 1990. 

2. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
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Figure 6: From top to bottom, a Wigner distribution, Choi-Williams distri
bution and zamogram of a temporal sequence of tones. 
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Figure 7: Effects of 3dB noise on the same signal as the previous figure. 
From top to bottom, a Wigner distribution, Choi-vVilliams distribution and 
zamogram of a temporal sequence of tones. 
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Proceedings of the IEEE Pacific Rim Conference on Communi
cations1 Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

3. H.Choi & W. Williams, "Improved time-frequency representa
tion of multi-component signals using exponential kernels", IEEE 
Trans. Acoust.1 Speech1 and Sig. Proc., vol.37, pp.862-871, 1989. 

4. L. Cohen, "Time-frequency distributions - a review", Proceedings 
of the IEEE, vol.77, pp.941-981 (1989). 

5. J.M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, 
(Springer-Verlag, 1989). 

6. R.E. Crochiere and L.R. Rabiner, Multirate Digital Signal 
Processing, Prentice-Hall, Englewood Cliffs, NJ, 1983. 

7. R. Hartley and K. Welles II, "Recursive computation of the Fourier_ 
transform", Proceedings of the 1990 IEEE International Sympo
sium on Circuits and Systems, pp.1792-1795. 

8. J.S. Lim, & A.V. Oppenheim, Advanced Topics in Signal 
Processing, (Prentice Hall, New Jersey, 1988). 

9. R.J. Marks II, "Use of Szasz series windows in signal process
ing", .Multidimensional Systems Technical Report, October 26, 
1989, (U.S. Patent and Trademark Office Disclosure Document, 
# 238456, Nov. 1, 1989). 

10. R.J. Marks II, "Temporally truncated infinite impulse response 
windows and their application to generation of spectrograms", 
A1ultidimensional Systems Technical Report, May 15, 1990, (U.S. 
Patent and Trademark Office Disclosure Document registration 
pending) 

11. R.J. 1farks II, "Architectures for computing time-frequency rep
resentations", Jvf ultidimensional Systems Technical Report, De
cember 27, 1989, (U.S. Patent and Trademark Office Disclosure 
Document, 242203, Dec. 28, 1989). 
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12. E. Masry, "An extension of Szasz's theorem and its applications", 
IEEE Transactions on Information Theory, vol.IT-19, pp.184-187 
(1973). 

13. A.V. Oppenheim, A.S. Willsky and LT. Young, Signals and 
Systems, (Prentice Hall, New Jersey, 1983). 

14. S. Oh and R.J. Marks II, "Some properties of the generalized 
time frequency representation with cone shaped kernel", ISDL 
Technical Report, (May, 1990). 

15. A.V. Oppenheim & R.vV. Schafer, Discrete Time Signal Pro
cessing, (Prentice Hall, New Jersey, 1989). 

16. L.R. Rabiner & R.vV. Schafer, Digital Processing of Speech 
Signals, (Prentice Hall, New Jersey, 1978). 

17. T. Springer, "Sliding FFT computes frequency spectra in real 
time", EDN, September 29, 1988, pp.161-170. 

18. Y. Zhao, L.E. Atlas and R.J. Marks II, "The use of cone-shape 
kernels for generalized time-frequency representations of nonsta
tionary signals", IEEE Transactions on Acoustics1 Speech and 
Signal Processing, ( in press) 

6 Potential Post Applications 

Time-frequency displays are used in a number of applications. Zamo
grams computed using the differential increment and accruance approach 
are applicable in most of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 
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3. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

4. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

5. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

7 Key Personnel 

7.1 Principle Investigator 

Loren Laybourn received his BS degree in Electrical Engineering and BA 
in Physics, both at the University of ·washington, in 1986. During subse
quent employment as a research engineer at Boeing Aerospace, Mr. Lay
bourn received his NIS degree in Electrical Engineering at the University of 
·washington, in 1988. He then joined the research staff at Bell Laboratories in 
Holmdel, New Jersey. Currently, he is President of Raytron) Inc. in Seattle, 
·washington. Raytron's charter is to develope and apply advanced nonlinear 
analysis and fabrication techniques to spectral processing. Mr. Laybourn 
has one U.S. Patent issued and six Patent disclosures. 

7.2 Research Engineer 

Seho Oh received the B.S. degree in electronics engineering from Seoul Na
tional University and the M.S. Degree in electrical engineering from Korea 
Advanced Institute of Science and Technology, Seoul. From 1981 through 
1986, he was with Goldstar Research Laboratory in Seoul. He received his 
Phd in Electrical Engineering from the University of ·washington, Seattle, in 
1989. His research interests are in the areas of signal analysis and processing, 
artificial neural networks and pattern recognition. Dr. Oh is the co-author of 
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over twenty archival and proceedings papers and has been issued two United 
States patents. 

7 .3 Consultant 

Robert J. Marks II is currently a Professor of Electrical Engineering at the 
University of ·washington. Prof. Marks was awarded the Outstanding Branch 
Councilor award in 1982 by IEEE and, in 1984, was presented with an IEEE 
Centennial iWedal. He was Chair of IEEE Neural Networks Committee and 
was the co-founder and first Chair of the IEEE Circuits & Systems Society 
Technical Committee on Neural Systems & Applications. Prof. Marks was 
also elected the first President. of the IEEE Council on Neural Networks. He 
is a Fellow of the Optical Society of A mcrica and a Senior Member of IEEE. 
Dr. Marks was also the co-founder and first President of the Puget Sound 
Section of the Optical Society of America and was recently elected that or
ganization's first honorary member. He is co-founder and current President 
of Nlultidimensional Systems Corporation. Prof. Marks is the topical editor 
for Optical Signal Processing and Image Science for the Journal of the Op
tical Society on America - A. He is also a member of the Editorial Board 
for The International Journal of Neurocomputing. Dr. Marks has over one 
hundred archival and proceeding publications in the areas of signal analy
sis, detection theory, signal recovery, optical computing, signal processing 
and artificial neural processing. He is author of the book Introduction to 
Shannon Sampling and Interpolation Theory (Springer-Verlag, 1990). 
Dr. Marks is a co-founder of the Christian Faculty Fellowship at the Univer
sity of 'Washington. He is a member of Eta Kappa Nu and Sigma Xi. 

7.3.1 Relevant Publications 

1. R.J. Niarks II, J.F. ·walkup and M.O. Hagler, "Ambiguity func
tion display: an improved coherent processor", Applied Optics, 
vol. 16, pp. 7 46- 750 ( 1977). 

2. R.J. Marks II, J.F. Walkup and T.F. Krile "An improved co
herent processor for ambiguity function display", Proceedings of 
the International Optical Computing Conference, Capri, Italy, 
September 1976 - invited paper. 
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3. R.J. Marks II and J.F. ·walkup "Coherent optical processors for 
ambiguity function display and one-dimensional correlation/ convolution 
operations", Proceedings of the SPIE Symposium/Workshop on 
the Effective Utilization of Optics in Radar Systems, Huntsville, 
Alabama, September 1977. 

4. R.J.. Marks II and M. \V. Hall" Ambiguity function display using a 
single one-dimensional input", Applied Optics, vol. 18, pp.2539-
2540 (1979). 

5. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

6. S. Oh and R.J. Marks II, "Some properties of the generalized time 
frequency representation with cone shaped kernels", submitted to 
IEEE Transactions on Acoustics, Speech and Signal Processing. 

7. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

7.3.2 Archival Publications Since 1988 

1. R.J. Marks II, L.E. Atlas, J.J. Choi, S. Oh, K.F. Cheung and 
D.C. Park "A performance analysis of associative memories with 
nonlinearities in the correlation domain", Applied Optics, vol. 27, 
pp.2900-2904 (1988). 

2. R.J. Marks II, L.E. Atlas and K.F. Cheung "Optical processor 
architectures for alternating projection neural networks", Optics 
Letters, vol. 13, pp.533-535 (1988). 

3. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Error detection 
and correction in multilevel algebraic optical processors", Optical 
Engineering, vol. 27, pp.289-294 (1988) - invited paper. 
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4. W.S. Wu, K.F. Cheung and R.J. Marks II "Multidimensional pro
jection windows", IEEE Transactions on Circuits and Systems, 
vol. 35, pp.1168-1172 (1988). 

5. K.F. Cheung, R.J. Marks II and L.E. Atlas, "Convergence of 
Howard's minimum negativity constraint extrapolation algorithm", 
Journal of the Optical Society of America A, vol.5, pp.2008-2009 
(1988). 

6. S. Oh, D.C. Park, R.J. l\farks II and L.E. Atlas "Nondispersive 
propagation skew in iterative neural networks and optical feed
back processors", Optical Engineering, vol.28, pp.526-532 (1989). 
- invited paper. 

7. R.J. Marks II, S. Oh and L.E. Atlas "Alternating projection 
neural networks", IEEE Transactions on Circuits and Systems, 
vol.36, pp.846-857 (1989). 

8. K.F. Cheung and R.J. Marks II, "Image sampling below the 
Nyquist density without aliasing", Journal of the Optical Soci
ety of America A, vol.7, pp.92-105 (1990) 

8 Facilities and Equipment 

Raytron Inc. has an two 386 and four 286 PC's augmented for numerical and 
graphical processing. Three printers are available, including a laser printer. 
Standard office equipment and electronic equipment are also available. 

9 Consultants 

Raytron will utilize the consulting services of one of the creators of the zamo
gram, Dr. Robert J. Marks II. Dr. Marks' biography and abbreviated list· 
of publications is in the Key Personnel section. Dr. Marks, through his 
company, M-D Systems, has developed some of the key intellectual property 
contained in this proposal, including the approach to zamogram computa
tion and the zasz series approach to Fourier transformation. After receiving 
written release from the University oC\1/ashington, Dr. Marks has contracted 
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with Raytron Inc. to develope aspects of this intellectual property. His con
tribution, through M-D Systems, is singularly important to the Phase I effort. 

10 Prior, Current or Pending Support 

Raytron has received no prior support for development of the zamogram. It 
is, however, submitting parallel SBIR proposals in this same program. 

1 DOD A90-449, "Signal Processing Enhancement for GBR-X Radar" 

2 DARPA 90-098, "Nonlinear Signal Processing" 

3 DARPA 90-099, "Scalable Algorithms and Software Library Mod
ules for Scalable Parallel Computers" 

11 Cost Proposal 

The following figures are for November 1, 1990 though May 1, 1991. 
Salaries 
PRINCIPLE INVESTIGATOR 
Loren Laybourn 
RESEARCH ENGINEER 
Dr. Seho Oh 75% 
SECRETARY 

6 months, 25% 

$20,061 

Ms. Marylyn Mitchell 6 months, 25% 
Consultant 
MULTIDIMENSIONAL SYSTEMS CORP. 
Dr. Robert J. Marks II 6 months, 20% 
Supplies 
Office Supplies 
Computer Supplies 
Other Costs 
Computer Maintenance 
Postage 

$7,523 

$1,984 

$13,000 

$500 
$450 

$400 
$200 
$400 Telephone 

Indirect Costs 
TOTAL 

20% of Direct Costs $8904 
$53,422 
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I NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

/ SBIR 90-1 SOLICITATION PROPOSAL COVER 
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PROPOSAL NUMBER 
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SUBTOPIC 
NUMBER 

LAST 4 DIGITS 
OF FIRM 

PHONE NO. 

CHANGE 
LETTER 

90-1 07 10 7155 ENTERPROPOSALNUMBER 
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PROJECT TITLE Sza§z Series Computation of the Fourier Transform 

Raytron, Inc. 

402 S. 333rd street, suite 123 
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MAIL ADDRESS 
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OFFEROR CERTIFIES THAT: 
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1.1 Small business 
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NOTE: 1.2 and 1.3 are not eligibility requirements tor SBIR and the olteror may decline to indicate status by stating " Oecline" across boxes. 
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Szasz Series Computation of the Fourier 
Transform: Technical Proposal 

Raytron, Inc. 

1 Identification and Significance of the Innova
tion 

We propose development of parallel computational architectures for generating sliding 
window Fourier transformations of time series. The innovation in the approach results 
from decomposition of the sliding window into a Szasz series each term of which can 
be generated using standard digital processing techniques. The result is an approach 
for computing Fourier transforms with the following remarkable properties. 

• 1 Parallelism. Computation of each frequency line is performed in parallel 
with every other frequency line. There exists no interconnectivity such as 
the butterfly connections required in FFT's. 

• 2 Computational Requirements. When the architecture is restricted to 
perform within the parameters of FFT computation of temporally undec
imated sliding window Fourier transformation, the Szasz series generally 
requires fewer additions and multiplications. The relative performance of 
the Szasz series betters as the window duration increases. 

• 3 Modularity & Programmability. Computational architectures result
ing from Szasz series implementation are modular. Additional frequency 
lines can be added by simply adding new processing modules in parallel. 
Each module can be programmed to any desired frequency line by the 
changing of a few module parameters. 

• 4 Frequency Bin Number and Spacing. An arbitrarily large or small 
number of frequency bins can be generated and spaced in frequency in 
any manner desired. Fourier transform values can be computed at a sin
gle frequency or can be generated with close frequency samples in ranges 
of interest. Also, nonlinear spacing ( e.g. in decades), can be straightfor
wardly accomplished. 
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• 5 Window Choices. Different windows can be assigned to each frequency 
line. A Hanning window, for example, can be assigned to a low frequency 
and a Hanning window of shorter duration assigned to a higher frequency. 

2 Phase I Technical Objectives 

The objective of Phase I is generation of PC based interface, computational and 
display software, written in C, that illustrates the utility of the Szasz series approach 
to computing sliding window Fourier transforms. These include the properties listed 
in Section 1. Special attention will be given to ... 

• 1 variable window and frequency spacings. The flexibility of the Szasz series 
approach will be highlighted. This includes placement of emphasis on 
the freedom to choose the number and spacing of the frequency bins. The 
variability of the window from line to line will also be accentuated. Letting 
the window's duration to decrease with increasing frequency, for example, 
allows for a greater consistency in frequency resolution. 

• 2 display graphics. The frequency lines can best be displayed in a time
frequency format such as a spectrogram type display. We will use pseudo 
colors with options for linear and dB scaling. In order to maximize the 
exposure of the technology, we will initially generate the graphics in a PC 
DOS environment. UNIX based display is reserved as an option for Phase 
II. 

• 3 interface diversity. In order to allow use of the software in a variety of 
environments, an assortment of data formats will be allowe1 to interface 
with the program. 

Speed comparisons at this development stage can best be done by comparing oper
ations required by different approaches (e.g. FFT, DFT and Szasz series). The 
significance of speed and parallelism will become more important in the implementa
tion in Phase II. 

3 Phase I Work Plan 

The fundamental goal of Phase I is generation of computational, interface and display 
software to emphasize the flexibility and diversity of the Szasz series approach to 
generating Fourier transforms. In this section, we first firmly establish the theoretical 
foundation of the Szasz series approach to highly parallel and flexible computational 
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architectures for Fourier transformation. The specific approach to accomplishing the 
objectives of Phase I is then addressed. 

3.1 Szasz Series Fourier Transformation 

A technical description of the proposed technology for this Section is in the Propri
etary Addendum (Section 12) of this Proposal. 

3.2 Work Plan 

The primary objective of Phase I is generation of detailed computational architec
tures for short time Fourier transforms and spectrograms based on use Szasz series 
windows. The utility and flexibility of the approach will be illustrated with the use 
of an emulator written in C and using PC based color graphics display. The software 
package will be the deliverable product of Phase I. 

Display and Computation. The time frequency displays will be color coded in 
amplitude. For a given waveform, the software will offer the following options in the 
computation and display of the spectrogram. 

• 1 Frequency bin spacing. Linear, logarithmic and zoom display options, 
including the number of frequency lines. 

• 2 Window type and variability. The option to vary window size and type to 
achieve constant Q type displays. , 

• 3 Amplitude display. Options for linear or dB displays. 

Interface format. Care will be given to allow access to the software from many 
common data formats. 

The bulk of the work will be performed at the facilities of Raytron Corporation. 
An Gannt chart of the proposed six month project is shown in Figure 1. 

4 Related Work & Bibliography 

There is currently much work being performed in the area of time-fr~quency repre
sentation with the goal to improve on the spectrogram. Cohen has proposed a class 
of generalized time frequency representations in which a number of important special 
cases are subsumed. Included are the Wigner distribution, the Choi-Williams dis
tribution [3] and the zamogram [2]. Much research has been focused on the Wigner 
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distribution in the last decade. The interference terms, however, have been an ob
stacle to its wide spread adoption. The Choi-Williams display, although a significant 
improvement, still contains significant nonlinear artifacts. 

Another more recent approach to time-frequency representation uses wavelets [6). 
As with the zamogram approach, wavelet time-frequency representations have the 
ability to focus on specific time-frequency regions. A comparative investigation of 
the approaches is included in Figure 1. 

1. J .L. Aravena, "Recursive moving window DFT algorithm", IEEE Trans. 
Computers, vol.39, pp.145-151, 1990. 

2. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the generalized 
time-frequency representation to speech signal analysis", Proceedings of 
the IEEE Pacific Rim Conference on Communications, Computers and 
Signal Processing, pp.517-519, Victoria, B.C. Canada, June 4-5, 1987. 

3. H.Choi & W. Williams, "Improved time-frequency representation of multi
component signals using exponential kernels", IEEE Trans. Acoust., Speech, 
and Sig. Proc., vol.37, pp.862-871, 1989. 

4. L. Cohen, "Time-frequency distributions - a review", Proceedings of the 
IEEE, vol.77, pp.941-981 (1989). 

5. L. Cohen, "Generalized phase-space distribution functions" J. Math. Physics, 
vol.7, pp.781-786 (1966). -

6. J.M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, (Springer
Verlag, 1989). 

7. R.E. Crochiere and L.R. Rabiner, Multirate Digital Signal Process
ing, Prentice-Hall, Englewood Cliffs, NJ, 1983. 

8. R. Hartley and K. Welles II, "Recursive computation of the Fourier trans
form", Proceedings of the 1990 IEEE International Symposium on Circuits 
and Systems, pp.1792-1795. 

9. J.S. Lim, & A.V. Oppenheim, Advanced Topics in Signal Processing, 
(Prentice Hall, New Jersey, 1988). 

10. R.J. Marks II, "Use of Szasz series windows in signal processing", Mul
tidimensional Systems Technical Report, October 26, 1989, (U.S. Patent 
and Trademark Office Disclosure Document,# 238456, Nov. 1, 1989). 
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11. R.J. Marks II, "Temporally truncated infinite impulse response windows 
and their application to generation of spectrograms", Multidimensional 
Systems Technical Report, May 15, 1990, (U.S. Patent and Trademark 
Office Disclosure Document registration pending) 

12. R.J. Marks II, "Architectures for computing time-frequency representa
tions", Multidimensional Systems Technical Report, December 27, 1989, 
(U.S. Patent and Trademark Office Disclosure Document, 242203, Dec. 
28, 1989). . 

13. E. Masry, "An extension of Szasz's theorem and its applications", IEEE 
Transactions on Information Theory, vol.IT-19, pp.184-187 (1973). 

14. S.Oh and R.J. Marks II, "Some properties of the generalized time fre
. quency representation with cone shaped kernel", submitted for publica

tion to IEEE Transactions on Acoustics, Speech and Signal Processing. 

15. S.Oh and R.J. Marks II, "Tone interference in Cohen's Generalized Time
Frequency Representation", ISDR Report 90-7 A, Department of Electrical 
Engineering, University of Washington (June, 1990). 

16. A.V. Oppenheim, A.S. Willsky and I.T. Young, Signals and Systems, 
(Prentice Hall, New Jersey, 1983). 

17. A.V. Oppenheim & R.W. Schafer, Discrete Time Signal Processing, 
(Prentice Hall, New Jersey, 1989). 

18. L.R. Rabiner & R.W. Schafer, Digital Processing of Speech Signals, 
(Prentice Hall, New Jersey, 1978). 

19. T. Springer, "Sliding FFT computes frequency spectra in real time", EDN, 
September 29, 1988, pp.161-170. 

20. Y. Zhao, L.E. Atlas and R.J. Marks II, "The use of cone-shape kernels 
for generalized time-frequency representations of nonstationary signals", 
IEEE Transactions on Acoustics, Speech and Signal Processing, vol. 38, 
pp.1084-1091 (1990). 

5 Relationship With Phase II or other Future 
R/R&D 

Whereas Phase I is dedicated to software, Phase II will be dedicated to firmware, 
hardware and application. The widespread use of the Fourier transform coupled with 
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the parallel and modular architecture of the Szasz series approach, in addition to its 
flexibility, programmability and computational efficiency in comparison with other 
approaches, potentially places the Szasz series computational paradigm in application 
in any and all software, firmware and hardware applications requiring the use of short 
time Fourier analysis. 

In addition, short time Fourier analysis is applicable in the generation of other 
time frequency displays such as the zamogram [2, 20]. The Szasz series approach will 
make a corresponding impact on the computation of these operations. 

6 Potential Commercial Applications 

The potential scope of application of the Szasz series approach to short time Fourier 
analysis is akin to the scope and application of the FFT. Considering the flexibility, 
programmability, modularity and computational advantages, the potential market is 
quite enormous. Applications include 

1. as a means of representing or displaying electromagnetic signals as used, 
for example, in radar. 

2. as a means of representing or displaying acoustic signals such as speech 
and sonar. 

3. as a means of representing or displaying mechanical signals such as vi
bration. Specific applications include monitoring and fault diagnosis of 
machinery. 

4. as a means of representing or displaying signals whose source is biological. 
Sources of biological signals include, but are not limited to, the cardiovas
cular and neurological systems of man and animal. 

5. use as a template signal representation in pattern recognition procedures 
such as matched filtering or as training data in a classifier such as a layered 
perceptron artificial neural network. 

7 Company Information 

Raytron Corporation in Federal Way, Washington, is a young company with three 
personnel, including President and founder, Loren Laybourn. Raytron's charter is 
to develop and apply advanced nonlinear digital and optical analysis and fabrication 
techniques to spectral processing. 
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Raytron Inc. has an two 386 and four 286 PC's augmented for numerical and 
graphical processing. Three printers are available, including a laser printer. Standard 
office equipment and electronic equipment are also available. 

8 Key Personnel 

8.1 Principle Investigator 

Loren Laybourn received his BS degree in Electrical Engineering and BA in Physics, 
both at the University of Washington, in 1986. During subsequent employment as 
a research engineer at Boeing Aerospace, Mr. Laybourn received his MS degree in 
Electrical Engineering at the University of Washington, in 1988. He then joined the 
research staff at Bell Laboratories in Holmdel, New Jersey. Currently, he is President 
of Raytron, Inc. in Seattle, Washington. Mr. Laybourn has one U.S. Patent issued 
and six Patent disclosures. 

8.2 Research Engineer 

Seho Oh received the B.S. degree in electronics engineering from Seoul National Uni
versity and the M.S. Degree in electrical engineering from Korea Advanced Institute 
of Science and Technology, Seoul. From 1981 through 1986, he was with Goldstar 
Research Laboratory in Seoul. He received his Phd in Electrical Engineering from the 
University of Washington, Seattle, in 1989. His research interests are in the areas 
of signal analysis and processing, artificial neural networks and pattern recognition. 
Dr. Oh is the co-author of over twenty archival and proceedings papers and has 
been issued two United States patents. Raytron is currently in dialog with Dr. Oh 
concerning a senior research staff position. 

8.3 Consultant 

Robert J. Marks II is a part owner of Raytron. He is currently a Professor of Elec
trical Engineering at the University of Washington. Prof. Marks was awarded the 
Outstanding Branch Councilor award in 1982 by IEEE and, in 1984, was presented 
with an IEEE Centennial Medal. He was Chair of IEEE Neural Networks Committee 
and was the co-founder and first Chair of the IEEE Circuits & Systems Society Tech
nical Committee on Neural Systems & Applications. Prof. Marks was also elected 
the first President of the IEEE Council on Neural Networks. He is a Fellow of the 
Optical Society of America and a Senior Member of IEEE. Dr. Marks was also the 
co-founder and first President of the Puget Sound Section of the Optical Society of 
America and was recently elected that organization's first honorary member. He is 

11 



:i / ' 

co-founder and current President of Multidimensional Systems Corporation. Prof. 
Marks is the topical editor for Optical Signal Processing and Image Science for the 
Journal of the Optical Society on America - A. He is also a member of the Editorial 
Board for The International Journal of Neurocomputing. Dr. Marks has over one 
hundred archival and proceeding publications in the areas of signal analysis, detec
tion theory, signal recovery, optical computing, signal processing and artificial neural 
processing. He is author of the book Introduction to Shannon Sampling and 
Interpolation Theory (Springer-Verlag, 1990). Dr. Marks is a co-founder of the 
Christian Faculty Fellowship at the University of Washington. He is a member of Eta 
Kappa Nu and Sigma Xi. 

8.3.1 Selected Publications 

Other archival publications, not listed in the bibliography, relevant to this proposal 
written by Dr. Marks. 

1. R.J. Marks II, J.F. Walkup and M.O. Hagler, "Ambiguity function dis
play: an improved coherent processor", Applied Optics, vol. 16, pp.746-
750 (1977). 

2. R.J. Marks II, J.F. Walkup and T.F. Krile "An improved coherent pro
cessor for ambiguity function display", Proceedings of the International 
Optical Computing Conference, Capri, Italy, September 1976 - invited 
paper. 

3. R.J. Marks II and J.F. Walkup "Coherent optical processors for ambigu
ity function display and one-dimensional correlation/convolution opera
tions", Proceedings of the SPIE Symposium/Workshop on the Effective 
Utilization of Optics in Radar Systems, Huntsville, Alabama, September 
1977. 

4. R.J. Marks II and M.W. Hall" Ambiguity function display using a single 
one-dimensional input", Applied Optics, vol. 18, pp.2539-2540 (1979). 

9 Subcontracts and Consultants 

Raytron will utilize the consulting services of Dr. Robert J. Marks II. Dr. Marks' 
biography and abbreviated list of publications is in the Key Personnel section. Dr. 
Marks, through his company, M-D Systems, has developed some of the key intellectual 
property contained in this proposal, including the approach to zamogram computa
tion and the Szasz series approach to Fourier transformation. He is also a part owner 

12 



of Raytron. After receiving written release from the University of Washington, Dr. 
Marks has contracted with Raytron Inc. to develop aspects of this intellectual prop
erty. His contribution, through M-D Systems, is singularly important to the Phase I 
effort. 

10 Related Proposals to and Awards from Other 
Agencies 

Raytron has submitted SBIR proposals concerning generation of zamograms to the 
DOD & DARPA SBIR Program (deadline July 2, 1990). The focus of this proposal 
is generation of short time Fourier transforms and spectrograms. 

1 DOD A90-449, "Signal Processing Enhancement for GBR-X Radar" 

2 DARPA 90-098, "Nonlinear Signal Processing" 

3 DARPA 90-099, "Scalable Algorithms and Software Library Modules for 
Scalable Parallel Computers" 

11 Previous NASA SBIR Awards 

Raytron has received no prior support for development of Szasz series Fourier analysis . 

12 Proprietary Addendum 

This section is an addendum to the Work Plan description in Section· 3.1. This section, 
which continues to the end of this document, contains proprietary and confidential 
information protected under the provisions of the Proprietary Notice on the bottom 
of Appendix A of this proposal. 

12.1 Szasz Series Fourier Transformation 

In this section, we will give an overview of the use of Szasz series window in the 
generation of the Fourier transform of a time series. Its performance will be contrasted 
to both FFT and DFT implementations. The transformation of various forms of the 
Szasz series Fourier transform procedure into a graphical software package is the 
primary technical goal of P base I. 
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12.1.1 Szasz series windows 

The sliding window Fourier transform of a time series, x[n], with window, w[n], can 
be written as 

L 

S[n; u] = L w[k]x[n - k]e-j2
1rku (1) 

k=-L 

where u is the frequency variable and L parameterizes the duration of the window. 
Typically, the transform is computed for a number of different u's. Each value of u 
corresponds to a frequency bin or frequency line. The function I S[n,; u] 1

2 is referred 
I 

to as the spectrogram 4. 
The transform in Eq. 1 can also be written as [9] 

S[n; u] = e-j21mu X {(x[n]ei21rnu) * w[n]} 

where * denotes convolution. Alternately, Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-i21rnu 

(2) 

(3) 

(4) 

From Eq. 3, to generate the Fourier transform of a sequence at frequency u, we 
simply place a signal, x[n], into a filter with impulse response w[n; u]. The output 
is our desired result. Illustration of both the modulated and unmodulated window 
approach to Fourier transformation are shown in Fig. 2. In conventional approaches 
[9], the windows are implemented using finite impulse response (FIR) windows in a 
discrete Fourier transform (DFT) approach to window synthesis. FFT approaches 
require fewer operations as the window size increases. We will show that the Szasz 
series windows do even better. 

A Szasz series expansion of an unmodulated window function w[k] is 

Q k 
w[k] = L aqeaqkIT[2L] 

q=-Q 

(5) 

where Q is the order of the series and Il[
2
~] is one for -L ~ k ~ L and is zero 

otherwise. The aq coefficients and the Sq exponents can be complex. Either the 
unmodulated or modulated window can thus expressed. Trigonometric polynomials 
are special cases of a Szasz series as is the cosine series 

Q 1rk k 
ro[k] = L ,Bqcos( L )Il[2L] 

q=O 

(6) 
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Figure 2: Computation of a sliding window Fourier transform using unmodulated 
windows (top) and modulated windows (bottom). Conventionally, the windows are 
computed using an FIR filter implementation of a DFT. We propose use of Szasz series 
windows which, while maintaining computational competitiveness with the FFT, offer 
significantly greater flexibility. 
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Table 1: Hanning: w[k] = cos2(;1), Q = 3. 

q {3q 
0 0.46 
1 0.54 

Table 2: Hamming: w[k] = 0.54 + 0.46 cos(?,), Q = 1. 

Cosine series windows. Many commonly used windows are low order cosine 
series. As is illustrated in Tables 1, 2 and 3, the Hanning and Hamming windows 
are of order Q = 1 and the Blackman windows are of order Q = 2. Note that the 
modulated Hanning, Hamming and Blackman windows are of the same order and can 
be expressed in terms of the general Szasz series in Eq. 5. 

We will illustrate the Szasz series window representation for the specific case of 
the cosine series in Eq. 6 which we rewrite as 

where 

Q 

w[k] = L wq[k] 
q=O 

1rk k 
wq[k] = (Jqcos(-L )II[-] 

2L 

(7) 

(8) 

Filters with an impulse response of wq[k-L] can be realized by standard second order 
infinite impulse response filters followed by delay line circuitry. (The shift from k to 
k - L is used to allow use of causal circuitry.) Consider, for example, a resonant filter 
with impulse response 

1rk 
hq[k] = (-l)q (Jqcos( L )µ[k] 

q {3q 
0 0.42 
1 0.50 
2 0.08 

Table 3: Blackman: w[k] = 0.42 + 0.5 cos(?,)+ 0.08 cos(2t),Q = 2. 
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where the unit step, µ[k], is one for k ~ 0 and is otherwise zero. Clearly, due to 
periodicity, 

hq(k - 2L] = hq(k]; k > 2L (10) 

Thus, we can coherently cancel the higher order oscillations of the impulse response 
by placing the output of the filter into a delay line of duration 2L. The output of the 
delay line is then subtracted from the output of the filter resulting in a composite 
impulse response of 

hq[k] - hq[k - 2L] :::::: w[k] (11) 

We can connect Q + 1 of these circuits in parallel to realize the sum in Eq. 7. Since 
the delay circuitry is common to each stage, it can be factored from each stage. The 
result, as shown, is that only a single delay line is needed. 

The astute reader will note two technical problems with this approach. First, 
filter's with sinusoidal impulse responses, as in Eq. 9, are marginally stable. This 
problem can be addressed by slight damping the impulse response or using stabilizing 
rounding techniques (11 ]. Secondly, the ~ term is used in Eq. 11 because the impulse 
response at k = 2L is zero. It should be w[L]. This can be straightforwardly remedied 
by the use of end-point-correction circuitry [11]. 

Modulated cosine series windows. We will illustrate the utility of the Szasz 
series approach to Fourier transformation by a detailed description of a computational 
architecture for generation of a number of frequency lines of a signal. Cases for both 
arbitrary and linear frequency bin spacing will be presented. 

Motivated by causality, we rewrite Eq. 3 as 

Wq[k - L; u] = (-1 )q ,Bqcos( 1rqk/ L )e-j21ru(k-L)rr[k;, L]. 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = ~ hq[k; u] 
q=O 

where 
h

9
[k; u] = (-1 )q ,B

9
cos(1rqk/ L )e-u(k-L)e-j21ru(k-L) µ[k]. 

(12) 

(13) 

(14) 

where a < < 1 assures stability. Digital filters with this impulse response can be 
straightforwardly generated by those skilled in the art. One approach is to analyze 
the z transform of Eq. 14 

00 

Hq(z; u) = ~ h9 [k; u]z-k (15) 
k=O 

17 



which gives 

Hq(z;u) = ~(-l)q,8qe(7Lej21ruL[A(z;u-
2
1) +A(z;u+ 

2
1)]. (16) 

where 
A(z; v) = [1- e-i21rve-(7z-1J-1 • (17) 

Note that, for q = O, 
Ho(z; u) = .Boe(7Lei21ruLA(z; u). (18) 

The A (lambda) filter in Eq. 17 can be implemented using the IIR filter architecture 
shown in Fig. 3. There is a unit feed forward and a weighted unit delay feedback. A 
schematic representation of the filter is also shown in Fig. 3. Note that if the input 
is real, the filtering can be performed with fewer operations. 

A bank of A filters, as shown in Fig. 4, can be used to realize filters with transfer 
functions 

K(z; u) = H(z; u)e-j21ruL 

Q 1 
- ,80e(7LA(z; u) + I:-(-l)q,BqAi(z; v)e(7L 

q=l 2 
q . q 

x [A(z; u -
2
L) + A(z; u + 

2
L)] (19) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = I: h[n; u]z-n 
n=O 

Q 

- I:Hq(z;u) (20) 
n=O 

From Eqs. 7, 8 and 13, we can establish the identity 

w[n - L; u] = h[n; u] - e-j41ruLh[n - 2L; u] + w[L; u]8[n - 2L] (21) 

where 8[k] is one for k = 0 and is otherwise zero. The final term in this expression 
is the end point correction factor is added to the output of each I{ filter to generate 
the desired frequency line .. 

A parallel architecture illustrating the method of generating spectrograms using 
modulated windows is shown in Fig. 5. The input is fed into the delay circuitry which 
feeds the bank of I< filters. Each J( filter is tuned to a different frequency. Note that 
the type of window can vary from frequency line to frequency line. 
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12.1.2 Linear frequency spacing. 

A simplification to the computational architecture occurs in Fig. 5 if the frequency 
lines are linearly spaced. Then adjacent K filters are using the same Lambda filters. 
The architecture in Fig. 5 can be then simplified by allowing each A filter to service a 
number of frequency lines. This is illustrated in Fig. 6 for Q = 1. A single delay line 
is needed for the entire circuit. For M frequency lines, the total number operation 
(multiplies and adds) that are required in the architecture in Fig. 6 for a real input 
is 13M + 18Q + 2MQ (from M + 2Q A filters times 9 real operations per filter plus 
2M( Q + 1) operations for the real series coefficient weighting plus 2M operations for 
end point correction). An FFT that generates M frequency lines, including window
ing, requires M(l + log2M) operations ( ':log2M butterflies at one complex multiply 
and two complex adds per butterfly plus M multiplies for windowing). For Q = 1, 
the cosine series requires fewer operations for M ~ 64 using this figure. In truth, 
however, a standard 2M length FFT is required to generate the same results as M 
frequency lines generated by the Szasz series. (The standard FFT produces a conju
gate symmetric double sided spectrum for real inputs). Using this figure, the Szasz 
cosine series requires less operations for M > 4. In addition, note that, without end 
point correction, the number of operations for the Szasz series decreases by 2M. 

Uniformly Spaced Frequency Bins Using Modulated Windows. When 
the frequency bins in the parallel architecture are spaced linearly as 

p 
Up= 2L (22) 

then a computationally simplified parallel architecture can be realized. Equation 16 
becomes 

1 L p-q p+q 
Hq(z;u) = 2(-1)P+q,Bql1 [A(z; 2L) + A(z; 2L)]. (23) 

The q = 0 case warrants special statement. 

Ho(z; u) = (-l)P,Boe11LA(z; PL). . 2 (24) 

For linear frequency spacing (and Q > 0), some of the same A filters required to 
generate the line at, say, up, are also required to generate the frequency lines at Up±t • 

Indeed, one or more common A filters are required up to and including the Up±Q 

frequency lines. We can configure the processing architecture so that a A filter can 
be used for a number of frequency lines in the spectrogram therefore reducing the 
overall required computation. 

Other computational aspects arise in this configuration. The multiplies in the de
lay circuitry all become real. The complex sinusoid, for example, becomes exp(j21ruPL) = 
(-l)P which is obviously computationally simpler to implement. 
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An embodiment for the bank of shared A filters for generating spectrograms is 
illustrated Fig. 6 for Q = 1. The input is fed into delay line circuitry which services the 
entire bank of A filters. For Q = 1, each A filter services three spectrogram frequency 
lines. The outputs are weighted proportional to the Fourier series coefficients and are 
combined with the end point correction factors. These sums are then weighted by 
{-1)11 to generate the real and imaginary components of the spectrogram frequency 
lines. 

The architecture in Fig. 6 can clearly be extended to larger values of Q using 
basically the same bank of A filters. Additional A filters would have to be added to 
contribute to the lower and higher spectral lines. Extending from Q = 1 to Q = 3, for 
example, would require the addition of two A filters and the low frequency end and 
two at the high frequency end. In general, for P frequency lines, a total of P + 2Q 
A filters are required. Those A filters not at either end will contribute to a total of 
2Q + 1 frequency lines. Note that this arcliitecture can also be implemented using 
FIR embodiments of the A filter - delay line circuitry combination. 

12.1.3 Variations 

Unmodulated Windows. There also exist analogous architectures for generating 
short time Fourier transforms using unmodulated windows [11]. These architectures 
require fewer operations but necessitate the use of oscillators. Space limitation pro
hibits a further detailed description. 

Time-Decimated Fourier Transforms. We have also developed Szasz series 
based architectures for generating temporally decimated short time Fourier trans
forms. 
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Technical Proposal: Zamogram 
Time-Frequency Displays 

Raytron Corporation 

June 30, 1990 

1 Identification and Significance of the In
novation 

There exists well established time resolution - frequency resolution trade off 
characteristics in time-frequency displays such as the cross ambiguity func
tion and the spectrogram. The same linear mathematics that gives rise to 
the Heisenberg uncertainty principle prohibits good simultaneous resolution 
of both time and frequency ( corresponding to position and momentum vari
ables, respectively, in quantum theory). One approach to this problem is 
generalized time-frequency representations or GTFR's (4). Until recently, 
however, this approach has been plagued by interference and other nonlinear 
artifacts. Recently, Zhao, Atlas and Marks (ZAM) (2, 18) have proposed a 
GTRF that has superb resolution in both time and frequency, yet is accom
panied by minimal nonlinear artifacts. 

We illustrate using figures from the paper by Zhao et.al. (18]. In Figure 
1, we have a sinusoid turning off and on. Immediately below is a spectro
gram of this signal displaying relatively poor resolution both in time and 
frequency. The Wigner distribution GTFR is shown immediately below. Al
though the Wigner distribution is known for its superb temporal resolution, 
the display is marred by severe interference artifacts. The zamogram, shown 
on the bottom, has superb resolution in both time and frequency. As is 
done in spectrograms, the zamogram was here computed using a temporally 
decimated output [6]. The zamogram captures the time transition so well, 
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Figure 1: Plots of some time frequency distributions of the on-off sinusoid 
shown on top. From top to bottom are the spectrogram, Wigner distribu
tion and zamogram. The zamogram's temporal resolution is so high, that 
transition edges were missed because the display was computed in a time 
decimated manner. (Used with permission) 

however, that certain of the transition points appear and others have been 
skipped! A speech signal is shown in Figure 2. Shown are the spectrogram, 
Wigner distribution and the zamogram. The zamogram is quite effective in 
detecting the harmonic components of the 1.,1.tterance. 

We propose development of software based on proprietary computational 
paradigms that will allow computation of zamograms in a highly parallel, 
modular, flexible and efficient computational architecture. Phase II of the 
effort will be directed to applications and hardware. 
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Figure 2: Grey level plot of some time frequency distributions of the speech 
signal shown on top. From top to bottom are the spectrogram, Wigner 
distribution and zamogram. The zamogram displays much sharper temporal 
and harmonic resolution. (Used with permission) 
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2 Phase I Technical Objectives 

Computation of the zamograms in Figures l_ and 2 was performed using a 
quite computationally intense procedure requiring generation of a nonlinear 

· two dimensional data field from the one dimensional time series followed by 
windowing and fast Fourier transformation. 

We propose development of a computational paradigms for zamograms 
with the following remarkable attributes: 

• 1 Parallelism. Computation of each frequency line is performed in 
parallel with every other frequency line. 

• 2 Computational Requirements. The required number of operations 
is on the order of N = the number of frequency lines. This is even 
lower than the NlogN operations required by the fast Fourier 
transform (FFT). 

• 3 Modularity & Programmability. The computational architectures 
are modular. Additional frequency lines can be added by simply 
adding new processing modules in parallel. Each module can be 
programmed to any desired frequency line by the changing of a 
few module parameters. 

• 4 Frequency Bin Number and Spacing. An arbitrarily large or small 
number of frequency bins can be generated and spaced in fre
quency in any manner desired. Fourier transform values can be 
computed at a single frequency or can be generated with close 
frequency samples in ranges of interest. Also, nonlinear spacing 
( e.g. in decades), can be straightforwardly generated. 

• 5 Variable Windows. The window type and duration can be differ
ent for each frequency line. This, for example, allows the equiv
alent of constant Q displays used in spectrograms [5]. 

The primary objective of Phase I is generation of software, written in 
C, that illustrates the extraordinary properties of the zamogram in general 
and the utility and flexibility of our proposed computational architecture in 
particular. 
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Zamograms. The continuous form of the zamogram of a signal, x(t), 
can be written 

1T it+ 1¥ I T I I T I . Z(t;u) = T <p(r)x(e- -)x(e+-)e-J 21ruraear 
r=-T e=t-Y 2 2 

(1) 

where <p( r) is the windowing kernel. 
The discrete version of the zamogram is 

lkl 

Z[n; u] = "£ m=i=T <p[k]x[m :_ ~]xfm + ~]e-j21rku (2) 
k=-L lkl 2 2 m=n-9" 

where <p[n] is a discrete window that is zero outside of the interval -L < k < 
L 

The conventional approach to evaluation of this, and similar, GTFR's is 
(a) generate x[m - ~]x[m + ~] on the (m, k) plane, (b) window by <p[k], 
( c) sum within the cone defined by the summation limits and ( d) Fourier 
transform in the k direction. Let N = 2L + 1. For digital implementation of 
O(N) frequency lines at some point in time using a window of duration N, 
these operations require, for each frequency line, (a) O(N2

) multiplies, (b) 
O(N2

) multiplies, (c) O(N2
) adds and (d) O(NlogN) operations. We will 

first outline a procedure for performing the operation in O(NlogN) opera
tions and then, remarkably, a procedure with greater flexibility that requires 
only O(N) operations. 

Indeed, we will demonstrate a procedure for performing temporally un
decimated Fourier transforms using O(N) operations opposed to the O(NlogN) 
required by an FFT. 

The Use Differential Increments and Accruance. The proprietary 
computational approach we propose [11] is essentially derived by differenti
ating Eq. 1 using the rule of Liebnitz. After much manipulation, we obtain 

8Z(t; u) = _2x(t) 1:_T <p(r)sign(r)x(t- r)dr (3) 

Clearly, 8Z( t; u)/ ot is the product of the signal and the signal's spectrogram 
using a window of sign(r)<p(r). The temporal derivative of the zamogram 
can therefore be generated using the same order of operations required by 
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a transform. The zamogr:am can be generated by placing this derivative 
through an integrator. 

For digital implementation, the partial derivative is replaced by a first or
der difference, the Fourier transform is replaced by a discrete Fourier trans
form (DFT) or FFT and the integrator by an add and accumulate. The 
result is 

t:.Z[n; u] = Z[n; u] - Z[n - 1; u] 
L 

= -2 x[n] I: cp(k]sign(k]x(n - k]e-i2
11"uk 

k=-L 
(4) 

The corresponding computational approach, as illustrated in Figure 3, is, 
basically, to multiply a short time Fourier transform of x[n] computed us
ing a window of cp[k]sign(k] by x[n]. This result is input into an add-and 
accumulate processor the output of which is the zamogram. 

Details of both discrete and continuous time computation of the zamo
gram based of the method of differential increments ( i.e. partial derivatives 
and first order increments) and accruance (i.e. integration and add-ang.
accumulate) has been developed in detail (11]. 

Computational Approaches. There are three basic implementation 
techniques for digital computation of the zamogram using the proprietary 
method of differential increments and accruance. The methods revolve around 
the manner in which the Fourier transform is computed. 

1 FFT. Using the FFT restricts the output bins to be linearly 
spaced. 

2 Finite impulse response (FIR) short time Fourier transform anal
ysis. This technique allows an arbitrary number of frequency 
bins at arbitrary spacing with a different window at each line (8]. 
Like the discrete Fourier transform (DFT), however, the FFT ap
proach can require significantly fewer operations for long window 
duration. 

3 Szasz series Fourier analysis. For an undecimated output series, 
Szasz series [12] Fourier analysis [9, 10] requires fewer operations 
than the FFT for large N, yet offers all of the flexibility of the 
DFT approach. 
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Figure 3: Illustration of computation of the zamogram using the method of 
differential increments and accruance. The time series, x[n], is subjected to 
short time Fourier analysis at frequency u. The transform is multiplied be 
the signal and fed to an add-and-accumulate processor the output of which is 
the zamogram at frequency u. STFT = Short Time Fourier Transform and 
A&A = Add and Accumulate. 
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A brief description of the Szasz series approach is outlined in the following 
section. 

Fourier Transform Evaluation Using Szasz Series. Recently, there 
have been a flurry of papers reporting the same digital signal processing 
algorithm for generation of rectangularly windowed digital Fourier transforms 
that require fewer operations than an FFT [1, 7, 17]. Unfortunately, the 
rectangular window generates significant artifacts. Proprietary techniques 
have recently been developed [9, ??] that allows for generation of common 
widows based on Szasz series decomposition [12] of the window. 

The basic idea in the sliding window is best introduced by the following 
example. Consider the series of numbers ... 2,4,1,3,0,l,4,1,2,0. The sum of the 
bold numbers in the series ... 2,4,1,3,0,1,4,1,2,0 is 14. We move the window 
over one unit and have ... 2,4,1,3,0,1,4,1,2,0. vVe can, of course, generate 
the new sum by adding the numbers again. More efficiently, however, we can 
subtract the old number ( 4) from the sum and add the new number (2). This 
is the root of the idea for forming sliding rec.tangular Fourier transforms that 
has been independently reported by a number of people. 

Consider the generalization of this approach applied to exponential win
dowing. If we weight the bold numbers in the series ... 2,4,1,3,0,1,4,1,2,0 by 
the geometric window 2°, 21 , 22 , 23 , 24

, 25 , 26
, the result is 

4 X 2° + 1 X 21 + 3 X 22 + 0 X 23 + 1 X 24 + 4 X 25 + 1 X 26 = 226 

Applying this same window to the bold numbers of a single shift to the 
right, ... 2,4,_1,3,0,1,4,1,2,0, can be obtained by the same multiply-and-add 
procedure. A better way, however, is to notice that (1) each number common 
to both intervals is now multiplied by half of what it was before and (2) we 
have a number that dropped off and a a newly introduced one. Using this 
procedure, we can compute the updated sum as 

oldsum - 4 x 2° 6 newsum = ------+ 2 X 2 
2 

Unfortunately, exponential windows, like rectangular windows, have poor 
properties. However, most commonly used windows can be expressed as sums 
of exponential windows. For example, for proper choice of coefficients, both 
the Hanning and Hamming windows can be expressed, within appropriate 
intervals, as 

<p[k] = ao + a1ej1rk/L + a_1e-i1rk/L (5) 
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A Blackman window can be obtained by the addition of two additional terms. 
Each of these three terms in Equation 5 can be generated by a simple in
finite impulse response (IIR) filter with truncation being achieved by delay 
circuitry. 

There exist numerous issues in the application of the Szasz series window 
to Fourier analysis. We will not elaborate on the details of the approach here, 
except to say that proprietary architectures for computation of a number of 
frequency lines have been created using a single delay line and requiring 
significantly fewer operations than an FFT approach. These architectures, 
when constrained to the attributes of the FFT (linear frequency spacing and 
# frequency lines = window duration) can be compared in a computational 
sense to the FFT. A log-log plot of the number of operations (multiplies and 
adds) versus window length is shown in Figure 4 for the case of Hanning 
and Hamming windows. The Szasz series approach requires fewer operations 
for larger window sizes and, as mentioned previously, allows much higher 
:flexibility than the FFT approach: 

Technical Objectives. The primary technical objective of Phase I will 
be development of a zamogram software emulator written in C with PC based 
color graphics. Special attention will be given to emphasis of the :flexibility of 
the Szasz series approach to generation of zamograms, including the freedom 
to choose the number and spacing of the frequency bins. The variability of 
the window from line to line will also be accentuated. Letting the window's 
duration decrease with increasing frequency, for example, allows for a greater 
consistency in frequency resolution equivalent in concept to maintaining a 
constant Q. The final software package will allow interface to a large number 
of data formats. 

3 Phase I Work Plan 

The primary objective of Phase I is generation of zamogram software based 
on the method of differential increments and accruance using a Szasz series 
approach. An option of comparison with a spectrogram, also computed using 
a Szasz series, will be offered. The emulator will be written in C and use PC 
based color graphics display. 

The software package will be the deliverable product of Phase I. 
Display and Computation. The time frequency displays will be color 
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Figure 4: Plot of log10 of the required number of operations required to 
perform an FFT of length N versus log2(N) (broken line). The required 
number of operations using the Szasz series approach is shown with the solid 
line. 
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coded in amplitude. For a given waveform, the software will offer the follow
ing options in the computation and display of the zamogram 

• 1 Frequency bin spacing. Linear, logarithmic and zoom display op
tions, including the number of frequency lines. 

• 2 Window type and variability. The option to vary window size and 
type to achieve constant Q type displays. 

• 3 Amplitude display. Options for linear or dB displays. 

Interface format. Care will be given to allow access to the software 
from many common data formats. 

The bulk of the work will be performed at the facilities of Raytron Cor
poration. An Gannt chart of the proposed six month project is shown in 
Figure 5. 

4 Related Work 

There is currently much work being performed in the area of time-frequency 
representation with the goal to improve on the spectrogram. Cohen has 
proposed a class of generalized time frequency representations in which a 
number of important special cases are subsumed. Included are the Wigner 
distribution, the Choi-vVilliams distribution [3] and the zamogram. Much 
research has been focused on the Wigner distribution in the last decade. 
The interference terms, however, have been an obstacle to its wide spread 
adoption. The Choi-Williams display, although a significant improvement, 
still contains significant nonlinear artifacts. 

We will illustrate relative performance in terms of nonlinear artifacts and 
noise properties. In Figure 6, we have dB waterfall displays of (from top to 
bottom) the Wigner distribution, Choi-vVilliams distribution and zamogram 
of a temporal sequence of sinusoidal tones. The Wigner distribution displays 
significant interference terms. The Choi-Williams distribution is better yet 
still contains significant artifacts. The zamogram displays crisp resolution 
in both time and frequency. The effects of 3dB noise on the same signal is 
illustrated in Figure 7. The zamogram performs admirably. 

Another more recent approach to time-frequency representation uses wavelets 
[5]. As with the zamogram approach, wavelet time-frequency representations 
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Figure 6: From lop to bottom, a Wigner distribution, Choi-Williams distri
bution and zamogram of a temporal sequence of tones. 
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Figure 7: Effects of 3dB noise on the same signal as the previous figure. 
From top to bottom, a Wigner distribution, Choi-Williams distribution and 
zamogram of a temporal sequence of tones. 
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have the ability to focus on specific time-frequency regions. A comparative 
investigation of the approaches is included in Figure 5. 

5 Relationship with Future Research or Re
search and Development 

The uncertainty principle has long been held to be a fundamental obstacle 
in the real time display of time-frequency displays. The principle, however, 
is based on linear models. Use of zamograms has indisputably demonstrated 
that good resolution with minuscule interference artifacts are possible in 
both frequency and time if we allow the use of nonlinearities. By presenting 
computationally efficient techniques to generate the zamogram, a significant 
obstacle has been removed for wide spread use of the zamogram. Potentially, 
the zamogram can be used in most any application where a spectrogram is 
used. 

Completion of Phase I will result in a software package that can be sold to 
potential customers to establish the use of the zamogram in their particular 
application. Established reputation for the zamogram approach will pave the 
way for the development and marketing of zamogram firmware and hardware. 

Some relevent references are listed below: 

1. J.L. Aravena, "Recursive moving window DFT algorithm", IEEE 
Trans. Computers, vol.39, pp.145-151, 1990. 

2. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

3. H.Choi & W. Williams, "Improved time-frequency representa
tion of multi-component signals using exponential kernels", IEEE 
Trans. Acoust., Speech, and Sig. Proc., vol.37, pp.862-871, 1989. 

4. L. Cohen, "Time-frequency distributions - a review", Proceedings 
of the IEEE, vol.77, pp.941-981 (1989). 
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5. J.M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, 
(Springer-Verlag, 1989). 

6. R.E. Crochiere and L.R. Rabiner, Multirate Digital Signal 
Processing, Prentice-Hall, Englewood Cliffs, NJ, 1983. 

7. R. Hartley and K. Welles II, "Recursive computation of the Fourier 
transform", Proceedings of the 1990 IEEE International Sympo
sium on Circuits and Systems, pp.1792-1795. 

8. J.S. Lim, & A.V. Oppenheim, Advanced Topics in Signal 
Processing, (Prentice Hall, New Jersey, 1988). 

9. R.J. Marks II, "Use of Szasz series windows in signal process
ing", Multidimensional Systems Technical Report, October 26, 
1989, (U.S. Patent and Trademark Office Disclosure Document, 
# 238456, Nov. 1, 1989). 

10. R.J. Marks II, "Temporally truncated infinite impulse response 
windows and their application to generation of spectrograms", 
Multidimensional Systems Technical Report, May 15, 1990, (U.S. 
Patent and Trademark Office Disclosure Document registration 
pending) 

11. R.J. Marks II, "Architectures for computing time-frequency rep
resentations", Multidimensional Systems Technical Report, De
cember 27, 1989, (U.S. Patent and Trademark Office Disclosure 
Document, 242203, Dec. 28, 1989). 

12. E. Masry, "An extension of Szasz's theorem and its applications", 
IEEE Transactions on Information Theory, vol.IT-19, pp.184-187 
(1973). 

13. A.V. Oppenheim, A.S. Willsky and LT. Young, Signals and 
Systems, (Prentice Hall, New Jersey, 1983). 

14. S. Oh and R.J. Marks II, "Some properties of the generalized 
time frequency representation with cone shaped kernel", ISDL 
Technical Report, (May, 1990). 
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15. A.V. Oppenheim & R.W. Schafer, Discrete Time Signal Pro
cessing, (Prentice Hall, New Jersey, 1989). 

16. L.R. Rabiner & R. W. Schafer, Digital Processing of Speech 
Signals, (Prentice Hall, New Jersey, 1978). 

17. T. Springer, "Sliding FFT computes frequency spectra in real 
time", EDN, September 29, 1988, pp.161-170. 

18. Y. Zhao, L.E. Atlas and R.J. Marks II, "The use of cone-shape 
kernels for generalized time-frequency representations of nonsta
tionary signals", IEEE Transactions on Acoustics, Speech and 
Signal Processing, ( in press) 

6 Potential Post Applications 

Time-frequency displays are used in a number of applications. Zam9-
grams computed using the differential increment and accruance approach 
are applicable in most of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

4. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

5. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

17 



7 Key Personnel 

7.1 Principle Investigator 

Loren Laybourn received his BS degree in Electrical Engineering and BA 
in Physics, both at the University of Washington, in 1986. During subse
quent employment as a research engineer at Boeing Aerospace, Mr. Lay
bourn received his MS degree in Electrical Engineering at the University of 
Washington, in 1988. He then joined the research staff at Bell Laboratories in 
Holmdel, New Jersey. Currently, he is President of Raytron, Inc. in Seattle, 
Washington. Raytron's charter is to develope and apply advanced nonlinear 
analysis and fabrication techniques to spectral processing. Mr. Laybourn 
has one U.S. Patent issued and six Patent disclosures. 

7 .2 Research Engineer 

Seho Oh received the B.S. degree in electronics engineering from Seoul Na
tional University and the M.S. Degree in electrical engineering from Korea 
Advanced Institute of Science and Technology, Seoul. From 1981 through 
1986, he was with Goldstar Research Laboratory in Seoul. He received his 
Phd in Electrical Engineering from the University of Washington, Seattle, in 
1989. His research interests are in the areas of signal analysis and processing, 
artificial neural networks and pattern recognition. Dr. Oh is the co-author of 
over twenty archival and proceedings papers and has been issued two United 
States patents. 

7.3 Consultant 

Robert J. Marks II is currently a Professor of Electrical Engineering at the 
University of vVashington. Prof. Marks was awarded the Outstanding Branch 
Councilor award in 1982 by IEEE and, in 1984, was presented with an IEEE 
Centennial Medal. He was Chair of IEEE Neural Networks Committee and 
was the co-founder and first Chair of the IEEE Circuits & Systems Society 
Technical Committee on Neural Systems & Applications. Prof. Marks was 
also elected the first President of the IEEE Council on Neural Networks. He 
is a Fellow of the Optical Society of America and a Senior Member of IEEE. 
Dr. Marks was also the co-founder and first President of the Puget Sound 
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Section of the Optical Society of America and was recently elected that or
ganization's first honorary member. He is co-founder and current President 
of Multidimensional Systems Corporation. Prof. Marks is the topical editor 
for Optical Signal Processing and Image Science for the Journal of the Op
tical Society on America - A. He is also a member of the Editorial Board 
for The International Journal of Neurocomputing. Dr. Marks has over one 
hundred archival and proceeding publications in the areas of signal analy
sis, detection theory, signal recovery, optical computing, signal processing 
and artificial neural processing. He is author of the book Introduction to 
Shannon Sampling and Interpolation Theory (Springer-Verlag, 1990). 
Dr. Marks is a co-founder of the Christian Faculty Fellowship at the Univer
sity of Washington. He is a member of Eta Kappa Nu and Sigma Xi. 

7.3.1 Relevant Publications 

1. R.J. Marks II, J.F. Walkup and M.O. Hagler, "Ambiguity func
tion display: an improved coherent processor", Applied Optics, 
vol. 16, pp.7 46-750 (1977). 

2. R.J. Marks II, J.F. Walkup and T.F. Krile "An improved co
herent processor for ambiguity function display", Proceedings of 
the International Optical Computing Conference, Capri, Italy, 
September 1976 - invited paper. 

3. R.J. Marks II and J.F. Walkup "Coherent optical processors for 
ambiguity function display and one-dimensional correlation/ convolution 
operations", Proceedings of the SPIE Symposium/Workshop on 
the Effective Utilization of Optics in Radar Systems, Huntsville, 
Alabama, September 1977. 

4. R.J. Marks II and M.W. Hall" Ambiguity function display using a 
single one-dimensional input", Applied Optics, vol. 18, pp.2539-
2540 (1979). 

5. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 
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6. S. Oh and R.J. Marks II, "Some properties of the generalized time 
frequency representation with cone shaped kernels", submitted to 
IEEE Transactions on Acoustics, Speecl1: and Signal Processing. 

7. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

7.3.2 Archival Publications Since 1988 

1. R.J. Marks II, L.E. Atlas, J.J. Choi, S. Oh, K.F. Cheung and 
D.C. Park "A performance analysis of associative memories with 
nonlinearities in the correlation domain", Applied Optics, vol. 27, 
pp.2900-2904 (1988). 

2. R.J. Marks II, L.E. Atlas and K.F. Cheung "Optical processor 
architectures for alternating projection neural networks", Optics 
Letters, vol. 13, pp.533-535 (1988). 

3. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Error detection 
and correction in multilevel algebraic optical processors", Optical 
Engineering, vol. 27, pp.289-294 (1988) - invited paper. 

4. W.S. Wu, K.F. Cheung and R.J. Marks II "Multidimensional pro
jection windows", IEEE Transactions on Circuits and Systems, 
vol. 35, pp.1168-1172 (1988). 

5. K.F. Cheung, R.J. Marks II and L.E. Atlas, "Convergence of 
Howard's minimum negativity constraint extrapolation algorithm", 
Journal of the Optical Society of America A, vol.5, pp.2008-2009 
(1988). 

6. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Nondispersive 
propagation skew in iterative neural networks and optical feed
back processors", Optical Engineering, vol.28, pp.526-532 (1989). 
- invited paper. 
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7. R.J. Marks II, S. Oh and L.E. Atlas "Alternating projection 
neural networks", IEEE Transactions on Circuits and Systems, 
vol.36, pp.846-857 (1989). 

8. K.F. Cheung and R.J. Marks II, "Image sampling below the 
Nyquist density without aliasing", Journal of the Optical Soci
ety of America A, vol.7, pp.92-105 (1990) 

8 Facilities and Equipment 

Raytron Inc. has an two 386 and four 286 PC's augmented for numerical and 
graphical processing. Three printers are available, including a laser printer. 
Standard office equipment and electronic equipment are also available. 

9 Consultants 

Raytron will utilize the consulting services of one of the creators of the zamo
gram, Dr. Robert J. Marks IL Dr. Marks' biography and abbreviated list 
of publications is in the Key Personnel section. Dr. Marks, through his 
company, M-D Systems, has developed some of the key intellectual property 
contained in this proposal. After receiving written release from the U niver
sity of Washington, Dr. Marks has contracted with Raytron Inc. to develope 
aspects of this intellectual property. His contribution, through M-D Systems, 
is singularly important to the Phase I effort. 

10 Prior, Current or Pending Support 

Raytron has received no prior support for development of the zamogram. It 
is, however, submitting parallel SBIR proposals in this same program. 

1 DOD A90-449, "Signal Processing Enhancement for GBR-X Radar" 

2 DARPA 90-098, "Nonlinear Signal Processing" 

3 DARPA 90-099, "Scalable Algorithms and Software Library Mod
ules for Scalable Parallel Computers" 
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11 Cost Proposal 

The following figures are for November 1, 1990 though May 1, 1991. 
Salaries 
PRINCIPLE INVESTIGATOR 
Loren Laybourn 
RESEARCH ENGINEER 
Dr. Seho Oh 75% 
SECRETARY 

6 months, 25% 

$20,061 

Ms. Marylyn Mitchell 6 months, 25% 
Consultant 
MULTIDIMENSIONAL SYSTEMS CORP. 
Dr. Robert J. Marks II 6 months, 20% 
Supplies 
Office Supplies 
Computer Supplies 
Other Costs 
Computer Maintenance 
Postage 

$7,523 

$1,984 

$13,000 

$500 
$450 

$400 
$200 
$400 Telephone 

Indirect Costs 
TOTAL 

20% of Direct Costs $8904 
$53,422 
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There exists well established time resolution - frequency resolution trade off 
characteristics in time-frequency displays such as the spectrogram. The same 
linear mathematics that gives rise to the Heisenberg uncertainty principle prohibits 
good simultaneous resolution of both time and frequency (corresponding to position 
and momentum variables, respectively, in quantum theory). One approach to this 
problem is nonlinear generalized time frequency representations or GTFR's. Until 
recently, however, this approach has been plagued by interference and other non
linear artifacts. Recently, Zhao, Atlas and Marks (ZAM) have proposed a GTFR 
that has superb resoluti~n in both time and frequency, yet is accompanied by minimal 
nonlinear· artifacts. The computationa 1 approach to generation of zamograms, to 
date, has required O(N2) operations. We have developed a proprietary computational 
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generate and display zamograms based on this remarkably flexible computational 
approach. 
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The zamogram is potentially useful in any and all applications where the spectrogram 
is currently used. This includes the time-frequency display of acoustics signals, 
such as speech and sonar; electromagnetic signals such as radar; vibrational signals 
where time-frequency displays are used for failure diagnosis; and and biomedical 
signals. 
~ ... ~;-:,: _·~.L"':JtlC:.,~;. - L... . ~""''"'""w.,t~ ,CQftl"!$.-..: " • ~...:..~~~•~4:'""' ' - :_- - - , ••• •-~~W,=Jll~~""lole :T:it,~ . •-• 

L . .: -~ ~: i~ld.A H 11wl l 1 _·: . _ ... ," .=-:··, , , : ,· _; .3 t i. al 

nonlinear 

spectrogram 

digital signal processing 

fast Fourier transform 

-

Fourier transform 

frequency 

Wigner distributions 

GTFR Is 

Nothing or. this page is classified or propr:etary :nformat .~n/ c.Jata 
Proposal oac; e ' io . 2 



Technical Proposal: Zamogram 
Time-Frequency Displays 

Raytron Corporation 

June 30, 1990 

1 Identification and Significance of the In
novation 

There exists well established time resolution - frequency resolution trade off 
characteristics in time-frequency displays such as the cross ambiguity func
tion and the spectrogram. The same linear mathematics that gives rise to 
the Heisenberg uncertainty principle prohibits good simultaneous resolution 
of both time and frequency ( corresponding to position and momentum vari
ables, respectively, in quantum theory). One approach to this problem is 
generalized time-frequency representations or GTFR's [4]. Until recently, 
however, this approach has been plagued by interference and other nonlinear 
artifacts. Recently, Zhao, Atlas and Marks (ZAM) [2, 18] have proposed a 
GTRF that has superb resolution in both time and frequency, yet is accom
panied by minimal nonlinear artifacts. 

vVe illustrate using figures from the paper by Zhao et.al. [18]. In Figure 
1, we have a sinusoid turning off and on. Immediately below is a spectro
gram of this signal displaying relatively poor resolution both in time and 
frequency. The Wigner distribution GTFR is shown immediately below. Al
though the vVigner distribution is known for its superb temporal resolution, 
the display is marred by severe interference artifacts. The zamogram, shown 
on the bottom, has superb resolution in both time and frequency. As is 
done in spectrograms, the zamogram was here computed using a temporally 
decimated output [6]. The zamogram captures the time transition so well, 
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Figure 1: Plots of some time frequency distributions of the on-off sinusoid 
shown on top. From top to bottom are the spectrogram, ·Wigner distribu
tion and zamogram. The zamogram's temporal resolution is so high, that 
transition edges were missed because the display was computed in a time 
decimated manner. (Used with permission) 

however, that certain of the transition points appear and others have been 
skipped! A speech signal is shown in Figure 2. Shown are the spectrogram, 
·Wigner distribution and the zamogram. The zamogram is quite effective in 
detecting the harmonic components of the utterance. 

vVe propose development of software based on proprietary computational 
paradigms that will allow computation of zamograms in a highly parallel, 
modular, flexible and efficient computational architecture. Phase II of the 
effort will be directed to applications and hardware. 
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Figure 2: Grey level plot of some time frequency distributions of the speech 
signal shown on top. From top to bottom are the spectrogram, "Wigner 
distribution and zamogram. The zamogram displays much sharper temporal 
and harmonic resolution. (Used with permission) 
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2 Phase I Technical Objectives 

Computation of the zamograms in Figures 1 and 2 was performed using a 
quite computationally intense procedure requiring generation of a nonlinear 
two dimensional data field from the one dimensional time series followed by 
windowing and fast Fourier transformation. 

vVe propose development of a computational paradigms for zamograms 
with the following remarkable attributes: 

• 1 Parallelism. Computation of each frequency line is performed in 
parallel with every other frequency line. 

• 2 Computational Requ£rements. The required number of operations 
is on the order of N = the number of frequency lines. This is even 
lower than the NlogN operations required by the fast Fourier 
transform (FFT). 

• 3 lvfodularity & Programmability. The computational architectures 
are modular. Additional frequency lines can be added by simply 
adding new processing modules in parallel. Each module can be 
programmed to any desired frequency line by the changing of a 
few module parameters. 

• 4 Frequency Bin Number and Spacing. An arbitrarily large or small 
number of frequency bins can be generated and spaced in fre
quency in any manner desired. Fourier transform values can be 
computed at a single frequency or can be generated with close 
frequency samples in ranges of interest. Also, nonlinear spacing 
( e.g. in decades), can be straightforwardly generated. 

• 5 Variable ·windows. The window type and duration can be differ
ent for each frequency line. This, for example, allows the equiv
alent of constant Q displays used in spectrograms [5]. 

The primary objective of Phase I is generation of software, written in 
C, that illustrates the extraordinary properties of the zamogram in general 
and the utility and flexibility of our proposed computational architecture in 
particular. 
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Zamograms. The continuous form of the zamogram of a signal, x(t), 
can be written 

T t+!.d I I I I 
Z(t;u)=j r 2

T cp(T)x(e-_2:_)x(e+_2:_)e-i21ruraedT (1) 
r=-T j(=t-Y. 2 2 

where cp( T) is the windowing kernel. 
The discrete version of the zamogram is 

Z[n; u] = 
L m=n+l!l 

L L 2 

rp[k]x[m :._ ~]x[m + ~Je-i21rku 
k=-L lkl 2 2 

m=n-'f-

(2) 

where cp[n] is a discrete window that is zero outside of the interval -L :S k :S 
L 

The conventional approach to evaluation of this, and similar, GTFR's is 
(a) generate x[m -1¥Jx[m + 1¥] on the (m, k) plane, (b) window by cp[k], 
( c) sum within the cone defined by the summation limits and ( cl) Fourier 
transform in the k direction. Let N = 2L + 1. For digital implementation of 
O(N) frequency lines at some point in time using a window of duration N, 
these operations require, for each frequency line, (a) O(N2

) multiplies, (b) 
O(N2

) multiplies, ( c) O(N2
) adds and ( cl) O(NlogN) operations. We will 

first outline a procedure for performing the operation in O(NlogN) opera
tions and then, remarkably, a procedure with greater flexibility that requires 
only O(N) operations. 

Indeed, we will demonstrate a procedure for performing temporally un
decimated Fourier transforms using O(N) operations opposed to the O(NlogN) 
required by an FFT. 

The Use Differential Increments and Accruance. The proprietary 
computational approach we propose [11] is essentially derived by differenti
ating Eq. 1 using the rule of Liebnitz. After much manipulation, we obtain 

8Z~t; u) = _2x(t) 1:_T rp(T)sign(T)x(t - T)dT (3) 

Clearly, 8Z ( t; u)/ 8t is the product of the signal and the signal's spectrogram 
using a window of sign( T )cp( T). The temporal derivative of the zamogram 
can therefore be generated using the same order of operations required by 
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a transform. The zamogram can be generated by placing this derivative 
through an integrator. 

For digital implementation, the partial derivative is replaced by a first or
der difference, the Fourier transform is replaced by a discrete Fourier trans
form (DFT) or FFT and the integrator by an add and accumulate. The 
result is 

.6.Z[n; u] = Z[n; u] - Z[n - 1; u] 
L 

= -2 x[n] I: cp[k]sign[k]x[n - k]e-i2
1l"uk 

k=-L 

(4) 

The corresponding computational approach, as illustrated in Figure 3, is, 
basically, to multiply a short time Fourier transform of x[n] computed us
ing a window of cp[k]sign[k] by x[n]. This result is input into an add-and 
accumulate processor the output of which is the zamogram. 

Details of both discrete and continuous time computation of the zamo
gram based of the method of differential increments (i.e. partial derivatives 
and first order increments) and accruance (i.e. integration and add-and
accumulate) has been developed in detail [11]. 

Computational Approaches. There are three basic implementation 
techniques for digital computation of the zamogram using the proprietary 
method of differential increments and accruance. The methods revolve around 
the manner in which the Fourier transform is computed. 

1 FFT. Using the FFT restricts the output bins to be linearly 
spaced. 

2 Finite impulse response (FIR) short time Fourier transform anal
ysis. This technique allows an arbitrary number of frequency 
bins at arbitrary spacing with a different window at each line [8]. 
Like the discrete Fourier transform (DFT), however, the FFT ap
proach can require significantly fewer operations for long window 
duration. 

3 Szasz series Fourier analysis. For an undecimated output series, 
Szasz series [12] Fourier analysis (9, 10] requires fewer operations 
than the FFT for large N, yet offers all of the flexibility of the 
D FT approach. 
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x[n) 
STFT ~ ~ 

Figure 3: Illustration of computation of the zamogram using the method of 
differential increments and accruance. The time series, x[n], is subjected to 
short time Fourier analysis at frequency u. The transform is multiplied be 
the signal and fed to an add-and-accumulate processor the output of which is 
the zamogram at frequency u. STFT = Short Time Fourier Transform and 
A&A = Add and Accumulate. 
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A brief description of the Szasz series approach is outlined in the following 
section. 

Fourier Transform Evaluation Using Szasz Series. Recently, there 
have been a flurry of papers reporting the same digital signal processing 
algorithm for generation of rectangularly windowed digital Fourier transforms 
that require fewer operations than an FFT [1, 7, 17]. Unfortunately, the 
rectangular window generates significant artifacts. Proprietary techniques 
have rece·ntly been developed [9, ??] that allows for generation of common 
widows based on Szasz series decomposition [12] of the window. 

The basic idea in the sliding window is best introduced by the following 
example. Consider the series of numbers ... 2,4,1,3,0,1,4,1,2,0. The sum of the 
bold numbers in the series ... 2,4,1,3,0,1,4,1,2,0 is 14. 'vVe move the window 
over one unit and have ... 2,4,1,3,0,1,4,1,2,0. 'vVe can, of course, generate 
the new sum by adding the numbers again. More efficiently, however, we can 
subtract the old number ( 4) from the sum and add the new number (2). This 
is the root of the idea for forming sliding rectangular Fourier transforms that 
has been independently reported by a number of people. 

Consider the generalization of this approach applied to exponential win
dowing. If we weight the bold numbers in the series ... 2,4,1,3,0,1,4,1,2,0 by 
the geometric window 2°, 21 , 22 , 23 , 24 , 25 , 26 , the result is 

4 X 2° + 1 X 21 + 3 X 22 + 0 X 23 + 1 X 24 + 4 X 25 + 1 X 26 = 226 

Applying this same window to the bold numbers of a single shift to the 
right, ... 2,4,1,3,0,1,4,1,2,0, can be obtained by the same multiply-and-add 
procedure. A better way, however, is to notice that (1) each number common 
to both intervals is now multiplied by half of what it was before and (2) we 
have a number that dropped off and a a newly introduced one. Using this 
procedure, we can compute the updated sum as 

oldsum - 4 x 2° 6 newsum = ------- + 2 x 2 
2 

Unfortunately, exponential windows, like rectangular windows, have poor 
properties. However, most commonly used windows can be expressed as sums 
of exponential windows. For example, for proper choice of coefficients, both 
the Hanning and Hamming windows can be expressed, within appropriate 
intervals, as 

cp[k] = ao + a1ej1rk/L + a_1e-j1rk/L (5) 
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A Blackman window can be obtained by the addition of two additional terms. 
Each of these three terms in Equation 5 can be generated by a simple in
finite impulse response (IIR) filter with truncation being achieved by delay 
circuitry. 

There exist numerous issues in the application of the Szasz series window 
to Fourier analysis. We will not elaborate on the details of the approach here, 
except to say that proprietary architectures for computation of a number of 
frequency lines have been created using a single delay line and requiring 
significantly fewer operations than an FFT approach. These architectures, 
when constrained to the attributes of the FFT (linear frequency spacing and 
# frequency lines = window duration) can be compared in a computational 
sense to the FFT. A log-log plot of the number of operations ( multiplies and 
adds) versus window length is shown in Figure 4 for the case of Hanning 
and Hamming windows. The Szasz series approach requires fewer operations 
for larger window sizes and, as mentioned previously, allows much higher 
flexibility than the FFT approach: 

Technical Objectives. The primary technical objective of Phase I will 
be development of a zamogram software emulator written in C with PC based 
color graphics. Special attention will be given to emphasis of the flexibility of 
the Szasz series approach to generation of zamograms, including the freedom 
to choose the number and spacing of the frequency bins. The variability of 
the window from line to line will also be accentuated. Letting the window's 
duration decrease with increasing frequency, for example, allows for a greater 
consistency in frequency resolution equivalent in concept to maintaining a 
constant Q. The final software package will allow interface to a large number 
of data formats. 

3 Phase I Work Plan 

The primary objective of Phase I is generation of zamogram software based 
on the method of differential increments and accruance using a Szasz series 
approach. An option of comparison with a spectrogram, also computed using 
a Szasz series, will be offered. The emulator will be written in C and use PC 
based color graphics display. 

The software package will be the deliverable product of Phase I. 
Display and Computation. The time frequency displays will be color 
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Figure 4: Plot of log10 of the required number of operations required to 
perform an FFT of length N versus log2 (N) (broken line). The required 
number of operations using the Szasz series approach is shown with the solid 
line. 
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coded in amplitude. For a given waveform, the software will offer the follow
ing options in the computation and display of the zamogram 

• 1 Frequency bin spacing. Linear, logarithmic and zoom display op
tions, including the number of frequency lines. 

• 2 ·window type and variability. The option to vary window size and 
type to achieve constant Q type displays. 

• 3 Amplitude display. Options for linear or dB displays. 

Interface format. Care will be given to allow access to the software 
from many common data formats. 

The bulk of the work will be performed at the facilities of Raytron Cor
poration. An Gannt chart of the proposed six month project is shown in 
Figure 5. 

4 Related Work 

There is currently much work being performed in the area of time-frequency 
representation with the goal to improve on the spectrogram. Cohen has 
proposed a class of generalized time frequency representations in which a 
number of important special cases are subsumed. Included are the Wigner 
distribution, the Choi-·Williams distribution [3] and the zamogram. Much 
research has been focused on the Wigner distribution in the last decade. 
The interference terms, however, have been an obstacle to its wide spread 
adoption. The Choi-Williams display, although a significant improvement, 
still contains significant nonlinear artifacts. 

We will illustrate relative performance in terms of nonlinear artifacts and 
noise properties. In Figure 6, we have dB waterfall displays of (from top to 
bottom) the Wigner distribution, Choi-Williams distribution and zamogram 
of a temporal sequence of sinusoidal tones. The Wigner distribution displays 
significant interference terms. The Choi-Williams distribution is better yet 
still contains significant artifacts. The zamogram displays crisp resolution 
in both time and frequency. The effects of 3dB noise on the same signal is 
illustrated in Figure 7. The zamogram performs admirably. 

Another more recent approach to time-frequency representation uses wavelets 
[5]. As with the zamogram approach, wavelet time-frequency representations 
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Figure 6: From top to bottom, a Wigner distribution, Choi-Williams dis tr;. 
bution and zamogram of a temporal sequence of tones. 
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Figure 7: Effects of 3dB noise on the same signal as the previous figure. 
From top to bottom, a Wigner distribution, Choi-Williams distribution and 
zamogram of a temporal sequence of tones. 
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have the ability to focus on specific time-frequency regions. A comparative 
investigation of the approaches is included in Figure 5. 

5 Relationship with Future Research or Re
search and Development 

The uncertainty principle has long been held to be a fundamental obstacle 
in the real time display of time-frequency displays. The principle, however, 
is based on linear models. Use of zamograms has indisputably demonstrated 
that good resolution with minuscule interference artifacts are possible in 
both frequency and time if we allow the use of nonlinearities. By presenting 
computationally efficient techniques to generate the zamogram, a significant 
obstacle has been removed for wide spread use of the zamogram. Potentially, 
the zamogram can be used in most any application where a spectrogram is 
used. 

Completion of Phase I will result in a software package that can be sold to 
potential customers to establish the use of the zamogram in their particular 
application. Established reputation for the zamogram approach will pave the 
way for the development and marketing of zamogram firmware and hardware. 

Some relevent references are listed below: 

1. J.L. Aravena, "Recursive moving window DFT algorithm", IEEE 
Trans. Computers, vol.39, pp.145-151, 1990. 

2. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

3. H.Choi & W. Williams, "Improved time-frequency representa
tion of multi-component signals using exponential kernels", IEEE 
Trans. Acoust., Speech, and Sig. Proc., vol.37, pp.862-871, 1989. 

4. L. Cohen, "Time-frequency distributions - a review", Proceedings 
of the IEEE, vol.77, pp.941-981 (1989). 
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5. J.M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, 
(Springer-Verlag, 1989). 

6. R.E. Crochiere and L.R. Rabiner, Multirate Digital Signal 
Processing, Prentice-Hall, Englewood Cliffs, NJ, 1983. 

7. R. Hartley and K. Welles II, "Recursive computation of the Fourier 
transform", Proceedings of the 1990 IEEE International Sympo
sium on Circuits and Systems, pp.1792-1795. 

8. J.S. Lim, & A.V. Oppenheim, Advanced Topics in Signal 
Processing, (Prentice Hall, New Jersey, 1988). 

9. R.J. Marks II, "Use of Szasz series windows in signal process
ing", Multidimensional Systems Technical Report, October 26, 
1989, (U.S. Patent and Trademark Office Disclosure Document, 
# 238456, Nov. 1, 1989). 

10. R.J. Marks II, "Temporally truncated infinite impulse response 
windows and their application to generation of spectrograms", 
Jvfultidimensional Systems Technical Report, May 15, 1990, (U.S. 
Patent and Trademark Office Disclosure Document registration 
pending) 

11. R.J. Marks II, "Architectures for computing time-frequency rep
resentations", Multidimensional Systems Technical Report, De
cember 27, 1989, (U.S. Patent and Trademark Office Disclosure 
Document, 242203, Dec. 28, 1989). 

12. E. Masry, "An extension of Szasz's theorem and its applications", 
IEEE Transactions on Information Theory, vol.IT-19, pp.184-187 
(1973). 

13. A.V. Oppenheim, A.S. Willsky and LT. Young, Signals and 
Systems, (Prentice Hall, New Jersey, 1983). 

14. S. Oh and R.J. Marks II, "Some properties of the generalized 
time frequency representation with cone shaped kernel", ISDL 
Technical Report, (May, 1990). 
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15. A.V. Oppenheim & R.W. Schafer, Discrete Time Signal Pro
cessing, (Prentice Hall, New Jersey, 1989). 

16. L.R. Rabiner & R.W. Schafer, Digital Processing of Speech 
Signals, (Prentice Hall, New Jersey, 1978). 

17. T. Springer, "Sliding FFT computes frequency spectra in real 
time", EDN, September 29, 1988, pp.161-170. 

18. Y. Zhao, L:E. Atlas and R.J. Marks II, "The use of cone-shape 
kernels for generalized time-frequency representations of nonsta
tionary signals", IEEE Transactions on Acoustics, Speech and 
Signal Processing, (in press) 

6 Potential Post Applications 

Time-frequency displays are used in a number of applications. Zamo
grams computed using the differential increment and accruance approach 
are applicable in most of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

4. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

5. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 
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7 Key Personnel 

7.1 Principle Investigator 

Loren Laybourn received his BS degree in Electrical Engineering and BA 
in Physics, both at the University of ·washington, in 1986. During subse
quent employment as a research engineer at Boeing Aerospace, Mr. Lay
bourn received his MS degree in Electrical Engineering at the University of 
Washington, in 1988. He then joined the research staff at Bell Laboratories in 
Holmdel, New Jersey. Currently, he is President of Raytron) Inc. in Seattle, 
·washington. Raytron's charter is to develope and apply advanced nonlinear 
analysis and fabrication techniques to spectral processing. Mr. Laybourn 
has one U.S. Patent issued and six Patent disclosures. 

7 .2 Research Engineer 

Seho Oh received the B.S. degree in electronics engineering from Seoul Na
tional University and the M.S. Degree in electrical engineering from Korea 
Advanced Institute of Science and Technology, Seoul. From 1981 through 
1986, he was with Goldstar Research Laboratory in Seoul. He received his 
Phd in Electrical Engineering from the University of 'Washington, Seattle, in 
1989. His research interests are in the areas of signal analysis and processing, 
artificial neural networks and pattern recognition. Dr. Oh is the co-author of 
over twenty archival and proceedings papers and has been issued two United 
States patents. 

7.3 Consultant 

Robert J. Marks II is currently a Professor of Electrical Engineering at the 
University of Washington. Prof. Marks was awarded the Outstanding Branch 
Councilor award in 1982 by IEEE and, in 1984, was presented with an IEEE 
Centennial Medal. He was Chair of IEEE Neural Networks Committee and 
was the co-founder and first Chair of the IEEE Circuits & Systems Society 
Technical Committee on Neural Systems & Applications. Prof. Marks was 
also elected the first President of the IEEE Council on Neural Networks. He 
is a Fellow of the Optical Society of America and a Senior Member of IEEE. 
Dr. Marks was also the co-founder and first President of the Puget Sound 
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Section of the Optical Society of America and was recently elected that or
ganization's first honorary member. He is co-founder and current President 
of Multidimensional Systems Corporation. Prof. Marks is the topical editor 
for Optical Signal Processing and Image Science for the Journal of the Op
tical Society on America - A. He is also a member of the Editorial Board 
for The International Journal of Neurocomputing. Dr. Marks has over one 
hundred archival and proceeding publications in the areas of signal analy
sis, detection theory, signal recovery, optical computing, signal processing 
and artificial neural processing. He is author of the book Introduction to 
Shannon Sampling and Interpolation Theory (Springer-Verlag, 1990). 
Dr. Marks is a co-founder of the Christian Faculty Fellowship at the Univer
sity of Washington. He is a member of Eta Kappa Nu and Sigma Xi. 

7.3.1 Relevant Publications 

1. R.J. Marks II, J.F. Walkup and M.O. Hagler, "Ambiguity func
tion display: an improved coherent processor", Applied Optics, 
vol. 16, pp.746-750 (1977). 

2. R.J. Marks II, J .F. ·walkup and T.F. Krile "An improved co
herent processor for ambiguity function display", Proceedings of 
the International Optical Computing Conference, Capri, Italy, 
September 1976 - invited paper. 

3. R.J. Marks II and J.F. Walkup "Coherent optical processors for 
ambiguity function display and one-dimensional correlation/ convolution 
operations", Proceedings of the SPIE Symposium/vVorkshop on 
the Effective Utilization of Optics in Radar Systems, Huntsville, 
Alabama, September 1977. 

4. R.J. Marks II and M.W. Hall" Ambiguity function display using a 
single one-dimensional input", Applied Optics, vol. 18, pp.2539-
2540 (1979). 

5. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 
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6. S. Oh and R.J. Marks II, "Some properties of the generalized time 
frequency representation with cone shaped kernels", submitted to 
IEEE Transactions on Acoustics, Speech and Signal Processing. 

7. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

7.3.2 Archival Publications Since 1988 

1. R.J. Marks II, L.E. Atlas, J.J. Choi, S. Oh, K.F. Cheung and 
D.C. Park "A performance analysis of associative memories with 
nonlinearities in the correlation domain", Applied Optics, vol. 27, 
pp.2900-2904 (1988). 

2. R.J. Marks II, L.E. Atlas and K.F. Cheung "Optical processor 
architectures for alternating projection neural networks", Optics 
Letters, vol. 13, pp.533-535 (1988). 

3. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Error detection 
and correction in multilevel algebraic optical processors", Optical 
Engineering, vol. 27, pp.289-294 (1988) - invited paper. 

4. vV.S. vVu, K.F. Cheung and R.J. Marks II "Multidimensional pro
jection windows", IEEE Transactions on Circuits and Systems, 
vol. 35, pp.1168-1172 (1988). 

5. K.F. Cheung, R.J. Marks II and L.E. Atlas, "Convergence of 
Howard's minimum negativity constraint extrapolation algorithm", 
Journal of the Optical Society of America A, vol.5, pp.2008-2009 
(1988). 

6. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Nondispersive 
propagation skew in iterative neural networks and optical feed
back processors", Optical Engineering, vol.28, pp.526-532 (1989). 
- invited paper. 
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7. R.J. Marks II, S. Oh and L.E. Atlas "Alternating projection 
neural networks", IEEE Transactions on Circuits and Systems, 
vol.36, pp.846-857 (1989). 

8. K.F. Cheung and R.J. Marks II, "Image sampling below the 
Nyquist density without aliasing", Journal of the Optical Soci
ety of America A, vol.7, pp.92-105 (1990) 

8 Facilities and Equipment 

Raytron Inc. has an two 386 and four 286 PC's augmented for numerical and 
graphical processing. Three printers are available, including a laser printer. 
Standard office equipment and electronic equipment are also available. 

9 Consultants 

Raytron will utilize the consulting services of one of the creators of the zamo
gram, Dr. Robert J. Marks II. Dr. Marks' biography and abbreviated list 
of publications is in the Key Personnel section. Dr. Marks, through his 
company, lvl-D Systems, has developed some of the key intellectual property 
contained in this proposal. After receiving written release from the Univer
sity of Washington, Dr. Marks has contracted with Raytron Inc. to develope 
aspects of this intellectual property. His contribution, through lvl-D Systems, 
is singularly important to the Phase I effort. 

10 Prior, Current or Pending Support 

Raytron has received no prior support for development of the zamogram. It 
is, however, submitting parallel SBIR proposals in this same program. 

1 DOD A90-449, "Signal Processing Enhancement for GBR-X Radar" 

2 DARPA 90-098, "Nonlinear Signal Processing" 

3 DARPA 90-099, "Scalable Algorithms and Software Library Mod
ules for Scalable Parallel Computers" 
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11 Cost Proposal 

The following figures are for November 1, 1990 though May 1, 1991. 
Salaries 
PRINCIPLE INVESTIGATOR 
Loren Lay bourn 
RESEARCH ENGINEER 
Dr. Seho Oh 75% 
SECRETARY 

6 months, 25% 

$20,061 

Ms. Marylyn Mitchell 6 months, 25% 
Consultant 
MULTIDIMENSIONAL SYSTEMS CORP. 
Dr. Robert J. Marks II 6 months, 20% 
Supplies 
Office Supplies 
Computer Supplies 
Other Costs 
Computer Maintenance 
Postage 

$7,523 

$1,984 

$13,000 

$500 
$450 

$400 
$200 
$400 Telephone 

Indirect Costs 
TOTAL 

20% of Direct Costs $8904 
$53,422 
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ZAMWARE Instructions 

Multidimensional Systems Corporation 
1131 199th Street S.W., Suite Z 

Lynnwood, Washington 98036-7138 

This software package contains spectrograms and zamograms displays of a 
number of signals. The demonstrations are meant to serve two purposes. 

1. Illustration of the flexibility of the display of spectrograms and zamo
grams, exemplified by the logarithmic frequency domain calibration 
(i .e. in decades) and constant Q display capability. In the spectro
gram display, for example, a constant Q window is one where the 
sliding window's width decreases as the frequency increases. The 
ability to focus attention on a specific time-frequency region is also 
characteristic of wavelets. 

2. The amazing resolution of the zamogram [Zhao, Atlas and Marks] . 
The zamogram is not constrained by the time resolution - frequency 
resolution tradeoff characteristic of spectrograms yet is not ham
pered by the interference problems of some of the other time-frequency 
distributions in Cohen's class, including the Wigner-Ville distribu
tion. The remarkable noise properties of the zamogram are a lso 
included herein. 

Further public domain information on the zamogram is listed in the references 
section. Other characteristics of the proprietary computational methods for the 
spectrogram and zamogram developed by Multidimensional Systems Corpora
tion are listed later in this document . 

1 Using the Software 

The executable file in the zamware package is spectrum. A menu will appear 
for demos 1 through 14. The following steps are suggested for learning to use 
this package. 

1. Hit the Fl key. The menu will display demos 15 through 28. Hit 
the Fl key again to return to the menu for demos 1 through 14. 
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2. Using cursors, choose demo 3. Each demo is labeled. Demo 3 is 
labeled FREQUENCY TRANSITION (I). 

3. Hit Return. A second menu will appear. Included is information 
concerning the display, including window widths and type. You 
are given the choice of the spectrogram, zamogram and, lastly, the 
zamogram and spectrogram. 

4. Using the down cursor, select spectrogram and hit Return. A 
temporal waveform is displayed on top. The color coded spectrogram 
is painted on the bottom. The color code is visible at the right of 
the display. 

5. After the spectrogram display is complete, use the right and left 
cursors to move the vertical line on the spectrogram to any desired 
location. 

6. Hit Return. The signal display on the top will be replaced by the 
plot of spectrogram slice along the vertical line. The vertical line 
can be moved to look at other spectral slices. 

7. Hit q. This will exit the display to the previous menu. Using cursors, 
choose the zamogram and spectrogram display. Hit Return. 

8. Before the display can be completed, hit q followed by Fl. The 
display will now be logarithmic (in dB) instead of linear. The process 
can be repeated to return to a linear amplitude display. 

You should now have a feeling for the workings of zamware. There are other 
obvious variations on some of the demos. 

2 List of Demos 

DEMO 1: SPEECH "But" (Linear Scale). This is best viewed using 
the dB scale. 

DEMO 2: SPEECH "But" (Log Scale). This is also best viewed using 
the dB scale. The windows and zamogram kernels here are the same width 
for each frequency line rather than constant Q. 

DEMO 3: FREQUENCY TRANSITION (I). Here and in the next 
DEMO, the comparison between the spectrogram and zamogram displays 
is quite striking. Illustrations of the effects of additiove signal noise on 
this display are in DEMOS 15, 16 and 17. 

DEMO 4: FREQUENCY TRANSITION (II). 

2 



DEMO 5: SINUSOIDAL CHIRP. The result of this display when the 
signal is accompanied by additive noise is in DEMOS 18, 19 and 20. The 
same signal is used in DEMO 27. 

DEMO 6: RANDOM SIGNAL. White noise from a uniform distribu
tion. 

DEMO 7: LINEAR CHIRP, LINEAR SCALE. This same signal is 
displayed on a logarithmic frequency scale in the next DEMO. A constant 
Q spectrogram and zamogram of this signal is shown in DEMO 12. The 
noise sensitivity of these displays for various SNR's is in DEMOS 21, 22 
and 23. The same signal is also used in DEMO 28. 

DEMO 8: LINEAR CHIRP, LINEAR SCALE. 

DEMO 9: SAW TOOTH IN DUAL FREQUENCY RAMP WITH 
TRANSITION. The contrast between the spectrogram and zamogram 
for both time and frequency resolution is apparent in this example. The 
same signal is used in DEMO 26. 

DEMO 10: EXPONENTIAL CHIRP, LINEAR SCALE. This same 
signal is displayed on a logarithmic frequency scale in the next DEMO. 

DEMO 11: EXPONENTIAL CHIRP, LOG SCALE. 

DEMO 12: LINEAR CHIRP, VARIABLE WINDOW. This and the 
next DEMO are wavelet-type constant Q display uses a different window 
for each frequency line. 

DEMO 13: EXPONENTIAL CHIRP, VARIABLE WINDOW. 

DEMO 14: ZAM OGRAM/SPECTROGRAM W /WO VARIABLE 
WINDOW. Here, the spectrograms and zamograms of a number of sig
nals are displayed with and without variable ( constant Q) windows. 

DEMO 15: FREQUENCY TRANSITION (I), SNR = lOdB. Higher 
SNR's for this same signal are in the next two DEMOS. 

DEMO 16: FREQUENCY TRANSITION (I), SNR = 3dB. 

DEMO 17: FREQUENCY TRANSITION (I), SNR = 0dB. 

DEMO 18: SINUSOIDAL CHIRP, SNR = lOdB. Higher SNR's for 
this same signal are in the next two DEMOS. 

DEMO 19: SINUSOIDAL CHIRP, SNR = 3dB. 

DEMO 20: SINUSOIDAL CHIRP, SNR = 0dB. 
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DEMO 21: LINEAR CHIRP, SNR = lOdB. Higher SNR's for this 
same signal are in the next two DEMOS. 

DEMO 22: LINEAR CHIRP, SNR = 3dB. 

DEMO 23: LINEAR CHIRP, SNR = OdB. 

DEMO 24: FREQUENCY TRANSITION (II), SNR = 9dB. 

DEMO 25: DUAL FREQUENCY RAMP WITH TRANSITION, 
SNR = 3dB. 

DEMO 26: COMPARISON FOR FREQUENCY TRANSITION. 
In this and the following two DEMOS, zamogram and spectrogram com
parisons are made for no noise, 10, 3 and O dB SNR's. 

DEMO 27: COMPARISON FOR SINUSOIDAL CHIRP. 

DEMO 28: COMPARISON FOR LINEAR CHIRPS. 

3 What is a Zamogram? 

The zamogram (from Zhao, Atlas and Marks) is a member of Cohen's class 
of generalized time-frequency representations (GTFR's) [6) that displays quite 
remarkable simultaneous time resolution and frequency resolution [3, 20, 12). 
Contrasts of the zamogram with other distributions ( e.g. Wigner distributions) 
are available in the open literature [3, 20, 12). Compared, for example, with the 
Wigner-Ville distribution, the zamogram has miniscule interference artifacts and 
is robust in the presence of noise [12). 

4 M-D Systems Technology 

Multidimensional Systems Corporation has developed computational technology 
for both zamograms and spectrograms that 

1. . .. allows time-frequency display on a logarithmic scale (i.e. in decades). 
Such displays cannot be generated using the FFT. 

2 .... allows varying the changing of kernels or windows for each fre
quency line allowing, for example, constant Q displays. 

3 .... allows choice of an arbitrary number of frequency lines. 

4 . ... requires on the order of N operations for N frequency lines for 
both the zamogram and spectrogram. The FFT require on the order 
of Nlog2N operations. GTFR's generally require even more. Using 
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FFT's, a conventional GTFR requires on the order of N 2 log2N. 
Using DFT's, the conventional technique for generating constant Q 
displays, requires on the order of N 3 operations. 

5 .... use a highly parallel and modular computational architecture. 

Zamograms and spectrograms with the combined properties of 1 and 2 dis
play wavelet time-frequency representation properties [7]. 

5 Distribution of this Software 

This software is copyrighted by Multidimensional Systems Corporation. M ul
tidimensional Systems Corporation, however, grants the right for duplication 
and distribution of this software under the conditions that (1) the software is 
distributed as a whole and not in parts and (2) that on any computer disks, the 
phrase "copyright 1990 by Multidimensional Systems Corporation" appear. 

6 About Multidimensional Systems Corpora
tion 

Multidimensional Systems Corporation is dedicated to the applicationm, devel
opment and licensing of technology concerning time-frequency displays. Please 
address queries to Dr. Robert J. Marks II, President, Multidimensional Systems 
Corporation, 1131 199th Street Southwest, Lynnwood, WA 98036-7138). 
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-
Use of Szasz Series Windows in Signal 

Processing 

Robert J. J\/Iarks II 

October 26, 1989 

There exist a number of signal processing algorithms wherein a win
dow, <p(k), shifts across a signal to give an alternate representation of the 
signal. Included are weighted running averages, spectrograms and zamo
grams (1,2,3]. Conventionally, weighted running averages are computed 
using the equivalent of an finit e impulse response (FIR) filter the taps of 
which correspond to the window samples. Digitally computed spectrograms 
are traditionally computed by weighting the signal samples in a interval by 
the window weights followed by a fast Fourier transform (FFT). Digital 
zamograms also require the use of FFT's for each point in time in which a 
spectral line is computed [3]. 

For windows and that are uniform (i.e. rectangular or boxcar windows), 
the value of a signal representation generated from a sliding window can be 
obtained by adding to the current representation new data introduced by 
the shift ~nd deleting data no longer included in the window. ·with non
rectangular windows, however, shifting alters the weights of all data and 
the procedure is no longer applicable. An approach with similar computa
tional advantages occurs when the window is of the form <p( k) = esk . Then, 
since <p( k ± l) = e±s esk, shifting from k to k ± l is equivalent to multiplying 
each data point by e±s. Unfortunately, there are no useful windows that are 
exponential except the degenerate case of the rectangular window. There 
are, however, a number of commonly used windows that are superpositions 
of weighted exponentials. We refer to a weighted sum of exponentials as a 
Szasz series (4,5] . Trigonometric polynomials are special cases. The Szasz 
components of the signal representation can be individually computed us-
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ing the exponential updating approach and the components superimp@secl to ob
tain the desired processing output. The generic procedure for the updating 
using Szasz windows, illustrated in Fig. 1 is: 

1. In each Szasz component, subtract the terms that were in the 
previous window but not that in the current window. Likewise, 
add the ne-.,vly introduced terms. 

2. Multiply each of the elements common to both windows by the 
Szasz increment to effect the shift. 

3. Add all of the Szasz components to obtain the desired outputs . 

Two Szasz components may be complex conjugates of each other. In 
such cases, it is many times computationally convenient to combine the two 
components into a single composite component as shown in Fig. 2. Similarly, 
only the real portion of the output of a Szasz component may be required in 
certain cases. 

In the next section, the Szasz series is reviewed. Application of the Szasz 
series to weighted running averages, spectrograms and zamograms are then 
presented. 

1 Szasz Series Windows 

A linear exponent Szasz series can be written as 

(1) 

where the { aq} 's and the {Sq} 's are possibly complex. 1-Ne will assume that 
there are Q terms in the sum. In certain cases, we require the kernel to be 
even. vVe then use the alternate form 

'Pe(k) = 'P(I k I) (2) 

Some popularly used windows and their Szasz series representations are 
in Tables 1 through 4. In each case, the Szasz series is an even trigonometric 
polynomial so that 'Pe(k) = tp(k). Each window is assumed to be zero for 
I k I> L. Other windows that are not exactly equal to a Szasz series can 
always be approximated to an arbitrary accuracy by a Szasz series. 
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update by 
Szasz Factor 

I/ 

add new Szasz 
data 

subtract 
cof'?ponent 

old data #1 

update by 
Szasz Factor 

•z 

input signal 
add new Szasz signal 
data ~representation 

subtract cof'?ponent ►, ► 
old data #2 i 

• • • • • • . • • • 

update by 
Szasz Factor 

,0 

add new Szasz 
data 

subtract 
cof'?ponen t 

old data #Q 

Figure 1: Generic methodology for signal processing using a Szasz decompo
sition. The new data is that introduced by the shift of the window. The old 
data is that which is omitted as the window shifts. The data which remains 
is updated by a common Szasz factor. 

~ 
ITTIJ 

Table 1: Rectangular: <p(k) = 1, Q = l. 
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update by 
Szasz f'actor 

liq 

add new Szasz 
data 

~ COf'lponent 
subtract 
old data #q 

update by 
Szasz Factor 

#q 

add new Szasz 
data 

subtract 
cof'lponent 

old data #q 

update by 
Szasz f'actor 

#~ 

add new Szasz data 

subtract cof'lponent 
old data #q 

Figure 2: A single composite component on top may replace the two Szasz 
components shown on the bottom when they are related by a complex con
jugate. 

Ctq Sq 
l 0 2 
1 j1r IL 4 
1 -j1r/L :i 

Table 2: Hai1ning: cp(k) = cos2(;z), Q = 3. 

Ctq Sq 

0.54 0 
0.23 j1r/L 
0.23 -j1r/L 

Table 3: Hamming: cp(k) = 0.54 + 0.46 cos(7,), Q = 3. 
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Ctq Sq 

0.42 0 
0.25 j1r/L 
0.25 -j1r/L 
0.04 j21r/L 
0.04 -j21r/L 

Table 4: Blackman: cp(k) = 0.42 + 0.5 cos(f) + 0.08 cos(2lk),Q = 5. 

v(n+L> 

z(n) 
> 

Figure 3: An FIR implementation of the weighted running average filter. 
The D denotes a unit delay. 

I 

2 Weighted Running Averages 

The weighted running average, z(n), of a signal, v(n), is 

L 

z(n) = L cp(k)v(n - k) (3) 
k=-L 

As is shown in Fig. 3, this process can be straightforwardly implemented on 
an FIR filter with 2L + 1 taps. 

If the Szasz series in Eq. 1 is used, we can write Eq. 3 as 

(4) 

where 
L 

zq(n) = Ctq L esqkv(n - k) (5) 
k=-L 
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Clearly, then 

L 

aq = esqkv(n + l - k) 
k=-L 

L-1 
aq = esq(k+l)v(n - k) 

k=-L-1 

L-1 

aqesq = esqkv(n-k) 
k=-L-1 

e8qzq(n) + aqe-sqLv(n + L + l) - O'.qesq(L+1lv(n - L) (6) 

This iteration may be recursively generated by a standard infinite impulse 
response (IIR) filter. The results of Q such filters can then be summed to 
give the desired output, z(n). One such realization for Q = 3 is shown in 
Fig. 4. Note the applicability of the algorithm illustrated in Fig. 1 here. The 
Szasz factor is e8 q, the new data is aqe-sqLv( n + L + 1) and the old data is 
aqesq(L+llv( n - L ). 

·when Lis large, the realization of the weighted running average in Fig. 4 

requires fewer operations per output point than the FIR realization in Fig. 3. 
Furthermore, only two taps from the shift register are required from in the 
IIR realization. The FIR realization requires 2L + 1 taps. 

2.1 Computing Complex Szasz Components Using Real 
Arithmetic 

When a Szasz component is complex, the real and imaginary components of 
z(n) can be computed separately. If we express z(n) in terms of it's real and 
imaginary parts: 

(7) 

then, if v(n) is real, the iteration in Eq. 6 can be written in component form 
as 

z;(n + 1) z;(n)?R[e8 q] - z!(n)S'[esq] 

+?R[aqe-sqL]v(n + L + l) - ?R[aqesq(L+Il]v(n - L) (8) 
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v(n+L +l) 
I -z,<n) 

v(n-L> -a, es, <L+O 

/~ 
es, 

(zfn+J) 
z(n) rx.2 e-s2L ¾ D i! -

-a,, es,,<L+O ·1 
esz 

/,' ~So 
- <Xo eso<L +I) - -

'-------"--'---~ 

z,,<n) >"( z(n) 
➔ 

Figure 4: An IIR implementation of the weighted running average filter. 
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v(n+L +1) I 

v(n-L) z;<n> 
> 

Figure 5: Realization of the real and imaginary parts of a Szasz component 
using real arithmetic. 

and 

z!(n + 1) z;(n)S'[e3q] + z!(n)~[esq] 

+S'[etqe-sqL]v(n + L + 1)- S'[o:qesq(L+I)]v(n - L) (9) 

where ~/8' denotes the real/imaginary part of and 

(10) 

From Eqs. 8 and 9, the real and imaginary parts of the qth Szasz component 
can by realized by the IIR filter illustrated in Fig. 5. The real and imagi
nary parts of all Szasz components are summed to obtain zr(n) and i(n) 
respectively. 

2.1.1 Combining complex conjugate Szasz components 

If, in addition to v(n), the window, t.p(k), is real, then each Szasz component 
will be accompanied by a second Szasz component that is related by a com
plex conjugate. Motivated by this observation, assume that V q 3 either Ctq 
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or sq is complex (or imaginary), :3q 3 O:q = a:; and Sq= s;. In such cases, 
the two Szasz terms can be combined into a single IIR filter. Define 

z9(n) z9(n) + zq(n) 
2?Rz9(n) (11) 

This can be computed simply by multiplying the real output in Fig. 5 by 
2. The two complex Szasz components at the top of Fig. 6 can therefore be 
replaced by the one shown at the bottom. 

2.1.2 Example: Hanning & Hamming windows 

To illustrate computation of weighted running averages using a Szasz series 
window, consider the Q = 3 case where o:1 is real and s1 = 0. Let o:2 = o:3 and 
s2 = s3 = J7i / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Since all of the multipliers become real, we implement the q = 1 term 
using the form of the Szasz component illustrated in Fig. 4. The q = 2 and 3 
terms are related by a complex conjugate. We therefore choose to implement 
them using the architecture in Fig.6. The result is shown in Fig.7. 

3 Spectrograms 

The spectrogram, S(n,p), of a signal, v(n), can be written as 

L 
S(n,p) = Z cp(k)v(n - k)e-i2.rvk/Jv! (12) 

k=-L 

where p is a discrete frequency index and lYI parameterizes the number of 
points in the frequency domain. 

The function I S(n,p) 1
2 is also referred to as the spectrogram. 

3.1 Spectrogram computation using FFT's 

A conventional way to compute the spectrogram in Eq. 12 is shown in Fig. 8. 
The signal, v ( n), is fed through a delay line and delayed values are weighted 
by samples of cp(k). These weighted values are then input into an FFT 
processor the output of which is the spectrogram at time n. 
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v(n+L +l) c,:q e-sqL (zq n; Zq(n) 
( 1) 

/ 
, 

v(n-L> 
_ c,:q esq<L +I) esq 

c,:A e-sfJL [ZEJ(n+J) 
zf/n> q 

" D 

C( SA(L +/) 
- ae q / €?Sf} 

R[esqj 

v<n+L +J) I ,R[ c,:q e-sqL] 2 

? ~ 
~[ c,:q es4 <L+J> 2 z;<n) 

v<n-U 

-:s-fc,: e-v l q 

R[esq] 

Figure 6: ·when two Szasz components are related by a complex conjugate, 
then the two components ( shown here at the top) can be replaced by a single 
one ( shown at the bottom). 
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ex, D z<n> , ·1 -ex, 1 

COS(Tr/L) 

v(n+L +1) -ex, 2 

-ex, sin(rr/L) 

ex 2 COS(Tr/L) 
-s/n(rr/L) 

v(n-U 

COS(Tr/L) 

Figure 7: Implementation of a Q = 3 component weighted running average. 
Hanning and Hamming window weighted running averages are special cases. 

v(n+L> D D 

I :f(-l) I :P<-L+l) 

FFT 

S(n,-U S<n,-L+J) S(n,-L+2) S<n,L-1) S(n,U 

Figure 8: Computation of the spectrogram amplitude using the FFT. 
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3.2 Spectrogram computation using Szasz series com
ponents 

If the window in Eq. 12 is expressed in terms of the Szasz series in Eq. 1, 
then the spectrogram in Eq. 12 can be written as 

S(n,p) = :ESq(n,p) (13) 
q 

where 
L 

Sq(n,p) = O:q L esqkv(n - k)e-j2rrpk/i\,f (14) 
k=-L 

The qth Szasz component update is calculated as follows. 

L 
Sq(n + 1,p) = O:q L esqkv(n + 1- k)e-i21rpk/i'vf 

k=-L 
L-1 

= O:q L esq(k+l)v(n _ k)e-j2rrp(k+l)/M 

k=-L-1 
L-1 

o:qesqe-j21rp/M L esqkv(n _ k)e-j21rpk/1W 

k=-L-1 
esqe-j21rp(lvf5q(n,p) + o:qe-Lsqej21rpL/Mv(n + L + 1) 
-o:qe(L+1)sqe-j2rrp(L+1)/Mv(n _ L) (15) 

vVe are again following the procedure outlined in Fig.l. The new data is 
o:qe-Lsqei21rpL/Mv(n + L + 1), the old data is O:qe(L+l)sqe-j21rp(L+I)/ivfv(n - L) 
and the Szasz factor is esq e-j21rp/M. Implementation of the specific iteration 
in Fig. 12 iteration is shown in Fig. 9. Since multiplication of the inputs 
by the arrays ej21rpL/M and e-j2rrp(L+l)/M is common to each of the Q Szasz 
components, the alternate implementation shown in Fig. 10 is possible. 
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v(n+L +l) D Si(n,p) 

v(n-U 

- o,: J e•1(L+l) e-j2rrp(L+I)/II e 5 1 e -j2trp/}l 

D S2 (n,p) 
:------....i± 

Sq(n,p) S(n,p) :-------~±•:-----~ D 

- °'Q e¾fL+I) e-JZrrp(L+l)/11 

Figure 9: Computation of the spectrogram when the window is represented 
as a Qth order Szasz series. The thick lines correspond to signal flow direc
tions of vectors parameterized by the frequency variable, p. The thin lines 
correspond to (possibly complex) scalars. 
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3.2.1 Realizing the real & imaginary parts of a Szasz component 
of a spectrogram 

Assume that the input signal, v(n), in Eq. 12 is real. Then the real and 
imaginary parts of the Szasz component in Eq. 15 can be written as 

s;(n + 1,p) = ~[eSqe-i21rp/MJs;(n,p) - 8'[eSqe-i21rp/MJS!(n,p) 

+~[aqe-Lsqei21rpL/M]v(n + L + 1) 
-~[aqe(L+l}sqe-j2rr(L+1)/1vf]v(n _ L) (l6) 

and 

8'[eSqe-j2.rp/MJs;(n,p) + ~[eSqe-j2rrpfM]S!(n,p) 

+S'[aqe-Lsq ei2.rpLf M]v( n + L + 1) 
-8'[aqe(L+1}sq e-j2.r(L+l)/Mjv( n - L) (17) 

where 
S9(n,p) = s;(n,p) + jS!(n,p) (18) 

An implementation of Eqs. 16 and 17 is shown in Fig. 11. We obtain 

(19) 

from 
sr(n,p) = z s;(n,p) (20) 

q 

and 
Si(n,p) = Z·S!(n,p) (21) 

q 

3.2.2 Combining conjugately related Szasz components 

Consider the case where two of the components in the Szasz series with, say, 
indices of q and q, are related by a complex conjugate: 

Then, using Eq. 12, we can immediately show that 

Sq(n,p) = s;(n, -p) 

14 

(22) 

(23) 



v(n+L +J) 

v(n-L) 

D Si(n,p) 

e-f2np{L-l-1)/ll 

D S2 {n,p) 
-:----..--..i:-1--; 

D SQ(n,p) S(n,p) -:------~:+-;-:-----· 

Figure 10: A second technique for computation of the spectrogram when the 
window is represented as a Qth order Szasz series 
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D s;{n,p) 

t 
_ ~[ e<q 1/L+I)sq e -j2rrp(L+1)/!.j 

Figure 11: When a Szasz component of a spectrogram is complex, it's real 
and imaginary components can be realized as shown here. The real and 
imaginary components of the spectrogram are obtained by summing the real 
and imaginary components of the Szasz components. 
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sq <np> ---~x 
S~ <n,p> 

q :...J...: 
I 

S
0

<n,p> 

conjugate 
& transpose 

Figure 12: The two Szasz components of a spectrogram indexed by q and q 
shown on the left can be obtained by simple augmentation of the output of 
the qth Szasz component as shown on the right. Transposition replaces p by 
-pin the array Sq(n,p). 

This relationship, as illustrated in Fig. 12, can be used to obtain the sum of 
two Szasz components, indexed by q and q, by a simple augmentation of the 
output of the Szasz component with index q. The equivalent operation using 
the real and imaginary outputs of the Szasz component in Fig. 11 is shown 
in Fig. 13. 

3.2.3 Example: Hanning and Hamming windowed spectrograms 

In Fig. 14 we illustrate application of the Szasz series computation of a 
spectrogram for the a Q = 3 case when a1 is real, s1 = 0, a 2 = a3 and 
s2 = s; = j1r / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

4 Zamograms 

The zamogram is a display of high resolution time-frequency displays with 
good resolution in both domains. In the discrete domain, the zamogram of 
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s;(n,p) 
s;(n,p) +S!..(n,p) 

~---....._·r~+ q ► .. I _____ 9t•\ transpose \ . -

s;(n,p) 
sqi (n,p) + s!(n,p) -----...----------~+ q 

-1 

Figure 13: The real and imaginary components of the qth component of a 
Szasz component can be straightforwardly augmented to give the sum of the 
real and imaginary parts of two Szasz components. 
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v(n+L +1) 

o: l cos (2,,pl/lJ) 

S~(n,p) 

f 

COS {2np/},I) 

cos[ " (-f;- ~ }] s;(n,p) 

D 

---,.;.transpose 

p 

D s} (n,p) 

cos[ " (-f;- i }] 
o: 2 sin[ " (--/; -2f>11J )] transpose 

Figure 14: Generation of a spectrogram using Szasz components. Hanning 
& Hamming windowed spectrograms can both be thusly implemented. 
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a temporal signal, x(n), can be written as 

oo oo k k . 
C(n;p)= I: I: ¢(n-m;k)x(m+ 2)x*(m- 2)e-321rpk/M (24) 

m=-oo k=-oo 

where, at time n, the kernel ¢(n-m; k) is identically zero for indices, (rn, k), 
not in the set An. This set can be expressed as the intersection of three sets: 

where 

and 

For (m, k) E An, 

tn = {(m,k) I -2L:::; k:::; 2L}, 

- I k I 
'T/n = {(m, k) Im~ 

2 
+ n}, 

I k I 
(n = {(m, k) l,m:::; -

2
- + n} 

¢(n - m; k) = cp(k) 

We will assume that cp( k) = cp(I k I) is even. 

4.1 Iterative Zamogram Procedure 

(25) 

(26) 

(27) 

(28) 

(29) 

Using Eq. 24, we will show that the zamogram can be iteratively updated as 

C(n + l;p) = C(n;p) + 2~x*(n + l),B+(n,p) - 2~x*(n),B-(n,p) (30) 

where ~ denote the real part of, 

2L 
,e+(n,p) = I: okcp(k)x(n + k + l)e-i 21rpk/M, (31) 

k=O 

and 
2L 

,e-(n,p) = I: Okcp(k)x(n - k)ei21rpk/M, (32) 
k=O 

and Ok = ½fork = 0 and is one otherwise. Note that the ,B±(n, p )'s are simply 
spectrograms which, as discussed in the previous section, can be generated 
using FFT's or Szasz series windows .. 
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The proof of these equations is straightforward. Let >.;;- be the set on 
points in An but not in An+I . Then 

I k I >.; = { ( m, k) I m = -
2
- + n + l; I k I:::; 2L} (33) 

Similarly, let >.! denote the set of points in An+I that are not in An, Thus 

I k I ,,\! = {(m,k) Im= --
2
-+n;I k j:::; 2L} (34) 

Clearly, then 

C(n + l;p) [ L + L - L ]<p(k) 
(m,k)EAn (m,k)E,\t (m,k)E,\~ 

k k . 
xx(m + -)x(m - -)e-i2.rpk/M 

2 2 
(35) 

or, equivalently, 

C ( n + l; p) = C ( n; p) + Et ( m) - H;; ( m) (36) 

where 
k k . 

B;(p) = L <p(k)x(m+-)x(m- -)e-i21rpk/ivl (37) 
2 2 

(m,k)E,\;;' 

Equivalently, we can write 

B;!°(p) = 23rx*(n + l),B+(n,p). (38) 

and 
(39) 

Substituting this and Equation(38) into Equation(36) establishes Equation(30) 
and the proof is complete. 

4.1.1 Using Fast Fourier Transforms 

vVe will now present two techniques to evaluate the iterations in Eq. 30. 
A signal fl.ow graph at time n is shown in Fig. 15 for direct evaluation 

of Equation(30). The sample signals are introduced into a shift register as 
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shown on the left. The shift register is tapped and each of the samples is 
multiplied by stored weights, {<p(k)}, as shown. The two vectors of the win
dowed samples are fed into two pipelined FFT processors. Transposition of 
the output of the lower FFT is required because there is a eiZrrpk/M term in 
Equation(32) rather than the e-JZ1rpk/M used in Equation(31 ). The trans
position replaces k with -k to take care of this. The delays in Fig. 15 are 
required to synchronize the samples x(n) and x(n+ 1) with the computational 
delays required in the processing to that point ( e.g. by the FFT). These two 
samples are weighted by either ±2 after which they multiply every element of 
the output of the FFT processors. The real part of the resulting two vectors 
are summed. The sum is added to the current zamogram register, and a new 
spectral line of the zamogram emerges in vector form from the processor. 
The parameter !::,. is the total number of clock cycles required from input to 
output. 

4.1.2 Using a Szasz Window 

A second implementation is possible when the zamogram's kernel is expressed 
as the Szasz series in Eq. 1. The iteration in Equation(30) can be written as 

C(n + l;p) = C(n; p) + [I x(n + 1) 12 
- I x(n) l2]<p(O) 

+2~[x*(n + 1) I: b1(n,p) 
q 

-x*(n) I:b;(n,p)] 
q 

where the Szasz components, bt(n,p), can be updated as 

b1(n,p) ~ e-(sq-~)b1(n - l,p) 

( 40) 

-aqx(n + 1) + aqe-ZL(sri~P)x(n + 2L + 1) (41) 

and 

( ;2 .. ,,) 
b;(n,p) = e sq- M b;(n - l,p) 

L( il!!..E) +aqx(n-l)-o:qe2 sq- M x(n-2L-l) ( 42) 

A proof will be presented after some discussion. 
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x(n+2L+l) 
-P<2L> :)-

-P<2L -1> :)-
x(n+2L> c:: I--. 

II -P<2L-2> :)- t: x(n+2L-J) 
A Q, • 

2 I ;{,y1 -~ : 
-fl<J) r;r. -+--> 

x(n+2) 

►--~ 
-+--> 
Cl -f'<0)/2 cs x(n+l) 

~ 
~ .& Q, 

>- t ~ § x(n) : '5 : Q, 0 LJ:~-""' 
-f'<0)/2 lreg;ster cs x(n-1) >- .§ ~ -Pm 

-+--> 
x(n-2) 

-?(2) I--. 
t.._. t: e ·- . s:::· 
V1 x(n-2L +1> 

-P<2L -1> 
x(n-2L> 

-P<2L> A I signal 
saMp/es 

Figure 15: Iterative updating of a zamogra.m using FFT's. 

23 



bj(n.p) 

bt{np): I 
2 2 I x(n+l)I - lx(n)I 

b 1(n.p) 

bi/n p): I D C{n,p) 

bq(n.p) 

Figure 16: Iterative updating of a zamogram using Szasz components b;. 
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A signal flow diagram for the re·cursion in Eq. 40 is shown in Fig. 16. 
Unlike the FFT implementation, we here need to tap the shift register at 
only five points x(n - 2L -1), x(n - 1), x(n), x(n + 1) and x(n + 2L + 1). 

We can express the complex b;(n,p)'s in terms of their real and imaginary 
components as 

Similarly, let 

( 43) 

( 44) 

A corresponding implementation equivalent to that in Fig. 16 is shown in 
Fig. 17 using real arithmetic. 

Note that both Eqs. 41 and 42 are iterations of Szasz components as 
illustrated if Fig. 1. The Szasz factors are exp± ( sq - j1?). For Eq. 41, the 

new data is aqexp[-2L( Sq - i~?)]x(n+2L+ I) and the old data is aqx(n+ 1). 
In Eq. 42, the old data is aqexp[2L(sq - j~,'.?)]x(n - 2L - l)] and the new 
data is aqx( n - I). Implementation of the updates of the bts in Eqs. 41 and 
42 are illustrated in Fig. 18. 

Proof: To show Eqs. 40, 41 and 42, we substitute Equation(!) into 
Eq. 37: 

B;(p)= L Laqesqlklx(m+~)x(m-~)e-i21rpk/lvf (45) 
(m,k)E,\; q 

Using the definition in Eq. 33, we find that 

Bt(m) =I x(n + 1) 12 cp(0) + 23?x*(n + 1) L b1(n,p) {46) 
q 

where 
2L 

b1(n,p) = aq L e-sqkx(n + k + I)e-i21rmk/M (47) 
k=l 

The recursive form in Equation( 41) can easily be established from Equation( 4 7). 
Similarly, 

B;;(p) =I x(n) j2 cp(0) + 23?x*(n) L b;(n,p) ( 48) 
q 

where 
2L 

b;(n,p) = aq L e-sqkx(n - k)ejhmp/M (49) 
k=I 

The recursion in Equation( 42) follows and the proof is complete. 
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b"T(n.p) 

bT{np}: I 
b1(n.p) 

I x(n+l)l2
- l.x(n)l 2 

. 
b-f;j(n.p) 

bj(n.p) 

b1{np): I 
~ n C{n,p) 
:f:!"', ----..... --..... 

Figure 17: Iterative updating of a zamogram using Szasz components and 
real arithmetic. 
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-EL<s - J2"'p/H) 
°'q e q 

x(n+2L +1) 

D b;<n-1,p) 
x(n+l) ;..-..,.i_+:-_...., ____ _ 

EL<s - j2"'p/HJ 
-o<.qe q 

x<n-2L-1) 

x<n-1) 

-(s - J2"'p/H) 
C( e q 

q 

D 

Figure 18: Iterative updating of the Szasz components for the zamogram. 
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Realizing the real & imaginary parts of a Szasz component of a • 
zamogram: Assume that the signal, x(n), is real. From Eq. 41, the real -and imaginary components of b~(n,p) follow as 

btr(n,p) = ~[e-(sq-~)]bt(n- l,p) - S'[e-(sq-i~P)]bti(n - l,p) 

-~[aq]x(n + 1) + ~[aqe-2L(sq-4r]x(n + 2L + 1) (50) 

and 

bti(n,p) = S'[e-(sq-~)]bt(n -1,p) + ~[e-(sq-i:~;p)]bti(n - l,p) 

-S'[aq]x(n + 1) + S'[aqe- 2L(sq-~]x(n + 2L + 1) (51) 

The computational algorithm shown at the top of Fig. 19 implements these 
equations. 

Similarly, from Eq. 42, the real and imaginary components of bt ( n, p) are 

bt(n,p) = ~[e(sq-~)]b;r(n - l,p) - S'[e(sq-4r)Jb;i(n - l,p) 

+~[aq]x(n - 1) - ~[aqe2L(sq-~)]x(n - 2L - 1) (52) 

and 

b;i(n,p) = S'[e(sq-~)]bt(n -1,p) + ~[e(sq-4r)]b;i(n - l,p) 

+S'[aq]x(n - 1) - S'[aqe2L(sq-~)]x(n - 2L - 1) (53) 

These two equations are implemented at the bottom of Fig. 19. 
If x( n) is real and cp( k) is real and even, then an inspection of Eq. 24 

reveals that C(n,p) is also real. In this case, Eq. 40 can be written as 

C(n + l;p) = C(n;p) + [x2(n + 1) - x2(n)]cp(0) 
+2x(n + 1) L bt(n,p) 

q 

-2x(n) L bt(n,p)] 
q 

(54) 

·with reference to Fig. 19, the 2bt(n,p) terms can be generated as shown in 
Fig. 20. 
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x(n+2L+l) D b+;'<n-1,p) 

x (n+l) D b~(n-1,p) 

t 
,R [ e <sq- J2"'p/H) ] 

I 
..... --11111!~ )+--... 

b--;<n-1,p) 

b~(n-1,p) 

'D (s - J21f'p/H) ) 
J\. [ e q 

Figure 19: Evaluating the real and imaginary parts of bt ( n, p) (top) and -
b;(n,p) (bottom) . 
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R I e<v J2T"p/M) l 

...----~:-.....--
D 

x(n+l) D 

.,_ ___ ""I~ ,..--... 

t 

R [ e <sq - Jc,..p/M> ] 

I 
.----la""'I X;.---.. 

D 
b--;<n-1,p> 

x(n-1) D 

.,_ ___ ---,j x,...--... 
• 

,R [ e <sq - J2T"p/M> ] 

Figure 20: When c.p(k) and x(n) are real, only b;r(n,p) contributes to C(n,p). 
These real components can be generated as shown here. 
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Combining conjugately related Szasz components: If two Szasz com~ • 
ponents with indices q and q are related by a complex conjugate as 

(55) 

then, for 1.p( k) and x( n) real, the contribution of the conjugate pair to C ( n, p) 
is simply 2b~(n, p). The implementation follows directly from Fig. 19 and is 
shown in Fig. 21. 

Example- Zamograms with Hanning & Hamming windows: To 
illustrate computation of zamograms using a Szasz series window, consider 
again the Q = 3 case where a 1 is real and s1 = 0. Let a2 = a 3 and 
s2 = s; = j-rr / L. The Hanning (Table 2) and Hamming (Table 3) windows 
are special cases. 

Implementation of our running example is shown in Figs. 22, 23 and 24. 
Figure 22 shows generation of bt ( n - 1, p) on top and, for the conjugate 
terms, 2bf(n - 1,p) on the bottom. The generation of b1r(n - 1,p) and 
2b:t(n - 1,p) is similarly shown in Fig. 23. The terms are gathered as 
shown in Fig. 24 to produce the zamogram, C( n, p ). 

Note that in Figs. 22 and 23, the multiplication of x(n + 2L + 1) and 
x( n - 2L - 1 ), respectively, by the sinusoidal arrays is common to both the 
q = 1 and q = 2 stages. As in Fig. 10, the commonalty allows a single 
sinusoidal array multiplication. Such modification of Fig. 22 is shown in 
Fig. 25. A similar modification is readily applicable to Fig. 23. 

5 Applications 

Time-frequency displays are used in a number of applictions. The Szasz 
series implementation of the spectrogram and zamogram are applicable in 
most all of these cases. They include use of Szasz series computed spectro
grams and zamograms: 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such 
as speech, sonar and seismic signals. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 
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x(n +J) 

R[ i<sq- j2"p/H) ] 

I 
.-----'X,._ __ 

D 

D 

.,_ ____ ~ ,._ __ _. 

R[ i<sq- Je"p/H) ] 

R[ e <sq- J2"p/H> ] 

.:. ------x,._ __ _ 

R[ e <sq- Je"p/ H> ] 

Figure 21: If two Szasz components with indices q and q are related by a 
complex conjugate and c.p(k) and x(n) are real, then the contributions of both 
terms to C(n,p) are simply 2bt(n,p). As shown here, they can be generated 
as shown here by simply multiplying the outputs in the previous figure by 2.//2 
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x (n+2L +1) 

c< 1 sin ( 4rrLp/M) 

-:/ 
x (n+l) % 
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o: 2 sin ( 4rrLp/M) 
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Figure 22: 
dows. 
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Figure 23: Generation of the b2r(n -1,p)'s for Hanning and Hamming win
dows. 
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cbT<n.p) 

C<n;p) 

bf(n.p) 

2b"2<n.p) 

Figure 24: Generation of the zamogram using the inputs generated in the 
previous two figures. 
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Figure 25: A modification wherein the sinusoidal array common 

components is computed but once. 
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4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a signal representation used as a template in a pattern recog
nition scheme such as matched filtering or as training data in a 
classifier such as a layered perceptron artificial neural network. 

6 Notes 

Some final remarks follow. 

1. The Szasz series window is also potentially applicable to certain 
other generalized time-frequency representations ( GTFR's) [6]. 
Kernels with Hourglass and diamond shapes [3] in the ( m, k) 
plane can be evaluated by Szasz series windows when, within 
the shape, the window is cp( k). The zamogram has a cone
shaped kernel [3] in the ( m, k) plane . 

2. In many spectrograms and GTFR's, output spectral lines are 
not computed at every signal sample point. The Szasz series 
window approach can be adapted to such cases in one of two 
ways. First, and most obvious, the iteration can proceed at each 
point with outputs generated periodically. Secondly; the itera
tion can be modified to the longer period. For example, in the 
weighted running average example, if there is to be an output 
at every other input sample point, then, at each iteration, two 
new samples would be introduced (instead of one) and two old 
samples would be deleted (instead of one). Each Szasz factor 

· would be squared. 

3. For the spectrogram ( and the spectrogram component of the 
zamogram), computation of the output spectral line can be 
viewed as a number of multiplexed IIR filters parameterized 
by p. The only time one filter "talks" with another is . in the 
operation of transposition. 
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There exist a number of modifications to the implementa~ion of 4
· the Szasz signal processing algorithms that ~or~espond direc~ly 

to the commutative, distributive and associati:7e law~ app~1ed 
to multiplication and addition. Performing a smgle smuso1dal 
array operation in Fig. 25 ( compare with Fig. 22) is an example 
of a variation due to the distributive law. 
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ROBERT J. MARKS II & SEHO OH 
Neural Processing, Optical Computers & Signal Analysis 

1131 199th Street Southwest 
Lynnwoo<J, Wa 98036 
(206) 776-8995 

UNITED STATES DEPT. OF COMMERCE 
Patent & Trademark Office 
Commissioner of Patents & Trademarks 
Washington D.C. 20231 

2-24-92 

Enclosed are two copies of a Disclosure Document entitled "Method & Apparatus 
for Computing a Large Class of Generalized Time-Frequency 
Representations" and a personal check for $10.00. Please process and respond to 
the address on the letterhead. 

Sincerely, 

~~":!: I 

Seho Oh 
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CASSIDY, 
VANCE~ 

TARLEIDN, P.S. 
" · ·L A W O F F I C E S 

Mr. Robert J. Marks II, Ph.D. 
1131 199th St. S.W. 
Lynnwood, WA 98036 

Re: Representation Agreement 
Our Ref: MARR 501 

Dear Robert: 

September 19, 1990 

PATENT, TRADEMARK, 
COPYRIGHT, LICENSING 

AND TECHNOLOGY 
RELATED LAW 

1116 Finnegan Way 
Bellingham, WA 98225 

(206) 733-5575 
FAX: (206) 647-9210 

303 Parkplace, Suite 132 
Kirkland, WA 98033 

(206) 889-8000 
FAX: (206) 889-0482 

Toll Free 1-800-344-7935 

PLEASE REPLY TO 
KIRKLAND OFFICE 

Our firm is pleased to represent you regarding the legal matters that we discussed during your 
office visit on September 19, 1990. We will make every effort to provide you with the highest 
quality service. In this regard, I will have primary responsibility for your legal mcttters. However, 
in the best exercise of my professional judgment I may ask other attorneys and legal assistants of 
the firm to assist me in your matters. This decision will be based on the particular expertise of the 
attorneys, the time frame within which your work must be completed, and general efficiency of 
work. If at any time you have questions or concerns in this regard, please contact us at once. 

As we discussed during our office on September 19, 1990, you have authorized me to review your 
patent application for the invention directed to a method for generating tapered windows and short 
time Fourier transforms using truncated infinite impulse response filters. More particularly, you 
would like the review to be directed towards the content, verbiage, and legal meanings of the 
language used in the application, including the claims. Since this review will not involve actual 
drafting of any part of the application on my part, it will not be necessary to file a power of 
attorney authorizing our firm to prosecute the application. In other words, since my review will 
be on an advisory basis, you will be responsible for filing and prosecuting the application. The 
estimated cost for conducting this review at my hourly rate of $120 per hour is no more than 
$1,500. This review will also include providing you with the formal documents that will enable you 
to file the application and receive a filing date. These documents will include the transmittal letter, 
the Declaration, and the Verified Statement Claiming Small Entity Status. Per our discussion, this 
review will be completed within four weeks. I will commence the review as soon as I receive the 
prior art from you. 
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Mr. Robert J. Marks II, Ph.D. 
September 19, 1990 
Page 2 

You also indicated that you would like me to review additional patent applications that you are 
in the process of preparing and that you will require assistance in responding to Office Actions 
in these cases. Again, I would be happy to advise you in these matters under the terms and 
conditions set forth herein. For your information, I have talked with the Office of Enrollment and 
Discipline at the U.S. Patent and Trademark Office, and they informed me that while my assistance 
with your patent application is acceptable and need not be disclosed, the Examiner does have the 
right to require you to disclose whether or not an attorney has assisted you in the preparation of 
the application. Of course, should it become advisable or necessary, our firm will be happy to 

.repi;es~nt you directly in the ptosecutiort _of any of.your patent applications with the U.S; Patent 
and Trademark Office. 

We will submit monthly invoices to you for legal services rendered in connection with your 
representation and those costs, expenses, and other disbursements which we have incurred on your 
behalf. Our invoices are based on current hourly billing rates of the attorneys and legal assistants 
who handle your matters. Upon your request, we will be happy to provide you with our billing 
rates. Please contact us promptly if you have any questions about an invoice. 
Please understand that our invoices are payable upon receipt. We are confident that our clients 
make every effort to pay us promptly and know that you will do likewise. Payments received from 
you will be applied to outstanding invoices in chronological order. 

In the unlikely event that we are required to institute legal proceedings to collect fees and 
disbursements, the prevailing party will be entitled to reasonable attorneys fees and other costs of 
collection. Naturally, we do not expect that this will occur in our representation of you and we 
look forward to a wholly amicable relationship with you. 

As the client, you may terminate our representation at any time. However, such termination will 
not affect the obligation to pay all invoices for fees and disbursements incurred as of the date of 
termination. 

We acknowledge receipt of $500 as an advance fee deposit. We will hold this deposit in a trust 
account and apply it against our invoices for fees and disbursements associated with your 
representation. If any amount remains upon completion of your legal matters, it will be refunded 
to you. 

Again, we are pleased to represent you and look forward to working with you on your legal 
matters. If at any time you have a question concerning the above or any other matters, please let 
us know. 
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Mr. Robert J. Marks II, Ph.D. 
September 19, 1990 
Page 3 

We ask that you sign and date the enclosed copy of this letter and return it to our offices to 
acknowledge receipt and acceptance of the above terms of representation. Please retain the 
original for your files. 

Date: 1._ f -i.s / 10 r l 

ERT/sw 
Enclosure: 

By 

Sincerely, 
CASSIDY, VANCE & TARLETON, P.S. 

~~µ-~~ 
E. Russell Tarleton 

~ PJ, .fJ, 
/ 

Client Copy of Representation Agreement 
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Mr. Robert J. Marks II, Ph.D. 
September 19, 1990 
Page 2 

You also indicated that you would like me to review additional patent applications that you are 
in the process of preparing and that you will require assistance in responding to Office Actions 
in these cases. Again, I would be happy to advise you in these matters under the terms and 
conditions set forth herein. For your information, I have talked with the Office of Enrollment and 
Discipline at the U.S. Patent and Trademark Office, and they informed me that while my assistance 
with your patent application is acceptable and need not be disclosed, the Examiner does have the 
right to require you to disclose whether or not an attorney has assisted you in the preparation of 
the application. Of course, should it become advisable or necessary, our firm will be happy to 
represent you directly in the prosecution ,of any ofyour patent applications with the U.S. Patent 
and Trademark Office. 

We will submit monthly invoices to you for legal services rendered in connection with your 
representation and those costs, expenses, and other disbursements which we have incurred on your 
behalf. Our invoices are based on current hourly billing rates of the attorneys and legal assistants 
who handle your matters. Upon your request, we will be happy to provide you with our bi11ing 
rates. Please contact us promptly if you have any questions about an invoice. 
Please understand that our invoices are payable upon receipt. We are confident that our clients 
make every effort to pay us promptly and know that you will do likewise. Payments received from 
you will be applied to outstanding invoices in chronological order. 

In the unlikely event that we are required to institute legal proceedings to collect fees and 
disbursements, the prevailing party will be entitled to reasonable attorneys fees and other costs of 
collection. Naturally, we do not expect that this will occur in our representation of you and we 
look forward to a wholly amicable relationship with you. 

As the client, you may terminate our representation at any time. However, such termination will 
not affect the obligation to pay all invoices for fees and disbursements incurred as of the date of 
termination. 

We acknowledge receipt of $500 as an advance fee deposit. We will hold this deposit in a trust 
account and apply it against our invoices for fees and disbursements associated with your 
representation. If any amount remains upon completion of your legal matters, it will be refunded 
to you. 

Again, we are pleased to represent you and look forward to working with you on your legal 
matters. If at any time you have a question concerning the above or any other matters, please let 
us know. 



.. 

• 

• 

• 

Mr. Robert J. Marks II, Ph.D. 
September 19, 1990 
Page 3 

We ask that you sign and date the enclosed copy of this letter and return it to our offices to 
acknowledge receipt and acceptance of the above terms of representation. Please retain the 
original for your files. 

Date: 1 l-is/10 
I J 

ERT/sw 
Enclosure: 

Sincerely, 
CASSIDY, VANCE & TARLETON, P.S. 

~~#'~~ 
By 

E. Russell Tarleton 

By 1 ..,..__. r ~c '\/ .. , ...,..-,.....- -- ~ p~_fJ, 

Client Copy of Representation Agreement 
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General: 

Dr. Robert J. Marks II 
1131199th Street, Southwest,Lynnwood, WA 98036 

Notes: 
1-15-91 

The approach can be very useful in hardware and software. It can also be implemented 
in analog (instead of digital) electronics. To what extent is the generic method protected? 

1. The hardware implementation can also be varied. The delay line, for example, could 
be a shift register, a CCD array or a technology of which I am not aware. How generic 
can we get? 

2. I will re-re-revise the verbiage to replace 'spectrogram' with 'sliding window Fourier 
transform' and 'magnitude squared' of the spectrogram' with 'spectrogram'. Indeed, 
these are the more commonly used terms. Proposed title: 
Met hod and Apparatus for Generating S lidingl\.Windows and Sliding Window Transforms 

Tapered 
3. If they are unacceptable, I'll have to white out the numbers. My word processor puts 
them in and I'm not sure how to take them out otherwise. 

4. I have described the improvements of the method in 'Summary of the Invention' but t ~ 
will move it to 'Background'. Or should it be in both places? \., ,J_ 1,# 
5. I'll keep an eye on paragraph length on the re-re-revision. ~ k~ 
6. See 4 above. ~ ~ 
7. Hardware is referred to in the description, albeit generically. Do I need to cite specific t\ 
hardware? What about firmware (DSP chips) and software? 

8. In regards to equation and figure accuracy, I'll be taking a deep breath and checking 
everything over in detail. 

9. Here's my effort at an abstract. Does it go at the end on a separate page? (Excuse the 
LaTex. The equation is the same as in Equation 1 of the Patent.) 

\section{Abstract} 
j apfaratvs, 

A methodvfor the computation of short time Fourier 
transforms and spectrograms requiring fewer operations in 
comparison with the current art. The spectrogram or short 
time Fourier transform, $S[n;u]$, of a discrete signal, 
$x[n]$, using a tapered window, $w[k]$, is 
\begin{eqnarray} 
S[n;u] & = & eA{-j2\pi nu} \sum {k = -L}A{L} w[k] x[n-k] 
eA{j2\pi (n-k)u} -
\nonumber \\ 
& = & eA{-j2\pi nu} \times\{ (x[n] eA{j2\pi nu} )* w[n] 
\} 
\label{eq:abstr} 
\end{eqnarray} 
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although $•S[n;u]•A2$ is also referred to as the 
spectrogram. The method herein described allows for 
recursive generation of the spectrogram in a highly 
efficient computational manner. In contrast implementation 
using fast Fourier transforms, the method allows greater 
flexibility in the choice of windows and in frequency bin 
spacing. The resulting circuitry consists of conventional 
infinite impulse response filters the response of which is 
temporally truncated by the delayed version of the filter's 
input which is obtained through the use of delay line 
circuitry. The performance and computational complexity of 
specific embodiments of the method are improved through use 
of a single delay line in conjunction with an entire filter 
hank, use of end point correction and shared component 
filter banks. The method is applicable to the processing of 
signals resulting from digitized waves including 
electromagnetic, acoustic, electromechanical, magnetic and 
biological waves. 

10. Will these be cited specifically in the claims section? 
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Dr. Robert J. Marks II 
1131 199th St., SW, Lynnwood, WA 98036-7138 

9-20-90 

E. Russell Tarleton 
Cassidy, Vance & Tarleton, P.S. 
303 Parkplace, Suite 132 
Kirkland, WA 98033 
(206) 889-8000 
FAX (206) 889-0482 
1-800-344-7935 

Dear Russell: 

It was good to have talked to you yesterday. I look forward to working with you. 
I am placing in the mail today copies of some of the documents about which we 

talked, including prior art and a working copy of the second patent. 
Listed below is an outline of my version of the claims for the first (thicker) patent. 

There are four main claims (in bold): 

Claims Outline 

1. Coherent cancellation of iir's (Two filters, the delayed impulse response of one 
cancels the other. This is a big fat claim.) 

2. 1 >> applications 
3. Software/hardware equivalent of Claim 1, rewritten with an eye to software & 

hardware. 
4. Use of delay lines in cancellation (When the filters are of a special type, cancellation, 

as in claim I, can be done more simply.) 
5. 1 >> cosine series decomposition 
6. 1 >> unmodulated windows in spectrograms 
7. 2 >> modulated windows in spectrograms 
8. 3 >> equally spaced - modulated windows 
9. 4 >> disjoint unmodulated windows 
10. 1 >> uniform frequency calibration 
11. 2 >> decimation 
12. 1 >> Szasz series special case 
13. 2 >> zero frequency - decimated window 
14. 3 >> use of a single frequency line 
15. 4 >> equally spaced frequency bins 
16. 1 >> even Szasz series coefficients 
17. 5 >> short time analysis for update 
18. 3 >> applications 
19. Software/hardware equivalent of J,Jelay Claim 4 rewritten with an eye to software 

&hardware. 

Sincerel~ -~~ 

;::rt f~V ---
Professor 

THIS IS TIIE FINAL PAGE IN TIIIS FAX TRANSMISSION 
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CASSIDY, 
VANCE~ 

TARLEIDN, P.S . 
LAW OFF I CES 

November 2, 1990 

Mr. Robert J. Marks II, Ph.D. 
1131 199th St. S.W. 
Lynnwood, WA 98036 

Re: ' Patent Review 

PATENT, TRADEMARK, 
COPYR IGHT, LICENSING 

AND TECHNOLOGY 
RELATED LAW 

1116 Fi nnegan Way 
Bellingham, WA 98225 

(206) 733-5575 
FAX: (206) 647-9210 

303 Parkplace, Suite 132 
Kirkland, WA 98033 

(206) 889-8000 
FAX: (206) 889-0482 

Toll Free 1-800-344-7935 

PLEASE REPLY TO 

For: METHOD AND APPARATUS FOR GENERATING TAPERED 
WAVEFORMS 

Our Ref: MARR 501 

Dear Dr. Marks: 

I have now completed my review of your first patent application entitled, "Tapered Windows and Short 
Time Fourier Transforms Using Truncated Infinite Impulse Response Filters." This review included 
two complete readings of the specification up to the claims and an examination of the one hundred 
or so circuits illustrated in the 37 drawings. The first reading of the specification was directed to 
format, spelling and grammar, consistency, and technical requirements by the U.S. Patent and 
Trademark Office for patent applications. The second reading was for understanding of the invention 
and a double check of my initial comments from the first reading. My review concluded with a cursory 
examination of the claims and a comparison of the claims to the prior art you provided me. Enclosed 
is your draft with my comments written on it. 

On the whole, I found your description of the invention to be very thorough and fairly straightforward. 
The concept and method for generating the sliding tapered waveforms was clearly explained. However, 
the description of the invention makes little reference to the hardware that would be used for 
generating these waveforms. This should be expanded. I found the claims to be unacceptable. They 
not only fail to meet content and format requirements, they also are misdirected with respect to the 
patentable features of the invention. Each of these areas is discussed more fully below. 

The U.S. Patent and Trademark Office publishes a manual of approximately 1,500 pages for use by 
U.S. Patent and Trademark Office examiners and patent practitioners to aid them in preparing, filing, 
and prosecuting patent applications. This manual sets forth numerous rules and regulations with 
respect to the format and content of patent applications and the procedures that must be followed in 
applying for a U.S. patent. In addition, the United States federal courts have established legal 
principles that further impact the prosecution of a patent application and the resulting protection that 
can be granted if the application matures into the grant of a letters patent. All of these factors have 
been kept in mind during my review of your application. 

The title you provided for the invention should not meet with any objection from the Examiner in that 
it appears to be as short and specific as possible. 
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Mr. Robert J. Marks II 
November 2, 1990 
Page 2 

Your list of references under section 1 should not be part of the patent application. You should 
delete it from the application, but it must be saved because it will be necessary for you to include it 
in the Citation of Information that is to be sent to the Examiner within ninety (90) days of the filing 
of the application. 

All of the headings in the application should stand alone without numbers. Consequently, I have 
stricken the numbers that appear with the headings. Your statement in the Technical Field appears 
to be s4fficient, although I question your use of the term "short time" in view of your comments on 
page li2 that such terminology would not be used. 

The Background of The Invention portion of your application gives a good introduction to the field 
of the invention. However, the Background of The Invention portion of the application should be used 
to describe the disadvantages and drawbacks of the prior art and how the need for the present 
invention has arisen. You briefly allude to this on page 14, but do not explain it. This should be 
expanded upon. 

I have also stricken from the text your numerical references to the documents you have listed in your 
"References." If it is necessary to cite a document, the citation is to be included in the text. 

On page 11 of the text you use the term "zamogram" for the first time without any explanation or 
definition. My understanding from my conferences with you is that this is a phrase you coined yourself 
and thus its meaning would not be evident to even one skilled in the art. Since this is used in the 
Background of the Invention, a definition is not absolutely necessary, but it is recommended. 
The heading "Prior Art" on page 13 should be deleted since that is not an acceptable heading according 
to U.S. Patent and Trademark Office rules. 

In the Summary of The Invention portion of the specification, your text book style of writing shows 
through. The use of first person (plural and possessive) pronouns is not appropriate in patents. As 
a note, the style of writing in the Summary of the Invention tends towards the "passive voice," which 
can be more wordy and less direct than the "active voice." While the passive voice is typically used 
in technical publications to imply objectivity, the more direct active voice is preferred in patent 
applications. As a final note on style, your paragraphs tend to be fairly lengthy. This should be 
avoided in patent applications because the issued letters patent will be printed in two narrow columns 
on a single page. Thus, a normal sized double-spaced paragraph on 8 1/2 x 11 paper becomes very 
crowded and lengthy when single spaced in two columns on the A-4 paper used by the U.S. Patent and 
Trademark Office. 

The Summary of The Invention concluded with a paragraph that described other applications for the 
invention. Typically, we use this section of the patent to emphasize the results achieved by the 
invention and how it overcomes the drawbacks and disadvantages of the prior art described in the 
Background of the Invention. You only mention once or twice the simplification of architecture that 
is achieved by using the present invention. The very last sentence of the Summary of The Invention 
portion will not convince an Examiner or the public that this invention has any advantages. I 
recommend adding another paragraph that begins with the last sentence of this section and then 
continue with additional explanation of exactly how the present invention overcomes previous 

) drawbacks and disadvantages of prior art methods. 

? 
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Mr. Robert J. Marks II 
November 2, 1990 
Page 3 

With respect to the Brief Description of The Drawings, I have added language that is customarily used 
in patent applications to briefly describe the figures. Patent applications must be drafted with not only 
the idea in mind of obtaining a patent, but of enforcing the patent in the market place and in the 
courts. Thus, while some of the language that is suggested may not appear to have any relevance to 
the technical merits of the invention, they do have importance with respect to prosecution and 
enforcement of the patent. For instance, use of the phrase "formed in accordance with the present 
invention" avoids any inference that the drawing is prior art. 

In examining the drawings, I noticed that there are a number of circuits illustrated on each sheet. 
While there does appear to be a relationship between each of the circuits in a single drawing, this may 
not be acceptable to the Examiner. In other words, the Examiner may make a technical objection to 
the inclusion of more than one circuit in a figure. However, an objection is not the same as a 
rejection, and it can be easily cured after the first Office Action. Thus, I feel comfortable leaving 
the drawings as they are and letting the Examiner make any objection that he may have. 

Turning now to the Detailed Description of The Invention, this is the portion of the application where 
you must set forth your best mode for practicing the invention and a sufficient description to meet 
Section 112 requirements. For you information, a U.S. patent application must meet two criteria. 
First, the application must describe the invention such that one of ordinary skill can make and use the 
invention. That is, one of ordinary skill in this technological art must be able to make a working 
embodiment of the invention by reference to the description of the invention and without unnecessary 
experimentation. Second, the application must describe the best mode known to the inventor at the 
time the application is filed for practicing the invention. After reading your Detailed Description of 
The Invention, my opinion is that your application would meet these two criteria. 

Once a patent application is filed and received at the U.S. Patent and Trademark Office, the Detailed 
Description of the invention cannot be amended in any way to add new matter. Corrections can only 
be made for spelling and other minor errors. If you attempt to claim something that is not supported 
or described in the Detailed Description, that claim will be rejected. Furthermore, the Detailed 
Description cannot be later amended to add new matter to support a rejected claim. 

I mention this because your application is directed to methods for generating waveforms that include 
a lot of equations. In order for these methods to be patentable, there needs to be some structure or 
hardware claimed along with the equations or method of using the equations. If this hardware is not 
described, the claims cannot later be amended to include any hardware. Thus, should an examiner 
object to the claims because they fail to include any hardware, your present Detailed Description may 
not include sufficient hardware to allow the claims to be amended. It is my recommendation that you 
include an additional paragraph or two at the end of the Detailed Description that briefly describes 
some hardware that you have found to be suitable for generating the signals. 

Your Detailed Description includes a number of subheadings in bold print. I am not sure how the 
U.S. Patent and Trademark Office will handle this, but I have left them in as they appear. They can 
be easily deleted later on during prosecution of the application. Numbering the equations on the right 
side in parentheses is permissible in patent applications, as you can see from the prior art patents you 
provided me. Another concern I have from reading the Detailed Description is your use of reference 
numbers for labeling abstracts instead of labeling components or signals. In other words, you give a 

:, 
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"response" a reference number, although there was no box for the response in the drawing. Having 
never encountered this in a patent application before, I am uncertain how the Examiner will react to 
this use of reference numbers. But, due to the nature of the subject matter of the application, it is 
very possible he will not object to it. Should there be an objection, it is permissible to amend the 
specification to revise the reference numbers. As a final commend on format, the tables on page 63 
are very clear and should not be objected to by the examiner. I have made other comments in the 
margins with respect to some minor elements of format and style. 

Because no new matter can be later added to a patent application, it is important that all of the 
equations and disclosure with respect to the invention be as accurate as possible. I did catch a number 
of typographical errors and numbering errors that are noted in the margins. I also had some questions 
on one or two of the equations where some of the terms did not appear to be consistent with previous 
equations. I did not carefully check each equation to make sure it was accurate and consistent with 
prior equations, othe1wise this would have taken me three or four times as long to review. I also 
found that several reference numbers appeared in the drawings that were not described in the text. 
This would be grounds for an objection by the Examiner. As an example, page 67 describes FIGURE 
31, but does not include any mention of downsamplers 3114 and 3146. 

Turning to the Claims, with respect to format, the claims must always start on a new page. Thus, 
on page 76 of your draft the sentence beginning with "The embodiments of the invention" should start 
at the top of a new page. All claims must include a preamble and the elements of the claims must 
be separated from the preamble by an introductory clause and either a comma or semi-colon. The 
introductory clause is critical in determining the scope of the claims. While the words "including" and 
"consisting of' may be used, they will be construed to limit the scope of the claims. Thus, all patent 
practitioners use the word "comprising" in the introductory clause. Every element set forth in a claim 
must have antecedent basis. Using the article "the" in front of an element when it is introduced for 
the first time in a claim or series of independent and dependant claims is improper. Furthermore, it 
is improper to claim alternative embodiments of an invention in a single claim. In other words, the 
use of the disjunctive (i.e. the word "or" or "and/or") will be objected to by the Examiner. Patent 
practitioners, courts, and examiners at the U.S. Patent and Trademark Office carefully measure each 
word in a claim to determine its patentability, validity, and enforceability. Thus, much care and thought 
go into the wording of each claim. 

Claim drafting is an art. The preparation of claims requires a great amount of thought and time. 
While technical requirements for preparing claims can be learned from books, capturing the essence 
of an invention in the unique written language of patent claims requires some degree of innate talent 
and a lot of practice. Each type of claim, including a method claim, an apparatus claim, a product
by-process claim, a system claim, a kit claim, and a Jeppson or improvement claim, has its own style 
and format requirements. While it is beyond the scope of this letter and my review of your application 
to discuss claim drafting in any detail, you need to reconsider your decision to venture into writing 
patent applications. 

At this point, I am at an impass with the claims. They cannot be easily amended into an acceptable 
form. Rather, new claims must be prepared that will grant you the broadest possible protection for 
your invention. I anticipate that it would take seven to eight hours of my time to prepare the several 
sets of claims that this application warrants. Since my preparation of new claims goes beyond my 

) estimate and the work you authorized, I have not put in any time in drafting suggested claims. I would 
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Mr. Robert J. Marks II 
November 2, 1990 
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be happy to prepare claims if you want me to do so. 

Finally, every application must conclude with a short abstract of the invention. The abstract should 
be on its own page, should include the heading "Abstract of The Disclosure," the title of the invention, 
and a succinct description of the invention that includes reference numbers in parentheses to meet 
international patent application filing requirements. The abstract must be 250 words or less in length. 
In addition, the first sentence of the abstract must be an incomplete sentence. I saw no abstract with 
your draft of the application. Consequently, an abstract will have to be prepared at or shortly after 
the time the application is filed. If the application is filed without the abstract, the U.S. Patent and 
Trademark Office will send you a Notice of Missing Parts and require the abstract to be filed within 
thirty (30) days or the application will go abandoned. A substantial penalty fee will also have to be 
paid. Consequently, it is our normal practice to have the abstract prepared and filed with the initial 
application. If you require assistance in preparing the abstract, please let me know. 

Finally, I agreed to prepare the transmittal letters to accompany the application when it is filed as well 
as the Combined Declaration and Verified Statement. Inasmuch as the draft application is not yet in 
a form that is suitable for filing, those documents have not been prepared. However, as soon as the 
application is in a form that it can be filed and accepted by the U.S. Patent and Trademark Office, I 
will prepare those documents and forward them to you. 

Finally, I have given the prior art a cursory review, but I have not reviewed it with respect to 
patentability since you did not ask me to do that. However, since these patents are available to us, 
they should be referred to when drafting claims in order to write around the prior art and avoid any 
rejections on the basis of these patents. 

In conclusion, in order to place the application in condition for filing with the U.S. Patent and 
Trademark Office, the specification must be revised to delete the list of references, delete the 
numbering of the headings, replace the numerical references with the actual citations of the references, 
expand the Background of the Invention to discuss the disadvantages and drawbacks of prior art 
methods, expand the Summary of The Invention to highlight the advantages of the present invention, 
and expand the Detailed Description with respect to hardware. In addition, new claims and an abstract 
must be prepared. Finally, the application should be reviewed and corrected for typographical errors, 
omissions, and consistency in numbering between specification and the drawings. 

After you have reviewed the foregoing, please give me a call so that we can discuss how you wish to 
proceed. I look forward to hearing from you. 

Sincerely, 
CASSIDY, VANCE & TARLETON, P.S. 

By 
;::~c/~ 

E. Russell Tarleton 

ERT/sw 
Enclosure: 

) Draft Patent Application 
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~ -re. e-hn,~~r he1ci 
/ R-ield of the Invent.ion-

? 
This invention relates to methods and architectures for generating short ~ 

Fourier transforms and spectrograms, to methods and architectures for gen

erating digital sliding tapered windows and similar impulse responses and to 

corresponding applications of these methods and architectures. Spectrograms 

and short time Fourier transforms are a common mode for representation of 

the frequency content of a temporal signal as a function of time. Windows 

are used in numerous digital signal processing (DSP) applications including 

architectures for spectrograms as well as for data smoothing and spectral 

estimation. 

h ackground of the Invention 

~ro-und.--.L.Oue~Si!.C;i:r1.i1 DLJ
0

1.0.l:l--_,-;;_ ___ _ 

The theory of Fourier transformation is fundamental to many undergraduate 

engineering and science curricul~:J.3-2-~ e Fourier transform is a method of 

transferring a time domain signal into the frequency domain. We can repre

sent the time function by x(t) where t represents time (e.g. in seconds). If 

u represents the corresponding frequency variable, with units of cycles per 

second or Hertz, then X(u) is the representation of x(t) in the frequency 
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domain. The most common way to obtain X(u) from x(t) is by the pro

cess of Fourier transformation. ~he Fom'tet'- transform rnn b@ representea . 

In human speech, for example, the Fourier transform of a man's voice will 

typically contain lower frequency components than a woman's voice. Thus, 

the Fourier transform of a man's voice as represented, for example, by an 

electronic signal from a microphone would generally have a larger magnitude 

at lower frequencies than that of ~ voice. The concept of frequency 

applies to numerous other types of signals also. Electromagnetic waves in 

the visible spectrum have different colors corresponding to the frequency 

of the electromagnetic wave frequency (vibration). Thus, the magnitude of 

the Fourier transform of the temporal electromagnetic vibrations will, in the 

lb 

visible range, result in a plot of the color components of the signal. (, C ] 4- fie.-<. ~ 1~r e 
v s~ -the, {v ti Ct+ F;--r ,0 11 · ro t,1 7 on P ~· 

1 
v-<-

. . . . op ,- I? v.'• ,, M 
As explamed m ,t,.he--t-t:1-te-1.:J..arl-b- Cohen [7 t ere are many mstances where 1 · f * he 

( er ptl r 't O • 

~

;1 , · -/ 10 11 

we would like to monitor the frequency components Fourier transforrri) 0 ,i::« ''.-f' e ~ 

(i A 1,ll1 

. . . . . . I\. , /\ L. Co e ni _ 1;0~5 
of a signal with respect to time. This is especially important when the d1s'f ' '(;,1 J 

character of the signal is changi:r:ig with respect to time. Such signals are 

~ erred to as nonstationary signals. Common speech and music are both 

/ examples of nonstationary signals. A sound which does not change in time, 

.(r .. ~Jt v,t '1 , fr o't 
,;,tw ) ,: 

a re ,...c. £, r,,. J 
- / e- ,1,t-

of 1 ' 11tqg{, 
11, ~ s 1 pP· th 
\)01,,. ,1 J 

( lq gc{) , 
! such as an elongated tone or the roar from a waterfall, are examples of 

~ stationary signals. The ~ f colors during a sun set is an example 
~ / m;J//es n,Yn5-r-A-Ponar~ -, 

__ / 
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of an electromagnetic stationary signal. The fundamental Fourier transform 

does not allow for the generation of time-frequency analysis for nonstationary 

signals. Other techniques, collectively called time-frequency representations 

(hereinafter TFR's), are required. 

Note that humans perceive sound in both time and frequency. Music, for 

example, is written as a TFR. Notes can be viewed as a frequency represen

tation. The placement of these notes side by side then represents a temporal 

sequence of frequency. Spectrograms are probably the most commonly used 
- II~~~<: r, ,., ,.,,1 t,~,c. 

scientific TFR's for representation/ of signals.)Cohen [6( introduced a class 

of generalized TFR's (hereinafter GTFR's). j The ~ m of Zhao, Atlas 
r- t,1 S~ C-1-rl'rT/or1 

and Marks [38] is a . GTFR with quite good resolution in both time and fre-

quency that can be architecturally configured to use the spectrogram as a 

component. 

I 7 

8 {c po f' 

~

,'I< 
,fo" ; .,,b. 1 ,,,,,., 
? -t 11,,., 

Spectrograms are co~ o.nally.: ~omp . .u.te_d using windows, such as Hau:: 
J ~ye, 11 ssuf/11 I}. Pa ovh S /6-/1/Yl/, NJH L-'/ S tS, Mc G-tQw 1-/,1 I, New jo fl.k; / 9 7 7. 

ning, Hamming or Blac < wm ow} he choice of the window determmes 
as i.5 s.k,11ec/ 

the properties of the_sp~~c;tmgmnu~ fH10F6 well known to those well versed 
"ille /Ne.u:nr NJ ve#'IT/O-'I is 1rec:r,:c('fo "' 

in the art. 11 'his p~ ta,~J k mputation~lly efficient methods and cor-

responding architectures for generating short time Fourier transforms and 

spectrograms, their window components, and applications. 

Signals can either be continuous functions of time or can be a sequence 
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of numbers generated from sampling a continuous time signal of a pro

cessed version thereof. Methods and architectures for processing continu

ous and discrete time signals are parallel topics. Indeed, the topics are many 

! \' 

times taught simultaneously at the undergraduate electrical en _i e ·· g level. _ 
~ pre~11-r / IJV~//"I/ o,, are C.'t'St nb< ~~r~in WI,.), /'-e5f/~C--7" r~ 

Thus, although the methods and architectures;m-t-h-is-pa-trerrt deal witrf-dis-

crete time signals, th.g..y..-Ga-~ t.eB:aea:~o continuous timeve-y-one-s-leiHecl-i-fl 
/1' 1~ t-o Ix ,mde1vs,o<!:J , L~ 

t-he--a-1•tr.'2- \.:J:!!_<¥-r -r-+e.:J w ,,1 /21111 ~ apfl1ced16,1 ~ 

We have and will henceforth use the terms short term Fourier transform 

and spectrogram interchangeablf. The spectrogram of a discrete signal, x[n], 

corresponding to a window, w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-i2
1rku (1) 

k=-L 

~e 
.f 1 \\,(., -

\( 0 C f // 7/ 

where u is the frequency variable and L parameterizes 

-f'-r v)t,, ,v1c . , 
/.~,e &t't it' 11 

the duration of the \. t 'o11 11 ,h0 

______ _./ Jt Y' t C 

window. Although e will not use the terminology here - 11'\ "'" ~ equation 1 is some- y je... r 

times also referred to as a short time1Fourier transform/ and I S[n; u] 1
2 is 

- - ~ 
f called the spectrogram. )- e,.,,1 '/" ,/ "' / ,' I) s / ., ') 1 

. t ti ; c; 1 (", , . , , 0 r ·,-; 1 ~ el( 
Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 
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Digitally, the Fourier transform can be computed using a discrete Fourier 

transform (DFT). DFT's can be used to generate short t erm Fourier trans

form~en the duration of a signal to be transformed is long, the 

fast Fourier transform (FFT) [Q, l-~ utes the Fourier transform in sig-
y,:~ ~ ~ ,P -,o 

nificantly fewer operations (i.e. multiplies and addit,;s). The FFT is also C1 t,Jctr1;,.r11f11 
n, , tt1 (l l•t~1 ton S (Yl tl,-J ' ( y I cf 

used in the generation of spectrograms. Typically, the output is ~ i~r~(tci~l'1ti-:f~ 

in time. 

Recursive generation of rectangular windowed spectrograms has b~en en=-
~ . n · 

Q/fau~ ~-rlt ~ dt x iosecY 1n 
-~ 0a--H½G0fH~BG8'Ritly ,by a number of people+~ 4-Ji2n was='7 ....J 

, ~ 
S Pt f, r NO- 4-,02.3, 028

1
1ssv ed f-v £),'1/ t1rd on /Vlay/01 1"!77. 

{/. · ~ ei, ~cl bv D.itht-r~ The basic idea of the sliding rectangular 

window is best introduced by the following example. Consider the series 

of numbers ... 2,4,1,3,0,1,4,1,2,0. The sum of the bold numbers in the series 

... 2,4,1,3,O,1,4,1,2,0 is 14. We move the window over one unit and have 

... 2,4,1,3,O,1,4,1,2,0. We can, of course, generate the new sum by adding 

the numbers again. More efficiently, however, we can subtract the old num

ber ( 4) from the sum and add the new number (2). This is the basic concept 

used in the sliding rectangular window generation of the short time Fourier 

transform. With slight modification, exponentially shaped windows can also 

be thus computed. 
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v -f'}/s / G rmfi•IZ7!1-NT ,,,,.,o thE 
E,l'ftJ/il!fJ()Nb ' , s ,,Ae ,,.~ -rA ,5 shovlc/ he 
{o,vs«fc,N, -r,1;,. ,,,ec/4 -ro i3,;ti,<PA,v,!JE/), 

W N <{ 1 5 App r,u t 10N Ii ,.,rel) _I w H n ~•,; D, s,1or HNTM'-' 
0/l .5f-101Z1Cor7'1/Ntr5 @-F /7/2/0/Z /'}/Z1?wtt//l t,.c,/1/'l -rU,J 

rv6tr0 HI-JS ()Ori~ Ur/,,v1£1,
7 

Both rectangular and exponential, windows have.Ji_mited applicati~ More 

typically, the numbers within the windQw are multiplied by a symmetric ar.--=--:~_:..:__::..:.::=-~=-....;"'-=~ 

ray of numbers prior to summation. This array of numbers is referred to as 

. .., 
)af ,qaM , 

5'a:J 1 J f 
I r. f"/O/{ () 

1/2 /s c;et':' f,;t'~,; 
fw c:r 

rr vJ /YI (/0 .f 
a window. Commonly used windows are Hanning, Hamming and Blackman b~ 01.1 1 

t) 

r.e+~r,ed -ro a.hove-, -ro /ttCt- . 

windows f34f.- T-l11S- :t)a-te&t--c;.lari-m.s- Fe&1n'-&i-¥€H~01np-uta...-tiomrhrreth ods- a-rrcl- a-r fl 
J 

chitectures for generntion-0f-s-uch~s--ho1t-time-F0m~iei:..transfo1:m g_._using- tapg1~ed---

windows. e 

Summary of the Invention 

0drrec~ 
The present invention "<1escribcs/\methods and corresponding architectures for 

generating sliding tapered windows and similar impulse responses and their 

use in generating spectrograms. The sliding window, an impulse response of 

finite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 

two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 

and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec-
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ified time, can be used to generate the composite window imp~lse response. 
· ~lS 

Such ~ he case when the required impulse response~ expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

. , ->; ~ nK tapered windo~: as-ttsecl.- p-Fe-¥-iQ:us.l.y-and beucefarth,_a;~y 
f c ilv r~ nc - II 

,J 01.., c;1indow other than one consisting of a single exponential over a finite window 
ti° ~10~""' 

,~,(li . p;i t. or a window constructed through a cascading of two or more of these filters. 
Qv U 1 .. 

1 \ ~~ 1 
·1,,, -rJ1s 

\
(l,S c/ 0pr- i?, Included in Bl:J:i' definition are exponentials with zero exponent, corresponding 

y\ p ~o p,1~ rif -~ . ef' 
(},fl 1 ~ p. f~ ~ to rectangular (or box car) windows. / /,.;jlh-1'1,a ft

1 
1-l i,t?T &>i-t" WPr 

r'o r Ji¥" /? 
~,i~ Jeff' 0.;" ~i°> 1 When used as components in (non temporally decimated) spectrogram 

0 VJ t"' 
. (('. Jl:1 b. ~e, ,( 
11" <;\ c/ · ,fl 

11 to" .o' J 
) \/c, ~ () (' 

f'~ 'f / \2-
\J( I 1!1~\ 1-,fJ 

-,o ~ 
l r, , 

/\J rt,v 
\ t\ \ 

,1o<-1 -1l · 
./, fl 
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architectures, the sliding windows come in two types: modulated and un-

modulated. Reference to a window herein without specification of type, ei-

ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein, the spectrogram processor may be used to monitor a single frequency 

line of the spectrogram or generate frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/ or type can be changed from 
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frequency line to frequency line or can be changed in real time. In this 

application, we can, for example, generate constant Q-type spectrograms. 
~ 

In parallel embodiments, common circuitry such as delay lines and weight
::; 
/l 

ings may be factored from the array so that a single circuit, common to each 
::;/\ 

of the processor lines, can serve the entire array thereby reducing the over-

all computational requirements of the processor. The specific embodiments 

wherein the spectrogram's frequency spacings are uniform and/or integer 

multiples of the reciprocal of the window's duration require even less com

putationally. 

In the case where a periodic replication is canceled after one or more pe-
? ' 

..------.:...-

riods using a (possibly/ weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming . Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent (i.e . in the case where the window's 

end points are zero) or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time-decimated spectrogram points in time is used to update the 
~ ' 

16 

z 'L 



) 

) 

) 

spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 

window is evaluated using short time Fourier processing techniques some 

embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imag

inary part of the spectrogram. The term architecture is used in the most 
t111 cf 1nohcfts V also 

general sense, 1~ef.@.l:.J.!Htg not only hardware pl-ffi-Bea-i-merr{, but te---the underly-
#\ ( /'I 

ing method of computation. In certain inst 11c .. es .. ,_g,_ R_articular architecture 
()/ fhe a pj)lrca.i1t:1// o,{ y-h<- fY;' 5CflT Jhl/1'/'l //tJJt ,,,,, 

~mem"is presented to illustra )\ a family of architectures .. w-hese-ge-R@r-

aliza tion-wilLhe-1:.ead .. ily- €-v-id@n-t-te-0-ne-s-l~i-Hed-in-the-a-r~ 

The spectrogram generation methods and corresponding architectures de-

h . h 
"b d · L'!-ert,n 1· bl -r e.,l · d d' 1 f sen e .inJ,,1,y-S-f)&te-F1-t are app 1ca e to/1.eva uat10n an 1sp ay o spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec-,, , cv~ 
tromechanical waves ~iffi.t-i-mt! such as fault detection, radar, speech 

J ~ 

analysis and synthesis, sonar, seismology, communication systems and biol-

ogy. Electromagnetic waves include those in the visible spectrum used, for 
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example, in fiber optics communication. Other electromagnetic waves include 

those used in radio, computer, video and other communication signals; radar 

and lidar; and the outputs from electromagnetic imaging systems, such as 

microscopes or imaging systems found in cameras. Signals originating from 

biological waves include, but are not limited to, those from the cardiovascu

lar and neurological systems of man and animal. The spectrograms resulting 

from use of this method can also be used as templates for pattern recognition 

or as components in other signal processing architectures, such as architec-

tures for computing zamograms. Use of the methods described herein for 

software simulations and hardware or firmware implementations of spectro-
W,·1/ 

grams or other processors using sliding windows ca.a--result in simplification 

of computational and hardware requirements. 

Jo'\., 
,, (1 ,fl' 

cyf . r11 ·{It 
v {),)fl ,~1' 

f) yfr 
1J-il -\ ~' V 

"'c t f I " c 

t ,;If' R(), , ,l) 
!} (l . f .f{J ) 

\_, < yl I 
.1 -1 n1~ 

~ b0 1 t1cl'' st"' 
I .( ( 'i)'' I 

:D O 
(-1t '~ 1 ,11 wl e · 9-" j) L- 11' {1 

~ ! () I ,J 0
1 

T ~, !~!:! -~;~~,~~~~!?.~ s 
0!n! ~~--~~_a; ~ i1.;1p~' p,, so'." ,,,,, : rn.: V' I I 

be , .. a,e l f' lttfl;;y Off f t"Ctecfe ~,. -rrc &:1,~-e /2e .r_on-, -es U<:'t -/~r u,..,d.:rs70Dc{J ✓,-,,n1 ,h~ &i~,k ✓ dcscr1,117H"1 t!)-1-rAt 
..(, ir -e c{! c,n, bod!f#t,t' f'I 1- wh ~ Yt. r,._fC. ~ , ,1 f<>"'J 1:mcr10--, w ,,-t,_ -t It{ -/o flo ":'';r? Cir~ w1M.'1 J ?v Ii e ,,e. ; 11 , 

pr e ,:- r Figure 1 ~tiw"L.of methods for generating €i-t-.l'rer the squarecl. ' 
I s« sche ;,,,a'/ ,·e, re pr.-s,,..,-,,. i,'0,1 

· d and h 1 d . . f magmtu e ..oF t e rea an 1magmary components o a spectro- . /2 th<-
,1 · ,J'a ,i rt" w I i' 

_'. LL - ~ 011cR 0/1/•1-,' tY 111 ,2[[0 / , 

gram using ~ r unmodulated ?t modulated window I\ us~ ri-r- ,r,v?n 710
'
1 

mei~~cf . 

Figure 2 i..__ -Il-l-H&t-~ of the :ma-Fffie-F by which a window of finite du-
i~ "<- $e:. he1np'iie, r ,,,p,t'So1'1L'/10.., 

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. Tu.i;_p.eciod.i.G 
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. {\s 
,'(d·11V 

(. .st-fl 

J ff~ 0
. ,t? ,t 

rn ! I l~ ~ l (J 

l}-\ \ \ (fl.I 
r \t 

r:;v 

o' ( ~=hi=Lusiag-delo¥--li»o-ei-Fe<tt~ 

~~ Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time ~ g weighted delay circuitry. £P.!:I:i..u..---

ma-in-t a-i-n..s¥mmet.ry i o t.he_r.es.ult.fa:i,g-e0m!')es-Hr, 

Figure 4/' A digital circuit for generating a cosinusoidal response,. a-nd-
T 

i ts-s&hemilrt-ie-a-hsiJ.a""ctton~·'l'".--"0-<:..------
(.i~ 

Figure 5 ~ of periodic resonant and delay circuitry to generate 
w i-rh 

a Hamming or Hanning windowed spectrogram line, End point 
If\ :f 

correction,-i~ 

Figure 6 _/'Ys~·iodic resonant and delay circuitry to generate a 
wr t~oJI 

Blackman windowed spectrogram lino/ End point correction. :i: 
(\ 1 

1ro.Lusoo-:-- ~----

Figure 7 . ~~ methods for generating a spectrogram using 
a s Ttt </ 'F}kt by -the 

a filter with the impulse response of a damped window. pre"'"., -i ,nvm r rovJ 
/I 

Figure 8
1 

( digital circuit for generating a damped cosinusoidal re-/ } . 

sponse 0 rcl--i-ts-sc.hematiG-a-0s-fa1a-e-t-ie,~ 
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Figure 9 ~~mped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure !O~~amped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure l 1/.--IU1:1s-tw1ti0~of a method for implementation of a A (lambda) 

fil te:i;. .a,na- i-t c lren'.l'.ltt1c a15stnr-ctiun:· -R.. 

Figure 12
1
t A filter using real multiplies for real inputs., a-nd- a~GeH,e-

-:/ 

sponding- schema tie-a bstradrion. c;;:::? 
'1 

Figure 13 of a A filter when the input is complex. 
'I 

/ , 

Figure 14 . ~ of a J( filter using a bank of A filters and the 

schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z ). 

Figure 1~/4.ingle modulated window for generation of the real and 
f 

imaginary parts of a spectrogram line. 

Figure 17 t ~ ingle modulated window processor 

without end point correction for generating the real and imag-

inary parts of a spectrogram line. T--h.e-s.q.u.ar-€d--H'.lag-1Ti·t-ml~ 
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can be generated witli a s11g 

"--- •- . c:=? moarfl:cat10n. 

Figure 18 ~ eneration of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 ~ rallel modulated-window-based methods for generating ;:/fa A 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 

Figure 20 {rallel modulated window based architecture without end o/~a 
point correction for generating the squared magnitude of a num-

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 1 arallel modulated window based architecture for gener-1/? 
ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = 1. 

Figure 22 ri:arallel modulated window based architecture for general-o/ }c 
ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure ~ ircuitry for a damped resonant circuit a.nd its seh"""'lie-
f- 0..- ,~15 

1!0-f>-Fe&e~e.B-.-~~f)-~e'correspondp to u = 0. 

21 



) 

) 

) 

. o+: 

~ X 
+10/J 

()'I()., 

Figure 24 fi€}Fa.4 the 1::1 and imaginary component of a spec-
J, I' 

trogram using a disjoint unmodulated window with the delay cir-

cuitry at the front end. 
(Jt 7 /ie 

~ 
C)/' f11tf1tf1011 

Figure 25 l'l:e1~a-t-i-&{ the squared magnitude of a spectrogram with-
/\ 

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

15 C( !H hfOl/'I ./ I~ r(pY('7M Tt?'hM n{ ~ 
Figure 2~ ( An a r&h.i.t.ed.u.1:e£mho.d.im@rrt-i-}}us4;aFa-ti-R.ga method for par-

allel generation of the real and imaginary components of a spec

trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

~ t 5 c;; sch ,on ,:i,-/,· c,, Yefr~st:ti"tftoJ-1 o.f 1/ie 
Figure 27 ( --A-R-itiiehiie&t-l:l-re...ernho..diment-fot parallel generation of the . r ·- ~ 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 

Figure 28 ~ lritee-t-me-~mho.d..i-m©-nt-for' parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at Up= iL using an disjoint unmodulated window 

and a single delay line. 

-------
Figur~ 29 ,..'.A-n-1t1-elmeet,,.,.,.,,tl,udimeut ~ el generation of the 
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squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at up = iL using a disjoint 

unmodulated window and a single delay line. 

/ 5 Cl 'i:f:h,,,,,,,af,"c, (Cfi~ ~n7tt:f;o ') IP 'C,_ 

-... Figure 3~ n FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 
-- ' ..(' 

/ 5 O cf r;;ch~wr.a-l1c,, , ,,. pr,,r;en-fr,-l to>1 £? __.. 

Figure 31 '7iIR filter embodiments for short time Fourier analysis dig
t( 

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, sq = sq - j21ru. 

tf5__:!___3 C 'i, i~ \ (I. -( t.C ~> <f' :_ ~I ~ ··r ' II ~ { 

Figure 3~1'Gali..i..t @Gt.Y,.i;.e-{0~ eration of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. ':Phe-sehem:a,t;.ie,,.F@1mes€I1:

ta ti 0n-0f- t-he-0p·era;,ifie11-is- s1'1.0wr-h c:::::? 

15 t2 s c4,.,v,,a-lic ,,.p,,., soi-1~,--/,o,i ,s,-{- --rli'!.. 

- Figure 33 /vParallel connection of three weighted Szasz spectrogram 
11 i-

components to generate a spectrogram line when the window is 

a Q = 1 Szasz series ( e.g. Hamming and Hanning windows). 

,y 
Figure 34 / Parallel connection of three weighted Szasz spectrogram 

t 
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components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

Figure 35 / _b.n architecture for a 3 (xi) filter and its schematic repre

sentation. 

Figure 36'j vse of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 2. 

\_;Fli11rC-3iy-iJ;e o;"~'~a:k o:; filters 2gcncrate output spectrogram 

lines when the frequencies are equally spaced and the desired 
s 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 

sponse of an infinite impulse response (IIR) filter after a given interval of 
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art tvsromttr~ly /'.ekr;cd ro ~s w1nchws,, s v cl,e,/Svs~IJ ;A/ ~e/1t?rafn)f> 

,)pre -r,-,o 'J Y tt 11, s; . 

time. Methods of using such filtering in generation of spectrograms are also 

cksi1·1Jed 
preseL!t€la . A:i:Gh-i-tee-t-1:1-res-w-i-ll-he-p1'esefl·t-ed--a:s-sp-ecific emb diment exaTI1ples 

Schematics for Signal Flow. A number of signal flow diagrams witl-be-

/Yl al"e used f:"o · · e, 
Si1G.W-.R-t-h-a-t--ttselchematic representationj t·h-a•t-a-1· s.t a.Fi48;"rcl.-fur characteriz~~g-

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of ~t~ows. A numbe1/~ariable or,J:.ombination thereof, written 
/ 1 r I ' 

directly adjacent to an arrow ne1'ftH~ eans that the signal is weighted 

. . ( ; w 1'lh h '-'~ ac~~ . . . 
(multiplied) by t a quantitt'\ (One except10n 1s the notat10n z-J which, from 

the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n] . Also, x[n] will generally denote the signal for 

which the spectrogram is computed~ t other than the input and output, a 

combination, such as (1 + j)z-3, where j is the square root of -1, means that 

the signal is multi , lied by the complex number 1 + j and is delayed by 3 units 
() 

of time. This, j/ course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combination/ thereof appeaf adjacent to an 

arrow, then the signal is unaffected (i.e. multiplied by 1). The signal coming 
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from a node ( a point where two or more signals meet) is equal to the sum of 

signals going into a node. If more than one signal comff from a node, each 
I\ 

has a value of the sum of the signals coming into the node. Time decimation 

is denoted by a boxed 1 N where N is the decimation order. Repeatedly 
' 

used circuits will be defined as appropriately parameterized block processing 

elements. Portions of processors may be isolated using a dashed line closed 

/ curv:;such as a box or circl7 in order to be referenced in the text. These 

and other computational components of the description will be described 
~ ar~ 

as circuitry or a circuit. Th(( terms are used in their broadest sense and js 
I\ 

-to 
hereby deemed to refer not only the physical hardware associated with the 

(\ 

computation, bu~the underlying method as well. 

Spectrograms Using Filters. 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] = e-j21rnu L w[k]x[n - k]ei21r(n-k)u 

k=-L 

e-i21rnu X {(x[n]ejhnu) * w[n]} (2) 

where* denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L :S n :S L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-j21r(n-L)u{(x[n]ejhnu) * w[n - L]} 

26 
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A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 

sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, we 

will refer to this impulse response as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 
,-; (!Jh c re- -1'. 

produce the spectrogram 135. Note that the term exp(j21r Lu fin ·the post 

complex sinusiod multiplication 125 term 130, exp( -j21r( n - L )u) could also 

by placed in the premultiplication 115 term 120 or, for that matter, could be 

a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 (w[n - L]ei21r(n-i)u) * x[n] 12 (4) 

where, ifs = g + j "', and both g and "' are real, then . I s 1
2= g2 + K 2

• The real 

number i is arbitrary. It's effect along with the post multiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp(-j21rnp I= 1. When only the squared 

magnitude of the spectrogram is required, we can use the proce~or shown 
/4--b 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 
/\ 

sinusiod 150. The product is fed into a digital filter 15~ the impulse response 
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of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is reformed on the filter's output. The result of this operation 

-16~ the squared magnitude of the spectrograrrf {;£ given in Eq. 4 
{\ 

\
,erJ U { 

0 
i5 Alternately, the spectrogram in Eq. 1 can be written as 

~ t,, ( (l}I (J 0 J 
'Y. cP' o' ,, ___/ ~ 
1re, 

0
.f. ~ e,,I { • 

0
.1((, 5 S[n; u] = w[n; u] * x[n] 

(.,, ;, 11v fer' he I (1G(I ,, a 
V ['1',e/ 16v \/ where the modulated window, w[n; u], is 
\\01 rl~ 

(;,t O /1 • 
1~1.,,1 (~( 

cl 
r/ 

w[n; u] = w[n]e-j 21rnu 

(5) 

(6) 

ti 
As shown in Fig. 1, an embodiment of this architecture simply requires that 

f'!._0 -r_!_...:t:-C...." - --

( the input 175 be fed into a digital filter the impulse response of which is the , ,. // pvro il& 
r;:rrr, -t 1"0 /i & 

1'~h ere.. 'f" / -, W I 
1t '11 ' 1 

If the magnitude squared is only required when using a modulated win- 1° 11 :'~w i'' t,;c' ~ / 
you f 10 11 

dow, then 

(7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j21riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

,1 i t n J I '61, 
( () ,,. (,.I -

J 6 ':J ~ ,,_ , 16 ~ 
or c/1&'11 

j l g7 , 
()fl. 

187. J/2~ /Jf"t'S~f1 1 /~ //~f'/'(/0/1 I .S 
1eJ 

Windows From Coherent IIR Cancellation. ':Phis patent claims 

methods for generating the windows and similar filters with finite temporal 
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duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

( or Kronecker delta), 8[n], is one for n = 0 and is zero otherwise. The 

response 209, y1 [n], to a Kronecker delta 205 input into a digital filter 207 

with impulse response hi[n], is shown and, appropriately, is termed the filter's 

impulse response. We will either refer to a filter by its impulse response or its 

transfer function. If the filter's impulse response is not finite in duration, it 

is appropriately termed an IIR filt~ nsider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n ~ 6, 

Y2[n - 6] = Y1[n] (8) 

In other words, shifting y2 [n] six units to the right in discrete time yields 

an identical signal to y1 [n] for n 2'. 6% e can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of 

six units. The delay line, as shown, also inverts the signal (i.e. multiply it 

by -1). The result, then, is a composite filter 220 whose response 230 to an 

impulse 218 is equal to yi[n] for n < 6 and is zero for n ~ 6. The response 

of h1 [n] has been coherently canceled by the delayed response of h2 [n]. 
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As an example, consider the impulse response of the following IIR filter. 

R 

h1[n] = L 'Prniresrnµ[n] (9) 
r=l 

where the cpr's and sr's are constants, possibly complex, the tr's are finite 

nonnegative integers and µ[n] is the unit step function (=1 for n ~ 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one 

in the art. An IIR filter with impulse response 

R 

h2[n] = L 'Pr(n + Nyresr(n+N)µ[n], (10) 
r=l 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 9 

can be made common to both h1 [n] and h2 [n]. Both h1 [n] and h2 [n] are fed 

the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of h1 [n] to produce 

a filter the composite impulse response of which is 

(11) 

The impulse response, h[n], is equal to that of h1[n] for O ~ n ~ N - 1 and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter h1 [n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 
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method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit_ 234 has a period, as shown, of four. Thus, 

for n 2 N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

response for n 2 4, we require a second filter, h2 [n], whose impulse response 

is y[n - 4) 238. This can be done~ y delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir-

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 24 , the composite impulse respons/) 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 

rectangular window) has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 
Cl 

linear time invariant circuits, their order may be reversed without fffecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 
& 

;,s ✓ 
Kronecker delta 252 is the same 250 as when the orde1/ ,ye reversed. 

--r/4 i 
There may exist in the impulse response other symmetries whidr allow 

~ ariations on such coherent cancellation. For example, an impulse 
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response of h[n] = sin( 1rn/ N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 
is / 

performed using delay lines with digital filter) the response of which a/ e V 

damped periodic functions. As illustrated in Fig.3, consider the example yo</ ,vi() '3 
/ t,v1-•-<i ,-o_ 

where the response 310 of a damped resonant circuit 308 to an input Kro- / r: t f/,15 
Cf-t'. t /It 

necker delta 306 is 

y[n] = y[n]esn (12) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 

Note then, that for n 2: 4, 

y[n - 4] = y[n]e- 48 (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp( 4s )y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such--coherent ca-rrcelation 
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Jias been reported-i-R-t-hwtera.ture, a.gain,-for the s ecific case y[n]=const 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 

We will generally denote the real part of s by -a. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 
\ I 

Consider, for example, the damped reso~ant circuit 342 in Fig. 3 whose 

' 
response 344 to an impulse 340 is 

y[n] = cos(1m/2)e-anµ[n]. (14) 
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The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

·' ~ ~ 
which the cancellation circuitry places to zero. ~t:1-1el- l•i.J.~e to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of component coherent 

cancellation circuits just described can be placed in cascade and/or parallel to 

achieve even greater flexibility in the design of impulse responses. We allow 

reference to single component coherent cancellation circuits being connected 

in cascade and/ or parallel in order to allow the degenerate case of a single 

circuit to be subsumed in this discussion. 

In certain instances common circuitry can be factored from combinations 

of cascade and/or parallel to yield a reduction in overall computational re

quirements. We will show that windows expressed in a finite cosine series, 

for example, can be synthesized by a parallel combination of second order 

IIR filters and that the delay circuitry can be factored so that a single delay 

circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir-
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cuit consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. 

windows has been- cl.isGussed-i.n- t.he.1,.u' ~e~ra~t!!..!u!Jr.s·e;,_ __ _ 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hq[n] (15) 
q==O 

where 

(16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (including inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, "/q, uq, and aq, There exists numerous computa-
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tional topologies for a given set of parameters. Such circuitry can be designed 

straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for tq = 0 

in which case, for n ~ .!Jfq, 

we choose to define 

Clearly, tvq[n] is zero for n ~ Mq and the composite IIR filter 

Q 

-cv[n] = L tvq[n] 
q=O 

has a response that is finite in extent. 

(17) 

(18) 

(19) 

As has been illustrated in a previous example, the result can be extended 

to the case where the tq's are nonnegative integers. Window components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

(20) 
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The Hanning and Hamming windows require Q = 1 and the Blackman win

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = I)-1) 9 ,B9cos(1rnq/L)µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]o[n - 2L] (23) 

A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. We rewrite Eq. 22 as 

Q 

h[ n] = L h9 [n] (24) 
q=O 
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where 

(25) 

where 0q = 1rq/2L and cq = (-l)q /3q· For q =J 0, the z transform of this 

equation is 

n=O 

(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = Cq and 0 = 0q. Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 41')420 output 41~425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, h0 [n] = c0 = /30 . This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /Jo= /31 = 0.5. 

For Hamming windows, /30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 
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circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = l stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 

Blackman window for the case where end point correction is not used. Here, 

/30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, l and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 
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can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-o-n). If we wish to keep 

the window shape as close to the a- = 0 case as possible, We choose a- to be 

a positive number just slightly greater than zero. 

Let li[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-o-(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

(28) 

We can therefore generate the damped window 

w[n-L] w[n - L]e-o-(n-L) 

h[n] - e-20-L h[n - 2L] + w[L]8[n - 2L] (29) 

where 

w[L] = w[L]e-o-L 
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is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response li[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where er = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 

can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 
) 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
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shown 140 where, now, 

L 
S[n; u] = ~ w[k]x[n - k]e-j 2

1rku (31) 
k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. 

We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

(32) 

where 

(33) 

For c = cqeuL and 0 = 1rq/ L, one of many possible digital filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-u(n-L) µ[n]. 
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An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-a-) 

cascaded with a multiply of exp(o-L)co. For Co = f3o and sq = /3qexp(o-L), 

this circuit is shown as a component 920 )1 015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = 1 damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is realized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 

the n = 1 stage 925 (Sq = {3qexp( a-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, 1, 2 

stages 1015) 1020/ 025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 
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more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid(s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the {3q's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

V ~ ~c/41uf DJ~ / 
Modulated Windows. )Ne also ~ ional architectures for -- /\. 

modulated windows and their use in the generation of spectrograms. For 

such architectures, the complex sinusoidal premultiplies 1 / 145 are no longer / 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n; u] L x[n - k]w[k; u] 
k=-L 
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= x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] 

and 

w[k]e-j21rnu 

Q 

Ewq[n; u] 
q=O 

(36) 

(37) 

In our discussions concerning modulated windows to follow, we will include 

both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for~= 0. Motivated by causality, 

we write 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = E hq[k; u] (39) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 
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Eq. 40 
00 

Hq(z; u) = L hq[k; u]z-k (41) 
k==O 

which gives 

where 

(43) 

Note that, for q = 0, 

(44) 

The A (lambda) filter in Eq. 43 can be implemented using the UR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 43 as 

A(z; v) 
1 - 2e-acos(211'v)z-1 + e-2az-2 

Ar(z; v) + jAi(z; v) 
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where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n]+ jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 

1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jxi[n]), then the A filter characterization 1140 in Fig. 11 requires 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the r_eal response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 

47 



( 

( 

transfer functions 

K(z; u) H(z; u)e-jZ1ruL 

Q 1 
{30euLA(z;u) + L 2(-l)q{JqA\z;v)euL 

q=l 

q q 
x [A(z; u - 2L) + A(z; u + 2L)] (46) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = L h[n; u]z-n 
n=O 

(47) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (tq 

½(-l)qexp(aL){Jq) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we will depict the I( 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the I( 

filter is parameterized by the frequency u, damping coefficient a, filter order 

Q, and vector of Fourier coefficients /J The vector if is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I( filter 1440. From Eqs. 36, 37 and 39, we can establish 
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the identity 

w[n - L; u] = h[n; u] - e-j41ruLe-2uLh[n - 2L; u] + w[L; u]8[n - 2L] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

n(z; u) = I: w[n; uJz-n. (49) 
n=O 

The z transform of Eq. 48 is then 

51( z; u)z-L 

where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 50 is 

defined as 

(51) 

One embodiment of an architecture for this transfer function is shown at the 
w 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510/)s 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 
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1515 which, when the squared magnitude of the spectrogram is desired, ca:--, V 
be deleted. An alternate architecture for D(z) requiring fewer FLOPS 1s 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

0.( fl &VRi: /4-
delay circuitry and the J( filter 144t we can generate circuitry for synthe-

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present 

example architectures whereby the squared magnitude of the spectrogram 

is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 
r/?fa 'J c 1r ( u;1r 1610 

1610, the output of whi is fed to a J( filter 161~ the output of which, in 

---
turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 
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of the circuitry (i.e. u, L, ~, '/1 and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 
o/4scr,h-ef h-e,re.-,·n 

As is the case with other embodimentsrfR-the desc1:iptio.ns of this-pa,.~ 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the J( filter 1616 instead of directly after. Indeed, if end point 
/t/6 /MO 

correction is not used, the J( filte ·, delay circuitrY. and exponential shift 1620 
/'-

can be cascaded in any order desired. Such arbitrariness in the cascading 

of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a J( 

filter 1710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is real. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 1
2

, is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variatioo ch magnitude squared computation is shown in 

• t,v(?f,p 

fY1 t~'1ut,".J 
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Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a J{ filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

(without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 ~ p ~ P, 

we propose an architecture for the transfer functions 

where O(z; up) is the z transform of w(z; up). The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

I{ filters 1915. For P spectral lines, there are P separate I{ filters the pth 

of which is tuned to frequency Up and is of order Qp with Fourier coefficient 

vector {3p. The input to each I{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each I{ filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 
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on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 201~ the output of which services the bank of 

I( filters 2015. The output of each I( filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up= -

2L 
(53) 

then a computationally simplified parallel architecture can be realized. Equa

tion 42 becomes 

The q = 0 case warrants special statement. 

(55) 

For linear frequency spacing (and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±l · Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 
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Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com
tfu 

Ve'' bined 2130 with the end point correction factors 2135. These sums are then 
IP 

l"o ,~ weighted 2140 by (-l)P to generate the real and imaginary components of 

~ '1,\ the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 
\,'1' 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
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not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

(e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitr 2212 b.e output of which serves the bank of A filters 8 
,ZZ-17.,... 

The outputs of the filter banl~ re weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fanouts from the bank of A filters 

are not shown. If, for example, there was to be a frequency line generated at 

u = P2+f, then the A filter in the bank 2212 parameterized by fr would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line to output line as can the values in the iJP. This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
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unmodulated window, damped or undamped, as illustrated 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ej211"(n-L)u{(x[n]ej211"nu) * w[n - L]} (56) 

is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when <7 = 0. We can write the window expression in Eq. 29 as 

w[n - L] = h[n] * { 8[n] - e- 20-L8[n - 2L]} + w[n]8[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = ~ h[k]z-k (58) 
k=D 

56 



( 

( 

( 

is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-i21r(n-L)u 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an fI filter 2420 and is post multiplied by a temporally vary-

ing sinusiod 2425, the output of-w-h-id<is f <lded to the end point correction ~ -=- ( f\ 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21r Lu) term in the post multiply 2425 term, exp[j21r(n-L)u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the fI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the fI filter and the delay line) are not connected. 
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This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 251~ the output of which is multiplied by / 

a time varying complex sinusiod 2515 and placed through an iI filter 2520 . 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 :Sp :S P, we can replicate Eq. 59 as 
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where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, wP[n], 

and therefore corresponding impulse responses, JiP[n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 
~ 

input 260@is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 
l bZ.::-- A t< "rt are.-

band of pre-multipliers which service a bank of H filters 2630 the outputs post 
A ~ ~ 

multiplied 2635 by time varying complex exponentials. The multiplier values 

of exp(±j21r(n± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen-
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0 
tial term, exp(-2aL), present in the delay circuitry 2610 j£ Fig. 26, is not 

v .,.,.- ,; 't is 
rf)vJ Y included here.pu-t-i-s-;- _&.ather,~combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip I 1 ::; p::; P} 

which, in turn, are fed into a bank 27 40 of fI filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. Up= fr). It follows that exp(-j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

S[n - L; Up] = (-l)P{ wP[L]x[n -- 2L] 

+W27P[liP[n] * {W2n[(x[n] - e- 2<7Lx[n - 2L])}]} (62) 

where we have used the common DSP notation 

w.J - ej1rJ/L 
2L - (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
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the delay circuitry 2810 the output of which services a number of pre-) . 

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of iI filters 2825 the outputs of which are post multiplied by time-
/ 

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 
/ 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through iI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 
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rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.l as 

L 

S[n - L; u] = L x[n - L - k]w[k]e-j211"ku (65) 
k=-L 

where we write the window with a tilde to denote that it can be represented 

by the Szasz series --- Q 

w[k] = L aqe-sqk 

k=-Q 

(66) 

Where Q parameterizes the order of the series and the set of possibly complex 

,{asz series coefficients and exponential factors are respectively { aq I Q '.S 

q '.S -Q} and {sq I Q '.S q '.S -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case 

of w[k]II[A] with a corresponding interpretatioJ:?- for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k]II[A]. Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q Ctq Sq 

1 1 j1r/L 4 

0 !. 0 2 

-1 1 -j1r/L 4 

Table 1: Hanning: ip(k) = cos2 (;£), Q = l. 

q Ctq Sq 

1 0.23 j1r/L 

0 0.54 0 

( -1 0.23 -j1r/L 

Table 2: Hamming: ip(k) = 0.54 + 0.46 cos(f ), Q = l. 

q Ctq Sq 

2 0.04 j21r/L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r / L 

Table 3: Blackman: ip(k) = 0.42 + 0.5 cos(f) + 0.08 cos(2t),Q = 2. 
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We begi~ ~ecomposition of the spectrogram line into components. 

Q 

S[n - L; u] = L aqSq[n - L; u] (67) 
q=-Q 

where 
L 

Sq[n - L; u] = L x[n - L - k]esqke-j 21rku (68) 
k=-L 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] L x[n - L - N - k]esqke-j21rku 

k=-L 

L+N 
e-(sq-j21ruN) L x[n - L - k]esqke-j21rku (69) 

k=-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I:+ I: I: (70) 
k=-L k=-L+N k=-L k=L+I 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-jhu)N S[n - N - L; u] + st[n] (71) 

where 
-L+N-1 L+N 

sMn] = { I: L }x[n - L - k]e(sq-jhn)k_ (72) 
k=-L k=L+I 
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As with previous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data ( i.e. the 

-~-;;;~f-1 + ~f;;f+l term in Eq. 72 ) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. We shall first describe evaluation of 

st[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for st[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 
J 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

Xk = esqk e- j21ruk (73) 

We denote a vector of these values by x_. The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around L N is the schematic notation for downsampling 
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by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of St[n] by an appropri

ately parameterized box 3050 inside of which is an encircled st. 

Two other architectures for computing St[n] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 310~3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 
} 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

St(n] = St[n] - Sjy[n] (74) 

where 
-L+N-1 

st[n] = L x[n - L - k]e(sq-j2·rrn)k_ (75) 
k=-L 

and 
L+N 

Sjy[n] = L x[n - L - k]e(sq-j21rn)k_ (76) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our case 

2I;::;1) is an integer, we can straightforwardly establish from these equations 

the identity 

st[n + 2L + 1] = e(2L+1)(sq-j21ruSjy[n] (77) 

This suggests the architecture 3110 at the top of fig. 31. The input 3105 

is fed into an FIR filter 311) the output of which is downsampled 3114 to 
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,,,-2 I I~ 
:J 

yield Sjl;[n]. This signal, at a clock ra~ ual to J, th that of the input 

3105, is fed to delay line circuitry ~ that produces an output of Sfi[n] 

via Eq. 77. (The notation z·i/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, I w~cl!. 
, ,;,. r, 1~Hf'I :'..-' ' 

we generate the same output 3160. --- 3!1'/ f 3 ; ,t.t c/bwr1S<?h-r/ "Y-5 are/[()[' cfJ f? c.,, IJ 
bu T 'j-/i,-e v. a ,-e_ S Ao<-UII . 1 fle '1 S \o ~ I - h ,,c.{/, 

V c(.('S( ft 

An IIR filter 3170 that is an alternate architecture to compute St[n] 

is also shown in Fig. 31. This processor can be substituted for the FIR 

/ filtei·,'3111/144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of Sfi[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute st[n] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, Sq[n-L-N; u], 

is made available through a delay 3220. This output is added to .5'_f[n] which 
(, J J! tn FIWR€ 30) ,, 

is generated by circuitry 3230l.._described previouslyj 305~ m response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output component 3215. We schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = 1, 0, -1. The qth 

filter is parameterized by a given u and 'X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

O'.q coefficients are even. In other words, O'.q = a-q· In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by O'.q thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized -0 and 5/.,. The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As in previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decimation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = pb.. where b.. 

is the uniform spacing. Furthermore, let Sq = -a-+ j21rqb... As before, a- is a 

damping factor and can be set to zero for the undamped case. Under these 
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conditions, Eq. 71 becomes 

k=-L 

S[n- L;p- q] 
/7 

e1/ 1 
1 /,; l 

_/ 

The utility of the redefinition of thisG omponent of the spectrogram as 

a S (xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

S[n - L; p] = e-uN e-j21rpN~s[n - L - N; p] + st[n; p] (79) 

where 
L L+N 

sMn;pJ = { I: L }x[n - L - k]e-ake-i21rvM (80) 
k=-L k=L+l 

An architecture for generating the recursion for the S filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the S't filter in Fig. 32 

when we use 

-uk -j21rpk~ Xk = e e . (81) 

The output of the st filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a SJ ritten in the center. 
~ j/lvs, r11-/. 

When replicated in a bank 3610t 710, such a~ in Figs. 36 and 37, the delay 
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line may be factored from each 3 filter so that a single delay line feeds the 

entire bank. 

A bank of 3 filters can be used to efficiently generate spectral lines m 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = pt). uses 2Q + 1 of the 3 filters parametered 

by p on the interval -Q :Sp '.SQ. The frequency line at u = (p+ 1)6 uses 3 

filters in the interval -Q + 1 :S p '.S Q + l. There is only one 3 filter that was 

not used in u = p6 spectrogram line that is not used here. As illustrated 

in Fig. 36 for Q = 2, a single 3 filter can therefore contribute to the output / 
3610 V 

of a number of frequency lines. Here, the input 3605 is fed to a bank~ £ 3 

filte1/ the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 3 filter bank 3610 without ffl"ecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. aq = a-q· This 

is illustrated in Fig. 37 for Q = l. The inpu~ is again applied to the 

3 7or;-

71 

/ 



( 

( 

311° 
3 filter ban~ The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 , etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the O'.q coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = O, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 
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resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. {) IJ'\ 7 

As has been noted, linear time invariant components(_o/series within a ~ 
circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 
\ 

220 in Fig. 2 can be reverned without / ffecting the composite impulse response ~ 
230 of the entire processor 220. Such commutative aspects of digital filters 

g,~1iln/ 
are well known to those weH-versed- in the art. ~ 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the /3q 's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight /30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = 1 stage is replaced by /Ji/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ /30 • The output 530 would then 

be changed from y[n] to y[n]/ /30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]/ ,80 instead of S[n - L; u] 135 and I S[n - L; u]/ ,80 12 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_1 . 

Therefore, replacing both a±1 by 1 and a 0 by a 0 / a 1 will yield an output 

of S[n - L : u]/a1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = L w[k]x[n - k]sin(27l'ku) (82) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = L w[k]x[n - k]cos(211'ku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + jSs[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similarly, using a Hartley transform, 

L 

SH[n; u] = L w[k]x[n - k]cas(27rku) 
k=-L 

where 

cas(e) = cos(e)sin(e). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(85) 

(86) 

(87) 

can also be generated by combining the real and imaginary outputs of any 

spectrogram processor thus far described. Any person skilled in the art 

can straightforwardly apply the methods described herein to generate these 

closely related Fourier-based variation definitions of the spectrogram. ~ 
/ \ 

One dimensional windows can be extended to higher dimensions using a f\. __-
/\ 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 

thus far can be extended to windows in higher dimensions by those skilled 

in the art. tat\ D "'.5 
rep,re!se.w\ 

Applications. Time-frequency .d..ie-prays are used in a number of applica-

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves_J 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulation) 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard

war:) an.I 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network'. 

~ \~erred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer-
/1 

ence to the following claims. The embodiments of the invention in which a/ 

v1A(2T 1-J NE-w -f)n-Crt: po/?.., 
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exclusive property or privilege is claimed are defined as follows: 

/J ~/Jera,-/;~1j' CZ (1,/d v~/;rtn 
1. yle' method for walizing tapered sliding windows a,Ha-&tFrri·lar--== 'tr'hmf""(j.1#q 71/,, GT-,.,' G ~ -/"t 

fi-nite-d1:1.1~tio.n..imp.uls r.es.p-0,ooes'-wherein two infinite impulse re-

sponse filters with causal impulse responses other than a constant 

or single exponential, the delayed response of one being propor

tional to the response of the second after a given time, are used in 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the ca~cade connection 

~t and beyond the given time thereby producing a composite im

pulse response that is ·equal to the impulse response of the second 

filter up to but not including the given time and i13 zero there

~fter ; also, realization of window~ achieved by c~ cading_..g,n_d/ or 

paral!el connection of one or more such tapered wind(?WS. 

2. Use of sho1* me Fourier transforms computed using tapered ~in

dows of the type in Claim 1 as a means of representing, displaying, -
monitoring or otherwise characterizing signals originating from 

waves including but not limited to electromagnetic, acoustic, elec-
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tronic and biological waves for purposes including but not limited 

to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. 

5 o/t:wa,re 
u) Computation of short Fourier transforms, spectrograms, sliding 

tapered windows and similar impulse responses in software, hard

ware of firmware using the method for realizing sliding windows 

and similar finite duration impulse responses wherein two infinite 

impulse response filters with causal impulse responses other than 

a constant or single exponential, the delayed response of one be

ing proportional to the response of the second after a given time, 

are used in a composite filter with the first being connected in 
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cascade with an inverted weighted delay line equal in duration 

to the given time whereupon this cascade connection is joined in 

parallel with the second filter in such a manner that the second 

filter's impulse response is coherently canceled by that of the cas

cade connection at and beyond the given time thereby producing 

a composite impulse response that is equal to the impulse re

sponse of the second filter up to but not including the given time 

and is zero thereafter; also, computation of windows achieved by 

cascading and/or parallel connection of one or more such tapered 

windows. 

G)'rhe method for computing tapered sliding windows and similar 

finite duration impulse responses wherein a resonant circuit with 

composite causal impulse response, possibly damped and other 

-~ than a constant or single exponential, is connected in cascade with 
~--+---.r / 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coherent 

cancellation of the filter's response beyond a specified time is 

achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 
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of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction; also, the method of 

computation of windows achieved by cascading and/ or parallel 

connection of one or more such tapered windows. 

5. The method of realizing component windows and similar finite 

duration impulse responses in Claim 4 wherein the resonant cir-
~ 

( 
6. 

cuit is synthesized as the parallel combination of two or more 

infinite impulse response filters each of which has the response of 

a specified o- 2 0 damped Fourier cosine series component of the 

desired impulse response. 

Unmodulated windows formulated on the basis of the method in -~ 
Claim 5 for use in the generation"'the squared magnitude or real 

---. 

and imaginary components of one or more frequency lines of a 

spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a sinusoid and is then fed into a window of the 

type in Claim 5. 

7. Modulated windows formulated by the method in Claim 5 for use 

in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 
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a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 5. -
8. Modulated windows formulated by the method in Claim 5 for use 

in generation of windows and similar impulse responses of the 

type in Claim 5 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

9. Disjoint unmodulated windows formulated by the method in Claim 5 --
for use in generation of the squared magnitude or real and imag

inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 
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wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 5 and either post complex conjugate -
multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

10. Disjoint unmodulated windows formulated by the method in Claim 9 

for use in the generation of the squared magnitude or real and 

imaginary components of one or more frequency lines of a spectro

gram at frequencies that are integer proportional to the reciprocal 

of the window's duration prior to end point correction, wherein 

the delay circuitry that feeds the bank of processors is compu

tationally simplified at these frequencies and the pre weightings 

required in the more general case of Claim 9 are no longer present. 

11. The method described in Claim 4 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 
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time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis computation methods either known or to be discovered. 

12. The method of realizing the windows and similar finite duration 

impulse responses in Claim 11 wherein the resonant circuit is syn

thesized as the parallel combination of infinite impulse response 

filters each of which has the response of a specified Szasz series 

component of the desired impulse response. 

13. The method described in Claim 11 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 

14. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of one 

or more frequency lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different win

dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 11. 
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15. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of two or 

more frequency lines of a spectrogram at equally spaced frequency 

intervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

16. The computational method of the type described in Claim 15 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the Szasz coefficients thereby reducing the number of required 

multiplications. 

17. The short time Fourier analysis computational method required 

in Claim 11 whereby the cumulative contribution of new data 

to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 
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the spectrogram. 

11-/tli 
18. Use of spectrograms computed usmg windows of the type in 

Claim 4 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from waves including 

but not limited to electromagnetic, acoustic, electronic and bio

logical waves for purposes including but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. 

$',, -l-1.-. 
Computation of tapered window spectrograms and tapered slid-

ing windows in software, hardware or firmware using the method 

for realizing sliding windows and similar finite duration impulse 

responses wherein a resonant circuit with composite causal im-
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pulse response, possibly damped and other than a constant or sin

gle exponential, is connected in cascade with weighted delay line 

circuitry consisting of a weighted delay line additively joined to 

the undelayed resonant circuit output, the multiplicative weight 

in the delay being chosen so that coherent cancellation of the fil

ter's response beyond a specified time is achieved and that the 

composite impulse response is equal to that of the resonant cir

cuit up to but not including the duration of the delay line and 

is zero then on; also, the augmentation of this method to include 

end point correction; also, realization of windows achieved by 

cascading and/or parallel connection of one or more such tapered 

windows. 
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2 Field of the Invention 

This invention relates to methods and architectures for generating short time 

Fourier transforms and spectrograms, to methods and architectures for gen

erating digital sliding tapered windows and similar impulse responses and to 

corresponding applications of these methods and architectures. Spectrograms 

and short time Fourier transforms are a common mode for representation o ? 

the frequency content of a temporal signal as a function of time. Windows 

are used in numerous digital signal processing (DSP) applications including 

architectures for spectrograms as well as for data smoothing and spectral 

estimation. 

3 Background of the Invention 

3 .1 Background Description 

The theory of Fourier transformation is fundamental to many undergraduate 

engineering and science curricula [32]. The Fourier transform is a method of 

transferring a time domain signal into the frequency domain. We can repre

sent the time function by x(t) where t represents time (e.g. in seconds). If 

u represents the corresponding frequency variable, with units of cycles per 

second or Hertz, then X( u) is the representation of x( t) in the frequency 
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domain. The most common way to obtain X(u) from x(t) is by the pro

cess of Fourier transformation. The Fouriet· transf-onn catt b @ rept·esent@d 

In human speech, for example, the Fourier transform of a man's voice will 

typically contain lower frequency components than a woman's voice. Thus, 

the Fourier transform of a man's voice as represented, for example, by an 

electronic signal from a microphone would generally have a larger magnitude 

at lower frequencies than that of a child's voice. The concept of frequency 

applies to numerous other types of signals also. Electromagnetic waves in 

the visible spectrum have different colors corresponding to the frequency 

of the electromagnetic wave frequency (vibration). Thus, the magnitude of 

the Fourier transform of the temporal electromagnetic vibrations will, in the 

visible range, result in a plot of the color components of the signal. 

As explained in the tutorial by Cohen [7], there are many instances where 

we would like to monitor the frequency components,~ ( Fourier transform) 

of a signal with respect to time. This is especially important when the 

character of the signal is changing with respect to time. Such signals are 

referred to as nonstationary signals. Common speech and music are both 

examples of nonstationary signals. A sound which does not change in time, 

such as an elongated tone or the roar from a waterfall, are examples of 

stationary signals. The changing of colors during a sun set is an example 
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of an electromagnetic stationary signal. The fundamental Fourier transform 

does not allow for the generation of time-frequency analysis for nonstationary 

signals. Other techniques, collectively called time-frequency representations 

(hereinafter TFR's), are required. 

Note that humans perceive sound in both time and frequency. Music, for 

example, is written as a TFR. Notes can be viewed as a frequency represen

tation. The placement of these notes side by side then represents a temporal 

sequence of frequency. Spectrograms are probably the most commonly used 

scientific TFR's for representation/ of signals. Cohen [6] introduced a class 

of generalized TFR's (hereinafter GTFR's). The zamogram of Zhao, Atlas 

and Marks [38] is a GTFR with quite good resolution in both time and fre

quency that can be architecturally configured to use the spectrogram as a 

component. 

Spectrograms are conventionally computed using windows, such as Han

ning, Hamming or Blackman windows. The choice of the window determines 

the properties of the spectrogram in manners well known to those well versed 

in the art. This patent contains computationally efficient methods and cor

responding architectures for generating short time Fourier transforms and 

spectrograms, their window components, and applications. 

Signals can either be continuous functions of time or can be a sequence 
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of numbers generated from sampling a continuous time signal of a pro

cessed version thereof. Methods and architectures for processing continu

ous and discrete time signals are parallel topics. Indeed, the topics are many 

times taught simultaneously at the undergraduate electrical engineering level. 

Thus, although the methods and architectures in this patent deal with dis

crete time signals, they can be extended to continuous time by one skilled in 

the art. 

We have and will henceforth use the terms short term Fourier transform 

and spectrogram interchangeable. The spectrogram of a discrete signal, x[n], 

corresponding to a window, w[k], is 

L 

S[n; u] = L w[k]x[n - k]e-jZ1rku (1) 
k=-L 

where u is the frequency variable and L parameterizes the duration of the 

window. Although we will not use the terminology here, equation 1 is some

times also referred to as a short time Fourier transform and I S[n; u] 1
2 is 

called the spectrogram. 

Temporally sliding windows can be viewed as filter impulse responses 

that are typically of finite duration. Windowing is used in other applications 

including data smoothing and finite impulse response (FIR) filter design. 
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3.2 Prior art 

Digitally, the Fourier transform can be computed using a discrete Fourier 

transform (DFT). DFT's can be used to generate short term Fourier trans

forms [17]. When the duration of a signal to be transformed is long, the 

fast Fourier transform (FFT) [9, 10] computes the Fourier transform in sig

nificantly fewer operations (i.e. multiplies and additions). The FFT is also 

used in the generation of spectrograms. Typically, the output is decimated 

in time. 

Recursive generation of rectangular windowed spectrograms has been gen

erated independently by a number of people [1, 13, 15, 37, 34] and was 

patented by Dillard [2] in 1977. The basic idea of the sliding rectangular 

window is best introduced by the following example. Consider the series 

of numbers ... 2,4,1,3,0,1,4,1,2,0. The sum of the bold numbers in the series 

... 2,4,1,3,0,1,4,1,2,0 is 14. We move the window over one unit and have 

... 2,4,l,3,0,1,4,1,2,0. We can, of course, generate the new sum by adding 

the numbers again. More efficiently, however, we can subtract the old num

ber ( 4) from the sum and add the new number (2). This is the basic concept 

used in the sliding rectangular window generation of the short time Fourier 

transform. With slight modification, exponentially shaped windows can also 

be thus computed. 
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Both rectangular and exponential windows have limited application. More 

typically, the numbers within the window are multiplied by a symmetric ar

ray of numbers prior to summation. This array of numbers is referred to as 

a window. Commonly used windows are Hanning, Hamming and Blackman 

windows [34]. This patent claims recursive computational methods and ar

chitectures for generation of such short time Fourier transforms using tapered 

windows. 

4 Summary of the Invention 

The present invention describes methods and corresponding architectures for 

generating sliding tapered windows and similar impulse responses and their 

use in generating spectrograms. The sliding window, an impulse response of 

finite duration, is generated using two infinite impulse response (IIR) filters. 

The second filter, postponed through a delay line, cancels the response of 

the first to yield a composite impulse response that is finite in duration. The 

two filters may contain common processing elements. A specific embodiment 

of this architecture occurs when the second IIR filter is simply a delayed 

and possibly weighted version of the first. Then a single IIR filter can be 

factored from each processor. The IIR filter, appropriately augmented with 

delay circuitry to coherently cancel the response of the filter beyond a spec-
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ified time, can be used to generate the composite window impulse response. 

Such is the case when the required impulse response can be expressed as the 

superposition of causal, possibly damped, sinusoids with arbitrary phase. 

We define a tapered window, as used previously and henceforth, as any 

window other than one consisting of a single exponential over a finite window 

or a window constructed through a cascading of two or more of these filters. 

Included in our definition are exponentials with zero exponent, corresponding 

to rectangular ( or box car) windows. 

When used as components in (non temporally decimated) spectrogram 

architectures, the sliding windows come in two types: modulated and un

modulated. Reference to a window herein without specification of type, ei

ther specifically or in context, will be to the unmodulated window. The IIR 

and delay components of the windows can be either joined or disjoint in the 

spectrogram architecture. In all of the methods and embodiments described 

herein, the spectrogram processor may be used to monitor a single frequency 

line of the spectrogram or generate frequency lines sequentially. The window 

shape can be changed in real time simply by an alteration of the filter pa

rameters. Alternately, the processors can be placed in an array to generate 

the spectrogram frequency lines in parallel with arbitrary ( e.g. logarithmic) 

frequency bin spacing. The window shape and/or type can be changed from 
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frequency line to frequency line or can be changed in real time. In this 

application, we can, for example, generate constant Q type spectrograms. 

In parallel embodiments, common circuitry such as delay lines and weight

ings may be factored from the array so that a single circuit, common to each 

of the processor lines, can serve the entire array thereby reducing the over

all computational requirements of the processor. The specific embodiments 

wherein the spectrogram's frequency spacings are uniform and/or integer 

multiples of the reciprocal of the window's duration require even less com

putationally. 

In the case where a periodic replication is canceled after one or more pe

riods using a possibly weighted delay, the output contribution corresponding 

to the end point of the window will not be forthcoming. Circuitry for end 

point correction can be applied to compensate for the final point of the win

dow's contribution to the spectrogram. In certain cases, however, end point 

correction need not be used in the architectures since the contribution to the 

overall spectrogram may be nonexistent (i.e. in the case where the window's 

end points are zero) or negligible. 

The previously described methods are also applicable to the generation 

of time decimated spectrograms. Data common to both of two temporally 

adjacent time decimated spectrogram points in time is used to update the 
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spectrogram, as before, using weighted delay circuitry. The contribution of 

the new data introduced into the window and the old data which exits the 

window is evaluated using short time Fourier processing techniques some 

embodiments of which are in the public domain. Parallel embodiments using 

this method when the spectrogram's frequency spacings are uniform result 

in architectural simplification since one component filter can contribute to 

more than one spectrogram line. 

Any of the embodiments of the spectrogram architectures can be used to 

generate the squared magnitude of the spectrogram or the real and imag

inary part of the spectrogram. The term architecture is used in the most 

general sense, referring not only hardware embodiment, but to the underly

ing method of computation. In certain instances, a particular architecture 

embodiment is presented to illustrate a family of architectures whose gener

alization will be readily evident to one skilled in the art. 

The spectrogram generation methods and corresponding architectures de

scribed in this patent are applicable to evaluation and display of spectrograms 

for acoustic, electric, electromagnetic, electrochemical, mechanical and elec

tromechanical waves in applications such as fault detection, radar, speech 

analysis and synthesis, sonar, seismology, communication systems and biol

ogy. Electromagnetic waves include those in the visible spectrum used, for 
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example, in fiber optics communication. Other electromagnetic waves include 

those used in radio, computer, video and other communication signals; radar 

and lidar; and the outputs from electromagnetic imaging systems, such as 

microscopes or imaging systems found in cameras. Signals originating from 

biological waves include, but are not limited to, those from the cardiovascu

lar and neurological systems of man and animal. The spectrograms resulting 

from use of this method can also be used as templates for pattern recognition 

or as components in other signal processing architectures, such as· architec

tures for computing zamograms. Use of the methods described herein for 

software simulations and hardware or firmware implementations of spectro

grams or other processors using sliding windows can result in simplification 

of computational and hardware requirements. 

5 Brief description of the drawings 

Figure 1 . Illustration of methods for generating either the squared 

magnitude or the real and imaginary components of a spectro

gram using either unmodulated or modulated windows. 

Figure 2 . Illustration of the manner by which a window of finite du

ration can be obtained by coherent cancellation of the response 

of an IIR circuit beyond a certain point in time. For periodic 
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impulse responses, this can be achieved using delay line circuitry. 

Figure 3 . Coherent cancellation of a damped resonant circuit beyond 

a specified point in time by using weighted delay circuitry. To 

maintain symmetry in the resulting composite impulse response, 

end point correction may need to be used. 

Figure 4 . A digital circuit for generating a cosinusoidal response and 

its schematic abstraction. 

Figure 5 . Use of periodic resonant and delay circuitry to generate 

a Hamming or Hanning windowed spectrogram line. End point 

correction is used. 

Figure 6 . Use of periodic resonant and delay circuitry to generate a 

Blackman windowed spectrogram line. End point correction is 

not used. 

Figure 7 . Illustration of methods for generating a spectrogram using 

a filter with the impulse response of a damped window. 

Figure 8 . A digital circuit for generating a damped cosinusoidal re

sponse and its schematic abstraction. 
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Figure 9 . Use of damped resonant and delay circuitry to generate a 

damped Hamming or Hanning windowed spectrogram line. 

Figure 10 . Use of damped resonant and delay circuitry to generate a 

damped Blackman windowed spectrogram line. 

Figure 11 . Illustration of a method for implementation of a A (lambda) 

filter and its schematic abstraction. 

Figure 12 . A A filter using real multiplies for real inputs and a corre

sponding schematic abstraction. 

Figure 13 . Realization of a A filter when the input is complex. 

Figure 14 . Realization of a J( filter using a bank of A filters and the 

schematic representation of a J( filter. 

Figure 15 . Two realizations of the weighted delay transfer function, 

D(z). 

Figure 16 . A single modulated window for generation of the real and 

imaginary parts of a spectrogram line. 

Figure 17 . An illustration of a single modulated window processor 

without end point correction for generating the real and imag

inary parts of a spectrogram line. The squared magnitude of 
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the spectrogram line can be generated with a slight architecture 

modification. 

Figure 18 . Generation of the magnitude squared of a spectrogram line 

without end point correction. 

Figure 19 . Parallel modulated window based methods for generating 

a number of real and imaginary output spectrogram lines with 

arbitrary frequency spacing. 

Figure 20 . Parallel modulated window based architecture without end 

point correction for generating the squared magnitude of a num

ber of spectrogram lines at arbitrary frequency spacings. 

Figure 21 . Parallel modulated window based architecture for gener

ating the real and imaginary components of spectrogram lines at 

equal interval frequency bin spacings for Q = l. 

Figure 22 . Parallel modulated window based architecture for generat

ing the magnitude squared of spectrogram lines at equal interval 

frequency bin spacings for Q = 2 without end point correction. 

Figure 23 . Circuitry for a damped resonant circuit and its schematic 

representation. The undamped case corresponds to a-= 0. 
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Figure 24 . Generating the real and imaginary component of a spec

trogram using a disjoint unmodulated window with the delay cir

cuitry at the front end. 

Figure 25 . Generating the squared magnitude of a spectrogram with

out end point correction using a disjoint unmodulated window 

with the delay circuitry in the front end. 

Figure 26 . An architecture embodiment illustrating a method for par

allel generation of the real and imaginary components of a spec

trogram at arbitrarily spaced frequency bins using a joint unmod

ulated window and a single delay line. 

Figure 27 . An architecture embodiment for parallel generation of the 

squared magnitude of a spectrogram without end point correction 

at arbitrarily spaced frequency bins using a disjoint unmodulated 

window and a single delay line. 

Figure 28 . An architecture embodiment for parallel generation of the 

real and imaginary components of a spectrogram when the fre

quency bins are at up= iL using an disjoint unmodulated window 

and a single delay line. 

Figure 29 . An architecture embodiment for parallel generation of the 
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squared magnitude of a spectrogram without end point correc

tion when the frequency bins are at up = iL using a disjoint 

unmodulated window and a single delay line. 

Figure 30 . An FIR filter embodiment of a short time Fourier analysis 

digital signal processor to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. 

Figure 31 . IIR filter embodiments for short time Fourier analysis dig

ital signal processors to add the contributions of new data to 

and subtract the contributions of old data from a time decimated 

spectrogram processor. Here, sq = sq - j21ru. 

Figure 32 . An architecture for the generation of Szasz components of 

time decimated spectrograms using short time Fourier analysis 

processors and weighted delay circuitry. The schematic represen

tation of the operation is shown. 

Figure 33 . Parallel connection of three weighted Szasz spectrogram 

components to generate a spectrogram line when the window is 

a Q = l Szasz series (e.g. Hamming and Hanning windows). 

Figure 34 . Parallel connection of three weighted Szasz spectrogram 
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components to generate a spectrogram line when the window is 

a Q = 1 Szasz series wherein the symmetry of the Szasz coeffi

cients is used to reduce the computational requirements over a 

nonsymmetric case. 

Figure 35 . An architecture for a 3 (xi) filter and its schematic repre

sentation. 

Figure 36 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 2. 

Figure 37 . Use of a bank of 3 filters to generate output spectrogram 

lines when the frequencies are equally spaced and the desired 

window if a Szasz series of order Q = 1 and the Szasz series 

coefficients are symmetric. 

6 Detailed description of the invention 

In this section, we will present new methods for generation of impulse re

sponses of finite duration, to be also referred to, in regard to their use in 

spectrograms generation, as windows, using coherent cancellation of the re

sponse of an infinite impulse response (IIR) filter after a given interval of 
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time. Methods of using such :filtering in generation of spectrograms are also 

presented. Architectures will be presented as specific embodiment examples 

to illustrate the methods described. 

Schematics for Signal Flow. A number of signal flow diagrams will be 

shown that use schematic representations that are standard for characterizing 

digital signal processing (DSP) computational architectures. Signals flow in 

the direction of arrows. A number, variable or combination thereof, written 

directly adjacent to an arrow generally means that the signal is weighted 

(multiplied) by that quantity. One exception is the notation z-J which, from 

the theory of z transforms, means that the signal is delayed for J time units. 

The second exception is at the input or the output of the processor when 

the notation by the arrow is, respectively, the processor's input and output 

signal. In subprocessors, the input will typically be denoted by the sequence, 

x[n], and the output by y[n]. Also, x[n] will generally denote the signal for 

which the spectrogram is computed. At other than the input and output, a 

combination, such as (1+ j)z-3
, wherej is the square root of-1, means that 

the signal is multiplied by the complex number 1 + j and is delayed by 3 units 

of time. This, is course, is equivalent to the weighting and then delaying. 

If no number, variable, shift or combinations thereof appear adjacent to an 

arrow, then the signal is unaffected (i.e. multiplied by 1). The signal coming 
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from a node (a point where two or more signals meet) is equal to the sum of 

signals going into a node. If more than one signal come from a node, each 

has a value of the sum of the signals coming into the node. Time decimation 

is denoted by a boxed l N where N is the decimation order. Repeatedly 

used circuits will be defined as appropriately parameterized block processing 

elements. Portions of processors may be isolated using a dashed line closed 

curve such as a box or circle in order to be referenced in the text. These 

and other computational components of the description will be described 

as circuitry or a circuit. The terms are used in their broadest sense and is 

hereby deemed to refer not only the physical hardware associated with the 

computation, but the underlying method as well. 

Spectrograms Using Filters. 

The spectrogram in Eq. 1 can be written as 

L 
S[n; u] = e-j21rnu I: w[k]x[n - k]ei21r(n-k)u 

k=-L 
e-i21rnu X {(x[n]ei21rnu) * w[n]} (2) 

where * denotes the convolution operation and the window is implicitly as

sumed to be zero outside of the interval -L ~ n ~ L. As written in Eqs. 1 

and 2, the operations are not causal. Causality can be achieved by delaying 

the output L units in which case Eq. 2 is altered to 

S[n - L; u] = e-i21r(n-L)u{(x[n]ei21rnu) * w[n - L]} 
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A method of performing this operation using complex arithmetic is shown at 

the top of Fig. 1. The input signal, x[n] 110, is multiplied 115 by a complex 

sinusoid 120. The product then serves as the input into a digital filter 140 

with impulse response, w[n - L]. For reasons which will be made clear, we 

will refer to this impulse response as an unmodulated window. The filter 

output is multiplied 125 by a temporally varying complex sinusoid 130 to 

produce the spectrogram 135. Note that the term exp(j2n-Lu) in the post 

complex sinusiod multiplication 125 term 130, exp(-j27r( n- L )u) could also 

by placed in the premultiplication 115 term 120 or, for that matter, could be 

a weight at any point in the signal flow. 

In many cases of interest, only the squared magnitude of the spectrogram 

is needed. The square of the magnitude of Eq. 3 can be written as 

I S[n - L; u] 12=1 ( w[n - L]ej21r(n-i)u) * x[n] 12 (4) 

where, ifs= e + jK, and both e and"' are real, then I s 12= e2 + K2. The real 

number i is arbitrary. It's effect along with the post multiplying complex 

sinusiod 130 is annihilated by the magnitude squared operation since, for 

real p we have the relation I exp( - j27rnp I= 1. \\1hen only the squared 

magnitude of the spectrogram is required, we can use the processor shown 

at the bottom of Fig. 1. The input 142 is again premultiplied by a complex 

sinusiod 150. The product is fed into a digital filter 155 the impulse response 
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of which is the desired shifted window, w[n - L]. The magnitude squared 

operation 160 is preformed on the filter's output. The result of this operation 

165 is the squared magnitude of the spectrogram as given in Eq. 4 

Alternately, the spectrogram in Eq. 1 can be written as 

S[n; u] = w[n; u] * x[n] (5) 

where the modulated window, w[n; u], is 

w[n; u] = w[n]e-j211"nu (6) 

As shown in Fig. 1, an embodiment of this architecture simply requires that 

the input 175 be fed into a digital filter the impulse response of which is the 

modulated window 177. The output 179 is then the desired spectrogram. 

If the magnitude squared is only required when using a modulated win

dow, then 

I S[n; u] l2 =1 (w[n; u]ej211"iu) * x[n] l2 (7) 

where, as before, i is an arbitrary phase term. The input 181 is fed into 

a filter 183 with impulse response w[n; u]exp(j2?riu). The filter's output is 

magnitude squared 185 to generate the squared magnitude of the spectrogram 

187. 

Windows From Coherent IIR Cancellation. This patent claims 

methods for generating the windows and similar filters with finite temporal 
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duration whose impulse responses are generated by the coherent cancellation 

of the response of an IIR filter beyond a certain point in time. A general 

overview of this operation is shown at the top of Fig. 2. A discrete impulse 

(or Kronecker delta), o[n], is one for n = 0 and is zero otherwise. The 

response 209, y1 [n], to a Kronecker delta 205 input into a digital filter 207 

with impulse response hi[n], is shown and, appropriately, is termed the filter's 

impulse response. We will either refer to a filter by its impulse response or its 

transfer function. If the filter's impulse response is not finite in duration, it 

is appropriately termed an IIR filter. Consider a second IIR filter 213, h2 [n], 

whose response 215 to a Kronecker delta 211 is y2 [n]. Furthermore, assume 

that, for n 2: 6, 

Y2[n - 6] = Y1[n] (8) 

In other words, shifting y2 [n] six units to the right in discrete time yields 

an identical signal to yi[n] for n 2: 6. We can then connect the two filters 

together in parallel with h2 [n] connected in series with a delay line 222 of 

six units. The delay line, as shown, also inverts the signal ( i.e. multiply it 

by -1). The result, then, is a composite filter 220 whose response 230 to an 

impulse 218 is equal to yi[n] for n < 6 and is zero for n 2: 6. The response 

of h1 [n] has been coherently canceled by the delayed response of h2[n]. 
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As an example, consider the impulse response of the following IIR filter. 

R 

h1[n] = L 'PrnLresrnµ[n] (9) 
r=l 

where the cp/s and sr's are constants, possibly complex, the t,/s are finite 

nonnegative integers and µ[n] is the unit step function ( =1 for n 2'. 0 and 0 

otherwise). Such a filter can straightforwardly be crafted by one well skilled 

in the art. An IIR filter with impulse response 

R 

h2[n] = L'Pr(n+ Nyresr(n+N)µ[n], (10) 
r=l 

can likewise be constructed. Indeed, some of the same circuitry used in Eq. 9 

can be made common to both h1[n] and h2[n). Both hi[n] and h2[n] are fed 

the same input. The output of h2 [n] is placed into a delay line of duration 

N. The delay line output is subtracted from the output of hi[n] to produce 

a filter the composite impulse response of which is 

h[n] = h1 [n] - h2 [n - N]. (11) 

The impulse response, h[n], is equal to that of h1 [n) for 0 ~ n ~ N - 1 and 

is zero thereafter. 

Periodic impulse responses. Coherent cancellation can be straightfor

wardly achieved if the filter hi[n] has a causal periodic response. The filter 

is then referred to as a periodic resonant circuit. To illustrate use of this 
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method, suppose that, in Fig. 2, the response 236 to an impulse input 232 

to a periodic resonant circuit 234 has a period, as shown, of four. Thus, 

for n 2: N and N an integer, y[n - 4N] = y[n]. To cancel this impulse 

response for n 2: 4, we require a second filter, h2 [n], whose impulse response 

is y[n - 4] 238. This can be done simply by delaying the response of the 

periodic resonant circuit by four units. Therefore, the periodic resonate cir

cuit 244 can be connected in cascade with delay line circuitry 248 so that 

its impulse response coherently combines with a delay of the same impulse 

response. The result is a circuit whose response 250 to an impulse 242 is 

the desired y[n] - y[n - 4]. As shown 240, the composite impulse response 

is finite in duration. The specific case of y[n] =constant ( corresponding to a 

rectangular window) has been reported in the open literature. 

Since both the delay circuitry 246 and the periodic resonant circuit 244 are 

linear time invariant circuits, their order may be reversed without effecting 

the composite impulse response. In other words, as illustrated at the bottom 

of Fig. 2, if the delay circuitry 254 is placed prior to the periodic resonant 

circuit 256 then the response 260 of the composite filter to an input of a 

Kronecker delta 252 is the same 250 as when the orders are reversed. 

There may exist in the impulse response other symmetries which allow 

other variations on such coherent cancellation. For example, an impulse 
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response of h[n] = sin( 1rn/ N)µ[n] added to the same impulse response deleted 

N units results in a composite impulse response that is the first positive half 

cycle of the sin only. 

Damped periodic impulse responses. Coherent cancellation can also be 

performed using delay lines with digital filters the response of which are 

damped periodic functions. As illustrated in Fig.3, consider the example 

where the response 310 of a damped resonant circuit 308 to an input Kro

necker delta 306 is 

y[n] = y[n]esn (12) 

where y[n] is the periodic function 236 in Fig. 2 ands is a (possibly complex) 

constant. In the specific illustration 310, s is clearly a negative real number. 

Note then, that for n ~ 4, 

y[n - 4] = y[n]e-4
s (13) 

Therefore, the first damped period 314 of y[n] can be generated by shifting 

the impulse response four units in time and weighting the delay by exp( 4s) 

to achieve the function 312 exp(4s)y[n - 4]. This is achieved by placing the 

output of the damped resonant circuit 318 into delay circuitry 320 which 

appropriately weights 322 and delays 324 the response to the impulse 316 

so that, when coherently superimposed, we generate the desired composite 

impulse response 326 which is finite in duration. Such coherent cancelation 
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has been reported in the literature, again, for the specific case y[n]=constant. 

As before, both the delay circuitry 320 and the damped resonant circuit 

318 are linear and time invariant and can therefore be interchanged in the 

order of cascading. An impulse input 328 can be fed first to the delay circuitry 

330 and then to the damped resonant circuit 333 to generate a composite 

response 335 that is the same as before 326. 

Note that coherent cancellation in the undamped case can be considered a 

special case of cancelation in the damped case whens = 0. Ifs is imaginary, 

then there is no damping in the conventional sense of the word. In our 

discussion, however, since the same principals of cancellation apply, we claim 

the instance of s being imaginary in the damped case. 

We will generally denote the real part of s by -a-. Since two or more 

periods of a periodic function can be considered a single period, the procedure 

can be extended to multiple periods. 

When dealing with coherent cancellation of certain periodic functions, 

it may be advisable to use end point correction. Such occurs, for example, 

when certain symmetry aspects of the desired impulse response are needed. 

Consider, for example, the damped resonant circuit 342 in Fig. 3 whose 

response 344 to an impulse 340 is 

y[n] = cos(7rn/2)e-anµ[n]. (14) 
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The envelope 343 of the response is shown. Application of coherent cancella

tion after the first period of the cosine will result in the response shown 346. 

In certain cases, such as windowing, we desire the end point of the period 

which the cancellation circuitry places to zero. We would like to have the 

end point, rather, on the envelope 353 at the point shown by the hollow dot 

350. Addition of this point to the impulse response is referred to as end point 

correction. 

Parallel and cascade generalizations. A number of component coherent 

cancellation circuits just described can be placed in cascade and/ or parallel to 

achieve even greater flexibility in the design of impulse responses. We allow 

reference to single component coherent cancellation circuits being connected 

in cascade and/ or parallel in order to allow the degenerate case of a single 

circuit to be subsumed in this discussion. 

In certain instances common circuitry can be factored from combinations 

of cascade and/ or parallel to yield a reduction in overall computational re

quirements. We will show that windows expressed in a finite cosine series, 

for example, can be synthesized by a parallel combination of second order 

IIR filters and that the delay circuitry can be factored so that a single delay 

circuit serves the entire array. 

Consider, as an example, any window fabricated using a composite cir-
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cuit consisting of two circuits, one with an impulse response that cancels the 

other after a delay. Placing two of these composite circuits in cascade will 

result in an impulse response equal to the autoconvolution of the impulse 

response of one. Indeed, from the central limit theorem, cascading a number 

of such circuits will result in a window with a gaussian shape. Cascading two 

rectangular widows results in a triangular window. Cascading two triangu

lar windows results in a Parzen window, etc. The cascading of rectangular 

windows has been discussed in the literature. 

Fourier Series Synthesis of Resonant Circuitry. For one skilled in 

the art, there exists numerous methods to design circuitry for a given causal 

impulse response. One approach is use of a Fourier series synthesis of the 

impulse response. In the most general case, one can easily design digital 

circuitry corresponding to impulse responses of the form 

Q 

h[n] = L hg[n] (15) 
q=O 

where 

(16) 

Such circuitry can be designed with the standard digital filter component; 

multipliers (including inverters), adders and unit delays. The quantitative 

values of the multipliers and the topology of all of the components are dic

tated by the parameters Q, "'/q, uq, and &q, There exists numerous computa-
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tional topologies for a given set of parameters. Such circuitry can be designed 

straightforwardly by those skilled in the art. 

The method of coherent cancelation can be nicely illustrated for lq = 0 

in which case, for n ~ JYlq, 

we choose to define 

Clearly, roq[n] is zero for n ~ Mq and the composite IIR filter 

Q 

ro[n] = L roq[n] 
q=O 

has a response that is finite in extent. 

(17) 

(18) 

(19) 

As has been illustrated in a previous example, the result can be extended 

to the case where the lg's are nonnegative integers. Window components of 

the type in Eq. 18 can be realized using an IIR filter with weighted delay line 

circuitry. The sum in Eq. 19 is achieved by simply placing these component 

circuits in parallel. 

Common windows. Many commonly used windows (Hanning, Hamming 

and Blackman) are special cases of the cosine series 

(20) 
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The Hanning and Hamming windows require Q = 1 and the Blackman win

dow Q = 2. 

Motivated by causality, we look at the shifted version of the cosine series 

window 

Q n-L 
w[n-L] = I)-l)q,Bqcos(1rnq/L)IT[~] 

q=O 
(21) 

Compare this with the special case of the real part Eqs. 15 and 16. 

Q 

h[n] = I)-1 )q ,Bqcos( 1rnq/ L )µ[n] (22) 
q=O 

The window in Eq. 21 is recognized as the first period of Eq. 22 except at 

the end point, n - L = L. Indeed, 

w[n - L] = h[n] - h[n - 2L] + w[L]8[n - 2L] (23) 

A periodic resonant circuit can either be straightforwardly designed with an 

impulse response given by Eq. 22. Delay line circuitry is then cascaded with 

this circuit to achieve the desired composite window filter. The window's 

end point can be inserted with the use of a weighted delay line or, in certain 

cases, can be ignored. 

One straightforward way to design the resonant circuit in Eq. 22 is by 

designing circuitry for each of the Q + 1 stages and connecting them in 

parallel. We rewrite Eq. 22 as 

Q 

h[n] = I: hq[n] (24) 
q=O 
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where 

(25) 

where 0q = 1rq/2L and cq = (-l)q/3q• For q -=/ 0, the z transform of this 

equation is 

n=O 

(26) 

Using standard design procedures, a digital circuit 405 with this transfer 

function can be generated as in Fig. 4. The output 415 of the filter 405 is 

equal to the discrete convolution of the input 410 with the impulse response 

in Eq. 25 with c = cq and 0 = 0q, Recognizing there exists a number 

of other digital filter architectures to generate the same operation, we will 

schematically represent the input 410 420 output 415 425 relationship of this 

operation by a solidly outlined box 430 inscribed with parameters c and 0. 

For q = 0, ho[n] = co = /30 • This operation can be performed by a simple 

multiply. 

Architecture examples. Consider the Q = 1 example for Hanning and 

Hamming windows of length 2L + 1. For Hanning windows, /30 = /31 = 0.5. 

For Hamming windows, (30 = 0.54 and /31 = 0.46. For these parameter 

choices, both the Hanning and Hamming w[n]'s can be realized by the ar

chitecture in Fig. 5 which is a special case of the delay to periodic resonant 
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circuit cascading 265 shown in Fig. 2. The input 505 is fed into the delay 

circuitry. The output of the delay circuitry is fed into the q = 0 and the 

q = 1 stages 515 520 of the circuitry. The end point correction is obtained 

by an additional weighted delay 540 of the signal. The outputs of all stages 

are added 525 to obtain the windowed output 530. Note that, for Hanning 

windows, w[L] = 0 and the end point correction is not needed. Indeed, for 

any window, the effect of not using end point correction diminishes as L 

increases. In such cases, one may choose not to use the end point correction 

in the computational architecture. 

A Q = 2 example of an embodiment of this method will be given for the 

Blackman window for the case where end point correction is not used. Here, 

/30 = 0.42, /31 = 0.5 and /32 = 0.08. The architecture in Fig. 6 is a special 

case of the periodic resonant to delay processing 270 shown in Fig. 2. The 

input 605 is fed to the q = 0, 1 and 2 stages 610 625 620. The outputs of each 

stage are summed and fed into the delay circuitry 630 the result of which is 

the windowed output 650. 

Stability Assurance. The window architectures presented to this point 

are marginally stable. All of the circuits poles lie on the unit circle of the 

complex z plane. Numerous modifications can be applied to the fundamental 

architecture to assure stability. Each feedback iteration sum, for example, 
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can be rounded towards zero. Alternately, stability can be assured by slightly 

perturbing the design to include slight damping that will move all of the cir

cles strictly within the unit circle. In other words, the source of the marginal 

stability in the circuitry is unit feedback ( e.g. 435 in Fig. 4). Damping 

feedback slightly will insure stability. 

Alternately, we can design entirely stable windowing circuitry for windows 

that are multiplied by a taper proportional to exp(-O"n). If we wish to keep 

the window shape as close to the O" = 0 case as possible, We choose O" to be 

a positive number just slightly greater than zero. 

Let h[n] denote a damped periodic causal impulse response. 

h[n] = h[n]e-u(n-L) (27) 

where h[n], given by Eq. 22, has a period 2L. Then, for n > 2L, 

(28) 

We can therefore generate the damped window 

w[n - L] w[n - L]e-u(n-L) 

h[n] - e-2uL!i[n - 2L] + w[L]8[n - 2L] (29) 

where 

w[L] = w[L]e-uL 
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is the value of the end correction factor. 

An architecture for computing Eq. 29 is shown in Fig. 7. The damped 

resonant circuit 715 has impulse response h[n]. The damped window is ob

tained by cascading this filter with weighted delay line circuitry 720. The end 

point correction factor is computed 725 and added to the filter output 730 to 

produce a windowed output 735 of the input 705. The undamped case is a 

special case of this processing procedure for the case where er = 0. As in the 

undamped case, the end point correction factor has less and less effect on the 

output as L increases. In such cases where the end point correction factor 

can be omitted, the end point correction factor stage 725 can be omitted. As 

in the undamped case, when the end point correction factor is deleted, the 

delay line circuitry becomes commutable with the damped resonant circuit. 

There exist variations on the fundamental architecture 750 shown at the 

top of Fig. 7. The architecture 755 shown at the bottom of Fig. 7, for exam

ple, performs identically with the same number of floating point operations 

(FLOPS). The numerical value of the used in the multiplies to achieve the 

end correction factor, for example, is different. Either architecture 750 755 

can be used in the two spectrogram architectures in Fig. 1 as the window 140 

(with w[n] replacing w[n]) to generate spectrograms with damped windows. 

Specifically, we compute S[n - L; u] using w[n - L] instead of the window 
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shown 140 where, now, 

L 
S[n; u] = I: w[k]x[n - k]e-j21rku (31) 

k=-L 

Similar use of w[n - L] in the squared magnitude architecture instead of 

w[n - L] 155 results in the squared magnitude of the spectrogram 165 where 

the expression for the spectrogram is now given by Eq. 31. 

We now discuss a possible architecture for the damped resonant circuit 

that parallels the undamped case. We can write Eq. 27 as 

(32) 

where 

(33) 

For c = cqeaL and 0 = 1rq/ L, one of many possible digital :filters for this 

impulse response is shown if Fig. 8. The input 805 into the circuitry 810 

produces an output that is the discrete convolution of the input with the 

impulse response in Eq. 33. We denote the general class of digital circuits 

with this response by the parameterized bold outline box 820 shown in Fig. 8. 

The input 825 into this parameterized box produces the same output 830 as 

in the specific damped circuitry 815. 

For q = 0, 

ho[n] = coe-a(n-L) µ[n]. 
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An architecture for this impulse response is a single loop feedback circuit 

with a forward gain of one and a unit delay feedback weighted by exp(-o-) 

cascaded with a multiply of exp(o-L)c0 • For c0 = /30 and Sq = /Jqexp(o-L), 

this circuit is shown as a component 920 1015 in both Figs. 9 and 10. 

Architecture examples. A digital filter for Q = 1 damped Hanning and 

Hamming windows is shown in Fig. 9 using a slight variation of the architec

ture 334 shown in Fig. 3. The input 910 is fed to the damped delay circuitry 

915. The n = 0 component of Eq. 33 is realized by a first order feedback 

circuit 920. The output of the delay circuitry is fed into this circuit and 

the n = l stage 925 (Sq = /Jqexp( a-L)) and the end point correction factor 

stage 940. The outputs from all stages are added 930 to produce the damped 

windowed output 935. 

A digital filter for a Q = 2 damped Blackman window is shown in Fig. 10 

using a slight variation of the architecture 755 shown on the bottom of Fig. 7. 

The input 1010 is fed the delay circuitry 1012 and then to the q = 0, l, 2 

stages 1015 1020 1025 and the end point correction stage 1040. The outputs 

of all of the stages are summed 1030 to obtain the damped windowed output 

1035. 

Sequential and Parallel Embodiments. Although the circuitry thus 

far described can be used to generate a single spectral line of a spectrogram, 

43 



more typically, one desires a number of parallel lines each corresponding to 

a different frequency. This can be performed in parallel where a number of 

spectrogram processors are each tuned to different frequencies and all spec

trogram lines are computed at the same time in parallel. Alternately, the 

same processor can be exposed to the same signal a number of times. For 

each presentation, the complex sinusoid( s) are tuned to different frequen

cies. The lines of the spectrogram are thus computed sequentially. In either 

the parallel or sequential embodiments, the choice of frequencies need not 

be linear. Logarithmic spacing of frequencies, for example, can be chosen. 

Similarly, in either case, the window from spectral line can be changed from 

spectral line to spectral line. For the sequential embodiment, this requires 

the changing of the window parameters (the /Jg's and possibly Q) for each 

presentation of the signal. Other spectrogram processors that use common 

circuitry to feed a parallel bank of processors will be presented later. 

Modulated Windows. We also claim computational architectures for 

modulated windows and their use in the generation of spectrograms. For 

such architectures, the complex sinusoidal premultiplies 115 145 are no longer 

required. In parallel embodiments, a single delay line circuit can service the 

all of the resonant circuits. For the damped spectrogram in Eq 31, we write 

L 

S[n;u] I: x[n - k]w[k; u] 
k=-L 
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= x[n] * w[n; u] (35) 

where, henceforth, the modulated window is redefined from Eq. 6 to allow 

for damping. 

w[n; u] 

and 

w[k]e-i21rnu 

Q 

Ew9 [n; u] 
q=O 

(36) 

(37) 

In our discussions concerning modulated windows to follow, we will include 

both the damped and the undamped case. The undamped case can be consid

ered as a special case of the damped case for a = 0. Motivated by causality, 

we write 

We therefore wish to synthesize a resonant circuit with impulse response 

Q 

h[k; u] = L hq[k; u] (39) 
q=O 

where 

Digital filters with this impulse response can be straightforwardly generated 

by those skilled in the art. One approach is to analyze the z transform of 
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Eq. 40 
00 

Hq(z; u) = I: hq[k; u]z-k (41) 
k=O 

which gives 

where 

(43) 

Note that, for q = 0, 

( 44) 

The A (lambda) filter in Eq. 43 can be implemented using the IIR filter ar

chitecture shown in Fig. 11. There is a unit feed forward 1110 and a weighted 

unit delay feedback 1120. A schematic representation 1140 of the filter, ap

propriately parameterized with input 1130 and output 1145 corresponding 

to the IIR filter is also shown in Fig. 11. 

In general, A filters will have a complex output 1145. The input 1130, 

however, can be either real or complex depending on the use of the A filter. 

Using real multiplies, the A filter can be implemented for real inputs 1205 as 

is shown in Fig. 12. We can write Eq. 43 as 

A(z; v) 
_1 - 2e-acos(21rv)z-1 + e-2az-2 

Ar(z; v) + jA\z; v) 
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where Ar(z; v) and Ai(z; v) are the transfer functions that generate the real 

and imaginary output components, respectively, of the A filter. The real 

input 1205 is the stimulus to the IIR filter circuitry. The real 1210 and 

imaginary 1215 outputs are, respectively, yr[n] and yi[n] corresponding to 

the complex output 1145 y[n] = yr[n] + jyi[n]. The output yr[n] is equivalent 

to the output of a filter with transfer function Ar(z; u) for a real input, x[n] 

1205. Similarly, yi[n] is equivalent to the output of a filter with transfer 

function Ai(z; u) for a real input, x[n] 1205. The schematic 1240 for the 

depiction of the real 1220 and imaginary 1225 components for a real input 

1230 is also shown in Fig. 12. 

For real inputs, the A filter representations 1140 1240 in Figs. 11 and 

12 are identical. If, however, the input 1130 is complex, ( i.e. x[n] = 

xr[n] + jx i [n]), then the A filter characterization 1140 in Fig. 11 reqmres 

more computational circuitry. One such embodiment is shown in Fig. 13 

uses the depiction 1240 in Fig 12 as a component 1301 1302. The real out

put 1305, yr[n], is the sum of the real response of the real input 1310 and 

the negated 1315 imaginary response to the imaginary input 1320. Similarly, 

the imaginary response 1325 is the sum of the imaginary response of the real 

input 1310 and the real response of the imaginary input 1320. 

A bank of A filters, as shown in Fig. 14, can be used to realize filters with 
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transfer functions 

K(z; u) H(z; u)e-i21ruL 

Q 1 
f3oeuL A(z; u) + L 2(-l)q (3qA\z; v)euL 

q=l 

q q 
x [A(z; u -

2
L) + A(z; u + 

2
L)] (46) 

where H(z; u) is the z transform of h[n; u]. 

00 

H(z; u) = L h[n; u]z-n 
n=O 

(47) 

An input 1410 is weighted proportional to Fourier coefficients 1415 (~q 

½(-l)qexp(aL){3q) which in turn are fed into a bank of appropriately tuned A 

filters 1420. The outputs of the A filters are summed 1425 to yield an output 

1430 which is equivalent to the response of the input 1410 to a digital filter 

with transfer function K(z; u) in Eq. 46. Schematically, we will depict the I( 

filter by the representation 1440 shown in Fig. 14. Note that the architecture 

can be construed for either real or complex inputs 1410 depending on whether 

the A filters are constructed for real or complex inputs. In either case, the I( 

filter is parameterized by the frequency u, damping coefficient a, filter order 

Q, and vector of Fourier coefficients jJ. The vector jJ is of length Q + 1. 

The circuitry for the modulated window can be implemented with delay 

line circuitry and the I( filter 1440. From Eqs. 36, 37 and 39, we can establish 
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the identity 

w[n - L; u] = h[n; u] - e-j411"uLe-2uLh[n - 2L; u] + w[L; u]8[n - 2L] ( 48) 

where w[L; u] is the value of the end point correction factor. The correspond

ing modulated window transfer function results from a z transform of Eq. 48. 

Define 
00 

n(z; u) = L w[n; u]z-n. (49) 
n=O 

The z transform of Eq. 48 is then 

n(z; u)z-L 

where we have used Eq. 46. From Eq. 35, the output of a filter with this 

transfer function when presented an input of x[n], is the spectrogram line 

S[n - L; u]. 

The transfer function for the delay and the exponential shift in Eq. 50 is 

defined as 

(51) 

One embodiment of an architecture for this transfer function is shown at the 

top of Fig. 15. The input 1505 is placed through the delay circuitry 1510, is 

post multiplied by a complex weight 1515 to give the desired output 1520. 

This embodiment has the advantage of isolating the complex exponential 
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1515 which, when the squared magnitude of the spectrogram is desired, can 

be deleted. An alternate architecture for D(z) requiring fewer FLOPS is 

shown at the bottom of Fig. 15. The input 1525 is fed through delay circuitry 

1530 with different weights than before 1510 to achieve the desired output 

signal 1535. 

Spectrogram Architectures Using Modulated Windows. Given 

delay circuitry and the I{ filter 1440, we can generate circuitry for synthe

sis of the spectrogram line based on the modulated window. As with the 

previously discussed methods for generating spectrograms, we will present 

example architectures whereby the squared magnitude of the spectrogram 

is generated or both the real and imaginary parts of the spectrogram are 

computed. As before, in any embodiment, end point correction may or may 

not be used. The contribution of end point correction to the final result 

diminishes as L increases. Both serial and parallel implementation methods 

will be discussed and illustrated. 

An architecture for generating a single spectral line of a spectrogram 

based of Eq. 50, is shown in Fig. 16. The input 1605 is fed to delay circuitry 

1610 the output of which is fed to a J{ filter 1616 the output of which, in 

turn, is shifted in phase 1620. The end point correction factor 1625 is added 

to give the desired spectrogram output 1630. One or more of the parameters 
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of the circuitry ( i.e. u, L, u, iJ and Q) can be changed and the same 1605 

or alternate input can be applied to generate a second output spectrogram 

line. 

As is the case with other embodiments in the descriptions of this patent, 

the architecture in Fig. 16 has a number of variations in detail design that 

are evident to one skilled in the art. The multiplication by the complex 

exponential 1620 in Fig. 16, for example, can be performed immediately 

prior to the J( filter 1616 instead of directly after. Indeed, if end point 

correction is not used, the I( filter, delay circuitry and exponential shift 1620 

can be cascaded in any order desired. Such arbitrariness in the cascading 

of two or more linear time invariant filters is well known. One of these 

six orderings is shown in Fig. 17. The input 1705 is first fed into a J( 

filter 1710 and then into the delay circuitry 1715. After post multiplication 

by a complex number 1720, we achieve the desired spectrogram line 1725 

(without end point correction). This embodiment has the advantage that A 

filters with real inputs can be used if the processor input 1705 is teal. Note 

also, that if the only the squared magnitude of the spectral line, I S[n -

L; u] 1
2

, is desired (rather than the output shown 1725), then the complex 

sinusiod weighting 1720 can be omitted and replaced by a magnitude squared 

operation. A variation such magnitude squared computation is shown in 
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Fig. 18. A different cascading order, though, is used here. The input 1805 is 

placed first into the delay circuitry 1818 and is then fed into a J{ filter 1815. 

A magnitude squared operation 1820 is performed on the output of this filter 

to yield the desired squared magnitude of the spectrogram output line 1830 

( without end point correction). 

A parallel architecture illustrating the method of generating spectrograms 

using modulated windows is shown in Fig. 19. Using Eq. 50 for 1 :Sp :SP, 

we propose an architecture for the transfer functions 

where n(z; up) is the z transform of w(z; up), The embodiment of this archi

tecture, shown in Fig. 19, uses a single delay circuit 1910 to service all of the 

I{ filters 1915. For P spectral lines, there are P separate I{ filters the pth 

of which is tuned to frequency Up and is of order Qp with Fourier coefficient 

vector /3p• The input to each I{ filter is the sum of a weighted 1950 input 

1905 and weighted 1955 delay. The output of each I{ filter is added to the 

end point correction factor 1925 to generate the real and imaginary portions 

of the spectrogram lines 1930. 

A variation on the parallel circuit can be made if only the magnitude 

squared of the spectrogram output is required. In such a scenario, if end 

point correction is not used, the complex sinusiod weights 1950 have no effect 

52 



on the processor output and can therefore be deleted from the architecture. 

An embodiment of such a processor is shown in Fig. 20. The input 2005 is 

placed through delay circuitry 2010 the output of which services the bank of 

I{ filters 2015. The output of each I{ filter is magnitude squared 2020 which 

gives the desired spectrogram output 2025. 

Uniformly Spaced Frequency Bins Using Modulated Windows. 

When the frequency bins in the parallel architecture are spaced linearly as 

p 
Up=-

2L 
(53) 

then a computationally simplified parallel architecture can be realized. Equa

tion 42 becomes 

The q = 0 case warrants special statement. 

(55) 

For linear frequency spacing (and Q > 0), some of the same A filters required 

to generate the line at, say, up, are also required to generate the frequency 

lines at Up±1• Indeed, one or more common A filters are required up to 

and including the Up±Q frequency lines. We can configure the processing 

architecture so that a A filter can be used for a number of frequency lines in 

the spectrogram therefore reducing the overall required computation. 
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Other computational aspects arise in this configuration. The multiplies 

in the delay circuitry all become real. The complex sinusoid, for example, 

becomes exp(j21rupL) = ( -1 )P which is obviously computationally simpler 

to implement. 

An embodiment for the bank of shared A filters for generating spectro

grams is illustrated Fig. 21 for Q = 1. The input 2105 is fed into delay line 

circuitry 2110 which services the entire bank of A filters 2120. For Q = 1, 

each A filter services three spectrogram frequency lines. The outputs are 

weighted proportional to the Fourier series coefficients 2125 and are com

bined 2130 with the end point correction factors 2135. These sums are then 

weighted 2140 by (-l)P to generate the real and imaginary components of 

the spectrogram frequency lines 2145. If, instead of weighting by (-l)P, a 

magnitude squared operation is performed, then the output lines become the 

magnitude squared of the spectrogram lines. 

The architecture in Fig. 21 can clearly be extended to larger values of Q 

using basically the same bank of A filters. Additional A filters would have 

to be added to contribute to the lower and higher spectral lines. Extending 

from Q = 1 to Q = 3, for example, would require the addition of two A filters 

and the low frequency end and two at the high frequency end. In general, 

for P frequency lines, a total of P + 2Q A filters are required. Those A filters 
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not at either end will contribute to a total of 2Q + 1 frequency lines. Note 

that this architecture can also be implemented using FIR embodiments of 

the A filter - delay line circuitry combination. 

An embodiment for parallel generation of the magnitude squared of a 

spectrogram using a bank of A filters without end point correction for Q = 2 

(e.q. for Blackman windows) is shown in Fig. 22. The input 2205 is fed to 

delay circuitry 2212 the output of which serves the bank of A filters 2210. 

The outputs of the filter bank are weighted by Fourier coefficients, combined 

2215, and magnitude squared 2220 to give the magnitude squared of the 

spectrogram frequency line 2225. All of the fanouts from the bank of A filters 

are not shown. If, for example, there was to be a frequency line generated at 

u = P2+j,2, then the A filter in the bank 2212 parameterized by fr, would make 

a contribution. Note, also, that the value of Q can be allowed to vary from 

output line to output line as can the values in the f P. This same statement 

applies to the corresponding processor in Fig. 21 for the generation of the real 

and imaginary components of the spectrogram. Note that this architecture 

can also be implemented using FIR embodiments of the A filter - delay line 

circuitry combination. 

Implementation of Disjoint Unmodulated Windows Using a Sin

gle Delay Line. Parallel implementation of the circuitry in Fig. 1 using an 
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unmodulated window, damped or undamped, as illustrated 310 315 in Fig. 7 

for the damped case, requires a delay line for each spectrogram frequency 

line. With the modulated window, we see that a single delay line can serve 

the entire processor as is illustrated in Figs. 19, 20, 21 and 22. In disjoint 

form, the unmodulated window can also be used to generate spectrogram 

circuitry in parallel with the use of a single delay line. Discussions of this 

capability and corresponding illustrative architectures are the topics of this 

section. 

From Eq. 31, 

S[n - L; u] = ej21r(n-L)u{(x[n]ej2·rrnu) * w[n - L]} (56) 

where w[n] is the damped window in Eq. 29. The undamped case will not 

be treated separately since it a special case of the dampened architectures 

when u = 0. We can write the window expression in Eq. 29 as 

w[n - L] = h[n] * {8[n] - e- 2aL8[n - 2L]} + w[n]8[n - 2L] (57) 

where w[n] is the value of the end point correction factor. The impulse 

response, h[n], is that of the damped resonant circuit and, for this discussion, 

is given by Eq. 32. For a given Q, a processor architecture with transfer 

function 
00 

H(z) = L li[k]z-k (58) 
k=O 
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is shown in Fig. 23. The input 2305 is fed to a digital filter the compos

ite impulse response of which is h[n] to generate the desired output 2315. 

We schematically denote the damped resonant circuit by the appropriately 

parameterized diamond 2320 in Fig. 23. 

Substitution of Eq. 57 into Eq. 56 followed by straightforward convolution 

algebra results in the expression 

S[n - L; u] = w[L]x[n - 2L]e-j21r(n-L)u + e-j27r(n-L)u 

x[h[n] * {ei21rnu(x[n] - e-20-Le-j41ruLx[n - 2L])}] (59) 

An architecture for generating a spectral line based on this expression is 

shown in Fig. 24. The input 2405 feeds delay circuitry 2410 the output of 

which is premultiplied by a temporally varying complex exponential 2415, 

passed through an iI filter 2420 and is post multiplied by a temporally vary

ing sinusiod 2425 the output of which is added to the end point correction 

factor 2430 to give the real and imaginary components of the spectrogram 

2435. The exp(j21l' Lu) term in the post multiply 2425 term, exp[j21l'( n-L)u], 

can alternately be generated by a multiply at a number of other locations 

including before or after the iI filter or the pre-multiply 2415. Note that in 

this embodiment, and in those to be described, that the disjoint unmodu

lated window does not appear in a lumped form as schematically depicted in 

Fig. 1. It's components ( the fI filter and the delay line) are not connected. 
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This is the reason for the use of the word disjoint in the description of the 

window. 

As in previous cases, the spectrogram processor in such embodiments 

can be modified to display the squared magnitude of the output spectrogram 

resulting in a reduction of the required number of FLOPS. Without end point 

correction, the squared magnitude of Eq. 59 is 

I S[n - L; u] 12 =1 h[n] * { ei21r(n-i)u(x[n] - e-2aLe-j41ruLx[n - 2L])} 12 (60) 

where the effects of the arbitrarily chosen positive number, i, are totally 

eliminated by the magnitude squared operation. An embodiment of an ar

chitecture corresponding to Eq. 60 is shown in Fig. 25. The input 2505 is 

fed into weighted delay circuitry 2510 the output of which is multiplied by 

a time varying complex sinusiod 2515 and placed through an fI filter 2520 

and is magnitude squared 2525 to generate the desired squared magnitude 

output 2530. 

As with other embodiments, the spectrogram processors in Figs. 24 and 

25 may be sequentially fed signals to generate a number of spectrogram lines 

or used to continually generate a single line of a spectrogram output. 

The parallel embodiments of the processor require only a single delay line. 

For 1 :::; p:::; P, we can replicate Eq. 59 as 

S[n - L; up] = ul[L]e-j21r(n-L)up + e-j21r(n-L)up 
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where, although the variation is applicable to other embodiments, we have 

here explicitly noted in our notation the allowance of the windows, wP[n], 

and therefore corresponding impulse responses, h,P(n], to vary for varying p. 

One embodiment of the corresponding processor is shown in Fig. 26. The 

input 2606 is fed to delay circuitry 2610 which services the remainder of the 

processor. The delayed signal is weighted by complex phase terms 2615 and is 

recombined with the undelayed signal 2620. The combination is placed into a 

band of pre-multipliers which service a bank of iI filters 2630 the outputs post 

multiplied 2635 by time varying complex exponentials. The multiplier values 

of exp(±j21r(n± ½)up) were chosen here in part to illustrate the flexibility of 

placement of the term exp(j21r Lu) (in the post multiply 2425 in Fig. 24) in 

the processing architecture. The outputs of the post multipliers are added 

2640 to the end point correction factor 2645 to give the real and imaginary 

components of the spectrogram lines as outputs 2650. 

An architecture for generating the squared magnitude of a number of 

spectrogram lines based upon replication of the processor type illustrated in 

Fig. 25 is shown in Fig. 27. A single delay line is required for the entire 

processor. End point correction circuitry is not included. The input 2705 is 

fed into delay circuitry 2710 which serves the entire processor. The exponen-
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tial term, exp(-2crL), present in the delay circuitry 2610 if Fig. 26, is not 

included here but is, rather, combined with the weighting factors 2715 of the 

delayed signal. The weighted delay signals are added 2720 to the original sig

nal, fed into the pre-multipliers 2725 with arbitrary phase, { ip I 1 ::::; p ::::; P} 

which, in turn, are fed into a bank 27 40 of fI filters whose outputs are magni

tude squared 2730. The result is the magnitude squared of the spectrogram 

lines 2730. 

Equally Spaced Frequency Lines Using Disjoint Unmodulated 

Windows and a Single Delay Line. The computational requirements for 

generating spectrograms using disjoint unmodulated windows and a single 

delay line are less when the frequencies are integer multiples of the inverse 

of 2L (i.e. Up= fr). It follows that exp(-j41rupL) = 1. Thus, the bank of 

complex multiplies 2615 such as is required in Fig. 26 is no longer required. 

Furthermore, exp(±j21rLup) = (-l)P becomes a much easier number by 

which to multiply. In such cases, Eq. 59 becomes 

(-l)P{ uiP[L]x[n - 2L] 

+w;tP[hP[n] * {liV2nl(x[n] - e-2<1Lx[n - 2L])}]} (62) 

where we have used the common DSP notation 

w.J - ej1rJ/L 
2L - (63) 

A corresponding architecture is illustrated in Fig. 28. The input 2805 feeds 
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the delay circuitry 2810 the output of which services a number of pre

multipliers 2820. As before, the outputs of the pre-multipliers are fed to 

a bank of fI filters 2825 the outputs of which are post multiplied by time

varying complex sinusoids 2830. These outputs are added 2835 to the end 

point correction factor 2840 and are then weighted by ( -1 )P to give the real 

and imaginary components of the spectrogram lines 2845. A single stage of 

this processor can be used for sequential generation of spectrogram lines. 

A further computation reduction can be realized if only the squared mag

nitude of the spectrogram is required. The squared magnitude of Eq. 62 

deleting end point correction is 

An illustration of a corresponding architecture for the parallel implementa

tion in this case is shown in Fig. 29. The input signal 2905 is fed into delay 

circuitry 2910 the summed output of which feeds the rest of the processor. 

The summed output is pre-multiplied by time varying sinusoids 2915, passed 

through fI filters 2920 and magnitude squared 2925. The result 2930 is the 

squared magnitude of the spectrogram lines. 

Output Time Decimation. All of the architectures thus far presented 

produce spectral lines at a rate identical to that of the input. The architec

tures can also be configured to generate output spectral lines at a decimated 
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rate of, say, every N input time units. All of the previous architectures can 

do this simply so by providing an output every N time units. We will now 

discuss other architectures based on coherent cancelation using delay line 

circuitry that are more computationally efficient. 

We rewrite the causal form of the spectrogram in Eq.l as 

L 

S[n - L; u] = L x[n - L - k]w[k]e-j2-n-ku (65) 
k=-L 

where we write the window with a tilde to denote that it can be represented 

by the Szasz series 
Q 

w[k] = L aqe-sqk (66) 
k=-Q 

Where Q parameterizes the order of the series and the set of possibly complex 

Szasz series coefficients and exponential factors are respectively { aq I Q :S 

q :S -Q} and {sq I Q :S q :S -Q}. Note that we have chosen to truncate 

the duration of the window in Eq. 65 by the sum rather than explicitly in 

Eq. 66 by a rectangle function. The cosine series in Eq. 20 is a special case 

of w[k)II[AJ with a corresponding interpretation for the order Q. The series 

coefficients and exponential factors corresponding to Hanning, Hamming and 

Blackman windows are shown respectively in Tables 1, 2 and 3. 

The damped windows in Eq. 30 are also proportional to special cases of 

w[k)II[AJ- Indeed, for a fixed u, the corresponding modulated windows in 

Eq. 36 are also special cases. 
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q O'.q Sq 

1 1 j1r/L 4 

0 1 0 
2 

-1 1 -j1r/L 4 

Table 1: Hanning: <p(k) = cos2 (;£), Q = 1. 

q O'.q Sq 

1 0.23 j1r/L 

0 0.54 0 

-1 0.23 -j1r/L 

Table 2: Hamming: <p(k) = 0.54 + 0.46 cos(f ), Q = 1. 

q O'.q Sq 

2 0.04 j21r/L 

1 0.25 j1r/L 

0 0.42 0 

-1 0.25 -j1r/L 

-2 0.04 -j21r/ L 

Table 3: Blackman: <p(k) = 0.42 + 0.5 cos(f) + 0.08 cos(2lk),Q = 2. 
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We begin be decomposition of the spectrogram line into components. 

where 

Q 

S[n - L; u] = L aqSq[n - L; u] 
q=-Q 

L 
Sq[n - L; u] = L x[n - L - k]esqke-j21!"ku 

k=-L 

(67) 

(68) 

To illustrate how we can decimate the rate of the spectral lines, we shift 

Eq. 68 by N time units. 

L 

Sq[n - N - L; u] L x[n - L - N - k]esqke-j21l"ku 

k=-L 

L+N 
e-(sq-j21l"uN) L x[n - L - k]esqke-j21l"ku (69) 

k=-L+N 

The summand is the same as that in Eq. 68, but the summation limits are 

different. Note that 

L L+N -L+N-1 L+N 

I: I: + I: I: (70) 
k=-L k=-L+N k=-L k=L+l 

Substitution into Eq. 68 followed by application of Eq.69 gives the following 

recursion relation for the decimated spectrum output 

Sq[n - L; u]e(sq-j211"u)N S[n - N - L; u] + S_t[n] (71) 

where 
-L+N-1 L+N 

s_t[n] = { I,: L }x[n - L - k]e(sq-j211"n)k_ (72) 
k=-L k=L+l 
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As with previ ous cases, the new spectrogram value is obtained by the weighted 

superposition of the previous spectrogram value with contributions of data 

no longer in the window subtracted and newly introduced data contributions 

added. The adjustment terms corresponding to new and old data (i.e. the 

-E"i:!~£1-1 + Ef!£'+1 term in Eq. 72) can be computed using public domain 

techniques in short time Fourier DSP. Indeed, the adjustment terms are rec

ognized as short time spectrograms. We shall first describe evaluation of 

St[n] using a standard FIR filter and then present alternate architectures 

based on truncated resonant circuitry. 

A standard FIR architecture for SN[n] is shown in Fig. 30. The input 

3005 is introduced into a delay line 3010 with 2L + N unit delays. Only the 

first N - 1 and last N - 1 delays 3015 3020 are tapped and weighted 3055. 

There are no taps in the middle 3025 of the delay line. The weight of tap 

from the kth unit delay, when present, is 

(73) 

We denote a vector of these values by x_. The sum of the right hand taps 

is generated 3040 and inverted 3035 and is added to the sum 3030 of the 

left hand taps. Since we are interested in only in the output spectral line 

every N time units, this sum needs to be computed only every other N time 

units. The box 3060 around t N is the schematic notation for downsampling 
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by a factor of N. The output of this box is the desired output 3045. We 

schematically abstract the processor for generation of st[n] by an appropri

ately parameterized box 3050 inside of which is an encircled st. 

Two other architectures for computing St[n] in Eq. 72 are shown in 

Fig.31. A signal input into either of the two processors 3105 3135 will produce 

the same 3045 outputs 3130 3160 as when the input signal 3005 into the 

processor in Fig. 30. 

The first processor 3110 makes use of the identity 

st[n] = st[n] - SN[n] (74) 

where 
-L+N-1 

st[n] = L x[n - L - k]e(sq-j21rn)k_ (75) 
k=-L 

and 
L+N 

SN[n] = L x[n - L - k]e(sq-j27rn)k_ (76) 
k=L+l 

Under the assumption that the ratio of the window duration to N (in our case 

2LJ1) is an integer, we can straightforwardly establish from these equations 

the identity 

(77) 

This suggests the architecture 3110 at the top of Fig. 31. The input 3105 

is fed into an FIR filter 3111 the output of which is downsampled 3114 to 
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th 
yield S.it,[n]. This signal, at a clock rate equal to 1 that of the input 

3105, is fed to delay line circuitry 3119 that produces an output of S.it,[n] 

via Eq. 77. (The notation z·;/ denotes a delay of N time units). The terms 

are combined to give the spectrogram output 3130. A second embodiment 

3140 that is a variation on this approach simply interchanges the order of 

the delay circuitry 3142 and the FIR filter 3144. For the same input 3135, 

we generate the same output 3160. 

An IIR filter 3170 that is an alternate architecture to compute S.it,[n] 

1s also shown in Fig. 31. This processor can be substituted for the FIR 

filters 3111 3144. The output 3180 is set to zero and N iterations over the 

appropriate interval of the input 3175 will produce an output of S.it,[n]. The 

output is again set to zero and the filter awaits the next applicable set of N 

input points, etc. 

Given an architecture to compute st[n] 3050, we can generate the spec

tral line as given in the recursive relation in Eq. 71 using the architecture 

shown if Fig. 32. The previous output 3210 of the processor, S9 [n-L-N; u], 

is made available through a delay 3220. This output is added to St[n] which 

is generated by circuitry 3230 described previously 3050 in response to the 

input 3205. This sum is weighted 3235 to give the desired spectral line 

output component 3215. We schematically abstract this processor with an 
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appropriately parameterized bold circle 3250 inside of which is a boxed S. 

The sum in Eq.67 can be implemented by connecting 2Q + 1 of the Sq 

processors in parallel. An example for Q = 1 ( e.g. Hanning and Hamming 

windows) is illustrated in Fig. 33. The input 3305 is fed to a bank 3310 of 

2Q + 1 = 3 filters corresponding, from top to bottom, q = 1, 0, -1. The qth 

filter is parameterized by a given u and X,q (i.e. the parameter q is used in 

the vector). The outputs of the filters are weighted by the corresponding aq 

coefficients 3315 and are summed to give the desired decimated spectrogram 

output 3320. Alternately, the weighting by the aq coefficients can be done 

prior to rather than after the filter bank operation. If the magnitude squared 

of the spectrogram is required, then the output 3320 can be subjected to a 

magnitude squared operation. Note also, as with previous embodiments, the 

delay circuitry common to each of the S filters can be factored so that a 

single delay line services the entire bank. 

In many cases of interest ( e.g. Hamming, Hanning and Blackman), the 

aq coefficients are even. In other words, aq = a-q· In such cases, the outputs 

of the qth and -qth filters can be added prior to weighting by aq thereby 

saving Q multiply operations. This is illustrated in Fig. 34 for Q = 2 ( e.g. 

Blackman). The input 3405 is fed to a bank 3410 of 2Q + 1 = 5 filters 

parameterized bu u and X.q• The outputs of filters corresponding to q > 0 
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filter are added to the -qth filter output 3420. These terms are weighted by 

the aq coefficients 3425. The results are added 3430 to produce the desired 

spectral line output 3435. As before, the delay circuitry common to each of 

the S filters can be factored so that a single delay line services the entire 

bank. 

As in previous architectures, the embodiments of the spectrogram ar

chitectures illustrated in Figs. 33 and 34 and their variations can be used 

sequentially or can be replicated spatially to generate output frequency lines 

in parallel. As before, the window shape can be varied from frequency line to 

frequency line and the frequency bins can be placed with arbitrary spacing. 

Note that use of a single circuit of the type described in this section ( e.g. 

in Fig. 33 or 34) parameterized by u = 0 is an unmodulated window that 

generates a decimated sliding window operation. 

Equal Spaced Frequency Bins and Decim.ation. As was the case 

with the A filters, parallel embodiments of architectures for the decimated 

spectrogram can be configured to share subprocessors when the spacing be

tween frequencies is chosen to be uniform. Specifically, let u = p6.. where 6-. 

is the uniform spacing. Furthermore, let sq = -a+ j21rq6... As before, a is a 

damping factor and can be set to zero for the undamped case. Under these 

69 



conditions, Eq. 71 becomes 

k=-L 

S[n - L;p- q] (78) 

The utility of the redefinition of this Szasz component of the spectrogram as 

a 3 (xi - pronounced see) filter will become evident shortly. Using Eqs. 71 

and 72, we can establish the recursion 

S[n - L; p] = e-aN e-j21rpN~S[n - L - N; p] + sMn; p] (79) 

where 
L L+N 

st[n;pJ = { I: L }x[n - L - k]e-ake-i21rpk~ (80) 
k=-L k=L+l 

An architecture for generating the recursion for the 3 filter in Eq. 79 is 

illustrated in Fig. 35. The input 3505 is input into an appropriately param

eterized st filter 3510 which is exactly the same as the S't, filter in Fig. 32 

when we use 

X 
_ e-ake-j21rpk~ k- , (81) 

The output of the 2t filter is fed into an IIR filter 3520 which generates the 

desired output 3525 by computational evaluation of the recursion in Eq. 79. 

The schematic representation 3530 of this circuitry is shown as two intersect

ing rectangles, appropriately parameterized, with a 3 written in the center. 

When replicated in a bank 3610 3710, such as in Figs. 36 and 37, the delay 
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line may be factored from each 2 filter so that a single delay line feeds the 

en tire bank. 

A bank of 2 filters can be used to efficiently generate spectral lines rn 

parallel when the frequency bins are evenly spaced. For a given Q, the gen

eration of the spectral line at u = pl:::,. uses 2Q + 1 of the 2 filters parametered 

by p on the interval -Q :=::; p :=::; Q. The frequency line at u = (p+ 1)1:::,. uses 2 

filters in the interval -Q + 1 :=::; p :=::; Q + l. There is only one 2 filter that was 

not used in u = pl:::,. spectrogram line that is not used here. As illustrated 

in Fig. 36 for Q = 2, a single 2 filter can therefore contribute to the output 

of a number of frequency lines. Here, the input 3605 is fed to a bank of 2 

filters the outputs of which are weighted by desired Szasz series coefficients 

and combined 3615 to generate the spectral line outputs 3620 in parallel. 

Note that the requirement that the frequency lines be equally spaced does 

not dictate that the windows be the same for each frequency line. Note that 

due to the linear time invariance of the circuitry, the interconnect circuitry 

3615 can be placed before the 2 filter bank 3610 without effecting the result 

3620. 

A simplified embodiment of the architecture illustrated in Fig. 36 is pos

sible when the aq coefficients are even functions of q, i.e. aq = a-q· This 

is illustrated in Fig. 37 for Q = 1. The input 3605 is again applied to the 
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3 filter bank. The outputs at either side of a desired frequency line, now, 

however, are added prior to being weighted by a 1 . For Q = 2, the outputs 

two filters removed would also be added prior to weighting by a 2 ; etc. The 

results of these weighted combinations are added 3715 to generate the output 

spectral lines in parallel 3720. As before, the interconnect circuitry 3715 can 

be placed prior to the 3 filter bank 3710 without effecting the output 3720 

Although not specifically indicated in Figs. 36 and 37, the windows can 

be varied from one frequency line to the next by controlling the number and 

value of the aq coefficients contributing to a frequency line. Note also in 

Figs. 36 and 37 that the placing of the interconnect circuitry prior to the 3 

filter bank requires a higher clock rate in the interconnect circuitry. 

Architecture Variations. In this section, we elaborate on some of the 

other architecture variations applicable to the implementation of the DSP 

processing methods described in this document. 

There can exist a number of implementations of digital circuitry for a 

given impulse response. One can, for example, combine the q = 0, 1 stages 

920, 925 in Fig. 9 by writing the z transform transfer function equations 

for the q = 0 stage 920 and the q = 1 stage 925 and combine them with 

a common denominator. The resulting equation can be implemented in the 

Direct form II method described by Oppenheim, Willsky and Young. The 
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resulting circuitry will be different than that in Fig. 9, yet the input-output 

relationship will be identical. Indeed, similar procedures can be applied to 

combine the delay, end point correction and resonant circuitry. Such design 

variations are well known to those well versed in the art. 

As has been noted, linear time invariant components is series within a 

circuit can be interchanged in order without changing the composite response. 

In Fig. 14, for example, the coefficient multiplication 1415 can be done after 

the A filter bank 1420 rather than before, as is shown. Similarly, the series 

combination of h2 [n] followed by the delay, -z-6 at the top of the processor 

220 in Fig. 2 can be reversed without effecting the composite impulse response 

230 of the entire processor 220. Such commutative aspects of digital filters 

are well known to those well versed in the art. 

In many cases of application, only a proportional value of a spectrogram 

or window is required. In such cases, for example, all of the values of the {3q 's 

can be weighted by some appropriately chosen value. In Fig. 5, for example, 

the weight /30 in the q = 0 stage 515, for example, can be replaced by one if the 

value of /31 in the q = 1 stage is replaced by /3i/ /30 and the end point correction 

weight 540 is changed from -w[L] to -w[L]/ {30 • The output 530 would then 

be changed from y[n] to y[n]/ {30 • The resulting filter used, for example, in 

the two unmodulated window spectrogram processors in Fig. 1, would result 
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in outputs of S[n - L; u]/ ,80 instead of S[n - L; u] 135 and I S[n - L; u]/ ,80 1
2 

instead of I S[n - L; u] 1
2 165. Thus, by allowing proportional outputs, 

we are able to save a multiply. Such is also the case with the processor in 

Fig. 33. From Tables 1 and 2, the Szasz series coefficients on Hamming and 

Hanning embodiments of this architecture obey the symmetry a 1 = a_1 . 

Therefore, replacing both a±1 by 1 and a 0 by a 0 / a 1 will yield an output 

of S[n - L : u]/a1 instead of the output shown 3320. Similar scalings and 

variations in other architectures described in this patent will be apparent to 

those well skilled in the art. 

Spectrogram Variations. There exist numerous variations of the basic 

definition of the spectrogram in Eq. 1. Using the sine transform instead of 

the Fourier transform gives 

L 

Ss[n; u] = I: w[k]x[n - k)sin(21rku) (82) 
k=-L 

Using the cosine transform gives 

L 

Sc[n; u] = I: w[k]x[n - k]cos(21rku) (83) 
k=-L 

Clearly, for real inputs, 

S[n; u] = Sc[n; u] + jSs[n; u] (84) 

and we can obtain either the sine or cosine transform spectrogram by look

ing at the imaginary or real part of the circuitry output for a spectrogram. 
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Similarly, using a Hartley transform, 

L 

SH[n; u] = ~ w[k]x[n - k]cas(21rku) 
k=-L 

where 

cas(e) = cos(e )sin(e). 

Clearly, 

SH[n; u] = Sc[n; u] + Ss[n; u] 

(85) 

(86) 

(87) 

can also be generated by combining the real and imaginary outputs of any 

spectrogram processor thus far described. Any person skilled in the art 

can straightforwardly apply the methods described herein to generate these 

closely related Fourier based variation definitions of the spectrogram. 

One dimensional windows can be extended to higher dimensions using a 

outer product, rotation or projection. Two dimensional windows are used, for 

example, in image processing. The methods for designing windows described 

thus far can be extended to windows in higher dimensions by those skilled 

in the art. 
u~·• o" ~ 

~e W\ 

A 1. t· T' f ~:c d · b f 1· pp 1ca 10ns. 1me- requency ~mys are use ma num er o app 1ca-

tions. Spectrograms computed using the truncated resonant circuit approach 

described in this document are applicable in many of these cases. They in

clude use 
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1. as a means of representing, displaying, monitoring or otherwise 

characterizing signals originating from waves including but not 

limited to electromagnetic, acoustic, electronic ( e.g. voltage, cur

rent and power) and biological waves. 

2. as a method of computing spectrograms or other signal process

ing operations using sliding windows in software simulations and 

emulations. 

3. as a method of computing spectrograms or other signal processing 

operations that use sliding windows using computational hard-

ware. 

4. as a method of signal representation in pattern recognition pro

cedures including but not limited to use for fault monitoring, as a 

template for matched filtering or as training data in a classifica

tion or regression machine such as a layered perceptron artificial 

neural network. 

CLAIMS. While the preferred embodiments of the invention have been 

illustrated and described, variations will be apparent to those skilled in the 

art. Accordingly, the scope of the invention is to be determined by refer

ence to the following claims. The embodiments of the invention in which as 
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exclusive property or privilege is claimed are defined as follows: 

1. The method for realizing tapered sliding windows and similar 

finite duration impulse responses wherein two infinite impulse re

sponse filters with causal impulse responses other than a constant 

or single exponential, the delayed response of one being propor

tional to the response of the second after a given time, are used in 

a composite filter with the first being connected in cascade with 

an inverted weighted delay line equal in duration to the given 

time; wherein this cascade connection is joined in parallel with 

the second filter in such a manner that the second filter's impulse 

response is coherently canceled by that of the cascade connection 

at and beyond the given time thereby producing a composite im

pulse response that is equal to the impulse response of the second 

filter up to but not including the given time and is zero there

after; also, realization of windows achieved by cascading and/ or 

parallel connection of one or more such tapered windows. 

2. Use of short time Fourier transforms computed using tapered win

dows of the type in Claim 1 as a means of representing, displaying, 

monitoring or otherwise characterizing signals originating from 

waves including but not limited to electromagnetic, acoustic, elec-
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tronic and biological waves for purposes including but not limited 

to 

diagnosis, analysis, and/or synthesis of signals, 

signal representation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. 

3. Computation of short Fourier transforms, spectrograms, sliding 

tapered windows and similar impulse responses in software, hard

ware of firmware using the method for realizing sliding windows 

and similar finite duration impulse responses wherein two infinite 

impulse response filters with causal impulse responses other than 

a constant or single exponential, the delayed response of one be

ing proportional to the response of the second after a given time, 

are used in a composite filter with the first being connected in 
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cascade with an inverted weighted delay line equal in duration 

to the given time whereupon this cascade connection is joined in 

parallel with the second filter in such a manner that the second 

filter's impulse response is coherently canceled by that of the cas

cade connection at and beyond the given time thereby producing 

a composite impulse response that is equal to the impulse re

sponse of the second filter up to but not including the given time 

and is zero thereafter; also, computation of windows achieved by 

cascading and/ or parallel connection of one or more such tapered 

windows. 

4. The method for computing tapered sliding windows and similar 

finite duration impulse responses wherein a resonant circuit with 

composite causal impulse response, possibly damped and other 

than a constant or single exponential, is connected in cascade with 

weighted delay line circuitry consisting of a weighted delay line 

additively joined to the undelayed resonant circuit output, the 

multiplicative weight in the delay being chosen so that coherent 

cancellation of the filter's response beyond a specified time is 

achieved and that the composite impulse response is equal to 

that of the resonant circuit up to but not including the duration 
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of the delay line and is zero then on; also, the augmentation of 

this method to include end point correction; also, the method of 

computation of windows achieved by cascading and/ or parallel 

connection of one or more such tapered windows. 

5. The method of realizing component windows and similar finite 

duration impulse responses in Claim 4 wherein the resonant cir

cuit is synthesized as the parallel combination of two or more 

infinite impulse response filters each of which has the response of 

a specified O' ~ 0 damped Fourier cosine series component of the 

desired impulse response. 

6. Unmodulated windows formulated on the basis of the method in 

Claim 5 for use in the generation the squared magnitude or real 

and imaginary components of one or more frequency lines of a 

spectrogram at arbitrary frequency spacings wherein the input is 

premultiplied by a sinusoid and is then fed into a window of the 

type in Claim 5. 

7. Modulated windows formulated by the method in Claim 5 for use 

in the generation of the squared magnitude or real and imaginary 

components of one or more frequency lines of a spectrogram at 

arbitrary frequency spacings wherein each frequency line can have 
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a different window wherein, for two or more frequency lines with 

windows of the same duration, a single weighted delay line and 

weighted version of the input services a bank of resonant circuits 

synthesized as in Claim 5. 

8. Modulated windows formulated by the method in Claim 5 for use 

in generation of windows and similar impulse responses of the 

type in Claim 5 used in the production of the squared magnitude 

or real and imaginary components of two or more frequency lines 

of a spectrogram at equally spaced frequency intervals wherein 

the window can vary from one line to the next and, wherein, for 

windows of equal duration, a single delay circuit feeds a bank 

of A filters the outputs of which are weighted and summed in 

accordance to the desired Fourier synthesis of the windows in such 

a manner that one A filter contributes to a number of frequency 

lines. 

9. Disjoint unmodulated windows formulated by the method in Claim 5 

for use in generation of the squared magnitude or real and imag

inary components of one or more frequency lines of a spectro

gram at arbitrary frequency spacings wherein the delay circuitry 

and resonant circuitry of the window are not in physical contact 
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wherein, for two or more frequency lines, when all window dura

tions are the same, a single delay circuit, appropriately weighted, 

feeds a bank of processors each arm of which contains a premulti

plication by a complex sinusoid, resonant circuit filtering through 

a filter of the type in Claim 5 and either post complex conjugate 

multiplication for generating the real and imaginary components 

or squared magnitude operation for generating the spectrogram's 

squared magnitude. 

10. Disjoint unmodulated windows formulated by the method in Claim 9 

for use in the generation of the squared magnitude or real and 

imaginary components of one or more frequency lines of a spectro

gram at frequencies that are integer proportional to the reciprocal 

of the window's duration prior to end point correction, wherein 

the delay circuitry that feeds the bank of processors is compu

tationally simplified at these frequencies and the pre weightings 

required in the more general case of Claim 9 are no longer present. 

11. The method described in Claim 4 for generating windows used 

in decimated time spectrograms wherein the decimation down

sampling is at least two input time units and whereby the con

tribution common to the spectrogram in two adjacent decimated 
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time intervals is updated through combination delay and resonant 

circuitry and the cumulative contribution to the spectrogram of 

data uncommon to both is evaluated by short time Fourier anal

ysis computation methods either known or to be discovered. 

12. The method of realizing the windows and similar finite duration 

impulse responses in Claim 11 wherein the resonant circuit is syn

thesized as the parallel combination of infinite impulse response 

filters each of which has the response of a specified Szasz series 

component of the desired impulse response. 

13. The method described in Claim 11 for zero frequency which is 

an embodiment of a unmodulated window whose output is deci

mated in time with respect to its input. 

14. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of one 

or more frequency lines of a spectrogram at arbitrary frequency 

spacings wherein each frequency line can have a different win

dow wherein, for two or more frequency lines with windows of 

the same duration, a single delay line services a bank of circuits 

synthesized using the method in Claim 11. 
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15. The method described in Claim 11 for use in generating the 

squared magnitude or real and imaginary components of two or 

more frequency lines of a spectrogram at equally spaced frequency 

intervals wherein each frequency line can have a different window 

albeit of the identical duration whereby, due to the equally spaced 

frequency intervals, each 3 filter component in a filter bank con

tributes to the output of more than one spectral line including 

that embodiment whereby a single delay line services the filter 

bank. 

16. The computational method of the type described in Claim 15 

where the Szasz series expansion coefficients are even functions 

of their index thereby allowing combination of those coefficients 

whose subscripts are equal in magnitude prior to weighting by 

the Szasz coefficients thereby reducing the number of required 

multiplications. 

17. The short time Fourier analysis computational method required 

in Claim 11 whereby the cumulative contribution of new data 

to the spectrogram in adjacent decimated time intervals is saved 

in weighted delay circuitry to the point where the data exits the 

sliding window and is thereupon, after weighting, subtracted from 
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the spectrogram. 

18. Use of spectrograms computed usmg windows of the type m 

Claim 4 as a means of representing, displaying, monitoring or 

otherwise characterizing signals originating from waves including 

but not limited to electromagnetic, acoustic, electronic and bio

logical waves for purposes including but not limited to 

diagnosis, analysis, and/or synthesis of signals, 

signal 1:epresentation in pattern recognition, 

template formation for matched filtering or as training data in a 

classification or regression machine such as a layered perceptron 

artificial neural network, 

use in other time-frequency displays such as zamograms and, 

use in modulation and demodulation in communications. 

Acoustic waves include but are not limited to speech, sonar and 

seismic waves as well as other mechanical waves such as those due 

to mechanical vibration. 

19. Computation of tapered window spectrograms and tapered slid

ing windows in software, hardware or firmware using the method 

for realizing sliding windows and similar finite duration impulse 

responses wherein a resonant circuit with composite causal im-
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pulse response, possibly damped and other than a constant or sin

gle exponential, is connected in cascade with weighted delay line 

circuitry consisting of a weighted delay line additively joined to 

the undelayed resonant circuit output, the multiplicative weight 

in the delay being chosen so that coherent cancellation of the fil

ter's response beyond a specified time is achieved and that the 

composite impulse response is equal to that of the resonant cir

cuit up to but not including the duration of the delay line and 

is zero then on; also, the augmentation of this method to include 

end point correction; also, realization of windows achieved by 

cascading and/or parallel connection of one or more such tapered 

windows. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal can 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
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Notes can be viewed as a freq~ency representation. The placing of these notes 
side by side then represents ai temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, ~owever, a tradeoff between time resolution and 
frequency resolution in spect1ograms. One can, for example, display a quick 
temporal change in a spectr?gram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition pf spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as ; 

OO OO , k k · 
C[n; u] = L L <fa[n - m; k]x[m + 2Jx*[m - 2Je-12

1rku (1) 
k=-oo m=-oo 

where the superscript* denotes complex conjugation and ¢[n - m; k]] is the 
kernel of the GTFR. 

In continuous time, the GTFR can be written as 

r oo r oo A T T . 
C( t; f) = JT=-oo }€=-oo ¢( t - t; T )x( e + 2 )x*( e - 2 )e-J211"fT (2) 

Although we will deal primarily herein with discrete time signals, continuous 
time analogies will be obvious to those well skilled in the art. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-i2
1rku (3) 

k=-oo 
where w[k] is a sliding window. The magnitude squared of the STFT will 
here be referred to as the spectrogram of the signal. 

00 

S[n; u] =I X[n; u] 12 =1 L w[k]x[n - k]e-i2
1rku 12 (4) 

k=-oo 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
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resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-·Williams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 

4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determi~ng GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other SJ?ectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms whrn one spectrogram component is the sum 
of two other spectrogra1n components. In this figure, weightings 
are specified. 

Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 
the first two. 

Figure 5 Illustration of the double diamond kernels in discrete and con
tinuous time. 
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5 Detailed Description of the Invention 

We here define the class of spectrogram decomposable GTFR 's (SD GTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

C[n; u] = L amPSm[n; u] (5) 
m 

where the processed spectrogram is defined as 

PSm[n; u] =I Xm[n; u] * hm[n] 12, (6) 

and 
L+ m 

Xm[n; u] = L Wm[k]x[n - k]e-j211"ku (7) 
k=L-;;:. 

where * denotes convolution. The limits {L~, L;J describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 
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As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-i 21rku, (8) 
k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-j211"ku, (9) 
k=O 

and 
X3[n; u] = X1[n; u] + X2[n; u] (10) 

For a1 = a2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X 1 and X 2 . The 
outputs of the processors are added 315 to produce X 3 • The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = X 1 [n-N; u] and 
X3[n; u] = -X1[n; u] - X 2 [n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

We also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Double diamond kernels. The methods thus described for computing 
GTFR's can be used to generate GTFR's with double diamond kernels. The 
double diamond kernel is illustrated in Fig. 5. The continuous time kernel 
505 is J( t; T). As shown, the region of support for the kernel is the diamond 
shown 510. In other works, the kernel is identically zero outside of the kernel. 
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Two examples of discrete time double diamond kernels, corresponding to the 
discrete kernel, J[n; k] 520, are also shown. Both have double diamonds as 
regions of support 535 525. The double diamond on the left 535 has used 
rectangular sampling 540 while the one on the right uses hexagonally spaced 
samples 530. Both of these kernels can be generated using the techniques 
derived herein. Alternately, the method of Kooiman [4] can be used, but 
with higher computational overhead. We also note the direct applicability of 
the method of differential increments and accruance here [5]. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations (GTFR's) of a signal can 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 
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with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition of spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

OO OO A k k · 
C[n; u] = L L </>[n - m; k]x[m + -]x*[m - -]e-12

1rku (1) 
k=-oo m=-oo 2 2 

where the superscript* denotes complex conjugation and ¢[n - m; k]] is the 
kernel of the GTFR. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-j2
1rku (2) 

k=-oo 
I 

where w[k] is a sliding window. The magnitude squared of the STFT will 
here be referred to as the spectrogram of the signal. 

00 

S[n; u] =I X[n; u] 12=1 L w[k]x[n - k]e-j2
1rku 12 (3) 

k=- oo 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-Williams and 
\i\Tigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 
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4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other spectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrogram components. In this figure, weightings 
are specified. 

Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition of 
the first two. 

5 Detailed Description of the Invention 

We here define the class of spectrogram decomposable GTFR's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

C[n; u] = L amPSm[n; u] (4) 
m 

where the processed spectrogram is defined as 

P Sm[n; u] =I Xm[n; u] * hm[n] 12 , (5) 

and 
L+ m 

Xm [n; u] = L wm[k]x[n - k]e-j2
1Cku (6) 

k=L-;;. 

where * denotes convolution. The limits {L~, L;t:.} describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm [n; u], can be computed by many means, including those using 
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the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 

As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-J2
11"ku, (7) 

k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-J 2
11"ku, (8) 

k=O 

and 
X 3 [n; u] = X 1 [n; u] + X2[n; u] (9) 

For a1 = a2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X 1 and X2. The 
outputs of the processors are added 315 to produce X3. The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = X1[n-N; u] and 
X 3 [n; u] = -X1 [n; u] - X 2 [n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
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which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired G TFR 430 . 

'lve also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art . Delay and modulus square operations commute, 
for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/ or solid 
portions of the earth. The signal sources can either be clue to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 
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7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures whereby 
certain generalized time-frequency representations ( GTFR's) of a signal ca:ri 
be generated. The architectures rely on the decomposition of GTFR into 
spectrogram components. 

2 Background of the Invention 

Humans perceive sound in both time and frequency. A representation of the 
frequency content of a signal as a function of time is referred to as a time
frequency representation (TFR). Music, for example, is written as a TFR. 
Notes can be viewed as a frequency representation. The placing of these notes 
side by side then represents a temporal sequence of frequency. Spectrograms 
are also TFR's. There exists, however, a tradeoff between time resolution and 
frequency resolution in spectrograms. One can, for example, display a quick 
temporal change in a spectrogram at the sacrifice of frequency resolution. 
Conversely, good frequency resolution can be achieved at the sacrifice of good 
time resolution. Various other TFR's, such as the ·Wigner distribution and 
the Choi-Williams distribution, have attempted to alleviate this deficiency 

3 



with various levels of success. The zamogram is a TFR with quite good 
resolution in both time and frequency. This patent contains computationally 
efficient architectures for the generating GTFR's when the GTFR can be 
expressed as a superposition of spectrograms. 

The GTFR is a time-frequency representation. The GTFR, in general, 
can be written as 

~ ~ A k ,. k _ ·2 k C[n; u] = ~ ~ ¢[n - m; k]x[m + 2]x [m - 2Je 1 
1r u 

k=-oo m=-oo 

(1) 

where the superscript * denotes complex conjugation and ¢[n - m; k ]] is the 
kernel of the GTFR. 

The short time Fourier transform (STFT) of the signal x[n] can be written 
as 

00 

X[n; u] = L w[k]x[n - k]e-i 2
1rku (2) 

k=-oo 
I 

where w[k] is a sliding window. The magnitude squared of the STFT will 
here be referred to as the spectrogram of the signal. 

00 

S[n; u] =I X[n; u] 12=1 L w[k]x[n - k]e-i 2
1rku 12 (3) 

k=-oo 

Time-frequency representations, such as the spectrogram, typically suffer 
from a tradeoff in resolution in the time and frequency domains. Good 
resolution in one domain is typically at the cost of poor resolution in the 
other. Other time-frequency representations, such as the Choi-\i\Tilliams and 
Wigner-Ville representations, are improvements on the spectrogram in this 
regard. The zamogram, initially reported in the open literature by Zhao, 
Atlas and Marks, has been demonstrated to have superb resolution in both 
time and frequency. 

3 Summary of the Invention 

This patent presents efficient architectures for computationally efficient gen
eration of the specific class of GTFR's which can be expressesed as the super
position of two or more processed spectrogram lines. The double diamond 
kernel is subsumed as a special case. 
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4 Brief Description of the Drawings 

Figure 1 Method of determining GTFR using the weighted sum of pro
cessed spectrograms. 

Figure 2 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is a com
bination of two other spectrogram components. 

Figure 3 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the sum 
of two other spectrogram components. In this figure, weightings 
are specified. 

Figure 4 Method of determining GTFR using the weighted sum of pro
cessed spectrograms when one spectrogram component is the de
layed version of the other and the third is the superposition' of 
the first two. 

5 Detailed Description of the Invention 

vVe here define the class of spectrogram decomposable GTFR 's (SDGTFR's) 
as those that can be written as a weighted superposition of processed spec
trograms: 

C[n; u] = L amPSm[n; u] (4) 
m 

where the processed spectrogram is defined as 

P Sm[n; u] =I Xm[n; u] * hm[n] 12 , (5) 

and 
L+ m 

Xm[n; u] = L Wm[k]x[n - k]e-j27rku (6) 
k=L-;;.. 

where * denotes convolution. The limits { L~, Lt} describe the desired 
duration of summation. The functions hm[n] describe impulse responses 
of arbitrary linear time invariant filters, including delay lines filters. The 
STFT's, Xm[n; u], can be computed by many means, including those using 
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the fasr Fourier transform algorithm (FFT), the discrete time Fourier trans
form (DFT) or recurrent Fourier transform algorithms using, for example, 
Szasz series window represention. 

An implementation architecture for generating the SDGTFR is shown 
in Fig. 1. The input 105 is placed into a bank of filters 110 that compute 
STFT's at frequency u. The outputs are placed into a bank of linear filters 
115, the outputs of which are modulus squared 120 and, after weighting 123, 
are summed 125 to produce the desired output 130. 

In certain cases, a STFT will be the superposition of two or more other 
STFT's. The computational architecture can then be simplified significantly. 
An example is shown in Fig. 2. The input 210 is placed into a bank of filters 
215 which computes STFT's. The output of the top filter in the bank 215, as 
shown, contributes directly to the output through filtering 220 and modulus 
squaring 225. The middle STFT is similarly filtered using the center filter in 
the bank 220 and is squared 235. The bottom STFT, on the other hand, is 
filtered 240 and added 250 to the middle STFT. This sum is again filtered 
255 and modulus squared 260. After weighting 227, the contribution are 
added 270 to the other weighted spectrograms to generate the GTFR 275. 

As a specific example, we consider the GTFR with a double diamond 
kernel. Consider the three STFT's 

0 

X1[n; u] = L w[k]x[n - k]e-j2
1rku, (7) 

k=-L 

L 

X2[n; u] = L w[k]x[n - k]e-j21rku, (8) 
k=O 

and 
X3[n; u] = X1 [n; u] + X2[n; u] (9) 

For a1 = a 2 = -a3 = -1, this can be implemented as shown in Fig. 3. The 
input signal 305 is fed to STFT processors 310 that compute X 1 and X 2 • The 
outputs of the processors are added 315 to produce X 3 • The three signals 
are modulus squared 320, appropriately weighted 333 340 and added 325 to 
produce the SDGTFR 330. 

As a second example, consider the case where X 2 [n; u] = X 1 [n-N; u] and 
X3[n; u] = -Xi[n; u] - X2[n; u] where N is some delay. An implementation 
is shown in Fig. 4. The input is subjected to a STFT 407 the output of 
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which is fed to a delay filter 410 the output of which is added 415 to the 
STFT. All three signals are subjected to a magnitude squared operation 420. 
By adding 425 the appropriately weighted 417 427 signals, we produce the 
desired GTFR 430. 

V./e also note that, although the presentation has herein is focused on 
discrete time signals, the approach is also directly applicable to continuous 
time signals. The generaliation will be evident to those well versed in the 
art. 

There exist petty variations on the specific methods chosen that are evi
dent to one skilled in the art. Delay and modulus square operations commute, 
for example, and their ordering in a cascade connection in this sense in arbi
trary. Other obvious variations is such architectures have been discussed by 
the author in other disclosures. 

Applications. GTFR's are used in a number of applications. GTFR's 
computed using the approach outlined in this disclosure are applicable in 
many of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying electric current, voltage 
and power waveforms. 

4. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

5. as a means of representing or displaying vibrational signals which 
have propagated in the atmosphere, a body of water and/or solid 
portions of the earth. The signal sources can either be due to 
nature and/ or man. Included are seismic signals. 

6. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not ; 
limited to, the cardiovascular and neurological systems of man 
and animal. 
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7. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

8. as a means of detecting modulated signals in communications. 
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Department of the Treasury 
In ten.al Revenue Service 

In reply refer to: 2920305511 
OGDEN, UT · 84201 Apr. 16, 1990 LTR OC 

91-1439695 0000 00 000 

MULTIDIMENSIONAL SYSTEMS CORP 
12356 NORTHUP WAY STE 104 
BELLEVUE WA 98005 

Taxpayer Identification Number: 
Tax Period(s): 

Form: 

Dear Taxpayer: 

91-1439695 

Thank you for the inquiry dated Feb. 26, 1989. 

00038 

Our records show that we have not received a Form 2553 to elect 
S-corporation status and that you are a regular C-corporation. We 
have enclosed a Form 2553 for your use in electing S status. 

We have granted you 30 days to file Form 2553 for the 1990 ta1! year, 
since the deadline for filing for the 1990 tax year is past. If you 
decide to file Form 2553 please attach a copy of this letter to your 
Form 2553. 

If you have any questions, please write us at the address shown 
on this letter. If you prefer, you may call the IRS telephone 
number listed in your local directory. An employee there may 
be able to help you, but the office at the address shown on this 
letter is most familiar with your case. 

When you write, please include your telephone number, the hours you 
can be reached, and this letter. You may also want to keep a copy 
of this letter for your records. 
Telephone Number ( ) _______________ Hours 



Department of the Treasury 
l11ten ·,al Revenue Service 

MULTIDIMENSIONAL SYSTEMS CORP 
12356 NORTHUP WAY STE 104 
BELLEVUE WA 98005 

Apr . 16, 1990 
· 91-1439695 

2920305511 
LTR OC 

0000 00 000 
00039 

We apologize for any inconvenience we may have caused you, and thank 
you for your cooperation. 

Enclosuz:e(s): 
Copy of this letter 
Form 2553 

Sincerely yours, 

Kathryn Moon 
Chief, Correspondence Section 



Multidimensional Systems Corporation 
1131199th Street S.W., Lynnwood, WA 98036 

Internal Revenue Service 
Ogden, UT 84201-0023 

Enclosed is form 2553 for Election by a Small Business Corporation. 

5-13-90 

Please send to us descriptions and corresponding forms describing IRS r~quirements for 
. corporations such as ours for filing returns. Although the Corporation has had no income 

of any type to date, we hope to shortly. 

Sincerely, 

Robert J. Marks II, President 
M-D Systems Corp. 



Department of the Treasury 
· lnter,·:al Revenue Service 

In reply refer to: 2920305511 
OGDEN, UT · 84201 Apr. 16, 1990 LTR OC 

91-1439695 0000 00 000 

MULTIDIMENSIONAL SYSTEMS CORP 
12356 NORTHUP WAY STE 104 
BELLEVUE WA 98005 

Taxpayer Identification Number: 
Tax Period Cs): 

Form: 

Dear Taxpayer: 

91-1439695 

Thank you for the inquiry dated F·eb. 26, 1989. 

00038 

Ou~ records show that we have not received a Form 2553 to elect 
S-corporation status and that you are a regular C-corporation. We 
have enclosed a Form 2553 for your use in electing S status. 

We have granted you 30 days to file Form 2553 for the 1990 tax year, 
since the deadline for filing for the 1990 tax year is past. If you 
decide to file Form 2553 please attach a copy of this letter to your 
Form 2553. 

If you have any questions, please write us at the address shown 
on this letter. If you prefer, you may call the IRS telephone 
number listed in your local directory. An employee there may 
be able to help you, but the office at the address sh~wn on this 
Jetter is most familiar. i.:i.th rou:r. case. 

When you write, please include your telephone number, the hours you 
can be reached, and this letter. You may also want to keep a copy 
of this letter for your records. 
Telephone Number ( 20&) 7 7(., - 2S'9 q S Hours 



Department of the Treasury 
lnterr,al Revenue Service 

MULTIDIMENSIONAL SYSTEMS CORP 
12356 NORTHUP WAY STE 104 
BELLEVUE WA 98005 

Ap:z:. 16, 1990 
91-1439695 

2920305511 
LTR OC 

0000 00 000 
00039 

We apologize for any inconvenience we may have caused you, and thank 
you for your cooperation. 

Enclosure(s): 
Copy of this letter 
Form 2553 

Since:z:ely yours, 

Kath:z:yn Moon 
Chief, Cor:z:espondence Section 
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Form 2553 
(Rev._ April 1988) 

Department of the Treasury 
Internal Revenue Service 

Election by a Small Business Corporation 
(Under section 1362 of the Internal Revenue Code) 

► For Paperwork Reduction Act Notice, see page 1 of Instructions. 
► See separate Instructions. 

0MB No. 1545-0146 

Expires 2-28-91 

Note: This election, to be treated as an "S corporation," can be approved only if all the tests in Instruction Bare met. 

cmII Election Information 

Name of corporation (see instructions) A Employer identification number B Principal business activity and 
- MI.){.. i / D / ('/J C N 5 / Q NA L S y ST CJV].<:. (see instructions) principal product or service (see 
.s O / _ I ' 1 3 /,.!". ~ C::. instructions) ~ CoR Po ·r AJ -, "'1 fa, - , ..,J c , 
., Numbi;r and street -t h C Name and telephone number of corporate officer or legal repi!el; tative 
~ 11 ~ J J q Cf _ ST. S, W, that may be called for information 2 CJ(, 

~i--=-:------~------((_o o_l e-"--r'--t"---"-J_, M--'-a-'-. _r-_k--'-s--=u-~- __;_7_7____.;f.:._----='8:........:1'---'<i,.__,'"---
a:: City or town, state, and ZIP code D Election is to be effective for tax year beginning E Date of incorporation 

L n JI) \,t) C O W 4 'Zr O 3 ' (month, day, year) I / l ::2.. 
F Is the corporation the outerowth or continuation of any form of predecessor? . . D Yes ~ No G Place of incorporation 

If "Yes," state name of predecessor, type of organization, and period of its existence ►- .. _ . ___ ... ___ .. _ . . . . \,v d :s !, j n g;·t Or) 

H If this election takes effect for the first tax year the corporation exists, enter the earliest of the following: (1) date the corporation first had shareholders, 
(2) date the corporation first had assets, or (3) date the corporation began doing business (month , date, year). ► 3 / . I I /s"j 
Selected tax year: Annual return will be filed for tax year ending (month and day) ► _ ./_ .6} _ 3 J ./ .8'.l . _ . _____________________ _____ _ _ 
See instructions before entering your tax year. If the tax year ends any date other than December 31, except for an automatic 52-53-week tax year 
ending with reference to the month of December, you must complete Part II on the back. If the date you enter in I is the ending date of an automatic 
52-53-week tax year, write "52-53-week year" to the right of the date. See instructions. 

I 

J Name of each shareholder, person having a 
community property interest in the corpora
tion's stock, and each tenant in common, joint 
tenant, and tenant by the entirety. (A husband 
and wife (and their estates) are counted as 
one shareholder in determining the number of 
shareholders without regard to the manner in 
which the stock is owned.) 

K Shareholders' Consent Statement. 
We, the undersigned shareholders, 
consent to the corporation 's 
election to be treated as an "S 
corporation" under section 
1362(a). (Shareholders sign and 
date below.)* 

L Stock owned 

Number of 
shares 

Dates 
acquired 

M Social security 
number or employer 

identification number 
(see instructions) 

N Shareholder's 
tax year ends 
(month and 

day) 

* For this election to be valid, the consent of each shareholder, person having a community property interest in the corporation's stock, and 
each tenant in common , joint tenant, and tenant by the entirety must either appear above or be attached to this form . (See instructions for 
Column K, if continuation sheet or a separate consent statement is needed.) 

Under penalties of perjury, Id 
correct, and complete . 

Signature and 
Title of Officer ► 



:-·m 2553 (Rev. 4-88) 

~ Selection of Tax Year (See Instructions for required attachments and other details.) 
~ ' . 

0 · Check the applicable box below to indicate whether the corporation is: 

G?Adopting the tax year entered in item I, Part I. 

D Retaining the tax year entered in item I, Part I. 

D Changing to the tax year entered in item I, Part I. 

P Check the applicable box below to indicate the representation statement the corporation is making as required under section 4 of Revenue Procedure 
87-32, 1987-2 C.B. 396. 

12r"under penalties of perjury, I represent that shareholders holding more than half of the shares of the stock (as of the first day of the tax year to which 

the request relates) of the corporation have the same tax year or are concurrently changing to the tax year that the corporation adopts, retains, or 

changes to per item I, Part I. I also represent that the corporation is not described in section 3.01(2) of Revenue Procedure 87-32. 

0" Under penalties of perjury, I represent that the corporation is retaining or changing to a tax year that coincides with its natural business year as 

defined in section 4 .01(1) of Revenue Procedure 87-32 and as verified by its satisfaction of the requirements of section 4 .02(1) of Revenue 

Procedure 87 -32 . In addition, if the corporation is changing to a natural business year as defined in section 4 .01(1), I further represent that such 

tax year results in less deferral of income to the owners than the corporation's present tax year. I also represent that the corporation is not 

described in section 3.01(2) of Revenue Procedure 87-32. (See instructions for Part II for attachments required by section 4.03(3) of Revenue 
Procedure 87-32 .) 

Note: If you do not use item P and the corporation wants a fiscal tax year, then complete either item Q or R. Item Q is used to request a fiscal tax year based 

on business purpose and to make a back-up section 444 election. Item R is used to make a regular section 444 election. See cautionary statement in 

instructions regarding back-up calendar year election. 

Q Check the applicable box(es): 

Check here D if the fiscal year entered in item I, Part I, is requested under the provisions of section 6.03 of Revenue Procedure 87-32 . Attach to 

Form 2553 a statement and other necessary information pursuant to the ruling request requirements of Revenue Procedure 88-1, 1988-11.R.B. 7. The 

statement must include the business purpose for the desired fiscal year. Check here D to show the corporation intends to make a back-up section 

444 election in the event the corporation's business purpose request is not approved by the IRS. 

Check here D to show that the corporation agrees to adopt or change to a tax year ending December 31 if necessary for the IRS to accept this 

election for S corporation status in the event (1) the corporation's business purpose request is not approved and the corporation makes a back-up 

section 444 election , but is ultimately not qualified to make a section 444 election, or (2) the corporation's business purpose request is not approved 

and the corporation did not make a back-up section 444 election. 

R Check the applicable box(es): 

Check here D to show the corporation will make, if qualified, a section 444 election to have the fiscal tax year shown in Part I, item I. The corporation 

makes the election by completing Form 8716, Election To Have a Tax Year Other Than a Required Tax Year, and either attaching it to Form 2553 or 

filing it in accordance with the instructions for Form 8716. · 

Check here D to show tllat the corporation agrees to adopt or change to a tax year ending December 31 if necessary for the IRS to accept this 
election for S corporation status in the event the corporntion is ultimately not qualified to make a section 444 election. 

UtfHOI Qualified Subchapter S Trust (QSST) Election Under Section 1361(d)(2)* * 
Income beneficiary's name and address Taxpayer identification number 

Trust's name and address Taxpayer identification number 

Date on which stock of the corporation was transferred to the trust (month , date, year) ► 

In order for the trust named above to be a QSST and thus a qualifying shareholder of the S corporation for which this Form 2553 is filed, I hereby make the 

election under section 136l(d)(2). Under penalties of perjury, I certify that the trust meets the definition requirements of section 136l(d)(3) and that all 

other information provided in Part Ill is true, correct, and complete. 

Signature of income beneficiary or signature and title of legal representative or other qualified person making the election Date 

• *The use of Part Ill to make the QSST election can be made only if stock of the corporation has been transferred to the trust on or before the date on which 

the corporation makes its election to be an S corporation, and if the QSST election and the Form 2553 election have the same effective date. The QSST 

election can also be made and filed separately as specified in Regulations section 1.1361-1A(i)(3). The QSST election has to be made separately as 

specified in Regulations section 1.1361-1A(i)(3) if the stock transfer and Selection have not been made as stated above. 

* U.S. Government Printing Office: 1988-201-993/60236 



Figure 3: Illustration of computation of the zamogram using the method of 
differential increments and accruance. The time series, x[n], is subjected to 
short time Fourier analysis at frequency u. The transform is multiplied be 
the signal and fed to an add-and-accumulate processor the output of which is 
the zamogram at frequency u. STFS = Short Time Fourier Transform and 
A&A = Add and Accumulate. 
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Figure 2: Grey level plot of some time frequency distributions of the speech 
signal shown on top. From top to bottom are the spectrogram, Wigner 
distribution and zamogram. The zamogram displays much sharper temporal 
and harmonic resolution. (Used with permission) 
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Figure 6: From top to bottom, a Wigner distribution, Choi-Williams distri
bution and zamogram of a temporal sequence of tones . 
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Figure 5: Chart of phase I activities. 
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coded in amplitude. For a given waveform, the software will offer the follow
ing options in the computation and display of the zamogram 

• 1 Frequency bin spacing. Linear, logarithmic and zoom display op
tions, including the number of frequency lines . 

• 2 Window type and variability. The option to vary window size and 
type to achieve constant Q type displays. 

• 3 Amplitude display. Options for linear or dB displays. 

Interface format. Care will be given to allow access to the software 
from many common data formats. 

The bulk of the work will be performed at the facilities of Raytron Cor
poration. An Gannt chart of the proposed six month project is shown in 
Figure 5. 

4 Related Work 

There is currently much work being performed in the area of time-frequency 
representation with the goal to improve on the spectrogram. Cohen has 
proposed a class of generalized time frequency representations in which a 
number of important special cases are subsumed. Included are the Wigner 
distribution, the Choi-Williams distribution [3] and the zamogram. Much 
research has been focused on the Wigner distribution in the last decade. 
The interference terms, however, have been an obstacle to its wide spread 
adoption. The Choi-Williams display, although a significant improvement, 
still contains significant nonlinear artifacts. 

We will illustrate relative performance in terms of nonlinear artifacts and 
noise properties. In Figure 6, we have dB waterfall displays of (from top to 
bottom) the Wigner distribution, Choi-Williams distribution and zamogram 
of a temporal sequence of sinusoidal tones. The Wigner distribution displays 
significant interference terms. The Choi-Williams distribution is better yet 
still contains significant artifacts . The zamogram displays crisp resolution 
in both time and frequency. The effects of 3dB noise on the same signal is 
illustrated in Figure 7. The zamogram performs admirably. 

Another more recent approach to time-frequency representation uses wavelets 
[5]. As with the zamogram approach, wavelet time-frequency representations 
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Figure 4: Plot of log10 of the required number of operations required to 
perform an FFT of length N versus log2 (N) (broken line). The required 
number of operations using the Szasz series approach is shown with the solid 
line. 
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Zamograms. The continuous form of the zamogram of a signal, x(t), 
can be written 

T t+tl I I I I Z(t;u)=l r 2
T cp(T)x((--2.._)x(e+-2.._)e-j21rurd(dT (1) 

r=-T le=t-r-; 2 2 

where cp( T) is the windowing kernel. 
The discrete version of the zamogram is 

Z[n;u] = 
L m=n+M 

L L 2 

cp[k]x[m :._ ~]xfm + ~]e-j21rku 
k=-L m=n- M 2 2 

2 

(2) 

where cp[n] is a discrete window that is zero outside of the interval -L ~ k ~ 
L 

The conventional approach to evaluation of this, and similar, GTFR's is 
(a) generate x[m - WJx[m + Wl on the (m, k) plane, (b) window by cp[k], 
( c) sum within the cone defined by the summation limits and ( d) Fourier 
transform in the k direction. Let N = 2L + 1. For digital implementation of 
O(N) frequency lines at some point in time using a window of duration N, 
these operations require, for each frequency line, (a) O(N2

) multiplies, (b) 
O(N2

) multiplies, ( c) O(N2
) adds and ( d) O(NlogN) operations. We will 

first outline a procedure for performing the operation in O(NlogN) opera
tions and then, remarkably, a procedure with greater flexibility that requires 
only O(N) operations. 

Indeed, we will demonstrate a procedure for performing temporally un
decimated Fourier transforms using O(N) operations opposed to the O(NlogN) 
required by an FFT. 

The Use Differential Increments and Accruance. The proprietary 
computational approach we propose [11] is essentially derived by differenti
ating Eq. 1 using the rule of Liebnitz. After much manipulation, we obtain 

8Z(t; u) = _ 2x(t) 1:_T cp(T)sign(T)x(t- T)dT (3) 

Clearly, 8 Z ( t; u) / 8t is the product of the signal and the signal's spectrogram 
using a window of sign(T)cp(T). The temporal derivative of the zamogram 
can therefore be generated using the same order of operations required by 
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a transform. The zamogram can be generated by placing this derivative 
through an integrator. 

For digital implementation, the partial derivative is replaced by a first or
der difference, the Fourier transform is replaced by a discrete Fourier trans
form (DFT) or FFT and the integrator by an add and accumulate. The 
result is 

~Z[n; u] = Z[n; u] - Z[n - 1; u] 
L 

= -2 x[n] L cp[k]sign[k]x[n - k]e-j 21ruk 

k==-L 

(4) 

The corresponding computational approach, as illustrated in Figure 3, is, 
basically, to multiply a short time Fourier transform of x[n] computed us
ing a window of cp[k]sign[k] by x[n]. This result is input into an add-and 
accumulate processor the output of which is the zamogram. 

Details of both discrete and continuous time computation of the zamo
gram based of the method of differential increments (i.e. partial derivatives 
and first order increments) and accruance (i.e. integration and add-and
accumulate) has been developed in detail [11 ]. 

Computational Approaches. There are three basic implementation 
techniques for digital computation of the zamogram using the proprietary 
method of differential increments and accruance. The methods revolve around 
the manner in which the Fourier transform is computed. 

l FFT. Using the FFT restricts the output bins to be linearly 
spaced. 

2 Finite impulse response {FIR) short time Fourier transform anal
ysis. This technique allows an arbitrary number of frequency 
bins at arbitrary spacing with a different window at each line [8]. 
Like the discrete Fourier transform (DFT), however, the FFT ap
proach can require significantly fewer operations for long window 
duration. 

3 Szasz series Fourier analysis. For an undecimated output series, 
Szasz series [12] Fourier analysis [9, 10] requires fewer operations 
than the FFT for large N, yet offers all of the flexibility of the 
DFT approach. 
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A brief description of the Szasz series approach is outlined in the following 
section. 

Fourier Transform Evaluation Using Szasz Series. Recently, there 
have been a flurry of papers reporting the same digital signal processing 
algorithm for generation of rectangularly windowed digital Fourier transforms 
that require fewer operations than an FFT [1, 7, 17]. Unfortunately, the 
rectangular window generates significant artifacts. Proprietary techniques 
have recently been developed [9, ??] that allows for generation of common 
widows based on Szasz series decomposition [12] of the window. 

The basic idea in the sliding window is best introduced by the following 
example. Consider the series of numbers ... 2,4,1,3,0,1,4,1,2,0. The sum of the 
bold numbers in the series ... 2,4,1,3,0,1,4,1,2,0 is 14. We move the window 
over one unit and have ... 2,4,1,3,0,1,4,1,2,0. We can, of course, generate 
the new sum by adding the numbers again. More efficiently, however, we can 
subtract the old number ( 4) from the sum and add the new number (2). This 
is the root of the idea for forming sliding rectangular Fourier transforms that 
has been independently reported by a number of people. 

Consider the generalization of this approach applied to exponential win
dowing. If we weight the bold numbers in the series ... 2,4,1,3,0,1,4,1,2,0 by 
the geometric window 2°, 21 , 22 , 23 , 24 , 25 , 26 , the result is 

4 X 2° + 1 X 21 + 3 X 22 + 0 X 23 + 1 X 24 + 4 X 25 + 1 X 26 = 226 

Applying this same window to the bold numbers of a single shift to the 
right, ... 2,4,1,3,0,1,4,1,2,0, can be obtained by the same multiply-and-add 
procedure. A better way, however, is to notice that (1) each number common 
to both intervals is now multiplied by half of what it was before and (2) we 
have a number that dropped off and a a newly introduced one. Using this 
procedure, we can compute the updated sum as 

oldsum - 4 x 2° 
newsum = 

2 
+ 2 x 26 

Unfortunately, exponential windows, like rectangular windows, have poor 
properties. However, most commonly used windows can be expressed as sums 
of exponential windows. For example, for proper choice of coefficients, both 
the Hanning and Hamming windows can be expressed, within appropriate 
intervals, as 

cp[k] = ao + a1ej'lrk/L + a_1e-j1rk/L (5) 
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A Blackman window can be obtained by the addition of two additional terms. 
Each of these three terms in Equation 5 can be generated by a simple in
finite impulse response (IIR) filter with truncation being achieved by delay 
circuitry. 

There exist numerous issues in the application of the Szasz series window 
to Fourier analysis. We will not elaborate on the details of the approach here, 
except to say that proprietary architectures for computation of a number of 
frequency lines have been created using a single delay line and requiring 
significantly fewer operations than an FFT approach. These architectures, 
when constrained to the attributes of the FFT (linear frequency spacing and 
# frequency lines = window duration) can be compared in a computational 
sense to the FFT. A log-log plot of the number of operations ( multiplies and 
adds) versus window length is shown in Figure 4 for the case of Hanning 
and Hamming windows. The Szasz series approach requires fewer operations 
for larger window sizes and, as mentioned previously, allows much higher 
flexibility than the FFT approach. 

Technical Objectives. The primary technical objective of Phase I will 
be development of a zamogram software emulator written in C with PC based 
color graphics. Special attention will be given to emphasis of the flexibility of 
the Szasz series approach to generation of zamograms, including the freedom 
to choose the number and spacing of the frequency bins. The variability of 
the window from line to line will also be accentuated. Letting the window's 
duration decrease with increasing frequency, for example, allows for a greater 
consistency in frequency resolution equivalent in concept to maintaining a 
constant Q. The final software package will allow interface to a large number 
of data formats. 

3 Phase I Work Plan 

The primary objective of Phase I is generation of zamogram software based 
on the method of differential increments and accruance using a Szasz series 
approach. An option of comparison with a spectrogram, also computed using 
a Szasz series, will be offered. The emulator will be written in C and use PC 
based color graphics display. 

The software package will be the deliverable product of Phase I. 
Display and Computation. The time frequency displays will be color 
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Figure 3: Illustration of computation of the zamogram using the method of 
differential increments and accruance. The time series, x[n], is subjected to 
short time Fourier analysis at frequency u. The transform is multiplied be 
the signal and fed to an add-and-accumulate processor the output of which is 
the zamogram at frequency u. STFT = Short Time Fourier Transform and 
A&A = Add and Accumulate. 
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Technical Proposal: Zamogram 
Time-Frequency Displays 

Raytron Corporation 

June 30, 1990 

1 Identification and Significance of the In
novation 

There exists well established time resolution - frequency resolution trade off 
characteristics in time-frequency displays such as the cross ambiguity func
tion and the spectrogram. The same linear mathematics that gives rise to 
the Heisenberg uncertainty principle prohibits good simultaneous resolution 
of both time and frequency ( corresponding to position and momentum vari
ables, respectively, in quantum theory). One approach to this problem is 
generalized time-frequency representations or GTFR's [4]. Until recently, 
however, this approach has been plagued by interference and other nonlinear 
artifacts. Recently, Zhao, Atlas and Marks (ZAM) [2, 18] have proposed a 
GTRF that has superb resolution in both time and frequency, yet is accom
panied by minimal nonlinear artifacts. 

We illustrate using figures from the paper by Zhao et.al. [18]. In Figure 
1, we have a sinusoid turning off and on. Immediately below is a spectro
gram of this signal displaying relatively poor resolution both in time and 
frequency. The Wigner distribution GTFR is shown immediately below. Al
though the Wigner distribution is known for its superb temporal resolution, 
the display is marred by severe interference artifacts. The zamogram, shown 
on the bottom, has superb resolution in both time and frequency. As is 
done in spectrograms, the zamogram was here computed using a temporally 
decimated output [6]. The zamogram captures the time transition so well, 
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2 Phase I Technical Objectives 

Computation of the zamograms in Figures 1 and 2 was performed using a 
quite computationally intense procedure requiring generation of a nonlinear 
two dimensional data field from the one dimensional time series followed by 
windowing and fast Fourier transformation. 

We propose development of a computational paradigms for zamograms 
with the following remarkable attributes: 

• 1 Parallelism. Computation of each frequency line is performed in 
parallel with every other frequency line. 

• 2 Computational Requirements. The required number of operations 
is on the order of N = the number of frequency lines. This is even 
lower than the NlogN operations required by the fast Fourier 
transform (FFT). 

• 3 Modularity €3 Programmability. The computational architectures 
are modular. Additional frequency lines can be added by simply 
adding new processing modules in parallel. Each module can be 
programmed to any desired frequency line by the changing of a 
few module parameters. 

• 4 Frequency Bin Number and Spacing. An arbitrarily large or small 
number of frequency bins can be generated and spaced in fre
quency in any manner desired. Fourier transform values can be 
computed at a single frequency or can be generated with close 
frequency samples in ranges of interest . Also, nonlinear spacing 
(e.g . in decades), can be straightforwardly generated. 

• 5 Variable Windows. The window type and duration can be differ
ent for each frequency line. This, for example, allows the equiv
alent of constant Q displays used in spectrograms [5]. 

The primary objective of Phase I is generation of software, written in 
C, that illustrates the extraordinary properties of the zamogram in general 
and the utility and flexibility of our proposed computational architecture in 
particular. 
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Figure 7: Effects of 3dB noise on the same signal as the previous figure. 
From top to bottom, a Wigner distribution, Choi-Williams distribution and 
zamogram of a temporal sequence of tones. 
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have the ability to focus on specific time-frequency regions. A comparative 
investigation of the approaches is included in Figure 5. 

5 Relationship with Future Research or Re
search and Development 

The uncertainty principle has long been held to be a fundamental obstacle 
in the real time display of time-frequency displays. The principle, however, 
is based on linear models. Use of zamograms has indisputably demonstrated 
that good resolution with minuscule interference artifacts are possible in 
both frequency and time if we allow the use of nonlinearities. By presenting 
computationally efficient techniques to generate the zamogram, a significant 
obstacle has been removed for wide spread use of the zamogram. Potentially, 
the zamogram can be used in most any application where a spectrogram is 
used. 

Completion of Phase I will result in a software package that can be sold to 
potential customers to establish the use of the zamogram in their particular 
application. Established reputation for the zamogram approach will pave the 
way for the development and marketing of zamogram firmware and hard ware. 

Some relevent references are listed below: 

1. J .L. Aravena, "Recursive moving window DFT algorithm", IEEE 
Trans. Computers, vol.39, pp.145-151, 1990. 

2. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

3. H.Choi & W. Williams, "Improved time-frequency representa
tion of multi-component signals using exponential kernels", IEEE 
Trans. Acoust., Speech, and Sig. Proc., vol.37, pp.862-871, 1989. 

4. L. Cohen, "Time-frequency distributions - a review", Proceedings 
of the IEEE, vol.77, pp.941-981 (1989). 
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5. J .M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, 
(Springer-Verlag, 1989). 

6. R.E. Crochiere and L.R. Rabiner, Multirate Digital Signal 
Processing, Prentice-Hall, Englewood Cliffs, NJ, 1983. 

7. R. Hartley and K. Welles II, "Recursive computation of the Fourier 
transform", Proceedings of the 1990 IEEE International Sympo
sium on Circuits and Systems, pp.1792-1795. 

8. J.S. Lim, & A.V. Oppenheim, Advanced Topics in Signal 
Processing, (Prentice Hall, New Jersey, 1988). 

9. R.J. Marks II, "Use of Szasz series windows in signal process
ing", Multidimensional Systems Technical Report, October 26, 
1989, (U.S. Patent and Trademark Office Disclosure Document, 
# 238456, Nov. 1, 1989). 

10. R.J. Marks II, "Temporally truncated infinite impulse response 
windows and their application to generation of spectrograms", 
Multidimensional Systems Technical Report, May 15, 1990, (U.S. 
Patent and Trademark Office Disclosure Document registration 
pending) 

11. R.J. Marks II, "Architectures for computing time-frequency rep
resentations", Multidimensional Systems Technical Report, De
cember 27, 1989, (U.S. Patent and Trademark Office Disclosure 
Document, 242203, Dec. 28, 1989). 

12. E . Masry, "An extension of Szasz's theorem and its applications", 
IEEE Transactions on Information Theory, vol.IT-19, pp.184-187 
(1973). 

13. A.V. Oppenheim, A.S. Willsky and LT. Young, Signals and 
Systems, (Prentice Hall, New Jersey, 1983). 

14. S. Oh and R.J. Marks II, "Some properties of the generalized 
time frequency representation with cone shaped kernel", ISDL 
Technical Report, (May, 1990). 
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15. A.V. Oppenheim & R.W. Schafer, Discrete Time Signal Pro
cessing, (Prentice Hall, New Jersey, 1989). 

16. L.R. Rabiner & R.W. Schafer, Digital Processing of Speech 
Signals, (Prentice Hall, New Jersey, 1978). 

17. T. Springer, "Sliding FFT computes frequency spectra in real 
time", EDN, September 29, 1988, pp.161-170. 

18. Y. Zhao, L.E. Atlas and R.J. Marks II, "The use of cone-shape 
kernels for generalized time-frequency representations of nonsta
tionary signals", IEEE Transactions on Acoustics1 Speech and 
Signal Processing, (in press) 

6 Potential Post Applications 

Time-frequency displays are used in a number of applications. Zamo
grams computed using the differential increment and accruance approach 
are applicable in most of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 

3. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

4. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

5. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

17 



7 Key Personnel 

7.1 Principle Investigator 

Loren Laybourn received his BS degree in Electrical Engineering and BA 
in Physics, both at the University of Washington, in 1986. During subse
quent employment as a research engineer at Boeing Aerospace, Mr. Lay
bourn received his MS degree in Electrical Engineering at the University of 
Washington, in 1988. He then joined the research staff at Bell Laboratories in 
Holmdel, New Jersey. Currently, he is President of Raytron) Inc. in Seattle, 
Washington. Raytron's charter is to develope and apply advanced nonlinear 
analysis and fabrication techniques to spectral processing. Mr. Laybourn 
has one U.S. Patent issued and six Patent disclosures. 

7.2 Research Engineer 

Seho Oh received the B.S. degree in electronics engineering from Seoul Na
tional University and the M.S. Degree in electrical engineering from Korea 
Advanced Institute of Science and Technology, Seoul. From 1981 through 
1986, he was with Goldstar Research Laboratory in Seoul. He received his 
Phd in Electrical Engineering from the University of Washington, Seattle, in 
1989. His research interests are in the areas of signal analysis and processing, 
artificial neural networks and pattern recognition. Dr. Oh is the co-author of 
over twenty archival and proceedings papers and has been issued two United 
States patents. 

7.3 Consultant 

Robert J. Marks II is currently a Professor of Electrical Engineering at the 
University of Washington. Prof. Marks was awarded the Outstanding Branch 
Councilor award in 1982 by IEEE and, in 1984, was presented with an IEEE 
Centennial Medal. He was Chair of IEEE Neural Networks Committee and 
was the co-founder and first Chair of the IEEE Circuits €3 Systems Society 
Technical Committee on Neural Systems €3 Applications. Prof. Marks was 
also elected the first President of the IEEE Council on Neural Networks. He 
is a Fellow of the Optical Society of America and a Senior Member of IEEE. 
Dr. Marks was also the co-founder and first President of the Puget Sound 
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Section of the Optical Society of America and was recently elected that or
ganization's first honorary member. He is co-founder and current President 
of Multidimensional Systems Corporation. Prof. Marks is the topical editor 
for Optical Signal Processing and Image Science for the Journal of the Op
tical Society on America - A. He is also a member of the Editorial Board 
for The International Journal of Neurocomputing. Dr. Marks has over one 
hundred archival and proceeding publications in the areas of signal analy
sis, detection theory, signal recovery, optical computing, signal processing 
and artificial neural processing. He is author of the book Introduction to 
Shannon Sampling and Interpolation Theory (Springer-Verlag, 1990). 
Dr. Marks is a co-founder of the Christian Faculty Fellowship at the Univer
sity of Washington. He is a member of Eta Kappa Nu and Sigma Xi. 

7.3.1 Relevant Publications 

1. R.J. Marks II, J.F. Walkup and M.O. Hagler, "Ambiguity func
tion display: an improved coherent processor", Applied Optics, 
vol. 16, pp.746-750 (1977). 

2. R.J. Marks II, J.F. Walkup and T.F. Krile "An improved co
herent processor for ambiguity function display", Proceedings of 
the International Optical Computing Conference, Capri, Italy, 
September 1976 - invited paper. 

3. R.J. Marks II and J.F. Walkup "Coherent optical processors for 
ambiguity function display and one-dimensional correlation/ convolution 
operations", Proceedings of the SPIE Symposium/Workshop on 
the Effective Utilization of Optics in Radar Systems, Huntsville, 
Alabama, September 1977. 

4. R.J. Marks II and M. W. Hall" Ambiguity function display using a 
single one-dimensional input", Applied Optics, vol. 18, pp.2539-
2540 (1979). 

5. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 
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6. S. Oh and R.J. Marks II, "Some properties of the generalized time 
frequency representation with cone shaped kernels", submitted to 
IEEE Transactions on Acoustics, Speech and Signal Processing. 

7. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

7.3.2 Archival Publications Since 1988 

1. R.J. Marks II, L.E. Atlas, J.J. Choi, S. Oh, K.F. Cheung and 
D.C. Park "A performance analysis of associative memories with 
nonlinearities in the correlation domain", Applied Optics, vol. 27, 
pp.2900-2904 (1988). 

2. R.J. Marks II, L.E. Atlas and K.F. Cheung "Optical processor 
architectures for alternating projection neural networks", Optics 
Letters, vol. 13, pp.533-535 (1988). 

3. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Error detection 
and correction in multilevel algebraic optical processors", Optical 
Engineering, vol. 27, pp.289-294 (1988) - invited paper. 

4. W.S. Wu, K.F. Cheung and R.J. Marks II "Multidimensional pro
jection windows", IEEE Transactions on Circuits and Systems, 
vol. 35, pp.1168-1172 (1988). 

5. K.F. Cheung, R.J. Marks II and L.E. Atlas, "Convergence of 
Howard's minimum negativity constraint extrapolation algorithm", 
Journal of the Optical Society of America A, vol.5, pp.2008-2009 
(1988). 

6. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Nondispersive 
propagation skew in iterative neural networks and optical feed
back processors", Optical Engineering, vol.28, pp.526-532 (1989). 
- invited paper. 

20 



7. R.J. Marks II, S. Oh and L.E. Atlas "Alternating projection 
neural networks", IEEE Transactions on Circuits and Systems, 
vol.36, pp.846-857 (1989). 

8. K.F. Cheung and R.J. Marks II, "Image sampling below the 
Nyquist density without aliasing", Journal of the Optical Soci
ety of America A, vol.7, pp.92-105 (1990) 

8 Facilities and Equipment 

Raytron Inc. has an two 386 and four 286 PC's augmented for numerical and 
graphical processing. Three printers are available, including a laser printer. 
Standard office equipment and electronic equipment are also available. 

9 Consultants 

Raytron will utilize the consulting services of one of the creators of the zamo
gram, Dr. Robert J. Marks II. Dr. Marks' biography and abbreviated list 
of publications is in the Key Personnel section. Dr. Marks, through his 
company, 1\1-D Systems, has developed some of the key intellectual property 
contained in this proposal. After receiving written release from the Univer
sity of Washington, Dr. Marks has contracted with Raytron Inc. to develope 
aspects of this intellectual property. His contribution, through 1\1-D Systems, 
is singularly important to the Phase I effort. 

10 Prior, Current or Pending Support 

Raytron has received no prior support for development of the zamogram. It 
is, however, submitting parallel SBIR proposals in this same program. 

1 DOD A90-449, "Signal Processing Enhancement foi.· GBR-X Radar" 

2 DARPA 90-098, "Nonlinear Signal Processing" 

3 DARPA 90-099, "Scalable Algorithms and Software Library Mod
ules for Scalable Parallel Computers" 
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11 Cost Proposal 

The following figures are for November 1, 1990 though May 1, 1991. 
Salaries 
PRINCIPLE INVESTIGATOR 
Loren Laybourn 
RESEARCH ENGINEER 
Dr. Seho Oh 75% 
SECRETARY 

6 months, 25% 

$20,061 

Ms. Marylyn Mitchell 6 months, 25% 
Consultant 
MULTIDIMENSIONAL SYSTEMS CORP. 
Dr. Robert J. Marks II 6 months, 20% 
Supplies 
Office Supplies 
Computer Supplies 
Other Costs 
Computer Maintenance 
Postage 

$7,523 

$1,984 

$13,000 

$500 
$450 

$400 
$200 
$400 Telephone 

Indirect Costs 
TOTAL 

20% of Direct Costs $8904 
$53,422 
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Figure 4: Plot of log10 of the required number of operations required to 
perform an FFT of length N versus log2 (N) (broken line). The required 
number of operations using the Szasz series approach is shown with the solid 
line. 
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adoption. The Choi-Williams display, although a significant improvement, 
still contains significant nonlinear artifacts. 

We will illustrate relative performance in terms of nonlinear artifacts and 
noise properties . In Figure 6, we have dB waterfall displays of (from top to 
bottom) the Wigner distribution, Choi-Williams distribution and zamogram 
of a temporal sequence of sinusoidal tones. The Wigner distribution displays 
significant interference terms. The Choi-Williams distribution is better yet 
still contains significant artifacts. The zamogram displays crisp resolution 
in both time and frequency. The effects of 3dB noise on the same signal is 
illustrated in Figure 7. The zamogram performs admirably. 

Another more recent approach to time-frequency representation uses wavelets 
[5) . As with the zamogram approach, wavelet time-frequency representations 
have the ability to focus on specific time-frequency regions . A comparative 
investigation of the approaches is included in Figure 5. 

5 Relationship with Future Research or Re
search and Development 

Completion of Phase I will result in a software package that will be made 
available to potential customers to establish the use of the Szasz series spec
trogram and zamogram in their particular application. 

The uncertainty principle has long been held to be a fundamental obstacle 
in the real time display of time-frequency displays. The principle, however, 
is based on linear models. Use of zamograms has indisputably demonstrated 
that good resolution with minuscule interference artifacts are possible in 
both frequency and time if we allow the use of nonlinearities . By presenting 
computationally efficient techniques to generate the zamogram, a significant 
obstacle has been removed for wide spread use of the zamogram. Potentially, 
the zamogram can be used in most any application where a spectrogram is 
used. 

Some relevant references are listed below: 

1. J.L. Aravena, "Recursive moving window DFT algorithm", IEEE 
Trans. Computers, vol.39, pp.145-151, 1990. 

2. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
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Figure 6: From top to bottom, a Wigner distribution, Choi-Williams distri
bution and zamogram of a temporal sequence of tones. 
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Figure 7: Effects of 3dB noise on the same signal as the previous figure. 
From top to bottom, a Wigner distribution, Choi-Williams distribution and 
zamogram of a temporal sequence of tones. 
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Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

3. H.Choi & W. Williams, "Improved time-frequency representa
tion of multi-component signals using exponential kernels", IEEE 
Trans. Acoust., Speech, and Sig. Proc., vol.37, pp.862-871, 1989. 

4. L. Cohen, "Time-frequency distributions - a review", Proceedings 
of the IEEE, vol.77, pp.941-981 (1989). 

5. J.M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, 
(Springer-Verlag, 1989). 

6. R.E. Crochiere and L.R. Rabiner, Multirate Digital Signal 
Processing, Prentice-Hall, Englewood Cliffs, NJ, 1983. 

7. R. Hartley and K. Welles II, "Recursive computation of the Fourier 
transform", Proceedings of the 1990 IEEE International Sympo
sium on Circuits and Systems, pp.1792-1795. 

8. J.S. Lim, & A.V. Oppenheim, Advanced Topics m Signal 
Processing, (Prentice Hall, New Jersey, 1988). 

9. R.J. Marks II, "Use of Szasz series windows in signal process
ing", Multidimensional Systems Technical Report, October 26, 
1989, (U.S. Patent and Trademark Office Disclosure Document, 
# 238456, Nov. 1, 1989). 

10. R.J. Marks II, "Temporally truncated infinite impulse response 
windows and their application to generation of spectrograms", 
Multidimensional Systems Technical Report, May 15, 1990, (U.S. 
Patent and Trademark Office Disclosure Document registration 
pending) 

11. R.J. Marks II, "Architectures for computing time-frequency rep
resentations", lvf ultidimensional Systems Technical Report, De
cember 27, 1989, (U.S. Patent and Trademark Office Disclosure 
Document, 242203, Dec. 28, 1989). 
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12. E. Masry, "An extension of Szasz's theorem and its applications", 
IEEE Transactions on Information Theory, vol.IT-19, pp.184-187 
(1973). 

13. A.V. Oppenheim, A.S. Willsky and LT. Young, Signals and 
Systems, (Prentice Hall, New Jersey, 1983). 

14. S. Oh and R.J. Marks II, "Some properties of the generalized 
time frequency representation with cone shaped kernel", ISDL 
Technical Report, (May, 1990). 

15. A.V. Oppenheim & R.W. Schafer, Discrete Time Signal Pro
cessing, (Prentice Hall, New Jersey, 1989). 

16. L.R. Rabiner & R.W. Schafer, Digital Processing of Speech 
Signals, (Prentice Hall, New Jersey, 1978). 

17. T. Springer, "Sliding FFT computes frequency spectra in real 
time", EDN, September 29, 1988, pp.161-170. 

18. Y. Zhao, L.E. Atlas and R.J. Marks II, "The use of cone-shape 
kernels for generalized time-frequency representations of nonsta
tionary signals", IEEE Transactions on Acoustics} Speech and 
Signal Processing, (in press) 

6 Potential Post Applications 

Time-frequency displays are used in a number of applications. Zamo
grams computed using the differential increment and accruance approach 
are applicable in most of these cases. They include 

1. as a means of representing or displaying electromagnetic signals 
as used, for example, in radar. 

2. as a means of representing or displaying acoustic signals such as 
speech and sonar. 
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3. as a means of representing or displaying mechanical signals such 
as vibration. Specific applications include monitoring and fault 
diagnosis of machinery. 

4. as a means of representing or displaying signals whose source 
is biological. Sources of biological signals include, but are not 
limited to, the cardiovascular and neurological systems of man 
and animal. 

5. use as a template signal representation in pattern recognition pro
cedures such as matched filtering or as training data in a classifier 
such as a layered perceptron artificial neural network. 

7 Key Personnel 

7.1 Principle Investigator 

Loren Laybourn received his BS degree in Electrical Engineering 'and BA 
in Physics, both at the University of Washington, in 1986. During subse
quent employment as a research engineer at · Boeing Aerospace, Mr. Lay
bourn received his MS degree in Electrical Engineering at the University of 
Washington, in 1988. He then joined the research staff at Bell Laboratories in 
Holmdel, New Jersey. Currently, he is President of Raytron, Inc. in Seattle, 
Washington. Raytron's charter is to develope and apply advanced nonlinear 
analysis and fabrication techniques to spectral processing. Mr. Laybourn 
has one U.S. Patent issued and six Patent disclosures. 

7 .2 Research Engineer 

Seho Oh received the B.S. degree in electronics engineering from Seoul Na
tional University and the M.S. Degree in electrical engineering from Korea 
Advanced Institute of Science and Technology, Seoul. From 1981 through 
1986, he was with Goldstar Research Laboratory in Seoul. He received his 
Phd in Electrical Engineering from the University of Washington, Seattle, in 
1989. His research interests are in the areas of signal analysis and processing, 
artificial neural networks and pattern recognition. Dr. Oh is the co-author of 
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over twenty archival and proceedings papers and has been issued two United 
States patents. 

7.3 Consultant 

Robert J. Marks II is currently a Professor of Electrical Engineering at the 
University of Washington. Prof. Marks was awarded the Outstanding Branch 
Councilor award in 1982 by IEEE and, in 1984, was presented with an IEEE 
Centennial Medal. He was Chair of IEEE Neural Networks Committee and 
was the co-founder and first Chair of the IEEE Circuits & Systems Society 
Technical Committee on Neural Systems & Applications. Prof. Marks was 
also elected the first President of the IEEE Council on Neural Networks. He 
is a Fellow of the Optical Society of America and a Senior Member of IEEE. 
Dr. Marks was also the co-founder and first President of the Puget Sound 
Section of the Optical Society of America and was recently elected that or
ganization's first honorary member. He is co-founder and current President 
of Multidimensional Systems Corporation. Prof. Marks is the topical editor 
for Optical Signal Processing and Image Science for the Journal of the Op
tical Society on America - A. He is also a member of the Editorial Board 
for The International Journal of Neurocomputing. Dr. Marks has over one 
hundred archival and proceeding publications in the areas of signal analy
sis, detection theory, signal recovery, optical computing, signal processing 
and artificial neural processing. He is author of the book Introduction to 
Shannon Sampling and Interpolation Theory (Springer-Verlag, 1990). 
Dr. Marks is a co-founder of the Christian Faculty Fellowship at the Univer
sity of Washington. He is a member of Eta Kappa Nu and Sigma Xi. 

7.3.1 Relevant Publications 

1. R.J. Marks II, J.F. Walkup and M.O. Hagler, "Ambiguity func
tion display: an improved coherent processor", Applied Optics, 
vol. 16, pp.746-750 (1977). 

2. R.J. Marks II, J.F. Walkup and T.F. Krile "An improved co
herent processor for ambiguity function display", Proceedings of 
the International Optical Computing Conference, Capri, Italy, 
September 1976 - invited paper. 
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3. R.J. Marks II and J.F. Walkup "Coherent optical processors for 
ambiguity function display and one-dimensional correlation/ convolution 
operations", Proceedings of the SPIE Symposium/Workshop on 
the Effective Utilization of Optics in Radar Systems, Huntsville, 
Alabama, September 1977. 

4. R.J. Marks II and M. W. Hall "Ambiguity function display using a 
single one-dimensional input", Applied Optics, vol. 18, pp.2539-
2540 (1979). 

5. L.E. Atlas, Y. Zhao and R.J. Marks II, "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

6. S. Oh and R.J. Marks II, "Some properties of the generalized time 
frequency representation with cone shaped kernels", submitted to 
IEEE Transactions on Acoustics, Speech and Signal Processing. 

7. L.E. Atlas, Y. Zhao and R.J. Marks II "Application of the gen
eralized time-frequency representation to speech signal analysis", 
Proceedings of the IEEE Pacific Rim Conference on Communi
cations, Computers and Signal Processing, pp.517-519, Victoria, 
B.C. Canada, June 4-5, 1987. 

7.3.2 Archival Publications Since 1988 

1. R.J. Marks II, L.E. Atlas, J.J. Choi, S. Oh, ICF. Cheung and 
D.C. Park "A performance analysis of associative memories with 
nonlinearities in the correlation domain", Applied Optics, vol. 27, 
pp.2900-2904 (1988). 

2. R.J. Marks II, L.E. Atlas and K.F. Cheung "Optical processor 
architectures for alternating projection neural networks", Optics 
Letters, vol. 13, pp.533-535 (1988). 

3. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Error detection 
and correction in multilevel algebraic optical processors", Optical 
Engineering, vol. 27, pp.289-294 (1988) - invited paper. 
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4. W.S. Wu, K.F. Cheung and R.J. Marks II "Multidimensional pro
jection windows", IEEE Transactions on Circuits and Systems, 
vol. 35, pp.1168-1172 (1988). 

5. K.F. Cheung, R.J. Marks II and L.E. Atlas, "Convergence of 
Howard's minimum negativity constraint extrapolation algorithm", 
Journal of the Optical Society of America A, vol.5, pp.2008-2009 
(1988). 

6. S. Oh, D.C. Park, R.J. Marks II and L.E. Atlas "Nondispersive 
propagation skew in iterative neural networks and optical feed
back processors", Optical Engineering, vol.28, pp.526-532 (1989). 
- invited paper. 

7. R.J. Marks II, S. Oh and L.E. Atlas "Alternating projection 
neural networks", IEEE Transactions on Circuits and Systems, 
vol.36, pp.846-857 (1989). 

8. K.F. Cheung and R.J. Marks II, "Image sampling below the 
Nyquist density without aliasing", Journal of the Optical Soci
ety of America A, vol.7, pp.92-105 (1990) 

8 Facilities and Equipment 

Raytron Inc. has an two 386 and four 286 PC's augmented for numerical and 
graphical processing. Three printers are available, including a laser printer. 
Standard office equipment and electronic equipment are also available. 

9 Consultants 

Raytron will utilize the consulting services of one of the creators of the zamo
gram, Dr. Robert J. Marks II. Dr. Marks' biography and abbreviated list 
of publications is in the Key Personnel section. Dr. Marks, through his 
company, M-D Systems, has developed some of the key intellectual property 
contained in this proposal, including the approach to zamogram computa
tion and the Szasz series approach to Fourier transformation. After receiving 
written release from the University of Washington, Dr. Marks has contracted 
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with Raytron Inc. to develope aspects of this intellectual property. His con
tribution, through M-D Systems, is singularly important to the Phase I effort. 

10 Prior, Current or Pending Support 

Raytron has received no prior support for development of the zamogram. It 
is, however, submitting parallel SBIR proposals in this same program. 

1 DOD A90-449, "Signal Processing Enhancement for GBR-X Radar" 

2 DARPA 90-098, "Nonlinear Signal Processing" 

3 DARPA 90-099, "Scalable Algorithms and Software Library Mod
ules for Scalable Parallel Computers" 

11 Cost Proposal 

The following figures are for November 1, 1990 though May 1, 1991. 
Salaries 
PRINCIPLE INVESTIGATOR 
Loren Laybourn 
RESEARCH ENGINEER 
Dr. Seho Oh 75% 
SECRETARY 

6 months, 25% 

$20,061 

Ms. Marylyn Mitchell 6 months, 25% 
Consultant 
MULTIDIMENSIONAL SYSTEMS CORP. 
Dr. Robert J. Marks II 6 months, 20% 
Supplies 
Office Supplies 
Computer Supplies 
Other Costs 
Computer Maintenance 
Postage 

$7,523 

$1,984 

$13,000 

$500 
$450 

$400 
$200 
$400 Telephone 

Indirect Costs 
TOTAL 

20% of Direct Costs $8904 
$53,422 
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■ Software 
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GTFR's 
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Numerical 

Figure 5: Chart of phase I activities. 

Wavelets 

Graphics 

The bulk of the work will be performed at the facilities of Raytron Cor
poration. An Gannt chart of the proposed six month project is shown in 
Figure 5. 

4 Related Work 

There is currently much work being performed in the area of time-frequency 
representation with the goal to improve on the spechogram. Cohen has 
proposed a class of generalized time frequency representations in which a 
number of important special cases are subsumed. Included are the Wigner 
distribution, the Choi-Williams distribution [3) and the zamogram. Much 
research has been focused on the Wigner distribution in the last decade. 
The interference terms, however, have been an obstacle to its wide spread 
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Technical Proposal: Parallel Paradymes 
for Time-Frequency Displays 

Raytron Corporation 

June 30, 1990 

1 Identification and Significance of the In
novation 

Conventional approaches to short time Fourier analysis of discrete time se
ries requires either use of a fast Fourier transform (FFT) or a finite impulse 
response filter (FIR) discrete Fourier transform approach [8]. The FIR ap
proach, although highly parallel, requires a prohibitively large computational 
burden as the window size grows. We will present an infinite impulse response 
(IIR) based architecture that maintains the parallel attributes of the FIR ap
proach and requires fewer operations than an FFT for windows of moderate 
to long duration. The procedure is based on a Szasz series decomposition of 
the sliding window. Also, we propose to generate parallel architectures for 
the newly introduced zamogram which has resolution attributes far superior 
to the conventional spectrogram. 

There exists well established time resolution - frequency resolution trade 
off characteristics in time-frequency displays such as the cross ambiguity 
function and the spectrogram. The same linear mathematics that gives rise 
to the Heisenberg uncertainty principle prohibits good simultaneous resolu
tion of both time and frequency ( corresponding to position and momentum 
variables, respectively, in quantum theory). One approach to this problem 
is generalized time-frequency representations or GTFR's [4]. Until recently, 
however, this approach has been plagued by interference and other nonlinear 
artifacts. Recently, Zhao, Atlas and Marks (ZAM) [2, 18] have proposed a 
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GTRF that has superb resolution in both time and frequency, yet is accom
panied by minimal nonlinear artifacts. 

We illustrate the zamogram using figures from the paper by Zhao et.al. 
[18]. In Figure 1, we have a sinusoid turning off and on. Immediately below is 
a spectrogram of this signal displaying relatively poor resolution both in time 
and frequency. The Wigner distribution GTFR is shown immediately below. 
Although the Wigner distribution is known for its superb temporal resolution, 
the display is marred by severe interference artifacts . The zamogram, shown 
on the bottom, has superb resolution in both time and frequency. As is 
done in spectrograms, the zamogram was here computed using a temporally 
decimated output [6]. The zamogram captures the time transition so well, 
however, that certain of the transition points appear and others have been 
skipped! A speech signal is shown in Figure 2. Shown are the spectrogram, 
Wigner distribution and the zamogram. The zamogram is quite effective in 
detecting the harmonic components of the utterance. 

We propose investigation of computational architectures and illustrative 
software based on proprietary computational paradigms. 

2 Phase I Technical Objectives 

Computation of the zamograms in Figures 1 and 2 was performed using a 
quite computationally intense procedure requiring generation of a nonlinear 
two dimensional data field from the one dimensional time series followed 
by windowing and fast Fourier transformation. Even generation of a short 
time Fourier transform or spectrogram grows faster than linearly in required 
operations with respect to the window size. 

We propose development of a computational paradigms for short time 
Fourier transforms, spectrograms and zamograms with the following remark
able attributes: 

• 1 Parallelism. Computation of each frequency line is performed in 
parallel with every other frequency line. 

• 2 Computational Requirements. The required number of operations 
is on the order of N = the number of frequency lines. This is even 
lower than the NlogN operations required by the fast Fourier 
transform (FFT). 
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Figure 1: Plots of some time frequency distributions of the on-off sinusoid 
shown on top. From top to bottom are the spectrogram, Wigner distribu
tion and zamogram. The zamogram's temporal resolution is so high, that 
transition edges were missed because the display was computed in a time 
decimated manner. (Used with permission) 
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and first order increments) and accruance (i.e. integration and add-and
accumulate) has been developed in detail [11]. 

Computational Approaches. There are three basic implementation 
techniques for digital computation of the zamogram using the proprietary 
method of differential increments and accruance. The methods revolve around 
the manner in which the Fourier transform is computed. 

l FFT. Using the FFT restricts the output bins to be linearly 
spaced. 

2 Finite impulse response (FIR) short time Fourier transform anal
ysis. This technique allows an arbitrary number of frequency 
bins at arbitrary spacing with a different window at each line [8]. 
Like the discrete Fourier transform (DFT), however, the FFT ap
proach can require significantly fewer operations for long window 
duration. 

3 Szasz series Fourier analysis. For an undecimated output series, 
Szasz series [12] Fourier analysis [9, 10] requires fewer operations 
than the FFT for large N, yet offers all of the flexibility of the 
DFT approach. This approach results in a highly parallel com
putational architecture. 

A brief description of the Szasz series approach is outlined in the following 
section. 

Fourier Transform Evaluation Using Szasz Series. Recently, there 
have been a flurry of papers reporting the same digital signal processing 
algorithm for generation of rectangularly windowed digital Fourier transforms 
that require fewer operations than an FFT [1, 7, 17]. Unfortunately, the 
rectangular window generates significant artifacts. Proprietary techniques 
have recently been developed [9, ??] that allows for generation of common 
widows based on Szasz series decomposition [12] of the window. 

The basic idea in the sliding window is best introduced by the following 
example. Consider the series of numbers ... 2,4,1,3,0,1,4,1,2,0. The sum of the 
bold numbers in the series ... 2,4,1,3,O,1,4,1,2,0 is 14. We move the window 
over one unit and have ... 2,4,1,3,O,1,4,l,2,0. We can, of course, generate 
the new sum by adding the numbers again. More efficiently, however, we can 
subtract the old number ( 4) from the sum and add the new number (2). This 
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is the root of the idea for forming sliding rectangular Fourier transforms that 
has been independently reported by a number of people. 

Consider the generalization of this approach applied to exponential win
dowing. If we weight the bold numbers in the series ... 2,4,1,3,O,1,4,1,2,0 by 
the geometric window 2°, 21 , 22

, 23 , 24 , 25 , 26 , the result is 

4 X 2° + 1 X 21 + 3 X 22 + 0 X 23 + 1 X 24 + 4 X 25 + 1 X 26 = 226 

Applying this same window to the bold numbers of a single shift to the 
right, ... 2,4,1,3,O,1,4,1,2,0, can be obtained by the same multiply-and-add 
procedure. A better way, however, is to notice that (1) each number common 
to both intervals is now multiplied by half of what it was before and (2) we 
have a number that dropped off and a a newly introduced one. Using this 
procedure, we can compute the updated sum as 

oldsum - 4 x 2° 
newsum = ------- + 2 x 26 

2 

Unfortunately, exponential windows, like rectangular windows, have poor 
properties. However, most commonly used windows can be expressed as sums 
of exponential windows. For example, for proper choice of coefficients, both 
the Hanning and Hamming windows can be expressed, within appropriate 
intervals, as 

c,o[k] = ao + a1ej,rrk/L + a_1e-j-rrk/L (5) 

A Blackman window can be obtained by the addition of two additional terms. 
Each of these three terms in Equation 5 can be generated by a simple in
finite impulse response (IIR) filter with truncation being achieved by delay 
circuitry. 

There exist numerous issues in the application of the Szasz series window 
to Fourier analysis. We will not elaborate on the details of the approach here, 
except to say that proprietary architectures for computation of a number of 
frequency lines have been created using a single delay line and requiring 
significantly fewer operations than an FFT approach. These architectures, 
when constrained to the attributes of the FFT (linear frequency spacing and 
# frequency lines = window duration) can be compared in a computational 
sense to the FFT. A log-log plot of the number of operations ( multiplies and 
adds) versus window length is shown in Figure 4 for the case of Hanning 
and Hamming windows. The Szasz series approach requires fewer operations 
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for larger window sizes and, as mentioned previously, allows much higher 
flexibility than the FFT approach. 

Technical Objectives. The primary technical objective of Phase I will 
be development of a zamogram software emulator written in C with PC based 
color graphics. Special attention will be given to emphasis of the flexibility of 
the Szasz series approach to generation of zamograms, including the freedom 
to choose the number and spacing of the frequency bins. The variability of 
the window from line to line will also be accentuated. Letting the window's 
duration decrease with increasing frequency, for example, allows for a greater 
consistency in frequency resolution equivalent in concept to maintaining a 
constant Q. The final software package will allow interface to a large number 
of data formats. 

3 Phase I Work Plan 

The primary objective of Phase I is generation of detailed computational 
architectures for short time Fourier transforms, spectrograms and zamograms 
based on use Szasz series windows. The utility and flexibility of the approach 
will be illustrated with the use of an emulator written in C and using PC 
based color graphics display. The software package will be the deliverable 
product of Phase I. 

Display and Computation. The time frequency displays will be color 
coded in amplitude. For a given waveform, the software will offer the follow
ing options in the computation and display of the spectrogram and zamo
gram. 

• 1 Frequency bin spacing. Linear, logarithmic and zoom display op
tions, including the number of frequency lines. 

• 2 Window type and variability. The option to vary window size and 
type to achieve constant Q type displays . 

• 3 Amplitude display. Options for linear or dB displays. 

Interface format. Care will be given to allow access to the software 
from many common data formats. 
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x{n} Z{n;u} 
STFT 

Figure 3: Illustration of computation of the zamogram using the method of 
differential increments and accruance. The time series, x[n], is subjected to 
short time Fourier analysis at frequency u. The transform is multiplied be 
the signal and fed to an add-and-accumulate processor the output of which is 
the zamogram at frequency u. STFT = Short Time Fourier Transform and 
A&A = Add and Accumulate. 
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• 3 Modularity, Programmability & Scalability. The computational 
architectures are modular. Additional frequency lines can be 
added by simply adding new processing modules in parallel. Each 
module can be programmed to any desired frequency line by the 
changing of a few module parameters. 

• 4 Frequency Bin Number and Spacing. An arbitrarily large or small 
number of frequency bins can be generated and spaced in fre
quency in any manner desired. Fourier transform values can be 
computed at a single frequency or can be generated with close 
frequency samples in ranges of interest. Also, nonlinear spacing 
(e.g. in decades), can be straightforwardly generated. 

• 5 Variable Windows. The window type and duration can be differ
ent for each frequency line. This, for example, allows the equiv
alent of constant Q displays used in spectrograms [5). 

The primary objective of Phase I is generation of software, written in C, 
that illustrates ( a) the flexibility, speed and parallelism of the Szasz series ap
proach to short time Fourier transforms and (b) the extraordinary properties 
of the zamogram. 

Zamograms. The continuous form of the zamogram of a signal, x(t), 
can be written 

Z(t; u) = IT r+1¥ cp(T)x((- L::l)xCe + l.2J.)e-j21rurd(dT 
lr=-T le=t-1:} 2 2 

(1) 

where cp( T) is the windowing kernel. 
The discrete version of the zamogram is 

!!:l 
L m=n+ 2 j k I I k I . 

Z[n; u] = L L cp[k]x[m - 2 ]x[m + -
2
-]e-321rku (2) 

k=-L _ ill, m-n- 2 

where cp[n] is a discrete window that is zero outside of the interval -L '.S k '.S 
L 

The conventional approach to evaluation of this, and similar, GTFR's is 
(a) generate x[m - ~]x[m + ~] on the (m, k) plane, (b) window by cp[k], 
( c) sum within the cone defined by the summation limits and ( d) Fourier 
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Figure 2: Grey level plot of some time frequency distributions of the speech 
signal shown on top. From top to bottom are the spectrogram, Wigner 
distribution and zamogram. The zamogram displays much sharper temporal 
and harmonic resolution. (Used with permission) 
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Figure 7: Plot of log10 of the required number of operations required to perform an 
FFT of length N versus log2 (N) (broken line). The required number of operations 
using the Szasz series approach is shown with the solid line. 
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Figure 3: Illustration of a method for implementation of a A (lambda) filter and its 
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Figure 2: Computation of a sliding window Fourier transform using unmodulated 
windows (top) and modulated windows (bottom). Conventionally, the windows are 
computed using an FIR filter implementation of a DFT. We propose use of Szasz series 
windows which, while maintaining computational competitiveness with the FFT, offer 
significantly greater flexibility. 
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Michael B. Matthews 

Institute for Signal and Information Processing 
Swiss Federal Institute of Technology, Zurich, Switzerland 

Abstract - The realization of nonlinear adaptive filters has been Associated with each I/O map is a nonlinear response 
hampered by the lack of a universal, analyzable system structure map p : Z X Q -+ Y defined by p(k, u) ~ P u[k]. Let 
that can realize or sufficiently well approximate any desired nonli- fm : Z x Q -+ um : ( k, u) 1-t ( u[ k], ... , u[ k - m + 1]) be 
near response map. Theoretically exact realizations in the form of a an mth-order extraction. This function could be realized 
Volterra series (feed-forward model) or a state-affine system (recur- by a tapped delay-line. We may then specify p as either 
rent model) have proved to be practically intractable for all but the a causal, finite-memory functional 
simplest of systems. When modelled as a nonlinear vector function 

of a finite number of past inputs, a nonlinear response map can be 

approximated arbitrarily closely by a 2-layer perceptron serving a 

tapped-delay line. When modelled as a dynamic state-space system, 

a nonlinear response map can be approximated arbitrarily closely 

by a recurrent neural network. The simple, regular structure of the 

recurrent network lends itself to an efficient implementation of the 

extended Kalman or recursive prediction error (RPE) algorithms 

for estimating both the state and parameter vectors. 

I. INTRODUCTION 

The solution to the problem of filtering noise-contami
nated signals emitted by a nonlinear system requires the 
adequate modelling of the system in order to estimate 
its output. However, in the absence of knowledge of the 
structure of the system, a universal nonlinear model is 
required whose parameters can be easily adjusted to re
alize any desired nonlinear response map. An adaptive 
algorithm is then required to adjust the parameters in 
real-time both to track changes in the system and to com
pensate for accumulation errors in the system estimate. 

Let U, Y denote arbitrary vector spaces of input, state 
and output values, respectively. Let n ~ { u : Z -+ U} 
and Y ~ {y : Z -+ Y} be the set of all indexed input and 
output functions, respectively. The evaluation functional 
at time k, Ck : n -+ U, will be written as ek(u) ~ u[k]. 
Define the norm on n and Y as !lull ~ supk lu[k]I. Let 
Uk = U x U x ... x U (k times) be the product space 
of k-length input sequences, and let U* = uk>O Uk be 
the free monoid of all finite-length input seque11ces. For 
every u, v E U*, uv denotes the concatenation (moniod 
operator) of the two sequences. 

A nonlinear input-output (1/0) map is a nonlinear 
time-invariant, causal operator P : n -+ Y. The eva
luation of an operator P: n-+ Y at time k, (Pu)[k], will 
be written as Pu[k]. Let O"n denote the delay operator de
fined as (O"nu)[k] ~ u[k-n]. An operator is time-invariant 
if O"n(Pu) = P(O"nu) for all u En. An operator Pis cau
sal if u[n] = v[n], n ~ k implies that Pu[k] = Pv[k], i.e. 
the operator depends only on past inputs. 

p: Z x Q-+ Y: (k,u) 1-t Pt(lm(k,u)) 

y[k]=Pt(u[k], ... ,u[k-m+l]), 
(1) 

where Pt : um-+ Y is some nonlinear map, or as a causal, 
infinite-memory functional 

p: Z x Q-+ Y: (k,u) 1-t Pr(fH1(k,u)) 

y[k] = Pr ( u[k], ... , u[0]) , 
(2) 

where Pr : U*-+ Y is another nonlinear map. The system 
in (1) is a nonlinear moving average, which represents 
an approximation of any nonlinear system with fading 
memory [1]. This will be discussed in detail later. The 
system in (2) is simply a nonlinear function of all past 
inputs, assuming that the input function is supported on 
the right at some point, say u[0]. This type of system 
obviously requires some form of internal recursion. For 
filtering applications, we wish to realize both types of the 
above systems. 

The Volterra series of the form 

m-1 

y[k] = wo + L w1(n)u[k - n] + • • · + 
n=O 

m-1 m-1 

L .. · L WK(n1, ... , nK)u[k - n 1] .. •u[k - nx] 
n1=0 nK=O 

where wi( n1, ... , ni) , i = 1, 2, ... , K, are higher-order 
impulse responses or Volterra kernels, can realize any ar
bitrary nonlinear moving average response map Pt [2]. 
The Volterra series is, however, not a practical structure 
for the realization or approximation of arbitrary response 
maps because of the explosion in the number of coeffi
cients required. We propose below a perhaps more viable 
structure, but first a few preliminaries. 

Definition 1: A continuous function¢;: R-+ (0, 1) is a 
sigmoid function if it is increasing, and limx-oo ¢;( x) = 
1, and limx--oo q;(x) = 0. A sigmoid vector func
tion <p is a vector-valued function <p : R" -+ Rn with 
</J(xi, x2, ... , Xn) = ( ¢;(xi), q;(x2), ... , q;(xn)). D 
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is the sequence of state vectors given an input sequence 
□ u E u· and an initial state X E X . 

Theorem 1: For every function PJ : um -+ Y that is 
continuous on a compact subset I( of um, and for every 
f > 0, there exits a positive integer n, and a vector 0 E 0 
such that, 

sup IP1(u) - 'lj;(u, 0)1 < f. 
UEK 

(4) 

D 

A proof of Theorem 1 based on the Stone-Weierstrass 
Theorem can be found in (3]. Theorem 1 states that, 
for a bounded input u[k], we can approximate arbitrarily 
closely any response map PJ as in (1) with a 2-layer per
ceptron and a tapped-delay-line of length m. Note that 
the input function is compact only on a finite time inter
val; however, because of the fading memory characteristic 
of p 1, the perceptron approximation is valid for all time. 

"\~'hat if we want to realize the recursive response map 
Pr? It is known for linear systems that a recurrent linear 
state-space structure represents the general realization of 
any linear recursive response map Pr. Similarly, for non
linear systems, a recurrent, nonlinear state-space system 
can realize any nonlinear recursive response map. "\¥e 
define such a state-space system below. 

Definition 3: Let E denote the class of discrete-time 
state-space systems :B = (X, f, h, xo) defined by the vector 
space X (state-space), the state-transition map f : X x 
U -+ X, and the output map h : X -+ Y, in the form: 

x[k + 1] = f(x[k],u[k]) 

y[k] = h(x[k]). 

x[O] = xo 
(5) 

The kth iterate off is the map fk : X x Uk -+ X, defined 
by: 

lo 
Ii 

fk+1(x,uu[k]) 

A 

A 

A 

lx (identity map on in X) 

f 
f(f1.(x, u), u[k]) 

The reachabi:lity map of :B is the map g : U* -+ X : 
g(u) ~ fk(x 0 , u) for u E Uk. The k-step reachability map 
is gk ~ gjUk. The k-step reachability set is Xk ~ gk(Uk). 
The reachability set is XR ~ uk2'.0 xk, 
The state response map is the functional gn : Z x n -+ 

X: (k,u) H g(Ek+1(k,u)). 

The state map of :B is the operator G : n -+ 3 : 
Gu[k] ~ gn(k,u), where 3 ~ {x : Z-+ X} is the set 
of indexed state functions. 

The observability map is the map p : X x U* -+ Y such 
that p(x, u) =ho fk(x, u), for 1t E Uk. 

The output trajectory o-( x, u), where o- : X x U* -+ Y*, 
is the sequence of output values given an input sequence 
u E u• and an initial state x E X. 

:B is called reachable if and only if g is onto, observable if 
and only if the functions p(x, .) : u• -+ Y are distinct for 
all x E X, and canonical if and only if it is both reachable 
and observable. D 

II. RECURRENT NETWORK 

In the sense that a perceptron can approximate any vector 
function in (1), a perceptron with state feedback should 
be able to approximate any state-transition map in (5). 
We shall refer to this structure, shown in Figure (1), as a 
recurrent neural network and define it formally as follows: 

ufk] y[k] 

Figure 1: Recurrent Neural Network Structure 

Definition 4: Let A : X -+ X, B : U -+ X and 
C: X-+ Y be linear operators, and let d EX and 8 E Y. 
Let 0 E 0 be a parameter vector containing the elements 
of A, B, C, d, and 8 as components. An nth-order Recur
rent Neural Network r = (X, </>, A, B, C, d, 8, xo) E JJ is a 
discrete-time state-space system where 

f: Xx U x 0-+ X: f(x, u, 0) =</>(Ax+ Bu+ d) 

h: Xx 0-+ Y: h(x, 0) = Cx + 8 . 
(6) 

Let I' C E be the class of all recurrent neural networks. 
D 

As described in the following theorem, the class I' of 
recurrent networks is dense in a broad subclass of dyna
mic systems E. In other words, for most non pathological 
systems, there exists a recurrent network such that their 
corresponding response maps are arbitrarily close over a 

bounded time interval. 

Theorem 2: Let ER C JJ be the subclass of discrete
time state-space systems such that, for all :B 
(X,f,h,xo) E ER, 

1. f : X x U -+ X and h : X -+ Y are continuous, 
time-invariant functions, 
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(X, </>, A, B, C, d, 6, xo) EI', such that 

sup lo-E(xo, u) - o-r(xo, u)I < f.. 
UEK. 

Given a system EE ER, it follows from Theorem 2 that 
we can approximate its response map by means of a re

(7) current network r E I'. The task then becomes one of 
estimating the state vector x[k] and the parameter vector 

A proof similar to that of Theorem 1 is provided in [3). 
Theorem 2 states that the response map of every nonli
near discrete-time state-space system that possesses con
tinuous state and output maps and has a bounded state 
vector for any bounded input sequence (stable system), 
can be approximated arbitrarily closely by a recurrent 
network over a bounded time interval. Note that if ER 
is further restricted to systems with fading memory [1], 
then the above approximation is valid for all time k. We 
define this formally as follows: 

□ 0 of the approximating system r by using a model system 
f'. Note that the desired response map is not unique to 
the chosen system r. In fact, there exists an infinite ca
tegory of possible systems ri E I' that realize the same 

Definition 5: The class of systems ER is said to have 
a fading memory characteristic on a subset K of n if, 
for each E E ER, there exists a decreasing function w : 
Z+ -+ (0, 1], limk-+oo w(k) = 0, such that, for all u E K 
and€> 0 there exists a 6 > 0 such that, for all v·E K 

sup lu[n) - v[n)I w(k - n) < 6 
n$k 

==> IGEu[k) - GEv[k]I < c 
(8) 

□ 
Theorem 3: Let ER be defined as in Theorem 2, and let 

· response map; however, since the objects are all mutually 
isomorphic, it suffices to estimate any one of the possible 
systems. We now wish to continually update the state 
estimate x and parameter estimate 0 based on measure
ments y[k] contaminated with white measurement noise 
r[k]. 

One possibility is to combine both x and 0 in an aug
mented state estimate z and then to estimate z by means 
of the extended Kalman algorithm [4)[5). However, Ljung 
[6) has shown that, in some cases, biased estimates can 
occur, or the algorithm may diverge all together. An 
alternative is the recursive prediction error (RPE) algo-
rithm [7). Like the extended Kalman algorithm, the state 
vector is estimated using the system model given by 

x[k + 1) = i(x[k], u[k], 0[k]) + K[k](y[k] - y[k]) 

y[k] = h(x[k], 0[k]), 
(11) 

ER have a fading memory characteristic on K a subset where j and h are given in (6) and K[k] is the Kalman 
ofn given by gain vector. K[k] is computed as 

K ~ {u E n1 !lull::; Mi} . (9) 

Then, for every E E ER, and every € > O, there exists a 
positive integer n and a r E r such that, for every u E K 

IIPE u - Pr ull < l (10) 

K[k] 

P[k + 1) 

F[k]P[k]F[k]T (H[k]P[k]H[k]T + o-t 1 

F[k]P[k]F[k]T + R 
-K[k](H[k]P[k]H[k]T + o-)I<[k]T, 

(12) 
where R ~ E[u[k]u[k]T], and o- g E[r[k]2]. The matrices 

0 
F[k] and H[k] are linearizations of j and h, respectively, 
about the current state estimate x[k]. The parameter 
vector estimate B[k] is computed using the recursive lea.st 
squares algorithm as follows: 

The proof of Theorem 3 is a direct result of the Stone
Weierstrass theorem and is provided in [3]. Although 
the . input compactness requirement has been dropped 
(we only require bounded input functions), the weighting 
function w creates an apparent compactness relative to 
the weighted norm, thus allowing Stone-Vi'eierstrass tech
niques in the proof. 

For nonlinear systems, a fading memory characteristic 
corresponds to a system possessing a unique equilibrium 
point. If after being disturbed, the system always conver
ges to a unique equilibrium point, then the system will 
tend to "forget" its past inputs . For systems without this 
characteristic, there will exist a certain state error that 
may diverge in time, but is bounded over a bounded time 
interval. However, most systems that we wish to model 
for filtering applications ( e.g. nonlinear communications 
channels) have some sort of fading memory characteristic. 

B[k] 
P[k] 
s[k] 

B[k - 1) + P[k - 1] ,t,[k](y[k] - y[k]) 
P[k - 1) + s[k)- 1 P[k - l],t,[k],t,[k]T P[k - 1] 

>. + ,t,[kf P[k - l],t,[k]T, 

where ). is a weighting constant close to one and ,t,[k] is 
the gradient term 

8y[k] I . 
,t,[k] = 80 8=8[kJ 

(13) 

A complication arises when differentiating I<[k] after sub
stituting (11) in (13). This yields a complicated set of 
recursive matrix equations obtained from (12). To avoid 
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plifying the RLS algorithm yields the following RPE
innovations algorithm: 

l[k] 
s[k] 
L[k] 

0[k] 
P[k] 

x[k + 1) 

y[k + 1] 
G(k+ 1] 
v,[k + 1] 

N[k] 

D[k] 

J[k] 

v[k] 

y[k]-y[k] 
>. + v,[kf P[k - l]v,[k] 
P[k - I]v,[k] s(kJ- 1 

0[k - 1) + L[k] l[k] 
>.- 1(P[k - 1] - L[k]L[kf s[k]) 

f(x[k], u[k], 0[k]) + K(0[k]) l[k] 

h(x[k + I], B[k]) 
(J[k] A[k] - K[k]C[k])G[k] + N[k] 
G[k + l]C(k] + D[k + 1] 

8 ' J[k] 
80 

(Ax[k] + Bu[k] + d) 

8 + 
80

Kl[k]- K[k]D[kf 

(
8c)T 88 
80 ,x[k] + 80 

8!~v) lv==v[k) 

A[k]x[k] + B[k]u[k] + d[k], 

where A[k], B[k], C[k], d[k] and 6(k] are all contained in 
0[k] and all partial derivatives in 0 are evaluated at B[k]. 
Note that the Jacobian J(k] is diagonal and the matrices 
N[k] and D[k] are very sparse, which gives a tremendous 
computational savings when cleverly programmed. Fi
gure 2 shows an example of an m.s.e learning curve for 
a 10th-order recurrent network learning to approximate 
a second, randomly initialized, 10th-order recurrent net
work. White noise was used as the training signal u[k], 

ll rpe l e-a rru n.t. curve - 5 ~ fil 

1.·00 

~ 

~ 
¼w.,,~~VVe~~ 

... 

Figure 2: MSE learning curve of 10th-order recurrent net
work learning a random copy of itself 

realize any such response map. It was shown that a re
current neural network can approximate any such system 
arbitrarily closely. Furthermore, for systems with fading 
memory, this approximation is valid for all time. Similar 
to the IIR / FIR analogy for linear systems, state feed
back often permits the reduced-order realization of high
order perceptron functions. State and parameter estima,. 
tion in the recurrent network were shown to be feasible 

· by means of either the extended Kalman or recursive pre
diction error (RPE) algorithms. 

Open questions include determining the necessary net
work order to achieve a desired accuracy for a given sy
stem. In linear Kalman filtering theory, a sufficient con
dition for the convergence of the state estimate is the 
complete observability and reachability ( canonicalness) of 
the model system. By inspection, we see that a recurrent 
network is only completely reachable when the input di
mension equals the state dimension and the input matrix 
B has full rank. This is certainly far too restrictive to be 
useful. In nonlinear systems, canonicalness is defined as 
complete observability and reachability on a submanifold 
of the state-space. What is the canonicalness condition 
for convergence of the RPE estimator for our recurrent 
network? 

The issue of stability should also be addressed . Simu
lations have shown both algorithms to be quite robust; 
however, for reliable operation, a stable, subspace of Rt 
should be defined onto which the parameter estimate is 
projected . The well-known stable subspace that results 
when A is held symmetric seems much too restrictive for 
practical use. 

REFERENCES 

[1) S. Boyd, L.O. Chua, "Fading memory and the problem of ap
proximating nonlinear operators with Volterra series", IEEE 
Trans. on Circuits and Systems, vol. CAS-32, no. 11, pp. 
1150-1161, November 1985. 

[2) M. Schetzen , "Nonlinear system modelling based on the \/Vie
ner theory", Proc. IEEE, vol. 69, pp. 1557-1573, Dec. 1981. 

[3) M.B. Matthews, "Neural network approximation theorems", 
Institute Report - o· , Institute for Signal and Information 
Processing, ETH-Ziirch, 1990. 

[4) M.B. Matthews, "Neural Network nonlinear adaptive filte
ring using the extended Kalman algorithm", INNC-90, Paris, 
July 1990. 

[5) A. Gelb, Applied Optimal Estimation, MIT Press, 1974. 

[6) L. Ljung, "Asymptotic behavior of the extended kalman filter 
as a parameter estimator for linear systems", IEEE Trans . 
on Automatic Control, vol. AC-24, no. 11 pp. 36-50, Fe
brnary 1979. 

[7) L. Ljung, T. Soderstrom, Theory and practice of recursive 
identification, MIT Press, 1983. 



• 

I) 



SPECTROGRAM 
TiMe scale {Ms> : 5,0000 

I I I I I 

s 

I 

TiM@ (Ms) :5.0000 Freq . Low & Upper(kHz)! 1.00e- 1 10.000 



ZAJ10GRAJ1 
TiMe scale (Ms) : 5,0000 

I I I I I 

z 

... 

TiM@ (Ms) :5.0000 Freq. Low & Upper(kHz): 1.00e-1 10 . 000 



SPECTROGRAM 
Titte scale <tts> : 2,4999 

I I l I \ l I 11 I I I l I 11 -iii I' I I, ( ,I I I I I \ 1d I I I I . I I I 11 \ I I '1 

1j / 1

1
1:'1/1i Ii' \1 11~ /ilp ! 1 \r J / 1\~ / II I l1i1

1 
\1 ~~ / tl/1lfr( Ii ~Al //, 

1 
i/ 1111 I ,I ~,~ 1 

I r \ 11 1 I I I I r 1 I /1 I I i1 I I /1 I I n I I d r I I I I. . I I I I I I. . 
I I I I I 

Titt@ (Ms) : 2.4999 Freq. Low & Upper(kHz): 0.0 20.000 



ZANOGRAN 
Titte s cale Ctts> : 2,4999 

I I Ii I l I I I I 111 I II I I I \ 1

1 
/, ! I I I I ! I ll' /1 l II 111 I i I I I ,I 1 / I I 

·1 IV ~11 i/i/ I liJ 11
1 
,1

1
\~

11
r11

1 

t·
1
1 1,

1

1

1il11 ~I' I H l/1
1
11r'iWII H Ii ii' i 11' 

1 
I ~~1 

1 i i I 11 

1
, 1 1,1 1 

1 
1 1 1 I ' 1 r 1 

1 
1 1 1 I 1 

1 if 1 'I 1 
1 1 1 

1 
1 

, I 1 
1 1 , i' 1 

I I I t t 

T iM@ (11s) : 2. 4999 Fr-eq. Low & Upp@dkHz): 0. 0 20 . 000 



SPECTROGRAM 
TiMe s ~ale (MS) : 5,0000 

Jf 1, \ /I I 1J 111, 11 i 1,1 I! ' I I I I \ I/ I I I 

1 1 1 •l•I l I I I 1il~ill 1,,1 II 1
1 • 11 il 1

1 ii 1

1 
I I l I I I 1[ I I I I I 

I I I ' I 

TiM@ (Ms) : 5 . 0000 F r-eq . Low & Uppet-(kHz) : 0 . 0 10.000 



ZAMOGRAM 
TiMe sca l e (Ms > : 5,0000 

1 
1 

1 i ,1 1 l 1 1 1 1 11 1r . 1 1 1 . 1 ,I ,1 i I I I i I I I I JI ! I I I I 
I I I l I 

T iM@ (Ms) : 5. 0000 Ft-eq. Low & Upped kHz): 0. 0 10. 000 



SPECTROGRAM 
Titte scale <tts> : 5.0000 

s 

TiMe (Ms) :5.0000 Freq. Low & Upper(kHz): 0.0 10. 000 



ZAMOGRAM 
TiMe s~ale (MS) : 5.0000 

TiM@ (Ms) :5.0000 Ft-eq. Low & Upp@dkHz): 0.0 10.000 



ZANOGRAM 
Titte scale (Ms) : 5,0000 

z 

TiM@ (Ms) :5.0000 Fr@q . Low & Upp@r(kHz): 1.00@- 1 10.000 



SPECTROGRAM 
Titte scale (Ms) : 5.0000 

s 

I 

liM@ (Ms) !5 . 0000 Freq. Low & Upper(kHz)! 1 . 00e- 1 10 . 000 



SPECTROGRAM 
TiMe scale (Ms) : a.4999 

I I I I I 

s 

TiM@ (Ms) :2.4999 Fn!q. Low & Upp@dkHz): 0 . 0 20. 000 



ZAMOGAAM 
TiMe s~ale (Ms> : a.4999 

I I I j II i I I I I I \ I I ~' I i I I I. I! 
l 

. I 'I II I . ' I l I I 
\ I' \ J I j \ /1 'i,I I \ I Ii 1 I 11 I I' /! I I I 11 ,/' 11 

inl l 

r111
1 

1 "i' 1 , \I, I , 1 ~/I [11 I I \ I Ill 1 1 , 1 I ,I I 1 ,I I I I I I I J1 

;Wl'\11/itl11 11 IM I '\ ,I I ,11 I j 1 
I l ·11 

I 1111 i' i I II 111r,1~1 
' . 1111 1HH11 1 111 I. ' i' 11 ~~1l)ll1l1i 

, i I 1· I " . r 1, i1 1 ' ll I I 1 I I\ I 11 
I I t I I 

z 

.... 

--· 
TiMe (Ms) :2.4999 Freq. Low & Upper(kHz): 0.0 20.000 



SPECTROGRAM 
TiMe scale (Ms) : 2,4999 

I II ~ ~ h ~ 11 I I i I~~ ~ I /1 \J iii~" i\l{i'\ ii~~ 111111M I i/ I I I lj ~ I I I I I ~~' I 
·I I'; ~ 

I 

I I I I I 

s 

TiM@ (Ms) :2.4999 Freq. Low & Upper(kHz): 0.0 20.000 



ZAHOGRAl'1 
Titte scale (tts) : 2.4999 

I / r I I I I i1 / I I ~I I 
i1

1 

j~11IM 
r 

I l l l I 

z 

----... - -
-~ ----

___I ~ .- -------
T ir.,@ (ns} : 2. 4999 Ft-@q. Low & Upper(kHz): 0. 0 20. 000 



SPECTROGRAM 
TiMe scale (Ms) : 2.4999 

I II I \ 

i'ii\l' I) 1/ii~~I 
~I ~ I I I I 

I I I l I 

s 

TiM@ (Ms) :2.4999 Fr-eq. Low & UpperCkHz): 0.0 20.000 



ZAHOORAtt 
TiMe scale (Ms) : a.4999 

~ I , 1, I U ll . I ! \ 
\li1 \}~~i~ 

I ( I I I 

----- -r-• - l 

-

Tine <ns) :2.4999 Freq. Low & Upper(kHz): 0.0 20.000 



SPECTROGRAM 
TiMe scale (Ms> : a.4999 

I 

I I I I I 

TiM@ (i,,s) : 2.4999 Ft-eq. Low & Upp@dkHz): 0.0 20.000 



ZAMOGRAH 
TiMe scale <tts> : a.4999 

I I I I 
I I I. I I I I I I I I 111 I l I I ' I 

I 1' 11 I I 'l\1 I I I I 11·1 ' 
I I I I l 

2 

T iM@ (Ms) ! 2. 4999 Ft-eq. Low & Upp@dkHz): 0. 0 20. 000 



SPECTROGRAM 
Titte scale (tts) : a.4999 

I 1 ' I 11 I 11 
( I I ( I 

TiM@ (Ms) :2.4999 Freq. Low & Upper(kHz): 0.0 20.000 



ZAHOOAAM 
Titte s~ale Ctts> : a.4999 

I I I I I 

TiM@ (Ms) : 2.4999 Fr-eq. Low & Upp@dkHz): 0 . 0 20.000 



SPECTROGRAM 
Titte scale (tts> : 2,4999 

( ( I I l 

..,..- ... 

Tin@ (Ms) : 2. 4999 Ft-@q. Low & Upp@t-(kHz): 0. 0 20. 000 



TiMe scale <tts> : a,4999 

I I I I I 

Ti"e <"s) :2.4999 Freq. Low & Upper(kHz): 0.0 20.000 



SPECTROGRAM 
TiMe scale (Ms> : 5,0000 

s 

TiMe (Ms) :5.0000 Freq. low & Upper(kHz): 0. 0 10.000 



Z OGRAH 
TiHe scale (Hs> : 5,0000 

TiMe (Ms) :5.0000 Freq. Low & Upper(kHz): 0.0 10.000 



SPECTR0GRAH 
TiHe scale (Hs> : 5,0000 

Ti~e (MS) :5.0000 Freq. low & Upper-(kHz>: 0.0 10.000 



ZAMOO 
TiHe scale (Hs) : 5.0000 

---

... 

--

Tine (ns) :5.0000 Freq. Low & Upper(kHz>: 0.0 10.000 



SPECTROGRAM 
T itte sea.le (M) : 5. 0000 

Tine (ns> :S.0000 freq. Low & Upper(kHz): 0.0 10.000 



ZAHOGR H 
Title s~ale (t\S) : 5.0000 

z 

TiMe (Ms) :5.0000 Freq. Low & Upper(kHz): 0.0 10.000 



SPECTROGRAM 
TiMe scale (Ms) : 5.0000 

I I I I I 

s 

Tin@ (ns) : 5. 0000 Ft-eq. Low & Uppet-(kHz>: 0. 0 10. 000 



ZAHOORAff 
Titte scale (tts> : 5.0000 

I ( ( I I 

-
l 

~ 

~ 

-
- -

I 
~ - I - I - -

. 
#" ... " 7 - . --- .... • ... -. 

• I ( ( ' 
TiM@ (Ms) :5.0000 FF@q. Low & Upp@F(kHz): 0.0 10.000 



SPECTROGRAM 
TiMe s~ale (MS) : 5.0000 

s 

TiM@ (Ms) :5.0000 Freq. Low & Upper(kHz): 0.0 10.000 



ZAHOGRAtt 
TiMe scale (Ms) : 5,0000 

I l l I I 

-
z -

. 

. 

. ~a- ---- • 
I I I I I 

liM@ (Ms) !5.0000 Fn!q. Low & Upp@dkHz): 0. 0 10.000 



SPECTROGRAM 
Titte scale (Ms> : 5.0000 

s 

T iM@ (Ms) : S. 0000 Fr-eq. Low & Upper-(kHz): 0. 0 10. 000 



SPECTROGRAM 
TiMe scale (Ms> : a.4999 

11 lji 111~1
1
1\l\ 1 1 111

111 11 1
ilililil1lilil1I 

111 1 
1 

/111 
I' I 11 I I ' 11 

11 I LI 11 I i 111 I 

P- 111 i I 
111 r-111

1 
I 

1
1 \ 111111111111111 I 

'[ ' I' II ' I I I 11 I' I 
11

1
1 I 1

1

! 1 I I I 11 r 1, 1 } 1 ll I I ~I I 11 1 11 \/ !11 !1! 
I I I I I 

s 

TiM@ (Ms) :2.4999 Freq. Low & Upp@r(kHz): 0.0 20.000 



ZAMOGRAH 
TiMe scale <Ms) : 2.4999 

H 

I 
I I 
! 

z 

't 

Tine (Ms) :2.4999 Freq. Low & Upper(kHz): 0.0 20.000 



ZAMOGAAM 
TiMe scale (Ms) : 5.0000 

I I I I I 

-
z -

-

- :_ . 

. 
' I I I I 

TiM@ (Ms) :5.0000 Freq. Low & Upper(kHz): 0.0 10.000 



SPECTROGRAM 
TiMe scale (Ms) : 5.0000 

s 

TiMe (Ms) :5.0000 Freq. Low & Uppet· (kHz): 0.0 10.000 



ZAHOGRAH 
Titte scale (Ms) : 5.0000 

z. 

TiM@ (Ms) :5.0000 Fni!q . Low & Upp@dkHz): 0.0 10.000 



SPECTROGRAM 
TiMe scale (Ms) : 5.0000 

s 

Titt@ (Ms) : 5.0000 Fnl!q. Low & UppedkHz): 1.00e- 1 10. 000 



ZAMOGRAM 
TiMe s~ale (MS} : 5.0000 

z 

TiM@ (Ms) :5.0000 Ft-@q. Low & Upp@dkHz): 1.00@-1 10.000 



5 

·-1 
-1-

OPTICAL NEURAL NET MEMORY 

Field of the Invention 

The present invention relates to content addressable memories implemented 

by means of optical neural nets. 

Background of the Invention 

An artificial neural net can be described as a data processing system that 

includes a large number of similar, highly interconnected processors. The term 

neural refers to the fact that this architecture is similar to that of the human 

brain, and the individual processors in a neural net are commonly referred to as 

10 neurons. In general, each neuron receives signals of varying strengths from a 

large number of other neurons and combines its input signals in some manner to 

produce an output signal that is received by a large number of other neurons. 

Neural nets have been proposed for associative memories, linear programming, 

analog-to-digital conversion, and for the solution of combinatorial search 

15 problems. 

Summary of the Invention 

The pre$ent invention provides an optical neural net that functions as a 

content addressable memory, and that does not include any electronics or slow 

optics (e.g., phase conjugation mirrors) in the feedback path. As a result, the 

20 neural net of the present invention can iterate at the speed of light to retrieve 

data that is addressed by an input signal that comprises a partial data word. 

In one preferred embodiment, the neural net memory comprises a spatial 

light modulator that includes an array of modulator elements arranged in a 

plurality of rows and one or more columns. It is to be understood that the terms 

25 "row" and "c-olumn" refer to any pair of nonparallel spatial dimensions, and that 

these terms are fully interchangeable for describing the present invention. Each 

modulator element comprises an input aperture, an exit aperture, and means for 

modulating a Property of light recei_ved at the input aperture to produce 
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modulated light at the exit aperture. The neural net memory further comprises 

optical feedback means for combining, for each column, the light exiting from the 

exit apertures of the elements in that column, to produce an optical feedback 

signal associated with that column. The memory also includes optical input means 

5 for receiving one or more optical input signals and one or more optical feedback 

signals, and for conveying each input and feedback signal to the input apertures of 

the elements of an associated row, each input and feedback signal being 

associated with a different row. Finally, the neural net memory comprises output 

10 

15 

20 

means for producing output signals that correspond to the feedback signals. In a 

preferred embodiment, the modulator elements modulate the intensity of light, 

and data is stored in the neural net memory by specifying the optical 

transmittance values of the modulator elements. In a further pref erred 

embodiment, bipolar operations are performed by providing interconnected 

positive and negative subsystems in which the signal intensities represent positive 

and negative values respectively. Additional features include a method for 

increasing the storage capacity of the net by the addition of hidden neurons, and a 

learning method for adding new data to the net. 

Brief Description of the Drawings 

FIGURE 1 schematically illustrates the interconnections in a neural network 

consisting of four neurons; 

FIGURE 2 illustrates a neural net content addressable memory in accordance 

with the present invention; 

FIGURE 3 is a side view of a portion of the neural net of FIGURE 2; 

FIGURE 4 is a partial schematic view showing the production of one output 

25 signal for the neural net of FIGURE 2; 

FIGURE 5 illustrates a bipolar neural net content addressable memory in 

accordance with the present invention; 

FIGURE 6 illustrates a variation of the neural net of FIGURE 2 in which the 

designations of input neurons can be varied; 

30 FIGURE 7 is a graph illustrating the process of extending the subspace 

spanned by the interconnect matrix by a means of a new library vector; and, 

FIGURE 8 is a schematic diagram illustrating the use of nonlinear 

electronics to provide additional input signals for neural nets having hidden layers. 

Detailed Description of the Invention 

35 FIGURE 1 illustrates a small neural net 10 comprising four neurons or 

processors 11-14. Each neuron is connected to all other neurons by 
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interconnections 16, and is connected to itself by connections 18. The state of 

each neuron is designated Sk, where the index k identifies the neuron, i.e., k=l to 

4 in the example of FIGURE 1. In general, each Sk is an analog parameter that 

can take on a continuous range of values. The notation tjk will be used to 

5 designate the strength or transmittance of the interconnection between neurons j 

and k. Each neuron, for example neuron k, receives an input signal from neuron j 

equal to tjk Sj' i.e., the input signal from neuron j is equal to the state of neuron j 

times the transmittance tjk between neurons j and k. Thus, the total input ik 

received by neuron k can be written as 

10 
L 

; k = I t .ks . 
j=l J J 

where L is the total number of neurons in the neural net. 

(1) 

Each neuron, either continuously or periodically, updates its state value Sk 

15 by summing its inputs to determine ik, and then operating on the ik value by a 

node operator nk to determine its new state value. Thus, if the update operation 

occurs periodically at times mllT, where llT is the time period between updates, 

then each neuron performs the iteration: 

20 

25 

L 
Sk(m+l) = nk,l tJ.ksJ.(m) 

J=l 
(2) 

If all neurons operate synchronously and if all delays between node pairs are 

identical, then Equation (2) can be generalized to: 

S(m+l) = N · T · S(m) (3) 

where S(m+l) and S(m) are the neuron state vectors at time indices m+l and m 

respectively, N is the vector denoting the node operator, and Tis an L x L matrix 

of transmittance values tjk• The vector N is a point-wise operator, i.e., element k 

30 of S(rri+l) depends only upon input sum ik and nk. 

Data may be stored in neural network 10 in the form of the transmittance 

values tjk• . In particular, let the data to be stored in the network be represented 

by a set of R linearly independent vectors fr of length L, L being greater than or 

equal to R. The vectors fr will be referred to as library vectors. These vectors 

35 can be ~ssembled into a library matrix Fas follows: 
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F = [f1:f2: ... :fR] (4) 

It can be shown that the data represented by library vectors fr can be stored in a 

neural net by determining the transmittance matrix T as follows: 

T = F(FT F)-1 FT (5) 

Conceptually, the L x L matrix T formed in accordance with Equation (5) projects 

any point in the L dimensional state space of the neural net onto the R 

10 dimensional subspace spanned by the library vectors. 

The present invention utilizes neural net 10 to form a content addressable 

memory. In one embodiment, it is assumed that the first P elements of vector f 

are known or specified, and it is desired to determine the remaining Q elements of 

the library vector that provides the closest match to the P elements off, where P 

15 + Q = L. To accomplish this, the node operator N is defined as follows: 

T N · A= [fpJAQ] (6) 

where A is any vector, where f p denotes a vector containing the first P elements 

20 of f, and where AQ contains the last Q elements of A. Thus, the node operator N 

of Equation (6) forces the first P elements of A to be equal to the known or 

specified elements f p, and leaves the last Q elements of A unchanged. It can then 

be shown that the iteration of Equation (3) will converge if P is less than or equal 

to R, and if the first Prows of F form a matrix of full rank. 

25 It will be noted that for the node operator of Equation (6), some of the 

30 

35 

operations indicated in Equation (3) are not required, since the node operator 

replaces the first P elements of the input sum T · S(m) with f p· To take 

advantage of this fact, one can first rewrite Equation (3) as follows: 

[ Sp(m+l) -J. [ Tp J [ Sp(m) J 
L SQ(m+l) J = N Tqj L SQ(m) J (7) 

where Tp and T Qare the first P and the last Q rows of T, respectively, and Sp and 

SQ are the first P and last Q elements, respectively, of the state vectors. For the 

node operator N of Equation (6), Sp(m+l) is set equal to f p, and, these elements 

therefore do not need to be calculated. Equation (7) then reduces to: 
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TQ [ s~(m) ~ (8) 

An apparatus for implementing Equation (8) in accordance with the present 

invention is illustrated in FIGURES 2 and 3. The apparatus includes input 

5 array 24, spatial light modulator 26, fiber-optic bundle 28, input astigmatic 

processor 30 and output astigmatic processor 32. Output astigmatic processor 32 

is omitted from FIGURE 2 to simplify the illustration. The spatial light modulator 

and the input and output astigmatic processors form an optical vector-matrix 

multiplier of a type known in the art. For use in the present invention, spatial 

10 light modulator 26 is a Q x L rectangular array of modulator elements 40. Input 

array 24 comprises a linear array of P LEDs 42. The input array receives P 

continuous level electrical input signals via bus 44, and connects each electrical 

input signal to one of LEDs 42, such that each LED produces an optical input 

signal that varies in intensity in accordance with the corresponding electrical 

15 input signal. As will be clear below, the P signals produced by LEDs 42 represent 

the vector f p in Equation (8). 

) Fiber-optic bundle 28 comprises Q individual fiber-optic cables 50. On the 

left-hand side of spatial light modulator 26 (as shown in FIGURE 2), fiber-optic 

cables 50 are arranged such that their terminations 52 form an extension of input 

20 array 24. The Q fiber-optic cable terminations 52 represent vector SQ(m) in 

Equation (8). Spatial light modulator 26 represents the transmittance or 

interconnect matrix T, and the spatial light modulator together with the input and 

output astigmatic processors performs the matrix-vector multiplication indicated 

on the right-hand side of Equation (8). Input astigmatic processor 30 focuses the 

25 light from each LED and termination in the vertical direction in FIGURE 2, but 

spreads the light horizontally, so that each LED and termination produces a 

horizontal sheet or a plane of light, as illustrated by reference numerals 56. To 

simplify the illustrations, FIGURE 2 only illustrates the planes of light from the 

uppermost LED and the lowermost termination. The divergence angle and 

30 thickness of each plane are selected so that the light from each LED or 

termination is distributed to, and only to, all modulator elements 40 of a 

corresponding horizontal row of spatial light modulator 26. 

Each modulator element 40 includes an input aperture on the side facing 

) input optics 30, and an exit aperture on the side facing output optics 32. Each 

35 modulator element modulates a property of the light received at its input 

aperture, to produce modulated light at its exit aperture. In a preferred 
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embodiment, the modulation consists of modulating the intensity of light, in which 

case spatial light modulator 26 consists of a sheet or screen on which each area 

corresponding to one of the modulator elements has a predetermined optical · 

transmittance at the wavelength at which LEDs 42 emit. A photographic negative 

or the like may be used for the spatial light modulator for applications in which 

the library vectors do not change. Alternatively, a programmable spatial light 

modulator may be used in which the transmittance of each modulator element can 

be controlled by an electrical signal applied to the spatial light modulator. In 

either case, the modulator elements in each row of spatial light modulator 26 

receive the light produced by a corresponding one of LEDs 42 or terminations 52 

via input astigmatic optics 30. 

Output astigmatic processor 32 is positioned to receive light emerging from 

the exit apertures of modulator elements 40, and causes light from the modulator 

elements in a given vertical column of the spatial light modulator to be collected 

and conveyed to the termination 58 of one of fiber-optic cables 50. Fiber-optic 

bundle 28 then conveys this light back to terminations 52 to continue the 

iteration. From the above description, it will be appreciated that the 

arrangement illustrated in FIGURES 2 and 3 provides an all optical implemen

tation of Equation (8), with LEDs 42 and terminations 52 representing f p and 

SQ(m), respectively, spatial light modulator 26 representing transmittance matrix 

T Q' and the signals produced at terminations 58 representing SQ (m+ 1). However, 

unlike prior implementations of the illustrated vector-matrix multiplier, the 

iteration is performed continuously at the speed of light, and the apparatus does 

not include any electronics or slow optics (e.g., phase conjugation mirrors) in the 

feedback path. 

Output from the network shown in FIGURES 2 and 3 can be derived by 

sampling the optical signals passing through fiber-optic bundle 28 at a convenient 

point. in the feedback path. One suitable arrangement is shown iri FIGURE 4. 

Light exiting from termination 52 of each fiber-optic cable 50 is passed through a 

high transmission beamsplitter 60 that reflects a small predetermined fraction of 

the light towards photodetector 62, and permits the · remainder of the l_ight to 

continue to input astigmatic processor 30. 

A practical implementation of the optical neural net must take into account 

) absorptive losses of light as it cycles through the system. It can easily be shown 

35 that if the number of neurons is much greater than the number of library vectors, 

i.e., if L » R, then each transmittance value tjk is usually much less than on·e. 
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This feature provides the ability to compensate for absorptive losses by scaling 

the elements tjk upward to cancel such losses in each feedback path, without 

exceeding the maximum passive transmittance value of unity. In this 

compensation technique, the storage capacity of the network increases as the 

absorptive losses decrease. Even in those cases in which not all tjk elements are 

much less than one, the fault tolerance that is inherent in neural networks will 

generally permit satisfactory operation even if some of the tjk elements are 

clipped or limited by the scaling process. 

For most practical applications, it will be desirable to permit the TQ matrix 

and the input f p to contain both positive and negative numbers. However the 

incoherent optics in the illustrated implementation can only add and multiply 

positive numbers. A straightforward solution to this problem is to rewrite each 

matrix and vector as the sum of a positive and negative matrix or vector as 

follows: 

+ 
TQ = TQ + TQ (9) 

+ fp = fp + fp (1 O) 

Sq()= s
0
+() + s

0
-() (11) 

The matrix TQ +, for example, is formed by setting all the negative elements in TQ 

to zero, whereas TQ- is formed by setting all positive elements in TQ to zero. 

Similar operations are performed for the vectors f p and SQ. Equation (8) can then 

be rewritten as 

s0+(m+l} = TQ+ [ 5:::m} } TQ- [ s:~:m) l (12) 

r fp- J -[ fp+ ] - T+ -- +TQ -+-
SQ (m+l) = Q SQ-(m) SQ (m) 

(13) 
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An all optical implementation of Equations (12) and (13) is illustrated in 

FIGURE 5. The neural net includes input arrays 80 and 82, identical spatial light 

modulators 90 and 92, and fiber-optic bundles 86 and 88. The neural net also 

comprises input and output astigmatic processors for each spatial light 

modulator. These processors have been omitted for ease of illustration. Spatial 

light modulator 90 includes an upper half 94 representing T Q +, and a lower half 96 

representing T Q -. Each half 94 and 96 includes a Q x L array of modulator 

elements similar to that shown in FIGURE 2. However in upper half 94, modulator 

elements corresponding to negative numbers are set to zero, i.e., they transmit no 

light. Similarly, in the lower half 96 representing TQ- , modulator elements 

corresponding to positive numbers are set to zero. In comparison to FIGURE 2, 

the rows and columns of modulators 90 and 92 have been reversed. 

Input array 80 comprises P LEDs 132 which are energized in accordance with 

electrical input signals representing f p + on bus 134. Similarly, input array 82 

comprises LEDs 136 that are energized in accordance with electrical signals 

representing f p - on bus 138. Fiber-optic cable bundle 86 comprises Q individual 

fiber-optic cables 100. Each fiber-optic cable 100 includes a termination 102 on 

the input side of the spatial light modulator 90. The other end of each fiber-optic 

cable 100 branches, via a suitable fiber optic coupler (not shown) to form fiber

optic cables 110 and 112 that include terminations 114 and 116, respectively, on 

the output side of the spatial light modulators. Similarly, fiber-optic bundle 88 

includes fiber-optic cables 120 that include terminations 122 on the input side of 

spatial light modulator 92 and that branches at the other end to form fiber-optic 

cables 124 and 126 that include terminations 128 and 130, respectively, on the 

output side of the spatial light modulators. In an alternate arrangement, fiber 

optic cable pairs such as 110 and 112 are not coupled, but their input side 

terminations are instead positioned immediately adjacent to one another to 

approximate a single point source similar to termination 122. 

Light exiting from each termination 102 and each LED 132 is focused 

horizontally and spread vertically by the input astigmatic processor, such that the 

light is directed to, and only to, a single column of spatial light modulator 90. 

Similarly, light exiting from terminations 122 and LEDs 136 is focused 

horizontally and spread vertically such that the light is directed to, and only to, 

one column of spatial light modulator 92. On the outpvt side, light emerging from 

the exit apertures of the modulator elements in each row of upper half 94 is 

collected and . inp0t into termination 114 of one of fiber -optic cables 110. 
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Termination 116 of the associated fiber-optic cable 112 receives the light 

emerging from the exit apertures of the modulator element in the corresponding 

row of lower half 99. In a similar manner, light from the modulator elements in 

each row of lower half 96 is collected at termination 130 of one of fiber-optic 

5 cables 126, and light from the corresponding row of upper half 98 is collected at 

termination 128 of one of fiber-optic cables 124. 

In the embodiments described above, it has been assumed that the P neurons 

that provided the stimulus or input signal were represented by the first P neurons 

of the library vector that was to be retrieved from the neural net. FIGURE 6 

10 illustrates a neural network of four neurons (L=4) that is similar to that shown in 

FIGURE 2, but in which any P neurons can act as the net stimulus. The neural net 

comprises input array 150, switch array 152, spatial light modulators 154 and 156 

fiber optic bundle 158, and input selection means 158. The input and output 

astigmatic processors have again been omitted to simplify the figure. Except as 

15 noted below, each spatial light modulator is similar to spatial light modulator 26 

of FIGURE 2. The input and switch arrays are positioned on the input sides of 

) spatial light modulators 154 and 156. Input array 150 includes four LEDs 160 that 

may be selectively activated or energized by corresponding electrical input signals 

received from input selection means via bus 162. For reasons explained below, 

20 input selection means 158 also provides signals to switch array 152 that indicate 

which LED's have been activated. Fiber optic bundle 158 comprises L (i.e., four) 

fiber optic cables 166. One end of each fiber optic cable 166 terminates in switch 

array 152, and the switch array either passes or blocks the optical signal from 

each fiber optic cable 166 to produce an optical feedback signal at 

25 termination 168 of corresponding output cable 170. The other end of fiber optic 

cable 166 includes termination 172 positioned on the output sides of the spatial 

light modulators. 

In the illustrated network, the middle two neuron states are known, and input 

selection means 158 therefore provides input vector fp by activating the middle 

30 two LEDs 160 in input array 150. As in the neural net of FIGURE 2, the input 

astigmatic processor converts the light from the middle two LEDs into planes of 

light 176 that strike corresponding rows of spatial light modulator 156. Light 

from each · column of spatial light modulator 156 is collected by the output 

) astigmatic processor and focused onto terminations 172. Switch array 152 blocks 

35 light from the fiber optic cab.les 166 that correspond to the activated LED's, i.e. 

from the middle two fiber optic cables 166, and permits transmission of light from 
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the outer two fiber optic cables. The purpose of the switch array is thus to insure 

that the signals representing the input vector fp are not contaminated by feedback 

s ignals. Switch array 152 can comprise either electro-optic or optic-optic toggle 

switches that turn off the fiber optic cables corresponding to the locations of the 

5 neurons with known states. Such switches can operate in the gigahertz range with 

small attenuation. 

As illustrated in FIGURE 6, the output of switch array 152 is multiplied by 

spatial light modulator 154 in a manner similar to that for spatial light 

modulator 26 of FIGURE 2. Spatial light modulator 154 is al so adjusted for 

10 feedback losses, in a manner similar to that discussed earlier for the embodiment 

of FIGURE 2. However spatial light modulator 156 is not in the feedback path, 

and therefore is not adjusted for feedback losses. Thus spatial light modulators 

154 and 156 are similar to one another, except that the transmittances of the 

modulator elements of spatial light modulator 154 are increased to compensate 

15 for losses. The superposition of the contributions from spatial light modulators 

156 and 154 are collected at terminations 172, and the iteration proceeds at the 

speed of light. As with the embodiment of FIGURE 2, output means can be 

provided as shown in FIGURE 4, and bipolar operations can be implemented by a 

straightforward extension of the arrangement shown in FIGURE 5. 

20 Equation (5) for calculating tlie transmittance matrix Twill in many cases be 

computationally unacceptable. However, the transmittance matrix can be 

determined by the neural network of · the present invention by providing the 

network with the new library vectors, one library vector at a time. Assume that a 

transmittance matrix T is known, and one wishes to update the ma trix with a new 

25 library vector f. As illustrated · in FIGURE 7 for a three neuron network, the 

product T • f projects the new library vector f onto the subspace T, and the 

vector E 

30 E= (I-T) f (14) 

is orthogonal to T, with I representing the identity matrix. One wishes to extend 

the dimensions of the subspace T by one dimension in the direction of E. The 

) vector E can be easily computed ~y one synchronous iteration of the neural net 

35 after imposing states equal to f on the neurons. The vector E divided by its 

magnitude will be the unit vector orthogonal to T, and the updated transmittance 

rna trix r+ is therefore _ 
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T
+ E ET =T+ · -·_ 

ET· E 
(15) 

T+ now projects any vector or subspace onto the new subspace formed by the 

closure of T and E or, equivalently, T and f. This procedure may be initiated by 

setting all interconnects set to zero, and is similar to that of the Gram-Schmidt 

orthonormaliza tion. 

If (I-T)f is equal to zero, then library vector f is already in the subspace T, 

and no updating is required. In practice, computational accuracy will rarely result 

in an . exact equality. Thus if a criteria of exact equality is used, addition of a 

library vector that is already in the subspace will cause the addition of a new 

dimension to the subspace in a random direction dictated by computational or 

other noise. Thus to insure the network is learning something useful, it is 

advisable to compare the product ET E to some appropriate threshold prior to 

updating. 

) 15 To carry out this learning procedure, the entire input array is excited 

20 

corresponding to the new library vector, and the vector E is then determined by 

subtracting the network output from the input, as per Equation (14). The neural 

interconnects are then updated, using conventional electronics to adjust the 

transmittance matrix T in accordance with Equation (15). For this technique, the 

entire transmittance matrix T must be available, rather that just TQ. 

Furthermore, the source array must be extended to include those neurons whose 

state is .determin·ed by the output neurons, and the output detector means must be 

extended to include sensing those states normally associated with the input 

neurons as well as any "hidden" neurons of the type described below. 

25 If there is a single output neuron in a neural net, and the output neural state 

is known to be either one or minus one, then it can be shown that the sign of the 

output state is correct after one iteration. By superposition, this result can be 

extended to an arbitrary number of output neurons, as long as each output neuron 

was trained only on library vectors consisting of plus one and minus one value. 

30 Thus if these criteria are met, the neural net does not require feedback, and the 

problem of absorptive losses is no longer an issue. 

) In the embodiments described so far, the number of input-output 

relationships that can be stored in a network cannot exceed P, the number of 

states that are specified · or known. · However, the number of input neurons, and 
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thus the storage capacity of the neural net, can be increased artificially by 

establishing hidden layers of neurons. As an example, consider the exclusive or 

(XOR) operation that has the following truth table 

Input 
Input 
Output l=tl+l=tl=tl (16) 

In each column, the first two numbers represent the inputs, and the third number 

represents the output. The neural nets described to this point cannot perform the 

XOR function, because the number of input-output relationships (four) is greater 

than P, the number of specified input states (two). This can be stated differently 

by noting that the matrix Fp 

F = 
p [~ 0 

1 

1 

0 :] (17) 

is not full column rank. However, in accordance with a further aspect of the 

present invention, the matrix F p is augmented with two new rows, such that the 

resulting matrix is a full rank. The augmentation cannot be accomplished by 

synthesizing new rows as linear combinations of the first two rows, because the 

column rank would not increase. However, · almost any nonlinear combination of 

the first two rows will, in general, increase the matrix rank. As an example, a 

first additional row can be synthesized by setting each of its values equal to the 

25 exponentiatfon of the sum of the first two rows, and a second new row can be 

synthesized by setting each of its values equal to the cosine of the sum of the first 

two rows multiplied by 90°. This choice of nonlinearities is essentially arbitrary. 

The augmented library matrix F+ is 

30 ,~ 0 1 1 
F+ = 1 0 121 (18) 1 e e e 

1 0 0 -1 
0 1 1 0 

) The new value for the number of input states is four, which is equal to the number 

35 of input-output relationships. Thus, the new transmittance matrix T+ formed 

from F+ via Equation (5) will produce a neural net of increased data storage 

capacity. 
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Implementation of hidden layers can be accomplished in a straight forward 

manner using the system architectures previously described. In particular, two 

additional steps are required. First, Z hidden neurons are synthesized using Z 

different nonlinear relationships, and used to calculate the augmented 

5 interconnect matrix T+. Second, the electrical input signals provided to the input 

LED array are passed first through a suitable nonlinear electronic network, as 

indicated in FIGURE 8. Thus P electrical input signals are provided via bus 180 to 

nonlinear electronics 182, and the electronics generates Z additional signals, each 

of which is related in a nonlinear way to the P original input signals, to produce P 

10 + Z electrical input signals on bus 184. The P + Z electrical input signals are 

received by input LED array 186, and used to generate the optical input signals. 

While the preferred embodiments of the invention have been illustrated and 

described, variations will be apparent to those skilled in the art. Accordingly, the 

scope of the invention is to be determined by reference to the following claims. 
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The embodiments of the invention in which an exclusive property or privilege 

is claimed are defined as follows: 

1. An optical neural net memory, comprising: 

a spatial light modulator including an array of modulator elements 

arranged in a plurality of rows and one or more columns, each element comprising 

an input aperture, an exit aperture, and means for modulating a property of light 

5 rec•eived at the input aperture to produce modulated light at the exit aperture; 

optical feedback means for combining, for each column, the light 

exiting from the exit apertures of the elements in the column to produce an 

optical feedback signal for the column; 

optical input means for receiving one or more optical input signals 

10 and one or more optical feedback signals and for conveying each input and 

feedback signal to the input apertures of the elements of an associated row such 

that each input and feedback signal is associated with a different row; and 

output means for providing one or more output signals, each output 

signal having a magnitude corresponding to the intensity of a different one of the 

15 feedback signals. 

2. The neural net memory of Claim 1, wherein the spatial light 

modulator comprises one or more predetermined feedback rows and one or more 

predetermined input rows, wherein each input signal is conveyed to the input 

apertures of the elements of an associated input row, and each feedback signal is 

5 conveyed to the input apertures of a corresponding feedback row. 

5 

3. The neural net memory of Claim 1, further comprising; 

an array of optical sources; 

selection means for selecting one or more optical sources to be active 

sources; 

means for providing one or more electrical input signals to the 

selected active sources such that the active sources provide optical input signals; 

and wherein the neural net memory comprises first and second spatial 

light modulators, each spatial light modulator comprising an array of modulator 

elements, wherein the optical fe edback means i"ncludes means for combining, for 

10 each composite column compri s ing a column of the first sp a tial light modulator 

and an associated column of the second spatial light modula tor, the light exiting 
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from the exit apertures of the elements in the composite column to produce an 

optical feedback signal for the composite columns, each feedback signal being 

associated with a different row of the second spatial light modulator, wherein the 

15 optical input means comprises first and second optical input means, the first 

optical input means including means for receiving the optic?-1 input signals and for 

conveying each input signal to the input apertures of the elements of an 

associated row of the first spatial light modulator, such that the input signal from 

each source is associated with a different row of the first spatial light modulator, 

20 the second optical input means including means for receiving the feedback signals 

and for conveying each feedback signal to the input apertures of the elements of 

an associated row of the second spatial light modulator, each feedback signal 

being associated with a different row of the second spatial light modulator, and 

switch means for blocking one or more feedback signals such that when a 

25 particular row of the first spatial light modulator receives an input signal, the 

feedback signal is blocked for the corresponding row of the second spatial light 

modulator. 

5 

4. The neural net memory of Claim 1, wherein each modulator element 

has an optical transmittance and modulates the intensity of light received at the 

input aperture to pr·oduce modulated light at the exit aperture. 

5. The neural net memory of Claim 4, wherein the neural net memory 

stores R library vectors each of length _ L, R being less than or equal to L, and 

wherein the transmittances of the modulator elements are proportional to the 

elements of a transmittance matrix T formed according to 

T:; F(FT Ff1 FT 

where F is a matrix formed from the library vectors. 

6. The neural net memory of Claim 5, wherein the neural net perform 

the iteration 

S(m + 1} = N•T•S(m} 
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where S() is the state vector indicative of the intensities of the feedback signals, 

m is a time index, and N is a node operator that forces one or more elements of 

the state vector to be equal to an i"nput vector fp indicative of the intensities of 

the input signals. 

7. The neural net memory of Claim 5, wherein the neural net performs 

the iteration 

f 

s0(m + 1) = TQ * 
Q 

where SQ() is a state vector indicative of the intensities of the feedback signals, 

T Q is a matrix representing the rows of the transmittance matrix associated with 

the feedback signals, and fp is an input vector indicative of the intensities of the 

input signals. 

8. The neural net memory of Claim 1, wherein the optical feedback 

means comprises a plurality of fiber-optic cables, one fiber-optic cable being 

associated with each column and its associated row. 

9. The neural net memory of Claim 1, further comprising an LED array 

for providing the optical input signals. 

10. The neural net memory of Claim 1, wherein the optical input means 

comprises means for focusing each optical input or f ee·dback signal in a direction 

normal to the associated row and for spreading the optical input or feedback 

signal in a direction parallel to the associated row. 

11. The neural net memory of Clairn 1, wherein each modulator element 

has an 0ptical transmitance and modulates the intensity of light received s.t the 

input aperture to produce modulated light at the exit aperture, wherein the neural 

net memory stores R library vectors each of length L, R being less than or equal 

5 to L, wherein the transmittances of the modulator elements are proportional to 

the elements of a transmittance matrix T formed according to 

T =· F(FTFf1FT 
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10 where F is a matrix formed from the library vectors, the R library vectors 

comprising a plurality of data vectors representing data stored in the neural net 

memory, and one or more hidden vectors, each hidden vector comprising a 

nonlinear combination of the data vectors, wherein the neural net memory further 

comprises a nonlinear electronic circuit connected to receive A electric input 

15 signals, the nonlinear electronic circuit comprising means for producing D 

additional electric input signals such that each additional electric input signal is a 

nonlinear combination of the first mentioned electric input signals, and wherein 

the neural net memory further comprises an array of optical sources connected to 

receive the electrical input signals and to produce corresponding optical input 

20 signals. 

12. An optical neural net memory, comprising: 

substantially identical first and second spatial light modulators, each 

spatial light modulator comprising a first half and a second half, each half 

comprising an array of modulator elements arranged in a plurality of columns and 

) 5 one or more rows, each element comprising an input aperture, an exit aperture, 

) 

and means for modulating a property of light received at the input aperture to 

produce modulated light at the exit aperture, the columns of the first and second 

halves being positioned such that they are aligned as extensions of one another; 

optical feedback means associated with each spatial light modulator, 

10 each feedback means comprising means for combining the light exiting from the 

exit apertures of the elements of one of the rows from one of the halves of the 

first spatial light modulator with light exiting from the exit apertures of the 

elements in a corresponding row of the other half of the second spatial light 

modulator to produce an optical feedback signal for the rows; 

15 optical input means associated with each spatial light modulator and 

feedback means, each optical input means including means for receiving one or 

more optical input signals and one or more optical feedback signals and for 

conveying each input arid feedback signal to the input apertures of the elements of 

an associated column of the associated spatial light modulator, each input and 

20 ·. fe.edback signi;l being associated with a different column; and 

output . means for providing first and second output signals . 

corresponding to the first and second feedback signals, respectively. 
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13. The neural net memory of Claim 12, wherein each modulator element 

has an optical transmittance and modulates the intensity of light received at the 

input aperture to produce modulated light at the exit aperture. 

14. The neural net memory of Claim 13, wherein the neural net memory 

stores R library vectors each of length L, R being less than L, and wherein the 

transmittances of the modulator elements are proportional to the elements of a 

transmittance matrix T formed according to 

T = F(FT F)-l pT 

where F is a matrix formed from the library vectors. 

15. The neural net memory of Claim 14, wherein the neural net performs 

the iterations 

+ + fp - fp 

[ + J r - J SQ (m+l) = TQ -s;+(;)- -+ TQ -s;=(;)- (12) 

. rf-1 rf+ l 
sQ-(m+l) a Tt [S~~(;)J TQ- [S~f(;)- (13) 

where SQ +o and SQ -o represent the positive and negative elements, respectively, 

10 of a state vector corresponding to the intensities of the feedback signals, T Q + and 

T Q - are each matrices representing the positive and negative elements, 

respectively, of the cblLimns of the transmittance matrix associated with the 

feedback signals, and f p + and f p- represent the positive and negative elements, 

respectively, of an input vector indicative of intensities of the input signals. 
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OPTICAL NEURAL NET MEMORY 

Abstract 

An optical neural net, content addressable memory that does not include 

electronics or slow optics in the feedback path. The memory comprises an optical 

5 vector-matrix multiplier that includes a spatial light modulator and input and 

output optics, and optical feedback means for returning the outputs of the 

multiplier to the inputs. Presentation of partial data at selected inputs causes the 

neural net to iterate at light speed to determine the corresponding output data. 

10 
An arrangement is described for providing bipolar operations and for letting any 

group of elements act as the net stimulus. 
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COMBINED DECLARATION AND POWE R OF ATTORNEY 
IN PATENT APPLICATION 

Attorney Docket No. \✓ TC C -1- 3835 

As a below named inventor, I hereby declare that: 

my residence, post office address and citizenship are as stated 
below next to my name; 

I believe that I am the original, first and sole inventor (if only one 
name is listed below) or a joint inventor (if plural inventors are listed below) of 
the subject matter that is claimed and for which patent is sought on the 
invention entitled: OPTICAL NEURAL NET MEMORY ----------------
the specification of which 

(check one) ' X is attached hereto. 

was filed on 

Application Serial No. 
and was amended on ---------

as 

-----------rrc applicable) ________ _ 

I hereby state that I have reviewed and understand the contents of 
the above-identified specification, including the claims, as amended by any 
amendment referred to above. 

!acknowledge the duty to disclose information which is material to 
the examination ·of this application in accordance with Title 37, Code of Federal 
Regulations, §1.56(aJ. 

I hereby claim foreign priority benefits under Title 35, United 
States Code, S119 of any foreign application(s) for patent or inventor's 
cedificate listed below and have also identified below, ·any foreign application 
for patent or inventor's certificate having a filing date before that of the 
application on which priority is claimed: 

Prior Foreign Applicatton(s): Priority 
Claimed 

{Number) {Country) fDay7Month7Year Filed) Yes- No 

rn-~--umber . · ---try)--(Country · w------------r ay/Month/Year Filed Yes- No-

{Number)-. - - (Country) r----- ~-Day/Month/Year Filed Yes N<> 
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I hereby claim the benefit under Title 35, United States 
Code, Sl 20 of any United States appllcatlon(s) listed below, and, Insofar as the 
subject matter of each or the claims or this application ls not disclosed in the 
prior United States application In the manner provided by the first paragraph of 
Title 35, United States Code, Sl12, I acknowledge the duty to disclose material 
information as defined In Title 37, Code or Federal Regulations, Sl.56(a) which 
occurred t>etween the filing date of the prior application and the national or PCT 
International filing date or thls application: 

,-
(Serial No.) (Filing Date) (Status: patented; pending; abandoned) 

(Serial No.) (Filing Date) (Status: patented; pending; abandoned) 

(Serial No.) (Filing Date) (Status: patented; pending; abandoned) 

I hereby appoint the following attorneys and/or agents to prosecute 
this appllcatlon and to transact all business ln the United States Patent and 
Trademark Office connected therewith: Bruce E. O'Connor, Reg. No. 24,849; 
Lee E. Johnson, Reg, No. 22,946; Gary S, Kindness, Reg. No. 22,178; James w. 
Anable, Reg. No. 26,827; James R. Uhlir, Reg, No. 25,096; Jerald E. Ne.gae, Reg. 
No. 29,418; Michael w. Bocianowski, Reg. No, 28,692; Michael G. Toner, Reg. 
No. 27,601; ; 
and the tlrm of Christensen, O'Connor, Johnson & Klndness. Address all 
telephone calls to Michael G. Toner at telephone No. (206) 441-8780, 

Address all correspondence to: 

Michael G. Toner 
CHRISTENSEN, O'CONNOR, JOHNSON & KINDNESS 

2700 Westin Building 
2001 Sixth Avenue 
Seattle, WA 98121 

I hereby further declare that all statements made herein of my own 
knowledge are true and that all statements made on information and belief are 
believed to be true; and further that these statements were made with the 
knowledge that willful false statements and the like so made are punishable by 

102 - 1/87 -2-
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.J ,i~, 11mir llffliMjflil 
fine or imprisonment, or both , under Section 1001 of Title 18 of the United 
States Code, and that such willful false statements may jeopardize the validity 
of th~ ap,P)ication or any patent issued thereon. 

,.,/ 

Residence 

Citizenship 
U.S . 

16515 Ashworth Avenue North, Seattle, WA 98133 
Post Office Address 
Same as above 

R~s~ence 

Citizenship 
U.S . 

3346 N.E. 178th Street, Seattle, WA 98155 
Post Office Address 
Same as above 

2 

I~~or's~e / I ~II g18&e7 
Full Ni;i.me of Inventor 
Selia lnmi) Oh 
Residence 

Citizenship 
Korea 

6204 N.E . Radford Drive, #110, Seattle, WA 98115 
Post Office Address 
Same as above 
Inventor 's Signature 
~~ 

Full Name of Inventor 

Residence 

Post Office Address 

Inventor 's Signature 

Full Name of Inventor 

Res'idence 

Post Office Address 

Inventor 's Signature 

-
Full Name of Inventor 

Residence 

Post Office Address 

Invento:r's Signature 

Date 
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Date 
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Multidimensional Systems Corporation 

INTERNAL MEMORANDUM 
10-04-89 

TO: 
FROM: 

Hal Philipp 
Bob Marks 
Comparison SUBJECT: 

Confidential & Proprietary 

A Performance Comparison 'twixt the Szasz Series & FFT Spectrogram 

Our purpose is to compare the performance of a spectogram with M points in the frequency 
domain computed with FFf's and with a Szasz series. 

There are N/2 log2N butterflies in an FFf that does an transform on N input points. Each butterfly 
requires one complex multipication and two complex adds*. This gives a total of 10 flops per butterfly. In 
addition, there are N multiplies required in the windowing operation. Thus, we require a total of 

Om= (1 + 5 log2N) N flops per spectral line 

We will compare the Szasz series implementation in Fig.14 of the patent disclosure. On the sum 
nodes where there are 4 inputs, a total of 3N two-at-a-time adds are required. In all, there are 8N scalar
vector multiples, 8N (Kronecker) vector-vector multiplies and 12N adds for a total of 

Oszasz = 32 N flops 

The ratio of these two is 

R(N) = Oszasz/Offt = 32/(1 + 5 log2N) 

The improvement in the Szasz series improves with N as is illustrated in the following table: 

5 
6 
7 
8 
9 
10 
11 
12 
13 
14 

Other attributes include: 

N 
32 
64 
128 
216 
512 
1024 
2048 
5096 
10192 
20384 

R(N) 
1.23 
1.03 
0.89 
0.78 
0.70 
0.63 
0.57 
0.52 
0.48 
0.45 

♦ For the Szasz series, there is no relationship between the input & output vector length. For the 
FFf, they must be the same. 

♦ The spectrogram using the FFT requires log2N layers of butterflies from input to output. The Szasz 
series representation can be done in an equivalent of two or three layers of operations. This 
translates to a smaller delay time to the output (I think). 

♦ Except for the transposition operation, the Szasz series implementation is nothing more than a 
number of IIR filters in parallel - one for each spectral line output. There is no talking of one line 
to another. 

♦ The FFT can easily be altered to give spectral line outputs for, say, every ten shifts in the spectral 
line. The Szasz series cannot (or can it?). 

* Lifted directly from a text. 
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Background 

Marketing Agreement between 

Multidimensional Systems Corporation 
and 

Robert J. Marks II 

Robert J. Marks II has, to the best of his knowledge, originated certain technical property in relation to 
methods and architectures for the generation of certain time-frequency domain technology. This 
technology is disclosed in the following patent disclosure documents: 

R.J. Marks II, "Use of Szasz series windows in signal processing", October 26, 1989, (U.S. Patent 
and Trademark Office Disclosure Document, #238456, Nov. 1, 1989). 

R.J. Marks II, "Architectures for computing time-frequency representations", December 27, 1989, 
(U.S. Patent and Trademark Office Disclosure Document, #242203, Dec. 28, 1989). 

R.J. Marks II, "Spectrograms computed using truncated resonant digital circuits", January 12, 
1990, .(U.S. Patent and Trademark Office Disclosure Document, #243178, Jan. 16, 1990). 

R.J. Marks II, "Digital windows using truncated IIR filters and their application to generating 
spectrograms", (U.S. Patent and Trademark Office Disclosure Document, #250978, April 19, 
1990) 

R.J. Marks II, "Temporally truncated infinite impulse response windows and their application to 
generation of spectrograms", (U.S. Patent and Trademark Office Disclosure Document# 253613, 
May 21, 1990). 

R.J. Marks II, "Computational architectures for zamograms", (U.S. Patent and Trademark Office 
Disclosure Document# 258944, July 31, 1990). 

R.J. Marks II, "Short time Fourier transforms using truncated infinite impulse response windows", 
U.S. Patent and Trademark Office Disclosure Document, pending). 

It is understood that the technical subject matters covered by this contract are those specifically referenced 
by the above documents that are patentable, copyrightable, or otherwise proprietary and any direct 
applications, variants, or improvements thereof (whether or not patents are filed on such) that are not in 
conflict with third parties and are not already in the public domain, which may be licensed or exploited in a 
proprietary manner. It does not include technology aspects which are in the public domain or which 
become in the public domain through no fault of Robert J. Marks II. Collectively, these will be referred 
throughout an the "Inventions". 

Multidimensional Systems Corporation wishes to develop and participate in the marketing of the 
Inventions. The results of such actions may be any arrangement suitable to Robert J. Marks II which 
would generate cash, cash equivalents, advanced fees, negotiable instruments, equity, or items of value in 
trade or return for right to make, use or otherwise incorporate the Inventions. Collectively, any such 
arrangement will be referred throughout as either a "License", and any such revenues or compensations 
will be referred to as "Royalties". In addition, Multidimensional Systems Corporation may wish to engage 
the consulting services of Robert J. Marks II. 

Agreement 

1. It is hereby agreed that RobertJ. Marks II grants to Multidimensional Systems Corporation the exclusive 
right to direct the marketing and licensing of the Inventions of Robert J. Marks II. Multidimensional 
Systems Corporation and Robert J. Marks II may also, upon mutual agreement, agree to joint 
development and application of the Inventions. 
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2. For all Licenses negotiated by Multidimensional Systems Corporation in regard to the technology of 
Robert J. Marks II, Multidimensional Systems Corporation agrees to pay Robert J. Marks II a Royalty 
of 70% of its profit. The profit will not be adjusted for the administrative or other expenses of 
Multidimensional Systems Corporation except for royalties to third parties specifically addressed in the 
agreement, contract or licence referred to in Item 3. For example, if $200,000 is paid to 
Multidimensional Systems Corporation in regard to an approved agreement, contract or license (as in 
Item 3) which assigned $100,000 to a third party, then Multidimensional Systems Corporation would 
pay Robert J. Marks II a Royalty of $70,000. Multidimensional Systems Corporation and Robert J. 
Marks II may, upon mutual agreement, modify the 70% figure without nullifying the remainder of this 
Agreement. 

3. Robert J. Marks II will review and may modify or reject any agreement, contract or license developed by 
Multidimensional Systems Corporation in his behalf. At the request of Multidimensional Systems 
Corporation, Robert J. Marks II may participate in negotiations concerning such Agreements, Contracts 
and Licenses at the expense of Multidimensional Systems Corporation. 

4. Either Multidimensional Systems Corporation or Robert J. Marks II can terminate all or portions of this 
contract in writing at any time either feels its continuation is no longer of mutual benefit. Both parties 
agree, however, to honor any agreement or contract authorized by this Agreement that was made prior 
to full or partial dissolution of this Agreement. 

5. Robert J. Marks II hereby agrees to be available as a consultant for Multidimensional Systems 
Corporation. 

6. Multidimensional Systems Corporation hereby agrees to pay for all legal expenses required for the 
Inventions, including for legal actions for the defense of patents against challenges, and for legal 
actions required to enforce Licence compliance. Such expenses will be limited to those concerning 
agreements, contracts or licenses concerning the Inventions of Robert J. Marks II made by 
Multidimensional Systems Corporation. 

7. Robert J. Marks II represents that, to the best of his knowledge, he has free and clear title to the 
Inventions, including a written release from his current employer, the University of Washington as 
represented by the Office of Technology Transfer. 

8. Robert J. Marks II grants Multidimensional Systems Corporation the authority to sign nondisclosure 
documents with third parties concerning the Inventions. 

9. This agreement is not a franchise, and is not deemed to be one under the franchise laws of the State of 
Washington. This Agreement, rather, only constitutes a development and marketing relationship 
between the parties. 

10. This Agreement will survive Robert J. Marks II, and will be enforceable on his estate in the event of his 
untimely demise. This Agreement may be assigned by either party, provided that the other party gives 
its written approval to such assignment, which shall not be unreasonably withheld. 

11. Any controversy or claim arising out of relating to this contract, or the breach thereof, shall be settled 
by arbitration in accordance with the Commercial Arbitration Rules of the American Arbitration 
Association, and judgment or decree upon any award or decision rendered by the arbitrator in such 
proceeding may be entered in any court having jurisdiction thereof. The prevailing party in any such 
proceeding shall be entitled to receive from the other party all attorneys' fees incurred by such 
prevailing party and all costs incurred in connection therewith. The locale of the arbitration shall be 
Seattle, Washington. ~ ~ 

~=4:J.J;l~ ~?ho ~~# 
Multidimensional Systems Corporation 

4 _~,µ,1,. 
Multidimensional Systems Corporation 
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Received: from DD0RUD81.BITNET (ECKMILLE) by 
UW A VM.U.WASHINGTON.EDU (Mailer 

R2.08) with BSMTP id 7406; Wed, 02 Oct 91 01:27:53 PDT 
Date: Wed, 02 Oct 91 09:26:47 CET 
From: <ECKMILLE@DD0RUD81.BITNET> 
To: <marks@milton.u.washington.edu> 
Status: 0 

from eckmille@dd0rud8l.bi tnet, Rolf Eckmiller,Duesseldorf,FRG, 2 October,91 
to marks@milton.u.washington.edu,Robert Marks,Seattle,USA 

Re:IJCNN-91,Singapore,Presidents Dinner; your e-mail of 1 October,91 

Dear Robert, 

Thanks for the kind invitation to attend the 2nd Presidents Dinner in Singapore. I 
am delighted and will accept with pride and joy. According to my travel schedule, I will 
stay at the Westin Stamford from Sa 16 November till We(late) 20 November. The 
dinner on Tu 19th is perfectly timed. We should have ample opportunity in Singapore to 
discuss further developments. Here a brief remark on another topic: I am one of the 
ESPRIT-advisors(Brussels) regarding a possible International cooperation with Japan 
within the frame of the New Inf.Proc Tech.(NIPT) Program by MITI. It might be a good 
idea to communicate not only within Europe and with Japan but also with the U.S. to 
establish a common ground. I imagine a set of rules such as: 

l)truly bi-directionality in any cooperation 
2)emphasis on cooperation results and products,which in fact require 

internaional cooperation(e.g. development of a neural computer system for 
forecsting and prediction of global parameters such as resources,wheather) 

If you are involved on the U.S. side in shaping the U.S. response to the Japanes 
cooperation offer or if you could direct me to a colleague,who does, we could work 
toward a joint American-European strategy. Since I am convinced that it is possible to 
include neural computers as "learning high performance computers" not only in the 
Japanese NIPT Program (this has already been decided by Japan anyway) but also in the 
recent U.S. and European efforts to develop novel high performance computers, I think it 
is valuable to establish a joint policy. The Japanese side is now preparing a set of 
workshops on NIPT with a few foreign participants from the U.S. and Europe(! will be 
one of them). In the U.S. MITI communicates officially with OSTP(Dr.Wang and 
others). It might be of interest for you getting involved? This could assure that the neural 
computing community will also be represented on the U.S. side in these important 
cooperation talks. The main Japanese purpose for these coming NIPT-workshops in 
Japan is of course to learn more about U.S. and European research goals. The U.S. side is 
expected to respond to Japan this month if and to what extent they are interested in such a 
cooperation. There is much more to consider regarding NIPT than what we usually hear 
at Government funding panels from our Japanese colleagues(e.g. in Seattle). Are you 
interested? The IEEE NN Council would certainly have considerable weight 

With best regards, Rolf 
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The embodiments of the invention in which an exclusive property or privilege is claimed are 

defined as follows: 

1. An apparatus for generating tapered sliding windows and similar finite duration 

impulse responses, comprising: 

means for receiving a signal input; and 

a composite infinite impulse response filter for generating a composite infinite 

impulse response output, comprising: 

first means for generating a first causal impulse response output other than 

a constant or a single exponential from said signal input means; and 

second means for generating an inverted second causal impulse response 

output other than a constant or single exponential from said signal input means with a weighted time 

delay period, said second generating means being connected to said first generating means such that 

said second causal impulse response is coherently canceled at and beyond said weighted time delay 

period whereby said composite impulse response output is generated that is equal to said first causal 

15 impulse response output up to but not including said weighted time delay period and is zero 

thereafter. 

2. The apparatus of Claim 1, further including two or more composite infinite impulse 

response filters connected in parallel to generate a plurality of windows. 

3. The apparatus of Claim 2, wherein said two or more composite infinite impulse 

20 response filters are served by a single means for generating an inverted second causal impulse 

response output with a weighted time delay. 

4. The apparatus of Claim 3, further comprising means for generating an end point 

correction to an output of said two or more composite infinite impulse response filters. 

5. The apparatus of Claim 1, further comprising two or more of said composite infinite 

25 impulse response filters connected in cascade to generate a plurality of windows. 

6. The apparatus of Claim S, further comprising means for generating an end point 

correction to said plurality of windows. 
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7. An apparatus for generating tapered sliding windows and similar finite duration 

impulse responses, comprising: 

means for receiving a signal input; and 

a composite infinite impulse response filter, comprising: 

means for generating a causal impulse response output other than a constant 

or single exponential from said signal input means; and 

means for generating an inverted, weighted time delay output of said causal 

impulse response output for a predetermined period of time, said weighted time delay output 

generating means being connected to said causal impulse response output generating means such that 

10 said inverted, weighted time delay output cancels said causal impulse response output after said 

predetermined period of time to generate a composite impulse response output equal to that of the 

causal impulse response output up to but not including the predetermined period of time and then 

is zero thereafter. 

8. The apparatus of Claim 7, wherein said causal impulse response output generating 

15 means comprises a resonant circuit. 

9. The apparatus of Claim 8, wherein said resonant circuit is damped. 

10. The apparatus of Claim 8, wherein said inverted, weighted time delay output 

generating means comprises an inverted, weighted delay line circuitry means that generates a weighted 

delay line that is additively joined to said causal impulse response output, and further wherein said 

20 predetermined period of time is selected to be a period of time sufficient to cause coherent 

cancellation of said causal impulse response output beyond said predetermined period of time. 

11. The apparatus of Claim 8, further comprising means for generating an end point 

correction to said composite impulse response output. 

12. The apparatus of Claim 8, further comprising two or more composite infinite 

25 impulse response filters connected in cascade to generate a plurality of windows. 

13. The apparatus of Claim 12, further comprising means for generating an end point 

correction to said plurality of windows. 

14. The apparatus of Claim 8, further comprising two or more of said composite infinite 
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impulse response filters connected in parallel to generate a plurality of windows. 

15. The apparatus of Claim 14, further comprising means for generating an end point 

correction to said plurality of windows. 

16. The apparatus of Claim 8, further comprising a plurality of composite infinite 

5 impulse response filters wherein said resonant circuit is synthesized. 

17. The apparatus of Claim 16, wherein said signal input means comprises means for 

premultiplying said signal by a sinusoid to generate unmodulated windows. 

18. The apparatus of Claim 16, comprising a plurality of signal input receiving means, 

and wherein each signal input receiving means is connected to a single composite infinite impulse 

10 response filter for generating a window, and, further, wherein two or more signal input receiving 

means having windows of the same duration, a single means for generating an inverted, weighted time 

delay output services each of said signal input receiving means and associated means for generating 

a causal impulse response output for use in generating modulated windows. 

19. The apparatus of Claim 18, wherein said composite infinite impulse response filter 

15 comprises a lambda filter, the outputs of which are weighted and summed in accordance to the 

desired Fourier synthesis of said windows and one lambda filter services a plurality of signal input 

receiving means. 

20. The apparatus of Claim 4, further comprising means for decimating the output 

thereof, such that decimation downsampling is at least two input time units, and further wherein a 

20 contribution common to a sliding window Fourier transform or spectrogram in two adjacent 

decimated time intervals is updated through a combination delay circuitry and resonant circuitry. 

21. The apparatus of Claim 20, wherein a parallel combination of infinite impulse 

response filters synthesizes said resonant circuit, each of said infinite impulse response filters having 

a response of a predetermined Szasz series component corresponding to a predetermined impulse 

25 response. 

22. · A method for generating tapered sliding windows and similar finite duration impulse 

responses, comprising the steps of: 

receiving an input signal; 
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generating a first causal impulse response output other than a constant or a single 

exponential from said signal input; 

generating an inverted second causal impulse response output other than a constant 

or single exponential from said signal input with a weighted time delay period of a predetermined 

5 period of time; 

coherently canceling said second causal impulse response output at and beyond said 

predetermined time delay period by combining said second causal impulse response output with said 

first causal impulse response output such that a composite impulse response output is generated that 

is equal to said first causal impulse response output up to but not including the predetermined period 

10 of time, and is thereafter zero. 

23. The method of Claim 22, wherein the step of generating a first causal impulse 

response output further comprises the step of generating a plurality of causal impulse response 

outputs and the step of generating an inverted second causal impulse response output with a 

weighted time delay period comprises the further step of generating a plurality of inverted second 

15 causal impulse response outputs with a weighted time delay period in a number equal to the number 

of first causal impulse response outputs and connected in parallel to the plurality of first causal 

impulse response outputs to generate a plurality of windows. 

24. The method of Claim 22, wherein the step of generating a first causal impulse 

response output further comprises the step of generating a plurality of causal impulse response 

20 outputs and said step of generating said second causal impulse response output further includes 

coherently canceling said plurality of first causal impulse response outputs with said single means for 

generating an inverted second causal impulse response output with a weighted time delay period. 

25 

25. The method of Claim 22, further comprising the step of generating an end point 

correction to said composite impulse response output. 

26. A method for generating tapered sliding windows and similar impulse responses, such 

as tapered sliding window Fourier transforms, comprising the steps of: 

receiving an input signal; 

generating a causal impulse response output other than a constant or a single 
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exponential from said input signal; 

generating an inverted, weighted time delay output from said composite causal 

impulse response for a predetermined period of time; 

connecting said inverted, weighted time delay output in cascade with said causal 

5 impulse response output such that said inverted, weighted time delay output cancels said causal 

impulse response output after said predetermined period of time to generate a composite impulse 

response output that is equal to the causal impulse response output up to but not including the 

predetermined period of time and is zero thereafter. 

27. The method of Claim 26, wherein said step of generating a causal impulse response 

10 output and said step of generating an inverted, weighted time delay output for a predetermined 

period of time are repeated to form a plurality of windows. 

28. The method of Claim 27, wherein said step of forming a plurality of windows 

comprises the step of synthesizing a combination of a plurality of infinite impulse response filters. 

29. The method of Claim 28, wherein said step of receiving said input signal further 

15 includes the step of premultiplying said input signal by a sinusoid for generating unmodulated 

windows. 

30. The method of Claim 28, further comprising the step of using a single means for 

generating an inverted, weighted time delay output to service a plurality of means for generating a 

causal impulse response output such that modulated windows are generated. 

20 31. The method of Claim 28, further comprising the step of using a single means for 

generating an inverted, weighted time delay output to service a bank of lambda filters to thereby 

generate modulated sliding window Fourier transforms and spectrograms at equally-spaced frequency 

intervals. 
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Method and Apparatus for Generating 
Sliding Tapered Windows and Sliding 
Window Transforms: References and 

Bibliography 

Robert J. Marks II 

References 

Attached is a list of references and prior art for the pending patent lvlethod 
and Apparatus for Generating Sliding Tapered Windows and Sliding Win
dow Transforms. The contribution and relevance of each document will be 
addressed. 

The sliding window Fourier transform is one of many ways to characterize 
a signal in time and frequency. Other methods include bilinear transforms 
(reference [4]) and wavelets (reference [5]). The zamogram introduced by 
Zhao, Atlas and Marks references [2, 32]) can be computed in various ways 
using the sliding window Fourier transform as a component (references [13, 
14, 18, 20, 21]). The double diamond time-frequency representation (reference 
[25]) can also be computed using the sliding window Fourier transform as a 
component (references [22, 23, 24]). 

Currently, the fast Fourier transform (FFT) is used extensively in the 
computation of sliding window Fourier transforms (references [12, 26, 27, 28, 
29, 30]). Timm (patent 7) has augmented the FFT with an adaptive win
dow. Techniques for performing Fourier transforms using residue numbers 
(reference [8]), \,Vinograd algorithms (reference 1) and Pease's decomposition 
(patent 6) have also been proposed. Use of finite impulse response (FIR) dig
ital filters has been a commomly used architecture for performing tapered 
sliding window Fourier transforms (references [6, 26]). Such implementa-
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tions can be constructed using standard digital signal processing circuitry 
techniques (references [7, 9, 11]). 

A method and apparatus for computing the nontapered sliding window 
Fourier transforms was first patented by Dillard (patent 2). Applications 
(patents 3 and 4) and extentions (patent 5) of Dillards idea have been 
patented. The idea has been independently rediscovered by a number of 
researchers (references [1, 10, 28]). Untapered windows have poor leakage 
properties (references [27, 31]). Marks (references [15, 16, 17, 19]) disclosed 
numerous methods to allow application of a recursive technique to tapered 
window sliding window Fourier and Hartley (reference [3]) transforms. 

2 



United States Patents 
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(May 10, 1977). 

3 P. Elleaume, "Device for calculating a discrete moving window 
transform and application thereof to a radar system", United 
States Patent #4,723,125 (February 2, 1988). 

4 P. Elleaume, "Device for calculating a discrete Fourier transform 
and its application to pulse compression in a radar system", 
United States Patent #4,772,889 (September 20, 1988). 

5 D.A. Perreault and T.C. Rich, "Method and apparatus for sup
pression of error accumulation in recursive computation of a dis
crete Fourier transform", United States Patent #4,225,9367 (Septem
ber 30, 1980). 

6 Jean-Edgar Picquendar and Boris Sokoloff," Computer for com
puting a discrete Fourier transform", United States Patent #4,092,723 
(May 30, 1978). 

7 J.E. Timm, "Fast Fourier transform spectral analysis system em
ploying adaptive window", United States Patent # 4,231,103 (Oc
tober 28, 1980). 
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Other Publications 
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the IEEE Pacific Rim Conference on Communications, Computers and 
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[3] R.N. Bracewell, The Hartley Transform, Oxford University Press, 
1986. 

[4] L. Cohen, "Time-frequency distributions - a review" , Proceedings of the 
IEEE, vol.77, pp.941-981 (1989). 

[5] J.M. Combes, A. Grossman and Ph. Tchamitchian, Wavelets, 
(Springer-Verlag, 1989). 

[6] R.E. Crochiere and L.R. Rabiner, Multirate Digital Signal Process
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1 Field of the Invention 

The invention relates to digital and analog computational architectures for 
computing cone correlations. Correlation evaluation is central to numerous 
signal detection, classification and estimation algorithms. 

2 Background of the Invention 

Achitectures and methods for generation of a bilinear filter based on the 
zamogram (of Zhao, Atlas and Marks) have been disclosed previously. The 
differential increment of the desired result is placed into an accruance pro
cessor which produces the desired result. Similar architectures are shown to 
be applicable to generation of cone correlations. 

3 Summary of the Invention 

The cone correlation is first generated as a differential increment. An ac
cruance stage accumulates these increments to generate the desired cone 
correlation. 

4 Brief description of the drawings 

Figure 1 . Illustration of the method for generating differential incre
ment for cross cone correlations. 

Figure 2 . Illustration of the method for generating differential incre
ment for auto cone correlations . 
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5 Detailed description of the invention 

Background. Cohen's class for the generalized timL frequency representa
tion (GTFR), C(t, u), between signals, x(t) and y(t),I using a kernel, ¢>(t, r), 
can be written as 

C(t, u) = 1:_00 i:-00 e-j2 1C·TU¢>(t - e, T)x(e + cT)y*(e - CT)clecZT. (1) 

or, equivalently, 

C(t, u) = 1:_00 A(t; T)e-j 2nudT 

where the time varying auto correlation is 

A(t;T) = 1-: ¢>(t-e,T)x(e +cT)y*(e -cT)de 

(2) 

(3) 

We here define the kernel, ¢( t- e, T) to be cone shaped if the above equation 
can be written as 

l
t+clrl-a+ 

A(t; T) = cp(r)x(e + CT)y*(e - cT)de 
t-clrl-a-

(4) 

where a_ and a+ are positive constants. In other words, ¢>(t- e,T) = cp(T) 
within the cone defined by the integration limits in Eq. 4. \!ve can rewrite 
Eq. 4 as 

A( t; T) = cp( T )R( t; T) 

where the cone correlation is 

l
t+clrl-a+ 

R(t; T) = x(e + cT)y*(e - cT)cle 
t-clrl-a-

(5) 

(6) 

We herein disclose methods of computing the cone correlation under various 
conditions. 

Cross Cone Correlation. Differentiating Eq. 6 gives the differential 
increment 

~R(t; T) = x(t - {a+ - 2cT} )y*(t - a) - x(t - a_)y*(t - {a_+ 2cT}) (7) 

where 
~R(t; T) = fJR(t; T) 

fJt 

4 

(8) 



Let T be a delay that allows for causal implementation. We delay Eq. 7 as 

6.R(t-T; T) = x(t-{T+a+-2cT} )y*(t-{T+a+ }-x(t-{T+a_} )y*(t-{T+a-+2cT}) 
(9) 

Define 
a_= a++ 6. (10) 

Then the cross cone correlation can be computed as shown in Fig. 1. The 
input of the signal 100 105 are placed into delay lines 107 110 the outputs of 
which are multiplied 127 after the second is conjugated 115. The product is 
conjugated 120 and placed through a third delay line 130 the output of which 
is negated and added 135 to the original product. This sum is the desired 
differential increment of the cross cone kernel 140. \t\Then the differential 
increment is placed through an accruance processor ( e.g. integrator), the 
output is the desired cross cone correlation. 

Auto Cone Correlation. The auto cone correlation occurs when y = x. 
In this case, the cone correlation differential increment in Eq.9 becomes 

6.R(t-T; T) = x(t-{T+a+-2cT} )y*(t-{T+a+}-x(t-{T+a_} )y*(t-{T+a_+2cT}) 
(11) 

The corresponding method of computation is shown in Fig.2 . The input 205 
is placed into a delay line 210 the output of which is placed into a second delay 
line 215. The output of the first delay line is conjugated 220 and multiplied 
225 by the output of the first delay line. This product is placed into a second 
delay line 230 the output of which is conjugated 235 and negated and added 
240 to the product. This sum is the desired differential increment of the auto 
cone correlation. The auto cone correlation can now be achieved by use of 
an accruance processor. 

Discrete Implementation. The description thus far has for continuous 
time signals . The architectures for discrete time signals follow directly, as 
was clone in other disclosures of this writer. Derivatives become first order 
increments and accruance becomes add-and-accumulate. 

Variations. As has been the case in other architectures previously dis
closed by this writer, variations on the proposed architectures will be evident 
to those well versed in the field. Conjugation, for example, commutes with 
delay. Thus, the delay lines can be commuted with the conjugators, etc. 

Applications. The cross cone correlation can be applied in principal 
to most any application where a conventional correlation can be applied. 

5 



This includes processing, detecting, representing, displaying, monitoring or 
otherwise characterizing signals originating from waves including but not 
limited to electromagnetic, acoustic, electronic ( e.g. voltage, current and 
power) and biological waves. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures for 
computing cone correlations. Correlation evaluation is central to numerous 
signal detection, classification and estimation algorithms. 

2 Background of the Invention 

Achitectures and methods for generation of a bilinear filter based on the 
zamogram ( of Zhao, Atlas and Marks) have been disclosed previously. The 
differential increment of the desired result is placed into an accruance pro
cessor which produces the desired result. Similar architectures are shown to 
be applicable to generation of cone correlations. 

3 Summary of the Invention 

The cone correlation is first generated as a differential increment. An ac
cruance stage accumulates these increments to generate the desired cone 
correlation. 

4 Brief description of the drawings 

Figure 1 . Illustration of the method for generating differential incre
ment for cross cone correlations. 

Figure 2 . Illustration of the method for generating differential incre
ment for auto cone correlations. 
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5 Detailed description of the invention 
I 

Background. Cohen's class for the generalized time-frequency representa-
tion (GTFR), C(t, u), between signals, x(t) and y(t),1! using a kernel, ¢(t, r), 
can be written as 

C(t,u) = 1:_00 /4:_co e-j2-ir-ru¢(t-e,r)x(e+cr)y*(e-cr)dedr. (1) . 

or, equivalently, 

C(t, u) = 1:_00 A(t; r)e-j2-irrudT 

where the time varying auto correlation is 

A(t; r) = 1-: ¢(t - e, r)x(e + cr)y*(e - cr)de 

(2) 

(3) 

vVe here define the kernel, ¢( t - e, r) to be cone shaped if the above equation 
can be written as 

l
t+c\r\-a+ 

A(t;r) = cp(r)x(e + cr)y*(e- cr)de 
t-c\r\-a-

(4) 

where a_ and a+ are positive constants. In other words, ¢(t - · e, r) =:= cp(;) 
within the cone defined by the integration limits in Eq. 4. We can rewrite 
Eq. 4 as 

A(t;r) = cp(r)R(t;r) 

where the cone correlation is 

l
t+c\r\-a+ 

R(t; r) = x(e + cr)y*(e - cr)de 
t-c\r\-a_ 

(5) 

(6) 

vVe herein disclose methods of computing the cone correlation under various 
conditions. 

Cross Cone Correlation. Differentiating Eq. 6 gives the differential 
increment 

6R(t;r) = x(t- {a+ - 2cr})y*(t-a) - x(t- a_)y*(t-{a_ + 2cr}) (7) 

where 
6R(t; r) = EJR(t; r) 

EJt 

4 

(8) 
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Let T be a delay that allows for causal implementation. vVe delay Eq. 7 as 

6R(t-T; r) = x(t-{T+a+-2cr} )y*(t-{T+a+}-x(t-{T+a_} )y*(t-{T+a-+2cr}) 
(9) 

Define 
a_= a++ 6 (10) 

Then the cross cone correlation can be computed as shown in Fig. 1. The 
input of the signal 100 105 are placed into delay lines 107 110 the outputs of 
which are multiplied 127 after the second is conjugated 115. The product is 
conjugated 120 and placed through a third delay line 130 the output of which 
is negated and added 135 to the original product . This sum is the desired 
differential increment of the cross cone kernel 140. vVhen the differential 
increment is placed through an accruance processor ( e.g. integrator), the 
output is the desired cross cone correlation. 

Auto Cone Correlation. The auto cone correlation occurs when y = x. 
In this case, the cone correlation differential increment in Eq.9 becomes 

6R( t-T; T) = x(t-{T+a+-2cr} )y*(t-{T+a+}-x(t-{T+a_} )y*(t-{T+a_+2cr}) 
(11) 

The corresponding method of computation is shown in Fig.2. The input 205 
is placed into a delay line 210 the output of which is placed into a second delay 
line 215 . The output of the first delay line is conjugated 220 and multiplied 
225 by the output of the first delay line. This product is placed into a second 
delay line 230 the output of which is conjugated 235 and negated and added 
240 to the product. This sum is the desired differential increment of the auto 
cone correlation. The auto cone correlation can now be achieved by use of 
an accruance processor. 

Discrete Implementation. The description thus far has for continuous 
time signals. The architectures for discrete time signals follow directly, as 
was clone in other disclosures of this writer. Derivatives become first order 
increments and accruance becomes add-and-accumulate. 

Variations. As has been the case in other architectures previously dis
closed by this writer, variations on the proposed architectures will be evident 
to those well versed in the field. Conjugation, for example, commutes with 
delay. Thus, the delay lines can be commuted with the conjugators, etc. 

Applications. The cross cone correlation can be applied in principal 
to most any application where a conventional correlation can be applied. 
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This includes processing, detecting, representing, displaying, monitoring or 
otherwise characterizing signals originating from waves including but not 
limited to electromagnetic, acoustic, electronic ( e.g. voltage, current and 
power) and biological waves. 
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1 Field of the Invention 

The invention relates to digital and analog computational architectures for 
computing cone correlations. Correlation evaluation is central to numerous 
signal detection, classification and estimation algorithms. 

2 Background of the Invention 

Achitectures and methods for generation of a bilinear filter based on the 
zamogram ( of Zhao, Atlas and Marks) have been disclosed previously. The 
differential increment of the desired result is placed into an accruance pro
cessor which produces the desired result. Similar architectures are shown to 
be applicable to generation of cone conelations. 

3 Summary of the Invention 

The cone correlation is first generated as a differential increment. An ac
cruance stage accumulates these increments to generate the desired cone 
correlation. 

4 Brief description of the drawings 

Figure 1 . Illustration of the method for generating differential incre
ment for cross cone conelations. 

Figure 2 . Illustration of the method for generating differential incre
ment for auto cone correlations. 
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5 Detailed description of the invention 
I 

Background. Cohen's class for the generalized time-frequency representa-
tion (GTFR), C(t, u), between signals, x(t) and y(t),'I, using a kernel, ¢>(t, r), 
can be written as 

' 

C(t,u) = 1:_
00

/4:_
00 

e-j21rrnJ>(t-t,T)x(t+cT)y*(t-cT)dtdT. (1) · 

or, equivalently, 

C(t, u) = 1:_
00 

A(t; T)e-j 21rrndT 

where the time varying auto correlation is 

A(t; T) = 1-: ¢(t - e, T)x(t + cT)y*(t - cT)clt 

(2) 

(3) 

vVe here define the kernel, ¢(t-t, T) to be cone shaped if the above equation 
can be written as 

l
t+clr l-a+ 

A(t; T) = cp(T)x(t + cT)y*(t - cT)dt 
t-clrl-a-

( 4) 

where a_ and a+ are positive constants. In other words, ¢(t - t,r) = cp(r) 
within the cone defined by the integration limits in Eq. 4. vVe can rewrite 
Eq. 4 as 

A(t;T) = cp(T)R(t;T) 

where the cone correlation is 

l
t+clrl-a+ 

R(t; T) = x(t + cT)y*(t - cT)clt 
t-clrl-a-

(5) 

(6) 

vVe herein disclose methods of computing the cone correlation under various 
conditions . 

Cross Cone Correlation. Differentiating Eq. 6 gives the differential 
increment 

!:::,.R(t; T) = x(t - {a+ - 2cT} )y*(t - a) - x(t - a_)y*(t - {a_+ 2cT}) (7) 

where 
!:::,.R(t; T) = 8R(t; T) 

at 

4 

(8) 



Let T be a delay that allows for causal implementation. We delay Eq. 7 as 

6..R(t-T; T) = x(t-{T +a+-2cT} )y*(t-{T +a+ }-x(t-{T+a_} )y*(t-{T +a-+2cT}) 
(9) 

Define 
a_= a++ 6.. (10) 

Then the cross cone correlation can be computed as shown in Fig. 1. The 
input of the signal 100 105 are placed into delay lines 107 110 the outputs of 
which are multiplied 127 after the second is conjugated 115. The product is 
conjugated 120 and placed through a third delay line 130 the output of which 
is negated and added 135 to the original product. This sum is the desired 
differential increment of the cross cone kernel 140 . vVhen the differential 
increment is placed through an accruance processor ( e.g. integrator), the 
output is the desired cross cone correlation. 

Auto Cone Correlation. The auto cone correlation occurs when y = x. 
In this case, the cone correlation differential increment in Eq.9 becomes 

6..R(t-T; T) = x(t-{T+a+-2cT} )y*(t-{T+a+}-x(t-{T+a_} )y*(t-{T+a_ +2cT}) 
(11) 

The corresponding method of computation is shown in Fig.2. The input 205 
is placed into a delay line 210 the output of which is placed into a second delay 
line 215 . The output of the first delay line is conjugated 220 and multiplied 
225 by the output of the first delay line. This product is placed into a second 
delay line 230 the output of which is conjugated 235 and negated and added 
240 to the product. This sum is the desired differential increment of the auto 
cone correlation. The auto cone correlation can now be achieved by use of 
an accruance processor. 

Discrete Implementation. The description thus far has for continuous 
time signals. The architectures for discrete time signals follow directly, as 
was clone in other disclosures of this writer. Derivatives become first order 
increments and accruance becomes add-and-accumulate. 

Variations. As has been the case in other architectures previously dis
closed by this writer, variations on the proposed architectures will be evident 
to those well versed in the field. Conjugation, for example, commutes with 
delay. Thus, the delay lines can be commuted with the conjugators, etc. 

Applications. The cross cone correlation can be applied in principal 
to most any application where a conventional correlation can be applied. 
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This includes processing, detecting, representing, displaying, monitoring or 
otherwise characterizing signals originating from waves including but not 
limited to electromagnetic, acoustic, electronic ( e.g. voltage, current and 
power) and biological waves. 
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